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Abstract

The problem of optimizing a domain dependent functional, while keeping a domain’s
measure (its volume, perimeter, etc.) fixed, is called an isoperimetric problem. The
isoperimetric inequalities have a long history in mathematics dating back to the Greeks
and Dido’s problem, when the first classical isoperimetric inequality appeared in the
Euclidean geometry. With the introduction of the calculus of variations in the 17th
century, the isoperimetric inequalities found their way into mathematical physics.
Among the isoperimetric problems, here we propose the investigation of those linking
the shape of a membrane to the sequence of its frequencies. The starting point in this
research field is the Faber-Krahn inequality, which states that among all fixed mem-
branes of given area, the first frequency is minimal for the circular membrane. As for
the second frequency of fixed membranes of given area, we know that it is minimized
by the disjoint union of two identical circular membranes (Krahn’s inequality). For
other types of membranes several results are known, but a lot of questions remain
open. In this thesis we are going to present some classical isoperimetric inequalities,
as well as some universal bounds, which are not isoperimetric, but in some cases they
represent the best possible bounds obtained at their time. Finally, we will present
some new universal bounds we have obtained for the frequencies of clamped and

buckled plates.

Keywords: Isoperimetric inequalities; clamped plate; buckled plate; universal bounds;

eigenvalues; frequencies of membranes and plates.
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Chapter 1. Introduction

In this chapter, we are going to give an overview of the main concepts and types
of problems we are dealing with in this thesis. First, we clarify the notion of the
shape optimization problem, whose solutions can always be given in the form of some
isoperimetric inequalities. The definition will be followed by some very suggestive
examples of geometric nature. Next, we will introduce some classical eigenvalue
problems which appear as models for frequencies of different types of membranes.
Finally, we compute these frequencies for some special shapes and present the main

properties of these frequencies, in general.

1.1 Shape optimization problems. Isoperimetry

The word optimum is Latin and means the ultimate ideal, while the Latin word
optimus means the best. An optimization problem is thus the problem of finding the
best solution from all feasible solutions. In this chapter we are interested in a special
type of optimization problems, namely the shape optimization problems, where we
look for the best possible shape of an object which maximize or minimize a certain

quantity related to it. More precisely:

Definition 1.1.1. A shape optimization problem is a problem of the following type:

Find (the shape) (2* € F, solution to the following optimization problem:

F(SY) = min/mazF(Q), (1.1)

where F C P(R") is the class of all admissible domains from R and ' : F — R is
a domain-dependent functional.
Obviously, these shape optimization problems can be expressed in terms of so-

called isoperimetric inequalities, as shown in the following examples.

Example 1.1. Among all rectangles of given perimeter P, the square has the largest

area A. This statement can be expressed as an isoperimetric inequality, as follows:

Ag%ﬁ, (1.2)

where the equality holds for a square.
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Example 1.2. Among all triangles of given perimeter P, the equilateral triangle has
the largest area A. This statement can be expressed as an isoperimetric inequality, as
follows:

1

A< sz, (1.3)

where the equality holds for an equilateral triangle.

Example 1.3. Among all closed planar curves of given perimeter P, the circle has
the largest area A (Queen Dido of Cartage). This statement can be expressed as an

isoperimetric inequality, as follows:

A< iP2, (1.4)

47

where the equality holds for a circle.

1.2 Model Problems: Frequencies of Membranes

In this section we are going to present some model problems for two different
types of vibrating membranes, whose shapes are always represented by a bounded
open set 2 C RY, with Lipschitz boundary. In what follows we will see that the fre-
quencies of such membranes are directly related to the eigenvalues of the Laplacian

operator on 2.

1.2.1 Frequencies of a fixed membrane. The model problem for the frequencies

of a fixed membrane is given by the following eigenvalue problem for the Dirichlet-

Laplacian:
Au+Au=0 inQ,
(1.5)
u=20 on 0f2.
This problem has a real and purely discrete spectrum
0 < A(Q) < A(2) < A3(02) < ... < A(Q2) = +o0. (1.6)

The normal modes and proper frequencies that characterize the vibrations of a fixed
planar membrane of the given shape () are determined by the solutions of this prob-

lem in the case N = 2. More precisely, in this case, /), with n € N, represent the

11



frequencies of the fixed membrane of given shape (). These eigenvalues are explicitly
computable only for special domains (rectangles, disks). Since we cannot compute
the eigenvalues of an arbitrary domain (2, then we want at least to get optimal es-
timates of them in terms of geometric quantities related to the underlying domain
(2. For instance, a first conjecture on a possible isoperimetric bound for the first fre-
quency was stated by Lord Rayleigh [10], and it says the following: Among all fixed
membranes of given area, the circular one gives the lowest first frequency. A proof of

this conjecture will be presented in Chapter 2.

