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Abstract

In this paper, we study a general discrete–time model representing the dynamics of a

contest competition species with constant effort exploitation. In particular, we consider the

difference equation xn+1 = xnf(xn−k) − hxn where h > 0, k ∈ {0, 1}, and the density de-

pendent function f satisfies certain conditions that are typical of a contest competition. The

harvesting parameter h is considered as the main parameter and its effect on the general

dynamics of the model is investigated. In the absence of delay in the recruitment (k = 0),

we show the effect of h on the stability, the maximum sustainable yield, the persistence of

solutions and how the intraspecific competition change from contest to scramble competition.

When the delay in recruitment is one (k = 1), we show that a Neimark–Sacker bifurcation

occurs, and the obtained invariant curve is supercritical. Furthermore, we give a characteri-

zation of the persistent set.

AMS Subject Classification: 39A10, 92D25

Keywords: Contest competition; Scramble competition; Neimark–Sacker bifurcation; Per-

sistence.

1 Introduction

Different types of intraspecific competitions are well–known in population ecology among which

are contest and scramble competitions [11, 20, 27, 28, 30]. In contest competition, successful

competitors get all they need for survival or reproduction, while non–successful competitors

are doomed to their fate. On the other hand, in scramble competition, success is incomplete;

resources are shared equally among all competitors. As argued by Nicholson [30], populations

of animals which scramble for their governing requisites are difficult to represent mathemati-

cally, and therefore, mathematical theories of population regulations are needed. Moreover, the
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borderline between the two forms of competition may not be sharply defined [4]. For ecolog-

ical examples of species on both types of competitions, we refer the reader to [11, 30, 37, 38].

In single–species populations, models with compensatory recruitment are commonly the suit-

able candidates to represent contest competition and the Beverton–Holt model xn+1 = µxn
r+xn

is a typical discrete–time example [5, 11]. On the other hand, models with overcompensatory

recruitment are commonly the suitable candidates to present scramble competition, and the

Logistic and Ricker models (xn+1 = µxn(r − xn) and xn+1 = µxn exp(−rxn), respectively) are

considered to be the typical discrete–time examples [11,29,33].

In this paper, we consider a general mathematical form that can quantify the contest com-

petition of a single–species population, then add a constant effort harvesting strategy to the

model. In addition, we allow a short time lag in the recruitment. In particular, we consider

the (unexploited) difference equation xn+1 = xnf(xn−k), n = 0, 1, . . . , where the time lag in

recruitment is k ∈ {0, 1}. The form xf(x) is used to stress the zero steady state, and the per-

capita growth rate f has to be considered based on observations or facts concerning the modeled

species. In this paper, the per–capita growth rate function f is assumed to satisfy the following

three conditions:

(i) f is sufficiently smooth on [0,∞).

(ii) f(0) = b > 1 and f(t) is decreasing.

(iii) tf(t) is increasing and bounded.

Our framed model with the above mathematical assumptions on f encompasses compensatory

models such as Beverton-Holt and Pielou’s models while avoids overcompensatory models such

as the Logistic and Ricker models.

When a population represented by our model is exploited (post reproduction exploitation)

at a proportional rate, it is natural to consider a harvesting term of the form H(xn, xn−1) =

h1xn + h2xn−1, h1, h2 ≥ 0. In this paper, we focus on the impact of constant effort harvesting

when h2 = 0 and h1 =: h > 0; other variations of pre and post reproduction exploitation may

be considered in future work on the subject. For more information on the biological meaning

and impact of pre and post reproduction exploitation, we refer the reader to [10, 24, 26, 35, 42].

Therefore, we are concerned with the dynamics of the difference equation

xn+1 = xnf(xn−k)− hxn, k = 0 or 1, n ∈ N := Z+ ∪ {0} and h > 0. (1.1)

There has been a growing interest in the impact of various harvesting strategies on popula-

tions governed by discrete models. For instance, the impact of constant rate harvesting/stocking

on co–existence between competing species in a competitive exclusion system [3, 39], the nega-

tive impact of harvesting when used to control nuisance and invasive species [42], the impact of

constant effort harvesting on controlling chaos and on the hydra effect [24], bubbling and sudden

collapse [25] and the optimal impact of various harvesting strategies on species abundance [1,2].

Other notions and results concerning various harvesting strategies can be found in [7,8,12,14,16].

