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CAN HIGH ORDER CONVERGENCE OF EUROPEAN OPTION
PRICES BE ACHIEVED WITH COMMON CRR-TYPE
BINOMIAL TREES?

GUILLAUME LEDUC

ABSTRACT. Considering European call options, we prove that CRR-type bino-
mial trees systematically underprice the value of these options, when the spot
price is not near the money. However, we show that, with a volatility premium
to compensate this mispricing, any arbitrarily high order of convergence can
be achieved, within the common CRR-type binomial tree framework.

1. INTRODUCTION AND SETTING

Let volatility o, and risk free rate r be the standard parameters in the Black-
Scholes model, and consider a European call option with maturity 7' and strike
K, with K expressed in the form K = Sy exp(arT) for a = In(K/Sp)r~ 1771,
where Sy is the spot price of the underlying asset. Also let {S™} o denote
risk neutral binomial schemes such that, at every positive time ¢ in (T'/n)N, the
random walk S(™) has a probability p (n) of jumping from its current state St(") to
the state St(”)u (n), and a probability 1 — p(n) of jumping to the state St(")d(n).
We will say that risk neutral binomial schemes are of the CRR-type if u(n) =
exp(oy/T/n+X(n)T/n) and d (n) = exp(—o+/T/n+ X (n) T/n), for some bounded
real valued function A (n).

Let C (n) := C(p,n) be the price of a European option with payoff ¢ under
the CRR-type scheme and let Cy := Cj (¢) be the price of the same option in
the Black-Scholes model. Considering call options in [4] and digital options in [5],
Diener and Diener showed how coefficients Cy (n) can be explicitly calculated such
that

_zo+1

(1.1) C’(n)zC’o—i—zO:C’g( n 2—|—(9( ).

Analyzing the convergence behavior of binomial schemes to calculate option
prices has been a popular topic, in particular for the Furopean, American, Contin-
wously Paying, Lookback, Digital, Game, and Barrier option types. Let us mention
1), [2], (3], (4], [5], (6], [7], (8], [9], [20], [11], [13], [14], [15], 16], [17], [18], [19], [20],
[21], [22], [23], [24], [25], [26], [27]. There is a vast literature about binomial trees:

we refer to Joshi [12] for an exhaustive and detailed description of binomial trees
and how they relate to one another.
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The natural questions of smoothing and accelerating the convergence has been the
subject of several papers published in top journals over recent years. The question
of how fast a convergence can be achieved with binomial trees was answered for
vanilla European options by Joshi [11] for n odd, and his work was extended by
Xiao [28] to n even. Eclipsing any other result in the literature, they showed that,
using special trees, any arbitrarily high order of convergence can be attained. Unlike
the CRR-type trees, these trees have exactly half of their nodes above the strike. In
contrast, the best acceleration and smoothing results obtained so far for CRR-type
trees, are bn~! 4+ o (n™') in [2], and, in the best case, o (n™') in [14].

This raises the natural question of whether or not high order convergence can be
achieved with common CRR-type trees? Remarkably, as we show in this paper, the
answer to this question is ‘no’ because CRR-type trees systematically underprice
European options when the underlying is away from the strike! Indeed, we prove
that, for CRR-type trees with constant volatility, systematic high order convergence
is impossible to achieved, because these trees uniformly underprice European call
options by an error of magnitude ms/n + O (n_3/2) when the spot price is not
near enough the money! To the best of our knowledge, this remarkable fact was
unknown so far.

However, we describe in this paper a method to give the binomial scheme an
appropriate "volatility premium" to offset that bias, allowing to achieve any ar-
bitrarily high order convergence in the binomial scheme, after the drift parameter
A(n) as been chosen carefully. While the method to reach high order of conver-
gence in [11] and [28] depends on the value of the strike K for constructing the
binomial tree, our approach applies to any situation —regardless of the existence
of a strike— where an expansion of the error exists, such as for the general payoffs
n [21].

For simplicity we restrict our attention here to call options in the setting of [4],
described now. Let ig > 2 be an integer, and let N = (A2, ..oy Aip)- Consider

binomial schemes of the form
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Note that a(n, X)) simplifies to

R R 3 I =S I T

The result below is obtained by using the method for computing the asymptotic
expansion of call options in powers of n~/2 described in [4]. We note that the
multivariate polynomials P, of (1.4) are of degree one in A, for £ > 3. The proof
is in the appendix.