1.2.2 Frequencies of a free membrane. The model problem for the frequencies

of a free membrane is given by the following eigenvalue problem for the Neumann-

Laplacian:
Au+ pu =0 in ),
(1.7)
0
a—z =0 on 0f).
This problem also has a real and purely discrete spectrum
0= 10() < () < pa(2) < ... — o0, (1.8)

The normal modes and the proper frequencies that characterize the vibrations of a
free membrane of given shape €2 are determined by the solutions of this problem,
when N = 2. In such a case, /i, With n € N, represent the frequencies of the free
membrane of given shape €). These eigenvalues are again explicitly computable only
for special domains (rectangles, disks). And since we cannot compute the eigenvalues
of an arbitrary domain (2, then we want at least to get optimal estimates of them in
terms of geometric quantities related to the underlying domain €2. For instance, a first
conjecture on a possible isoperimetric inequality for the first frequency was stated
by E.T. Kornhauser and I. Stackgold [8] and it says the following: Among all free
membranes of given area, the circular one gives the largest first frequency. Two

proofs of this conjecture will be presented in Chapter 3.

1.3 The Special Case of Rectangles and Disks

In this section we are going to show how one may obtain explicitly the eigenvalues

and the eigenfunctions of the Laplacian in the case of some simple shapes, for which we

12



can do that. To this end, let’s first remind the one dimensional case of the problem given
in equation (1.5), since it will often appear in our computations for the two dimensional
case, when the method of separation of variables is used. More precisely, if we consider
the one dimensional case of the problem given in equation (1.5), that is the following
eigenvalue problem

Au+ A u=0 in§,

u=20 on 0f),
then one can easily notice that the only non-trivial solutions are

n27r2 nmwx

T un(x) = sin(——), n>1. (1.9)

)\n: )
7

Next, we will use the method of separation of variables to clarify the situation for rect-

angles.

1.3.1 The case of rectangles. Let Q2 = (0, L) x (0,1) be a planar rectangle. We then

have:

Proposition 1.3.1. The only non-trivial solutions of the problem given in equation (1.5)

for the planar rectangle (2 are:

>\m,n = 71-2(_ + _>

( )_ 2 . mrxr\ . nmy
U n(T,Y) = msm 7 sin ]

Proof: For the proof we are using the separation of variables method, which means

,m,n € N*. (1.10)

that we are looking for a solution of the form

u(z,y) = f(x)g(y). (1.11)

If we plug (1.11) into (1.5), we get

"

F(@)aly) + f(x)g" (y) + Mf(2)g(y) = 0. (1.12)

Dividing (1.12) by fg¢ and rearranging the terms, we can rewrite equation (1.12) as

L@:_(Q_@)H) = constant = k. (1.13)

f(z) 9(y)

13



Now, taking into account the boundary condition from equation (1.5), one can easily

notice that f and g satisfy the following boundary value problems

f(@) = kf(z) =0,
(1.14)

respectively,
9 (y) + (A +k)gly) =0,

9(0) = g(l) = 0.

Clearly from what is known from the one dimensional case, the problem given in equa-

(1.15)

tion (1.14) will have the following non-trivial solutions, considering a = —k > 0,
n? nm
a= 7T2ﬁ and f(z) = csin ) (1.16)

Next, with the value of k£ found in (1.16), we get

7+ (A= ot o

(1.17)
9(0) =g(l) = 0.
Again, from what is known from the one dimensional case, the problem given in equa-
tion (1.17) will have the following non-trivial solutions, considering b = \ — WZZ—Z,
b= 7r277—22 and  g(y) = esin (?y) (1.18)

In conclusion, the non-trivial solutions for the problem given in equation (1.5) are given

asin (1.10). O

Next, using the same idea we can obtain similar results for the free membrane prob-

lem.