In this theoretical study, we are interested in characterizing the impact of constant effort

harvesting on the general dynamics of discrete–time contest competition models of single species

with or without time lag in recruitment. The paper is organized as follows: In section two, we

present the local stability of equilibrium solutions for both k = 0 and k = 1. In section three, we
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focus on Eq.(1.1) with k = 0 and present results on persistence of solutions and global stability

of the positive equilibrium. As the parameter h is varied, we show that the model undergoes

a period–doubling bifurcation and chaos. We also present conditions under which the model

changes from contest competition to scramble competition. Moreover, conditions on the param-

eter are given to maximize the average harvest. As an illustrative example, we apply our results

to the Beverton–Holt model with constant effort harvesting. In section four, we focus on Eq.(1.1)

with k = 1 and present results on the persistence and oscillation of solutions. Furthermore, we

show that as we vary the parameter h, a Neimark–Sacker bifurcation occurs and a supercritical

invariant curve bifurcates from the positive equilibrium. As an illustrative example, we apply

our results to Pielou’s difference equation [31, 32] with constant effort harvesting. Finally, we

close this paper by a short conclusion.

2 Equilibria and local stability

Zero is always an equilibrium solution of Eq.(1.1) and when h < b − 1, a positive equilibrium

appears, namely, x̄h = f−1(1 + h). When h > b − 1, Eq.(1.1) gives xn+1 < (b − h)xn, and

therefore, populations are doomed to extinction. Although populations are also depleted at

h = b − 1, we still shed some light on this case as a boundary case; however, throughout this

paper, h < b − 1 is considered as our primary objective. Now, to study the stability of the

equilibrium solutions, we linearize Eq.(1.1) for both k = 0 and k = 1, i.e.,

xn+1 = xn(f(xn)− h) = g(xn), n ∈ N, (2.1)

xn+1 = xn(f(xn−1)− h), n ∈ N. (2.2)

In Eq.(2.1), since g′(t) = tf ′(t) + f(t) − h, we obtain g′(0) = b − h and g′(x̄h) = x̄hf
′(x̄h) + 1.

On the other hand, when we linearize Eq.(2.2), the characteristic equation about an equilibrium

x̄ is given by

λ2 + (h− f(x̄))λ− x̄f ′(x̄) = 0.

Observe that at x̄ = 0, we obtain λ(λ−b+h) = 0, while at x̄ = x̄h, we obtain λ2−λ−x̄hf ′(x̄h) = 0.

Also, keep in mind that f ′(x̄h) < 0. In the following theorem, we use these facts to characterize

the local stability of all equilibrium solutions.

Theorem 2.1. Assume 0 < h < b− 1. Each of the following holds true:

[A] In Eq.(2.1),

(i) x̄ = 0 is a repeller.

(ii) x̄h is locally asymptotically stable(LAS) when x̄hf
′(x̄h) > −2, a repeller when x̄hf

′(x̄h) <

−2, and is a non–hyperbolic equilibrium when x̄hf
′(x̄h) = −2.

[B] In Eq.(2.2),

(i) x̄ = 0 is a saddle whose stable manifold is formed along the non-negative x–axis.

(ii) x̄h is locally asymptotically stable when x̄hf
′(x̄h) > −1, unstable when x̄hf

′(x̄h) < −1,

and a non–hyperbolic equilibrium when x̄hf
′(x̄h) = −1.
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Observe that the condition x̄hf
′(x̄h) = −1 in Part [B] of Theorem 2.1 is in fact the same

as max
t

t(f(t)− h) = x̄h over the interval [0, f−1(h)]. In Figure 1, we illustrate Theorem 2.1 for

the specific examples

(a) xn+1 =
bxn

1 + xn
− hxn and (b) xn+1 =

bxn
1 + xn−1

− hxn.
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Figure 1: The shaded region in each figure shows the values of b and h that make x̄h positive
and locally stable.

3 The equation with no delay in recruitment

In this section, we focus on the dynamics of the first–order difference equation

xn+1 = xn(f(xn)− h) = g(xn), n ∈ N and 0 < x0 < f−1(h). (3.1)

Our unexploited model(at h = 0) is compensatory as long as b > 1. Recall that a model is

called compensatory in an interval I that contains a unique positive equilibrium whenever all

positive population sizes in the interior of I approach the positive equilibrium monotonically

under the iteration of the map. On the other hand, a model is called overcompensatory in I if

some positive population sizes in the interior of I overshoot the positive equilibrium under the

iteration of the map [40,41]. At h = 0, the positive equilibrium x̄h is globally stable with (0,∞)

as the basin of attraction. Now, for 0 < h < b − 1 and for the survival of a population, we

must have 0 < xn < f−1(h) for all n. We give simple sufficient conditions for the global stability

of the positive equilibrium with respect to the domain (0, f−1(h)) and discuss the effect of h

in switching contest competition to scramble competition. Following this, we give conditions

under which the average harvest is maximized and discuss persistence of solutions. We close

this section by considering the Beverton–Holt model as an illustrative example.