Theorem 1. For every integer ig > 2, the value C(n, T) of the call option in the
binomial schemes described above can be written as

— — —
C(n, X)=C(n, A,E(n, X))
with

(1.3) Cln, N, k) = CO+ZCZ(>\ R)nf 40 (n ),

=2

where, for { =2, ...,1¢, the functions Cy have the form

T(-2 24 27)2
(1.4) Cy (T, Ii) = exp(— ( ar8—|(—720 +27) )’P[(T, K),
and Py is a multivariate polynomial in 01,0, Ao, ..., Ae, k. The terms (’)(n‘<i0+1)/2)

are uniform over 0 < k <1, L1 <o < L, and |\| < L, £ =2, ..., 7¢, for any real
number L > 0. For ¢ > 3, Py is a polynomial of degree one when seen as a function
of \¢, and the coefficient of Ay in Py is

1
(].5) —*£S()T2 (—3)\20'2 + 2r + ra) .

3T

It is sometimes convenient to write Py (Ag, ..., Ag, k) := Pg(?, k) and we will use
a similar convention for C' and the Cy’s. The polynomials P, are calculated using a
Maple worksheet similar to the one available on Diener and Diener’s webpage. For
instance, specializing to ig = 3, one gets

(16) 7)2 ()\2, H) = —

where
Py (Mo, k) = 0 T? — 3200°T%r + 12T%r% + 4% r? T2
+8ar?T? + 12 6T — 96T 0%k + 24\30* T?
+96T0%k?> — 16arT 2 Xy02,
P3(Mo, A3, k) = — 4 37T + 4arTrk® + 6k%rT — arTAs
+2arTh+ 3 Xc?TAr3— 26rT — 2037 T
—6arT x>
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2. ACCELERATION WITH A CONSTANT VOLATILITY

Given ip and mn, we describe in this section a method allowing to map the

parameters (/\gn),...,/\gg) ) =: Tn of the random walk St(n) into the coefficients

Cg(yn, R(n, Yn)) of n=%? in (1.3), in such a way that {Tn} remains bounded
— =

and that, for every n, Cy( A, B(n, A,)) =0, for £ =2,...,9p. As a result, (1.3) re-

duces to C(n, Tn) = Cy+0O(n=60ot1/2) "and a convergence of order O(n~(0+1)/2)
is achieved.

First, we consider the coefficient Cy (A2, ). In order for it to vanish, one must
have Ps (A2, k) vanishing. This is a quadratic equation in Ao, yielding

\ 8Tr +4arT £+ /D
2 =

12T ¢2

where

D (k) Y 8722 (0 — 1)? - 60T — 72T6? + 576T0%k (1 — ).

We choose (arbitrarily) the "+" solution and define the function

)\f def 81'r + 4arT + /D
(k) = 12T 02

Now in order to have P3(A2, A3, k) vanishing, it suffices to have
—2kr (26 —1)(k—1)(a—1)
3X202 —(2+a)r ’

A3 =
and we define the function

M (k) =

def —2kr (26 —1) (K — 1) (@ — 1)

3N (k)o2—2+a)r
Continuing this way, that is isolating A\, in the equation Py(Ag, ..., A\¢, k) = 0, and
substituting \; by )\; (k), for j = 2,...,4 — 1, one defines functions )\z (k), for
¢ =2,...,ip. This is easily done since, for ¢ > 3, P, is of degree one in Ay. Because
for £ > 3 the coefficient of Ay in Py is (1.5), it follows that A{ () has the form

Ql (U) )‘g (H) JERES) >‘£_1 (H) ) H)
3M (k)02 = 2r — ra

N (k) = ;
for some multivariate polynomial ;. In order to keep /\f (k) bounded, it suffices
to keep the denominator in the right hand side of the above equation away from
zero as a function of k. Solving 3\} (k) 02 —2r —ra = 0 yields D (k) = 0, for which

the solution is 1 L
=-—4+ —\/A
RTO T e VED

with
Ap el 7952 _ 8Ty + 16ar?T — 802r*T — 60*T.
Hence, for any 0 < f < 1/2, restricting the values of k to the interval

. 1 1 1
I, fff(l/\I\/AD) +H1A 5= VAD)|,

guarantees that, when Ap > 0, the functions )\lf (k) are all real-valued and bounded
on Iy, for £ =2,...,109
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Recall that