Proposition 1.3.2. The only non-trivial solutions of the problem given in equation (1.7)

for the planar rectangle (2 are:

,m,n € N (1.19)



1.3.2 The case of disks. Let {2 = By be the disk of radius R centered at the origin.

Using again the separation of variables method, one may obtain the following.

Proposition 1.3.3. The non-trivial solutions of problem (1.5) on the disk 2 are:

o)
J0.k 1 1 . r

Aok = —= 0)=\—————J - k>1 1.20

0k = 2 g (7, 0) \/;R]J() T O(JO,kR)> > 1, (1.20)

(Jo.k
9 \/gﬁjn(jmk}%) cos(nd)
)\n’k _ %, un:k(r, 6) _ ‘ n(]n,k)‘ ’ n, k 2 17
Vgt oo ) s
(1.21)
where j,, , is the & — th zero of the Bessel function J,.
Proof: In polar coordinates problem (1.5) takes the following form
Upr + %ur + T%UOH +Au=0
,7 € (0,R)and 0 € [0, 27]. (1.22)

u(R,0)=0

Now, we are going to use the separation of variables method, which means that we are

looking for a solution of the form

u(r, ) = f(r)g(0). (1.23)
By substituting (1.23) into (1.22) and performing some operations we get

r2(f”(r) + %f’('r’) +Af(r)) = _M = constant = k. (1.24)

f(r) 9(0)

Since @ is a cyclic coordinate, we must require that u is periodic with respect to 6, of

period 27. Therefore, we can take k = p?. In such a case, from what is known from the

one dimensional case, we can easily find that
g(0) = acospb + bsin pb. (1.25)
Next, we introduce a new variable
z = VAr, (1.26)

and define a new function

)= f(r). (1.27)



We then notice that y(x) satisfies the following Bessel Equation of order p

" 1., p2
@)+ 1y (@) + (0= ) =0, (1.28)

with the condition on the boundary
y(VAR) = 0. (1.29)

In what follows, we will try to solve equation (1.28) by looking for a solution given as
a power series

y(r) ="y Chpa", xR, (1.30)

n>0

where the exponent r and the constants ', are to be determined. We assume that the
series ) -, C,,2" has radius of convergence p > 0. Then, substituting this power series

into equation (1.28), we obtain

S lr+n)(r+n—1)+ (r+n)Cpa" + (2* = p*))_Cpz" =0, (1.31)

n>0 n>0

or, equivalently,

Y l(r+n)? = p’Cpa™ = =Y Cra™ . (1.32)

n>0 n>0

Identifying the coefficients in (1.32) we get
(r* = p*)Co =0, [(r +1)? = p?)Cy = 0, (1.33)

[(r + k)? — p*|Cy = —Ch_o, k=2,34,... (1.34)

Without loss of generality, we take Cy # 0. Otherwise the series (1.32) starts with the

term C;2" ™! and with change of notation  + 1 = 7 and n = m + 1 we will have:

y(x) =™y Cra, (1.35)

m>0
that is a series of the same form as (1.30). Then, using the first equation from (1.33),

we obtain the following algebraic equation
r? —p*=0, (1.36)
which has the roots p and -p. For » = p, the second equation from (1.33) gives

16



On the other hand, equation (1.34) leads to the following relation of recurrence:

Cl—2

Cp= =,
P T k(2p+ k)

k=234,... (1.38)

Consequently, all the coefficients (), of odd index are equal to 0. Also, by (1.38), every
coefficient of even index can be expressed by the following relation of recurrence

CQm—Q

Com = ——5—,
2 22m(p +m)

m=234,... (1.39)

The successive application of this recurrent formula allows us to express Cy,, in terms

of C), as follows

Co
Cop = (—1)™ . 1.40
2 (=1) 2mml(p+1)(p+2)...(p +m) (140)
Using the fact that
I'(p+m+1)
1 2)... = — 1.41
(P+1)(p+2)..(p+m) NEESIE (1.41)
we then obtain
(=1)"T'(p+1)Co
Com = , =1,2,3,.... 1.42
2 m!i2mT(p+m+ 1) mn (1.42)
In conclusion
_1 m ,.p+2m
y(@) =2y Coma™™ =T(p+1)Coy S (1.43)