3.1 Global stability and the transition to scramble competition

After knowing the threshold level of harvesting under which the local stability of the positive

equilibrium x̄h = f−1(h+ 1) of Eq.(3.1) is preserved, we are interested in finding sufficient and

simple conditions under which x̄h is globally asymptotically stable(GAS) with respect to the
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interval I = (0, f−1(h)). Moreover, we are interested in the transition that takes place when h

is increased.

Proposition 3.1. When h ≤ 1, the positive equilibrium x̄h of Eq.(3.1) is globally asymptotically

stable with respect to the interval I = (0, f−1(h)).

Proof. Assume h ≤ 1. It is sufficient to show that Eq.(3.1) has no 2–cycle (see [13] or [15]). By

contradiction, suppose that Eq.(3.1) has a 2–cycle, say {φ, ψ} where φ 6= ψ and φ, ψ ∈ I. We

have

ψ = φ(f(φ)− h) and φ = ψ(f(ψ)− h).

Subtract the two equations to obtain

ψ − φ = φf(φ)− ψf(ψ) + h(ψ − φ),

or equivalently,

h− 1 =
φf(φ)− ψf(ψ)

φ− ψ
.

Now, consider F (t) = tf(t), by the Mean Value theorem, F ′(c) = h − 1 for some c between φ

and ψ. However, this is not possible since F (t) is increasing.

The first period–doubling bifurcation occurs when h satisfies

x̄hf
′(x̄h) = −2. (3.2)

This suggests that x̄hf
′(x̄h) > −2 is the suitable condition to use for a compensatory dy-

namics over the interval I = (0, f−1(h)); however, Proposition 3.1 is tempting for the simplicity

of the condition. Although the interval I shrinks as we increase h, there is no collapse of popula-

tions within I as long as the maximum possible value of xn+1 is less than the maximum possible

value of xn, i.e.,

Mh := max
0<x<f−1(h)

g(x) < f−1(h).

When h satisfies Mh = f−1(h), the map g(x) is turbulent. For the definition of turbulent maps

and the implications, we refer the reader to [6]. In particular, when g becomes turbulent, cycles

of all periods exist. Furthermore, essential extinction occurs at Mh = f−1(h), i.e., almost every

initial population density leads to extinction [34]. Also, as h increases from 0, the intraspecific

competition changes from contest to scramble competition. Figure 2 illustrates the change in

dynamics as we increase h.

3.2 Maximizing the average harvest

Let {xn} be a positive solution of Eq.(3.1), and define

Av(xn) :=
1

n+ 1

n∑
j=0

xj .

We are interested in maximizing hAv(xn) without driving populations within (0, f−1(h)) to

extinction.
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Lemma 3.1. Suppose F (t) = tf(t) is concave. Then

lim supAv(xn) ≤ x̄h.

Proof. Sum both sides of Eq.(3.1) to obtain

(h+ 1)
n∑
j=0

xj + xn+1 − x0 =
n∑
j=0

F (xj).

Divide both sides by n+ 1 and use the fact that F (t) is concave, then apply Jensen’s inequality

to obtain

(h+ 1)Av(xn) +
xn+1 − x0

n+ 1
=

1

n+ 1

n∑
j=0

F (xj) ≤ F (Av(xn)).

Take lim sup of both sides and use the fact that F (t) is increasing to obtain

(h+ 1) lim supAv(xn) ≤ F (lim supAv(xn)).

Thus,

lim supAv(xn) ≤ lim supAv(xn) (f(lim supAv(xn))− h) ,

and consequently lim supAv(xn) ≤ x̄h as required.

The following theorem gives sufficient conditions for maximizing the average harvest.

Theorem 3.1. Suppose F (t) = tf(t) is concave. The average harvest in Eq.(3.1) can be maxi-

mized when h satisfies either x̄hf
′(x̄h) = −h or x̄hf

′(x̄h) = −2.

Proof. From Lemma 3.1, we maximize the harvest by preserving the global stability of the

positive equilibrium and maximizing hx̄h, or at the bifurcation point when a 2–cycle is born. In

the first case, we maximize hx̄h = hf−1(h+ 1), and the extreme value takes place at x̄hf
′(x̄h) =

−h. At the second case, the equilibrium bifurcates into a 2–cycle when x̄hf
′(x̄h) = −2.

3.3 Persistence

A solution {xn}∞n=−1 of Eq.(3.1) (or Eq.(4.1)) is called persistent if xn > 0 for all n. It is

called strongly persistent if it is persistent and lim inf xn > 0. It is worth mentioning here that

several concepts such as permanence and uniform persistence are used in the literature [21,34].