; -3
_ n Xo?T —arT ‘0 T

2.1 Aoy Ni ) = — = 72 ey —

(2.1) R(1, A2y .oy Aig) frac(2 20T Vn Al

and define the function

® (n,k) ¥ (n M (K)o A (n)) .

ey Al
If, for all n sufficiently large, we can solve the equation
Fn =R (N, k),
with k,, € Iy, then, setting
Agn) = )‘Z (Kn)
for £ = 2,...,n, and defining
N, (Aé”’,...,Agf))

—

one gets Kk, = E(n,yn) and Co( A, R(n, X)n)) =0, for £ =2, ...,19, so that

—

C(n, X)) =Co+O(n~"),

as wanted.
A glance at (2.1) reveals that solving x = &/ (n, k), is the same as solving
&% (n, k) € N, where
f 9 io £—3
o f difn Az(ﬁl)(f T —arT f T
K (n,k) = — — n— Ay (K) A\ — — K.
) G- BT S N

Note that for sufficiently large values of n, &/ (n, k) behaves (as a function of x € Iy)
asn/2— ()\g (k) 0T —arT)/n/(20V/T), and it is obvious that, as n tends to infinity,
the number of solutions &, € Iy to &/ (n,x,) € N tends to infinity. It is trivial to
find such solutions numerically in a logarithmic time by exploiting the intermediate
value theorem.

Note also that A, exists if and only if there is a subinterval I of (0,1) on which
the concave parabola D (k) > 0. Because D (x) has the form ak (1 — k) — b, where
a,b > 0, its real roots, if any, have to be in the interval (0,1), as D (k) is negative
for k outside (0,1). Clearly D (k) has real roots when its discriminant is positive,
which occurs when

(2.2) Ap = 7207 — 8Tr?* + 16ar*T — 8a*r*T — 65*T > 0.
This condition will be satisfied in most practical circumstances. Indeed, finding
the interval in « for which condition (2.2) holds, and substituting this into Sy =

Kexp(—arT), one gets that an arbitrarily fast convergence can be achieved when
the spot price is in the interval

2T
Kexp (—TT:I:?)U\/T 1-— 012> .

In practical applications, it will almost always be the case that 2T'/12 is negligible
and that 3v/To is several times larger than Tr. Suppose that, for some a > 0,

27
30VT 1—01—2:(1+a)Tr.
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Then arbitrarily fast convergence for CRR-type random walks can be achieved when
the spot price is in the interval

|:K67(a+2)Tr7 KeaTT ~ [K (]_ _ (a + 2) Tr) , K (]_ —+ aT?")] .

Typically a will be big enough so that this interval is large enough for most practical
applications.

Obviously, if one wants to use our technique in a systematic manner, or to eval-
uate American options for instance, this limitation would be a more serious issue,
and we show in section 4 how a wvolatility premium resolves the problem. But first
we derive in the next section an important consequences of this limitation: CRR-
type binomial scheme with constant volatility, such as the original CRR scheme,
systematically underprice European options when the spot price is away from the
strike.

3. SYSTEMIC UNDERPRICING BY CRR-TYPE TREES WITH CONSTANT
VOLATILITY

Assume that condition (2.2) is not met. More precisely, assume that there is no
real solution to P(As, k) = 0 as a function of Ag, for every & in (0,1). Because the
coefficient of A3 in Pa()\g, k) is positive, that means that only a strictly positive
minimum can be reached. This minimum of Py(Ag, x) is in fact

e 1
mj = §T (4Tr* — 8Tar? + 4Ta*r® + 3To" + 3607 — 28807k + 2880°K%) .
Obviously because P2 has no roots, that means that mJ remains positive if we
replace —28802k + 288022 by its minimum —7202. Hence,

1
my > myt < 5T (4Tr* — 8Tor® + 4To?r? + 3To" —360%) > 0.

If follows that no matter what is the choice of A (n),

V2T Sy T(—2ar+o?+27r)2\ mj )
_ Y P0 i [ — 2

96/ o P 802 n ’
showing that, for these values of the spot price for which condition (2.2) is not met,
up to a negligible term O(n*?’/ 2), every CRR-type binomial tree with constant

volatility underestimate the true price Cy by a quantity which is larger than ms/n,
for some moy > 0.

-
Cn, A\pn) <Gy +0(n~

4. FULL ACCELERATION WITH A VOLATILITY PREMIUM

In this section we show how, with a volatility premium, arbitrary fast acceleration
can be achieved even when condition (2.2) is not met. Making the volatility o
explicit in the Black-Scholes price Cj of the call option, we write Cy (o) and we use
a similar convention whenever needed.