= mzom!22mF(p +m+1)

Since, equation (1.28) is homogeneous, the solutions can be determined up to a multi-

plicative constant, which is chosen to be

1
We then obtain
—1)m p+2m
w0 =S E (5 =) (145

m>0

which is the Bessel function of order p and type 1. In a similar way, the following series

_ o ()
Ti= 2 mT(—p+m+1) <§> ’ (146)

m>0

17



corresponding to » = —p represents a second solution of (1.24), linearly independent
of J,. The series (1.45) and (1.46) are obviously convergent for all values of z. In fact,

if we write

_ x P (_1)m m L T ?
y(z) = (5) n;)mlr(p+m+1)€ , for ¢ := (5) . (1.47)

Then the radius of convergence of the power series given above is

_ (=™ / (=)™ ‘
p=Lim mT(p+m+1)/ (m+1)T(p+m+2) (1.48)
= lim [(m+1)(p+m+1)] = co. O

Remark: For the membrane problem (1.6) in R”, n > 3, we have a similar situation

because
0 n—1 8 1
A n — = A n— 1.49
o2 * r 8r s (1.49)
and by separation of variables
u(z) = f(r)g(©), (1.50)
where r is the radius and © is the so-called Winkelvariable, we obtain the equivalent
equations
Agn-19 = pg,
(1.51)
r2f 4 (n—Drf + (u+Ir)f=0.
Moreover, one can show that j are given as follows
pr = —k(n+k —2). (1.52)

Finally, using the same idea, we can obtain similar results for the free membrane prob-

lem (see, [5] for more details.)

Proposition 1.3.4. The only non-trivial solutions of the problem given in equation (1.7)

for the disk () are:

2
jék \/T 1 g T
= 0) =1 —————F——J — k>1 1.53
Mo,k RQ 9 UO,k(Ty ) 7TR|J0(]6’]€)| 0(.]0,]»;: R)? - 4 ( )

’

2 In, N
. V(o ih) cosnd
T B\7) 0. =21 n )
Hn ke = W, Umk(?”, 9) = , n, k Z 1,
Jnk J (~’ N\ o
Jnx)sinnb
\/>R\/] —n 2| Jn( j k kR

(1.54)

where j, , is the k — th zero of J;, (the derivative of the Bessel function J,).
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1.4 Properties of the Eigenvalues
In this section we are going to present the main properties of the eigenvalues. To
this end we will concentrate on the Dirichlet eigenvalues, similar results being possible

for the Neumann eigenvalues.

Proposition 1.4.1. The eigenvalues )\ are real and positive. Therefore, we can arrange

them in an increasing order such that

Proof: Let f=7; and g =u;, we know that:

V(fVg) =V [fVg+ fAg. (1.56)
Thus
V(i Vug) = ([Vug|? + i Aug) = [Vug]® — Murl?. (1.57)
Integrating this relation over §2, and using the divergence theorem, we get
O:/Q|Vuk|2dx—)\k/ﬂ\uk\2d:c, kE=1,2,3, .., (1.58)
from which, the following relation follows
/\k:M > 0, k=1,2,3,.... U (1.59)
o, lug|?dz

Proposition 1.4.2. The eigenfunctions u; and u; associated to the distinct eigenvalues

A, # A, are two by two orthogonal, that is
/Qukujd:p =0, for A\, # ;. (1.60)
Proof: Integrating the following relation
upAuj — u;Aug = (A — Aj)uguy, (1.61)
over (2, and using the Green’s formula, we obtain
0= /89 (uk% — W%)ds = (A —A\)) /Q upu;de, (1.62)
and the proof is achieved, since A\, — \; # 0. O

Proposition 1.4.3. Each eigenfunction wuy is determined up to a multiplicative constant.
Therefore it is always possible to choose an orthonormal system of eigenfunctions, in

such a way that

0, if A £\
/ukujdx = Gy = EN (1.63)
o 1if A=\

19



1.5 Variational Characterizations of the Eigenvalues

We know that the eigenvalues are only computable for special domains such as
rectangles and disks. For other domains, when they are not computable, at least we
want to find some bounds for them. To this end, the most important tool is given by the
variational characterizations of the eigenvalues.