However, throughout this paper, we use persistent/strongly persistent. The set of all initial

conditions that give persistent solutions is called the persistent set. Similarly, we can define the

strongly persistent set. We use Dh for the persistent set and D∗h for the strongly persistent set

at harvesting level h. As observed in Section 2, when h ≥ b − 1, the population is doomed to

extinction. However, according to our definition, we have the possibility of persistence but not

strong persistence. Indeed, if h > b − 1 in Eq.(3.1), then Dh = D∗h = ∅. If h = b − 1, then

Dh = (0, 1
b−1) while D∗h = ∅. If h < b − 1 and max

t
t(f(t)− h) < f−1(h) for 0 ≤ t ≤ f−1(h),

then Dh = D∗h = (0, f−1(h)).
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3.4 The Beverton–Holt model with constant effort harvesting

As an illustrative example of Eq.(3.1), we consider the Beverton–Holt model which is given by

the first–order difference equation

yn+1 =
bKyn

K + (b− 1)yn
, n ∈ N, (3.3)

where the parameter b > 1 represents the population growth rate and K is the carrying capacity

of the environment. Forcing constant effort harvesting on Eq.(3.3) gives

yn+1 =
bKyn

K + (b− 1)yn
− hyn.

To reduce the number of parameters, let xn = b−1
K yn, we obtain

xn+1 =
bxn

1 + xn
− hxn, n ∈ N. (3.4)
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Figure 2: This figure clarifies the effect of the parameters b and h on the population survival,
bifurcation and maximum total harvesting. The curves are given by hmax : h = b − 1, M1 :
h =

√
b − 1, Γ2 : b(h − 1) = (h + 1)2, Γ3 : b(h − 1)2 = h(h + 1)2 and Γ4 : b(h − 1)2 =

h3 − (h− 1)2 +
√
h(3h− 2)(2h2 − 2h+ 1).

Based on the first part of Theorem 2.1, we check the condition x̄hf
′(x̄h) = −2 at the

positive equilibrium x̄h = b
h+1 − 1. We find the condition h2 + (2− b)h+ b+ 1 > 0 that makes

x̄h LAS, while the reversed inequality makes x̄h a repeller. Next, we use Proposition 3.1 to

obtain x̄h globally asymptotically stable with respect to the interval I = (0, bh − 1) whenever

h ≤ min{1, b− 1}. However, since the conditions of Proposition 3.1 are sufficient conditions, we

can obtain a stronger result. Indeed, if we assure that (0, f−1(h)) is invariant, x̄h > 0 and no
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periodic solutions of period two exist, then x̄h is globally asymptotically stable with respect to

(0, f−1(h)). Thus, after some computations, we obtain the necessary and sufficient conditions

on the parameters that make x̄h GAS with respect to (0, f−1(h)). It is the region in the positive

quadrant between the curves of hmax and Γ2 in Figure 2. It is worth emphasizing that the

first period–doubling bifurcation(the birth of a 2–cycle) occurs when Eq.(3.2) is satisfied, that

is, when h2 + (2 − b)h + b + 1 = 0. Also, it is a computational matter to find that a second

period–doubling bifurcation(the birth of a 4–cycle) occurs at

(h− 1)2b2 + 2((h− 1)2 − h3)b+ (h2 − 1)2 = 0.

Finally, the map defined by Eq.(3.4) becomes turbulent when max g(x) = b
h − 1. This is given

by the Γ3 curve in Figure 2.

4 The equation with a delay in recruitment

In this section, we focus on the dynamics of the second–order difference equation

xn+1 = xn(f(xn−1)− h), n ∈ N and 0 ≤ x−1, x0 ≤ f−1(h). (4.1)

In particular, we show the existence of a Neimark–Sacker bifurcation in which the obtained

curve is supercritical, then we discuss persistence of solutions. As an illustrative example, we

discuss Pielou’s model [31,32] with constant effort harvesting.

4.1 Neimark–Sacker bifurcation

In Theorem 2.1, we found that when h satisfies x̄hf
′(x̄h) = −1, the positive equilibrium of

Eq.(4.1) is non–hyperbolic. Here, we find conditions under which a Neimark–Sacker bifurcation

occurs together with a supercritical invariant curve. To establish this, we start by putting

Eq.(4.1) into system form. Set xn−1 = yn to obtain{
xn+1 = xn(f(yn)− h)

yn+1 = xn.
(4.2)

Lemma 4.1. Let mh = −x̄hf ′(x̄h). Assume that max
h

mh > 1/4, then there is an interval

[h1, h2] such that the eigenvalues of the linearized system are non–real for all h ∈ [h1, h2].

Furthermore, there exists h̃ ∈ [h1, h2] such that the non–real eigenvalues cross the unit circle at

h = h̃.