Define ¢ (o) by
def 1

s (o) 3T (4Tr* — 8Tar? + 4Ta*r® + 3To* + 3607) .

Note that ¢} (o) is obtained by replacing in the minimum mj} of Pa(o, A2, k) the
quantity —28802k + 28802k? by 0. Note that m} has the form ax? —ax — b, a > 0,
so its minimum occurs at £ = 1/2 and its maximum value in [0, 1] occurs at the
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end points. Hence for any value of x in the interval (0, 1), ¢} (o) is bigger than m3
and thus the quadratic equation

(4.1) Pa(o, A2, k) — 5 (0) =0

has a real-valued solution in Ay. Since ¢} (¢) has no real roots in «, ¢4 (o) > 0.
Now define ¢ (o) by

def V2T Sy T(—2ar+o?+2r)?
c2(0) = 96/ o exp(= 802

It is easy to see that there exists o, — o such that, at least for n large enough,

)es (o) > 0.

(42) Co o) = O () + ).

Note that ¢, > o can be calculated by a binary search with any arbitrary precision
in a logarithmic time.
Define now
def
P;(Ua >‘27 K) = P2(07 >‘23 K:) - C; (o’) :
Multiplying each term by

V2T Sy T(—2ar+o%+2r)?
- eXp(* p) )7
96/7 o 8o

set
« de
C3(0. 20, #) & Calo. 2, ) + ez ().
Set also P3 as in (1.6) with P} replacing Po. We seek to find Tn such that
— — —
0="P5(0n, Ans kn) =P3(0On, An, bn) = oc. = Pig(Ony An, En),
which implies that

— — —
0=C5(on, Ans kn) = C3(0n; Any £n) = oo = Cig(Ony Any Kn)s
from which, in particular,
N
(4.3) Co(0n, Any kn) = —c2 (04) .

Note that unlike Py which we essentially replaced by P, for £ > 3 the coeflicients

=
Py are kept unchanged except for the fact that o is replaced by ¢,,. To find A, we
can proceed exactly as in section 2. Doing so we define recursively the functions
)\£ (on, k), £ =2,..,10, such that

0="P;(on, )\g (On, K), K),
0= P3(07L7 )\g (Un7 F”') 5 )‘g (U’ru F”') 5 H’)a

0= Pi,(on, /\g (On, K) s eeny /\zf0 (o, K),K).
In particular, this gives
def 2V +VTra+60\/k (1 — k)
- 3VT o2 .

As in section 2, we need to keep 3)\£ (0,k)0% — 2r — ra away from zero. This
function has roots k = 0 and k = 1. Restricting the values of k to the interval

Iy = [f1, 2],

M (0, %)
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for any 0 < f; < fo < 1, guarantees that for £ = 2,...,49, the functions /\£ (on, k)
are all real valued and bounded.
Solving now

Rp = Ef (n7 Hn) 5
with k, € Iy, and defining

n) def
)\g ) %) )\{ (OnsKn) s

TTL d;f ()\gn)’ e A’E;L)> )

we get

— — —

0= C;(O'na >\n7 K/n) = 03(0n7 Any K:n) = ... = Cio(UTu An; K:n)-
Therefore
ig+1

C(n,my An) = Co(0n) + Co(Tn, Ny k)"t + O(n~"%
Using (4.3) and (4.2) yields

ig+1

)

C(n,op, Tn) =Cy(on) —co(op)n P +0(n~

ig+1

=Co(o)+O(n" "27).

-
In other words, the CRR-type binomial scheme with parameters o,, and A, pro-
duces option prices converging at a rate (’)(n_(“"“l)/ %) to the true option price value

Co (O’)

5. NUMERICAL ILLUSTRATION

To demonstrate the performance of our acceleration method we consider the case
of ig =4. Using o = 0.5, T =1, r = 0.05, Sy = 100 we choose K in such a way that
condition (2.2) fails. This requires Sy to be away from the strike, which is obtained
for instance when o = —29, yielding K ~ 23.45702881. Figure 1 compares the
option convergence in our accelerated CRR schemes with the one in the classical
CRR scheme where A2 = A3 = Ay = 0. We define the error Errl (K) as

Err (K) & C(n,0,, A0 A7, 00 = ¢,

As shown in Figure 2, the quantity n°/ 2Err? (K) oscillates heavily but remains
bounded, illustrating numerically that the convergence is of order O(n=5/2).