First, let us introduce some terminology. Let W*P(Q)) be the Sobolev space given by
WE?(Q) = {u : Q — R measurable : 3Du € LP,V|a| < k}.

For p = 2 we obtain the space H*(Q)) = W"?2(£2), which is a Hilbert space. In what

follows we will often consider the following space

The first eigenvalue \; of 2 can be characterized as a variational minimum in H} ()

of the following Rayleigh quotient

Jo [Vv|?dx
R = =—5~—+— 1.64
] J v2da (1.64)
This statement is contained in the following variational principle.
Theorem 1.5.1. (Rayleigh’s Variational Principle)
M(Q) = Min  R(v). (1.65)

vEHJ (Q),v£0

Note that the variational minimum is obtained if and only if v = u;(x).

Proof: Let u(z) € H} () be the function that achieves the minimum m of R(v).
Let us define v(x) := u + ew(x), where € is an arbitrary real parameter and w(z) is an

arbitrary function in H} (). By the definition of u(z), we have the following relation

d

d—R(U> — ifQ(|vu|2 +2€Vqu+€2|vw|2)dx
€

=0 de Jo(u? + 2euw + €w?)dx

=0, (1.66)

e=0

/u2dx/Vqudx—/|Vu\2dx/uwdx:O. (1.67)
Q Q Q Q

With R[u] = m, (1.67) becomes

which leads to

/Vqudx :m/uwdx. (1.68)
Q Q

20



On the other hand, we have

/Vqudx: —/wAud:E+/ w Ou = —/wAuda:. (1.69)
Q Q oo Onds Q

Combining now the previous two relations, we obtain

/(Au + mu)wdz = 0, Vw(z) € Hy(Q), (1.70)
0

which implies that
Au(z) +mu(z) =0, Vo € . (1.71)

We can thus conclude, from (1.71), that
U = U, m = A,
for a certain index k. In fact, we must choose k = 1, since we have
D<A <A< A<,

and this achieves the proof. [

The eigenvalues of higher order can be also characterized variationally in the same

way.

Theorem 1.5.2.
() = min R(v). (1.72)

vEHJ(Q),v#£0
<v,up>=0k=1,...,n—1

We note again that the variational minimum is obtained if and only if v = u,(z).

Proof: The previous calculations remain valid, provided that additional constraints

are imposed, that is
< u,ur >=0, k=1,2,..,n—1. (1.73)

The eigenfunction u(x) must thus be orthogonal to the first n — 1 eigenfunctions, so we
have

U = Uy, m= M\,

and the proof is achieved. [
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The variational characterization indicated by theorem (1.5.2) is of considerable theo-
retical interest, but is difficult to apply in practice, since the eigenfunctions ug, k =
1,...,n — 1 are generally unknown. However, Poincare variational principle have suc-
cessfully overcome this difficulty by developing two variational principles which we

formulate below.

Theorem 1.5.3. (Poincaré Variational Principle)
Let fi(z), K = 1,...,n, be n linearly independent functions in Hj (). Let E, be the

vector space generated by these n functions. We then have

M (Q) = Min(maxRul). (1.74)

FE, u€ek,

The variational minimum should be computed with respect to the choice of F,,, while

the maximum is an ordinary maximum in the vector space F,,.

Proof: First of all, we have

A < MazR(u). (1.75)

uEEn

Indeed, there exists some constants cy, ..., ¢, (not all of them equal to zero), such that
up(w) =Y e filx), (1.76)
k=1
is orthogonal on u; (), ..., u,(x), that is

/ uo(z)ug(z)dr = 0, k=1,..,n—1 (1.77)
Q

uo(z) is thus admissible in the variational characterization of \, according to the theo-

rem (1.5.2), we therefore have

An < R(ug) < maxR(u). O (1.78)

uGEn

1.6 Eigenvalues Monotonicity Property

Theorem 1.6.1. If 2y C €2, then we have

A1) > An(€), Yn=1,2,3... (1.79)
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Proof: Let us denote by E,, the vector space generated by the first n eigenvalues

uy(z), ..., up(x) corresponding to §2;. Let us define the following function

() ug(x), =€ Qy, (180)
k = .
0, x e QQ \ Ql,

Clearly, from the definition, the functions uy () belong to Hj (€22). Next, let us consider
E, = span{y, ..., i, }, (1.81)

which is admissible for the Poincaré variational characterization of A\, ({2s). Therefore,
we have

An(Q2) < mazRg,[u] = max R, [u] = A\, (1), (1.82)

ueky, ueky,

and the proof is achieved. [

Corollary 1.6.1.1.