Proof. From the assumptions (i), (ii) and (iii) on f(t), x̄h = f−1(1 + h) is decreasing in h and

x̄h ∈ [0, f−1(h)]. Also, mh = −x̄hf ′(x̄h) is continuous in h and

m0 = −x̄0f
′(x̄0) = −f−1(1)f ′(f−1(1))

while

mb−1 = −x̄b−1f
′(x̄b−1) = −f−1(b)f ′(f−1(b)) = 0.
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The eigenvalues are complex numbers when mh >
1
4 and they cross the unit circle when mh = 1.

Now, the continuity of mh and the given assumption give us the desired conclusion.

Next, we focus on the bifurcation that occurs at h = h̃.

Theorem 4.1. Consider Eq.(4.1) with f ∈ C2([0,∞)) and h < b− 1. Assume max
h

mh >
1

4
. If

x̄2
h̃
f ′′(x̄h̃) 6= 1, then a Neimark–Sacker bifurcation occurs at h = h̃.

Proof. Consider [h1, h2] to be the interval assured by Lemma 4.1. The eigenvalues of the lin-

earized equation about x̄h are

λ1,2 =
1

2
(1±

√
4mh − 1 i) =

√
mhe

±iθh

where tan(θh) =
√

4mh − 1. At h = h̃, we have mh̃ = 1, and therefore, the eigenvalues cross the

unit circle at θh̃ = π
3 . Hence,

eikθh̃ 6= 1 for k = 1, 2, 3, 4.

Next, we use the fact |λ1,2|2 = mh, to show that d
dhmh̃ 6= 0. We have

d

dh
mh =− x̄′h

(
f ′(x̄h) + x̄hf

′′(x̄h)
)

=−
x̄′h
x̄h

(
x̄hf

′(x̄h) + x̄2
hf
′′(x̄h)

)
d

dh
mh̃ =−

x̄′
h̃

x̄h̃

(
x̄h̃f

′(x̄h̃) + x̄2
h̃
f ′′(x̄h̃)

)
=−

x̄′
h̃

x̄h̃

(
−1 + x̄2

h̃
f ′′(x̄h̃)

)
.

Because x̄h is strictly decreasing in h, then x̄′h 6= 0. Thus, x̄2
h̃
f ′′(x̄h̃) 6= 1 guarantees that d

dhmh̃ 6= 0

as desired.

After establishing the conditions in which a Neimark–Sacker Bifurcation occurs, we proceed

to investigate the nature of this bifurcation (supercritical or subcritical [18, 19, 23]). We shift

the equilibrium (x̄h, x̄h) of System (4.2) to the origin by considering the change of variables

un = xn − x̄h and vn = yn − x̄h. We obtain the new system{
un+1 = (un + x̄h) (f(vn + x̄h)− h)− x̄h
vn+1 = un.

(4.3)

Now, assume f is sufficiently smooth, and use Taylor expansion about (0, 0) to obtain[
un+1

vn+1

]
= J(0, 0)

[
un
vn

]
+

[
G1(un, vn)

0

]
,

where

G1(un, vn) = f ′(x̄h)unvn + (un + x̄h)
∞∑
k=2

f (k)(x̄h)
vkn
k!
.
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For our writing convenience, define q :=
√

4mh − 1. We transform the system and put the

linear part in Jordan normal form by considering[
un
vn

]
= Q

[
Un
Vn

]
, where Q :=

1

2

[
1 −q
2 0

]
.

In this case, we obtain[
Un+1

Vn+1

]
=

1

2

[
1 −q
q 1

][
Un
Vn

]
+Q−1

[
G1(1

2Un −
1
2qVn, Un)

0

]

=
1

2

[
1 −q
q 1

][
Un
Vn

]
+

[
F1(Un, Vn)

F2(Un, Vn)

]
,

where F1(Un, Vn) = 0 and

F2(Un, Vn) =
−2

q
G1(

1

2
Un −

1

2
qVn, Un)

=Vn

∞∑
k=1

f (k)(x̄h)
Ukn
k!
− 1

q

∞∑
k=2

(
kf (k−1)(x̄h) + 2x̄hf

(k)(x̄h)
) Ukn
k!
.

Thus, we need to investigate the expression

A(h) = Re

(
(1− 2eiθh)e−2iθh

1− eiθh
C11C20

)
+

1

2
|C11|2 + |C02|2 −Re

(
e−iθhC21

)
, (4.4)

where

C20 =
1

8
[F1UU − F1V V + 2F2UV + i(F2UU − F2V V − 2F1UV )]

=
1

4
f ′(x̄h)− 1

4q
(f ′(x̄h) + x̄hf

′′(x̄h))i,

C11 =
1

4
[F1UU + F1V V + i(F2UU + F2V V )]

=− 1

2q
(f ′(x̄h) + x̄hf

′′(x̄h))i,

C02 =
1

8
[F1UU − F1V V − 2F2UV + i(F2UU − F2V V + 2F1UV )]

=− 1

4
f ′(x̄h)− 1

4q
(f ′(x̄h) + x̄hf

′′(x̄h))i,
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C21 =
1

16
[F1UUU − F1UV V + F2UUV + F2V V V + i(F2UUU + F2UV V − F1UUV − F1V V V )]

=
1

16
f ′′(x̄h)− 1

16q
(3f ′′(x̄h) + 2x̄hf

′′′(x̄h))i.