6. APPENDIX

We prove here Theorem 1. Apart from the fact the coefficient of A\, in Py is given
by (1.5), the rest is a textual application of the method described in Diener and
Diener [4] with simple observations. The method is briefly summarized here.

Note first that, obviously, u(n, X)) and d(n, Y) have a convergent expansion in
powers of n~1/2_ hence our binomial schemes are part of the general class described
in [4]. To see that the coefficients C, have the form (1.3) with P, a multivariate
polynomial in o=, 0, \a, ..., A\g, 5, we follow the method described in [4]. More
specifically, the authors obtain the asymptotic expansion of C'(n) by replacing the
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F1GURE 1. The convergence in our accelerated CRR scheme versus
the classical CRR scheme. Note the underpricing of the classical
CRR scheme as described in section 3.

0.03

.

i JSH ,l ' IJ(II)O ' 1;0 200 250 300 350
-0.01-

-0.02-

—0.03

-0.04-

FIGURE 2. The quantity n? Err (K) remains bounded.

N
"frozen" parameter x by ®(n, \) in the asymptotic expansion of function C(n, k)
which, in the notation of [4], is defined as

C(n,k) = Soc(n, k)1 (n, k) — Ke "Te(n, k)IP(n, k),

g2l
c(n, k) <

) (o)
k(n, %) Y atn, N)+1— s,

and where I? is defined by [4, eq. (3.9)] and I? is defined similarly. Diener and
Diener write the expansion of k (n, k) as

(61) k(n, KJ) :k_2n+k_1\/ﬁ+kg+...+ki0_3n?,
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where the k; are obtained from (1.2). Note that k_p = 1/2 and kg = 1 — &.
Following Diener and Diener we write

e(n,k) =exp((1—n)In2 — %lnn +1n (k (n,k))
+Iln(n!) —In((n —k(n,k))!) —In (k (n,&)!))

and use Stirling’s formula and (6.1), to see that ¢(n, k) has an asymptotic expansion
in powers of \/ﬁil, where the coefficients are an exponential term, exp (72k2_1),
multiplying multivariate polynomials in k_1,...,k;,_3. The latter translate into
polynomials in 01, 0, Ao, ..., Aiys k. This asymptotic expansion is uniform not only
over 0 < x < 1 as pointed out in [4], but also over k_q,...,k;,_3 in any compact
set and, therefore, over L71 < ¢ < £, and |\ < L, £ = 2,...,i¢ for any L >
0. As for the asymptotic expansions of I?(n, k) and I%(n,x) in powers of \/ﬁ_l,
they are treated in an analogous manner, resulting in a trivial extension of [4,
theorem 3.4]. The explicit expression of each P, needs to be calculated using
a computational algebra system such as Diener and Diener’s Maple worksheet,
available at http://math.unice.fr/~diener, which we adapted to calculate the P,’s
needed for our numerical illustration.

In order to show that Py is of degree one when seen as functions of )y, we intro-
duce a new "frozen" parameter p. More specifically, we write C(n) = C(n, u(n)),
where C(n, p) is the value of the call option in the binomial scheme

T T
U‘(n7)‘2u:u’) = exp (U —+ ()\2 02 + /j“) ) ’
n n
/T T
d(nv)‘Qa/u’) = €Xp <_U g + (>\2 02 +,U’) n) 9

n

and where

Note that C(n, ) is a particular case of C(n, X)) with Ay replaced by Ay + /02,
and )\ replaced by 0 for £ > 3. Proceeding just as in [4] we get a "new" asymp-
totic expansion of C'(n) by substituting our "frozen" parameter p by p(n) in the
asymptotic expansion of C(n, ). Obviously our "old" expansion of C(n) given in
(1.3) can be obtained by collecting together, from the "new" expansion, all the fac-
tors of n=¢/2 for £ = 2, ...,iy. Now fix £ > 3 and concentrate on ;. Obviously, any
polynomial in Ay + s (n) /o2 translates into a polynomial in Apn~(¢=2)/2. Therefore,
collecting the factors of n=¢/? from the "new" expansion of C(n) involves only the
terms for which the degree of )\, is one in the "new" Ps, since for every j > 2, P;
is itself a factor of n~7/2. Doing so, one easily gets that the coefficient of A¢ in the
"old" Py is given by (1.5). Note that, clearly, for j < £, A\; does not appear in the
"old" P;.
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