An(Q2) — oo, when n — oo. (1.83)

Proof: Choose a > 0 such that the n-cube (), contains 2. The eigenvalues of (),

are in the following form
2 n
(f) S omg, (1.84)
a

where my, are any non-negative integers (not all of them equal to zero). Since these

eigenvalues are not bounded, we have
A () > An(Qo) — 0, (1.85)

and the proof is achieved. [
The goal of this thesis is to show how one may find some similar types of isoperi-
metric bounds for frequencies of vibrating membranes and plates, when such bounds

are possible, or how to find some universal bounds which are not necessarily optimal,

but they are the best known in the literature.
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Chapter 2. Dirichlet Case

One of the main tools in the study of isoperimetric inequalities, which lead to op-
timal shapes that are spherical, is the Schwarz symmetrization, also known as Schwarz
rearrangement. The goal of this section is to give a quick overview of this type of sym-
metrization (see, [7] for more details) and present the results we need later to obtain the

Faber-Krahn inequality and the Hardy-Littlewood-Pélya inequality.

2.1 Schwarz Rearrangements of Functions and Sets

Throughout this chapter, {2 C R"™ will represent a measurable set, while v : 2 — R

will represent a measurable function.

Definition 2.1.1. (Schwarz Rearrangement of a Set)
The Schwarz rearrangement of €2 is the ball of the same volume as €2, and it is usually

denoted by 2*( see Figure 2.1).

Schwarz
symmetrization

Figure 2.1: Schwarz rearrangement of a set.

Definition 2.1.2. (Schwarz Rearrangement of a Function)
The Schwarz rearrangement of u or the spherical decreasing rearrangement of w, usually

denoted by u*, is the function defined as follows:

u*(x) = sup{c:z € Q*(c)}, (2.1)
where €)(c) is the c-level set of u(x), that is

Qc) ={r € Q:u(x) > c}. (2.2)
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To better understand and visualize this definition, let us give an example in the one

dimension case.

Example 2.1. Let us consider Q) = [—1,3| and [ : Q — R defined as:

p

l+z ,xz€[-1,0] T D
t +—15 t t +
1 , x €[0,1] |
f(a) = — T
T ,  €[1,3/2] L
3—x ,x€ [3/2,3] 495 o o5 1 15 2 25 35

Then Q* = [—2,2]| and

(3/2—2 ,2e[0,1/2]

In what follows, we consider some basic notations and functions which will be

helpful in the next section. First, let us consider the set of all functions that satisfy
u(z) >0, forz € Q, (2.3)

and

u =0, forz € 09, 2.4)

where 0f) represents the boundary of €, and denote this set by Fy(£2). Moreover, let us
define
a(t) = Q(t)]. 2.5)

and

Qt) :={zx € Q:u(x) > t}, (2.6)
where a(t) is a decreasing function of ¢. And note that a(¢) is continuous if
Hz e Q:u(x) =1t} =0, vt € (0,u), 2.7
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where @ = supu(z). On the other hand, if
Q

H{x € Q:u(z) =1t} #0, (2.8)

the function a(t) is discontinuous at ¢ = ¢,. In this case, its generalized inverse function
t(a) is defined by
t(a) = to, fora € (a(t§), alty)), (2.9)

where a(t]) = lim a(t) and a(ty; ) = lima(t). Now let us establish a formula which
t—st] tsty
expresses the derivative of the function a(t), which is valid if u(z) is analytical and

|Vu| # 0 almost everywhere in €. First, we define
I'(t) :={z € Q:ulx) =t} (2.10)

The volume of the domain located between two neighboring level surfaces I'(¢) and
I'(t + dt) is given by
a(t) —a(t+ dt) = / dnds + o(dn), (2.11)
I(t)
where ds is the area element on I'(¢), dn measures the distance between I'(¢) and I'(t +
dt) and dt = |Vu|dn + o(dn). We then obtain

da . a(t) —a(t +dt) / ds
dt — di=0 dt ey [Vl

u<t<i, 2.12)

where u = igfu(x). Moreover, a generalization of the previous formula is given by the

following lemma.