Recall that at h = h̃, we have θh̃ = π
3 . Thus,

(1− 2eiθh)e−2iθh

1− eiθh
=
−1

2
(3 + i

√
3)

and we are ready to give the following result:

Theorem 4.2. Consider Eq.(4.1) with f ∈ C4([0,∞)) and h < b−1. If maxhmh > 1, x̄2
hf
′′(x̄h) 6=

1 and x̄3
hf
′′′(x̄h) > −3

2 , then the invariant curve obtained by the Neimark–Sacker Bifurcation at

h = h̃ is supercritical.

Proof. It remains to show that the bifurcation is supercritical. At h = h̃, we obtain

Re

(
(1− 2eiθh̃)e−2iθh̃

1− eiθh̃
C11C20

)
=− 1

2
Re
(

(3 +
√

3i)C11C20

)
=

1

16q2

(
3x̄h̃f

′′(x̄h̃) + (3−
√

3q)f ′(x̄h̃)
) (
x̄h̃f

′′(x̄h̃) + f ′(x̄h̃)
)
,

1

2
|C11|2 + |C02|2 =

3

16q2

(
x̄h̃f

′′(x̄h̃) + f ′(x̄h̃)
)2

+
1

16

(
f ′(x̄h̃)

)2
and

Re
(
e−iθh̃C21

)
= − 1

16

(
f ′′(x̄h̃) + x̄h̃f

′′′(x̄h̃)
)
.

Substitute and recall that q =
√

3 at h = h̃ to obtain

16A(h̃) = 2
(
f ′(x̄h̃)

)2
+ x̄h̃f

′′′(x̄h̃) + 2(x̄h̃)2
(
f ′′(x̄h̃)

)2
+ 3x̄h̃f

′(x̄h̃)f ′′(x̄h̃) + f ′′(x̄h̃).

Now, multiply both sides by (x̄h̃)2, and use the fact that x̄h̃f
′(x̄h̃) = −1 to obtain

16(x̄h̃)2A(h̃) =(x̄h̃)3f ′′′(x̄h̃) + 2
((

(x̄h̃)2f ′′(x̄h̃)
)2 − (x̄h̃)2f ′′(x̄h̃) + 1

)
≥(x̄h̃)3f ′′′(x̄h̃) +

3

2
.

Since x̄3
h̃
f ′′′(x̄h̃) > −3/2, we obtain A(h̃) > 0 and consequently, the obtained invariant curve is

supercritical.

4.2 Persistence

Our earlier definition of persistence (strong persistence) is still valid here; however, the sets Dh

and D∗h are two dimensional subsets of the positive quadrant including its boundary. As before,

h > b− 1 makes Dh = D∗h = ∅. At h = b− 1, populations are depleted which gives D∗h = ∅; but

11



Dh 6= ∅. Define T (x, y) = (y, y(f(x) − h)), then the iterates of the map T help us to visualize

the orbits in the positive quadrant, and consequently characterize the dynamics of Eq.(4.1).

Proposition 4.1. Let h = b− 1 in Eq.(4.1). We obtain

Dh = {(x, y) : 0 < x, y < f−1(h)} ∪ {(0, y) : 0 < y < f−1(h)} and D∗h = ∅.

Proof. If (x, y) belongs to the positive quadrant and does not belong to the closure of Dh, then

T (x, y) or T 2(x, y) 6∈ R+2
. If (x, y) belongs to the upper, lower or right-hand boundary of

Dh, then T 3(x, y) = (0, 0). Finally, take (x, y) ∈ Dh, since xn+1 > 0 whenever xn > 0 and

0 < x < f−1(h), we obtain by induction Tn(x, y) ∈ Dh for all n. Also, from the fact that

xn+1 ≤ (b − h)xn = xn, {xn} is eventually decreasing, and we obtain lim
n→∞

Tn(x, y) = (0, 0),

which completes the proof.

Next, define the set S0 to be Dh at h = b− 1, i.e., S0 := Db−1. Since initial points out of the

square S0 are mapped out of the positive quadrant in finite time, we must have D∗h ⊆ Dh ⊆ S0.

Therefore, we limit our attention to the square S0 as the domain of the map T . Define the

function y∗ as

y∗(x) =
f−1(h)

f(x)− h
, 0 ≤ x < f−1(h). (4.5)

Because of our need in the sequel, we summarize some properties of y∗ in the following

lemma.

Lemma 4.2. Let h ≤ b − 1, and assume that t(f(t) − h) is increasing on [0, x̄h]. Each of the

following holds true for the function y∗ defined in Eq.(4.5).

(i) y∗ is strictly increasing on its domain.

(ii) y∗(0) = f−1(h)
b−h < f−1(h) and y∗(x̄h) = f−1(h).

(iii) T (x, y∗(x)) = (y∗(x), f−1(h)).

(iv) (b− h)x ≤ y∗(x) for all 0 ≤ x ≤ x̄h.

Proof. Parts (i), (ii) and (iii) are obvious. To verify Part (iv), observe that (b− h)x ≤ y∗(x) is

in fact x(f(x)− h) ≤ f−1(h)
b−h .

Next, we find the persistent set when 0 < h < b− 1.

Theorem 4.3. Let 0 < h < b− 1, and assume t(f(t)− h) is increasing on the interval [0, x̄h].

The persistent set is given by

Dh = {(x, y) : 0 ≤ x < f−1(h), 0 < y < min{y∗(x), f−1(h)}}.

Proof. Define R0 := {(x, y) : 0 ≤ x < f−1(h), 0 < y < min{y∗(x), f−1(h)}}, and let R0 denotes

R0 union its boundary. The proof is a little technical, but Fig. 3 makes the idea simple. First,

we show that Dh ⊆ R0. Since T (x, y) = (y, y(f(x) − h)), x or y(f(x) − h) larger than f−1(h)

leads to extinction, and therefore, we must have Dh ⊆ R0. Next, we show that T (R0) = R0.

Because

T (R0) =
{

(y, y(f(x)− h)) : 0 ≤ x ≤ f−1(h), 0 ≤ y ≤ min{y∗(x), f−1(h)}
}
,

12



then we need to show that 0 < G̃(x, y) := y(f(x)− h) ≤ min{f−1(h), y∗(x)}. It is obvious that

G̃(x, y) > 0 and G̃ takes its extreme values on the boundary of R0 (notice that grad (G̃) 6= 0).

Thus, it is enough to check G̃(x, y) on the boundary of R0. Define Sj , j = 0, . . . , 4 as follows.

S0 := {(0, y) : 0 < y <
f−1(h)

b− h
}

S1 = {(x, y∗(x)) : 0 ≤ x ≤ x̄h}
S2 = {(x, f−1(h)) : x̄h ≤ x ≤ f−1(h)}
S3 = {(f−1(h), y) : 0 ≤ y ≤ f−1(h)}
S4 = {(x, 0) : 0 ≤ x ≤ f−1(h)}.

Because G̃(S4) = 0, G̃(S3) = y(f(f−1(h)) − h) = 0 and G̃(S1) = y∗(x)(f(x) − h) = f−1(h),

then T (S4) = {(0, 0)}, T (S3) = S4 and T (S1) ⊆ S2, respectively. Next, observe that when

(x, y) ∈ S2, G̃(x, y) = f−1(h)(f(x) − h) ≤ f−1(h), which implies T (S2) = S3. Finally, when

(x, y) ∈ S0, G̃(x, y) = y(f(0) − h) = y(b − h) < f−1(h), which implies together with Lemma

4.2 that T (S0) belongs to the interior of R0 except the endpoints mapped to the boundary. Up

to this end, we proved that T (R0) = R0, and except S0, the boundary of R0 is mapped to the

saddle equilibrium (0, 0) in finite time. Therefore, Dh ⊆ R0. Finally, by tracing back the stable

manifold of the origin, we find that S1 ∪ S2 ∪ S3 ∪ S4 are the only points in ⊆ R0 that are

attracted to the origin in finite time. Thus, Dh ⊇ R0, and the proof is complete.

xn−1

xn

f−1(h)

f−1(h)

y∗(0)

D
h

y
∗

S0

S1

S2

S3

S4

(x̄
h
, x̄
h
)

(a) Dh is shaded.

xn−1

xn

f−1(h)

f−1(h)

y∗(0)

T
(D

h
)

y
∗

S0

S1

T (S1)

T (S2)

T (S3)

T
(S

0
)

(x̄
h
, x̄
h
)

(b) T (Dh) is shaded

Figure 3: Both figures are given under the assumptions 0 < h < b−1 and t(f(t)−h) is increasing
on [0, x̄h]. Also, the invariant regions are given with respect to the map T (xn−1, xn) = (xn, xn+1).

Remark 4.1. From the proof of Theorem 4.3, it can be shown that T (Dh) is an invariant set as

well. Also, it becomes obvious that S1 ∪ S2 ∪ S3 ∪ S4 forms the basin of attraction of the saddle

equilibrium (0, 0). On the other hand, finding the basin of attraction of the positive equilibrium

is a worthwhile task; however, because of the technicalities and the abstract machinery needed,

we leave the problem for a more theoretical paper on the subject.
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4.3 Pielou’s equation with constant effort harvesting

Pielou’s model [31,32] is given by xn+1 = xnf(xn−k), where f(t) = b
1+t . To keep things within the

context of our developed results, we consider k = 1, b > 1 and force constant effort harvesting,

i.e., we consider

xn+1 =
bxn

1 + xn−1
− hxn = xn

(
b

1 + xn−1
− h
)
, n ∈ N. (4.6)

As before, we proceed under the assumption that h ≤ b−1. The local asymptotic stability of

the equilibrium solutions is characterized by Theorem 2.1. In particular, the positive equilibrium

x̄h = b
h+1 − 1 is LAS when h2 + (2− b)h+ 1 > 0, and a repeller when the inequality is reversed.

At h2 +(2− b)h+1 = 0, we apply Theorem 4.2 to obtain a Neimark–Sacker bifurcation. Indeed,

we clarify this fact in the following result.

Corollary 4.1. Consider h as the varying parameter, and suppose h < b−1. Eq.(4.6) undergoes

a Neimark–Sacker bifurcation at h2 + (2 − b)h + 1 ≥ 0, and the obtained invariant curve is

supercritical.

Proof. Eq.(4.6) is of the form xn+1 = xn(f(xn−1)− h). Now,

mh = −x̄hf ′(x̄h) = (1 + h)

(
1− h+ 1

b

)
> 1 when b >

(h+ 1)2

h
.

Because h starts at zero then increases, we h̃ to be the lower branch of bh = (1 + h)2, i.e.,

h̃ := −1 +
b

2
− 1

2

√
b(b− 4), b > 4.

Next, to guarantee d
dhmh̃ 6= 0, we investigate the condition x̄2

h̃
f ′′(x̄h̃) 6= 1. Since

f ′′(t) =
2b

(1 + t)3
=
−2

b
f(t)f ′(t)

then

x̄2
hf
′′(x̄h) =

−2

b
(x̄hf(x̄h))

(
x̄hf

′(x̄h)
)

=
2

b
(x̄hf(x̄h))mh)

=
2

b
(1 + h)x̄hmh.

Therefore,

x̄2
h̃
f ′′(x̄h̃) =

2

b
(1 + h̃)x̄h̃ =

2

b
(b− h̃− 1) = 1 +

√
1− 4

b
> 1,

and we have a Neimark–Sacker bifurcation occurring at h = h̃. Finally, it is a computational

matter to find that x̄3
h̃
f ′′′(x̄h̃) = −3/2 at b = 4 and increases in b. Thus, we invoke Theorem 4.2

to conclude that the invariant curve is supercritical.
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Figure 4: The graph on the left shows the strongly persistent set D∗h at b = 4.1 and h = 0.9.
The closed loop is the stable invariant curve obtained by the Namiark–Sacker bifurcation. Also,
several orbits that converge to the stable curve from inside and outside are shown. The shaded
region in the right graph (h < b− 1 and h2 + (2− b)h+ 1 > 0) shows the values of (b, h) before
obtaining the invariant curve in the right graph, and the blue curve on the right boundary
represents the values of (b, h) that give birth to the invariant curve on the right.

5 Conclusion

In this paper, we posed a general contest competition discrete-time model with and without

delay in recruitment, which encompass several classical models such as Beverton-Holt [5] and

Pielou [31, 32], then we added a constant effort harvesting term, and explored the dynamics

of the new model. At small harvesting level, the new model can encompass the dynamics of

Shepherd [36] and Hassel [17] models. Adding harvesting term into the model had the effect of

shrinking the persistent set, lead to period doubling then chaos when the delay is zero and to a

supercritical invariant curve when the delay is one. At zero harvesting level, the persistent set is

obviously the positive quadrant; however, as we increased the harvesting level, the persistent set

required a closer look, which had been characterized. From an ecological point of view, increas-

ing the harvesting level lead to changing the intraspecific competition from contest to scramble.

This theoretical fact is in line with some experimental studies that show species exhibit different

types of competition at different stages (see page 56 of [9] and the references therein).

Several aspects of the model are still under investigation. For example, in case of the delayed

density dependence, it remains to show that local stability implies global stability with respect

to the persistent set. This task needs the development of some theoretical as well as technical

machinery, which is in fact the topic of some of our ongoing research. Also, other harvesting

strategies can be considered and the impact on the dynamics of our general model can be

investigated.
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