Lemma 2.1.1. If p(z) € C(€2) and u(z) is an analytical function in §2. We have

d ds

4 pmdx:/ P2 y<t<a (2.13)
dt Jo (=) () ()]Vu]

2.2 Hardy-Littlewood-Pdlya Inequality

Theorem 2.2.1. Let us consider
f(t) : Ry — R aconvex non-decreasing function,

g(t) : R — R, a continuous positive function.
Let u € Py(€2) be an analytic function such that |Vu| # 0 almost everywhere in (2. We
then have the following inequality
Jotw 159w hs < [ gt (vul)de, @14
Q- Q
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with equality when either

Q=0Q"andu = u",

or
f = const.
In particular, we have
/(u*)2 dr = /qux, (2.15)
O Q
/|Vu*|2dx < /qu|2dx. (2.16)
Q- Q

For the proof the following two classical inequalities will play an important role.

We state them in the following two lemmas.

Lemma 2.2.1. (Jensen Inequality)
Let f(t) be a convex function of a real variable and E be a measurable set. Then, we

have the following inequality:

f(fE c(s)x(s)ds) < [ c(s)f(xz(s))ds 217

[ c(s)ds Jpels)ds

where z(s) € CY(E),c(s) > 0 is a measurable function. Moreover, if f is strictly

convex, then the equality holds if and only if z(s) is identically constant.

Lemma 2.2.2. (Geometric Isoperimetric Inequality)

Among all bounded domains of class C'! in R" of given volume ||, the ball 2* has the

smallest area. In other words

09" > 097" = wa(n]Q)", (2.18)
where w,, := ﬁ?f) is the area of the unit sphere in R". The equality in (2.18) holds if
and only if 2 = Q*.

Proof of Theorem 2.2.1

Now we apply the Jensen’s inequality (lemma 2.2.1) with

E=T(t), c(s)=—=, z(s)=]|Vul.



‘We thus obtain

f(Vu) / ds ( Jr ds )
T s > . 2.19
y |Vl 0= I'(t) ’vu’f fr e

\VUI

Since u € Fy(), the level surfaces I'(¢) are closed and the geometric isoperimetric

inequality from Lemma (2.2.2) allows us to write

1 1

IT(¢)| ::/ ds > (na(t)) = wy . (2.20)
r(t)

Now combining the previous two inequalities and using

dS /
= — 221
/F N RACEL (2.21)

FUTA) 1y (208" i
/F(t) Tl ds > (t)f< (D) ) (2.22)

Next, multiplying (2.22) by g(u(t)) > 0 and integrating the result from ¢, to u, we

/ g(w) f(|Vu|)d :// g UVal) ooy
Q(to) rey |Vl

‘We thus obtain a lower bound for

we get

obtain

| st .24
Q(to)

which only depends on the function a(t) and w. Therefore, this lower bound also applies

to the quantity

/ o(u) F(|Vur|)dz, (2.25)
Q(to)*

since we have a(t) = a*(t) and @ = u*. Moreover, there is equality in the latter case
since §2(t)* are balls and |Vu*| = const. on I'(¢)*, which completes the proof of the
theorem. [J

2.3 Faber-Krahn Inequality

Theorem 2.3.1. Among all open bounded sets 2 C R" of given volume, the ball min-

imizes the first eigenvalue of the Dirichlet Laplacian. In other words, if ¢ is a positive
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number and B is the ball of volume c, then:
A1 (B) = min{A1(€2) : © open bounded set of R", || = ¢}, (2.26)

or, equivalently,

A7) < M (Q). (2.27)

Proof: To establish the previous result, we apply the Rayleigh’s principle to esti-
mate \;(2*). More precisely, we choose uf, the Schwarz rearrangement of the first
eigenfunction w4, corresponding to €2, as the test function in the variational characteri-

zation of \;(£2*). We then have

Jou [VuiPda
MO <= 2.28
() = fQ*(UT)de 229
On the other hand, from Hardy-Littlewood-Pdlya inequality we know that

. Vi |2d Vu, |*d

fﬂ* (u})2de — fQ uldx

In conclusion, combining (2.28) and (2.29), we obtain

M) <N (Q). O
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Chapter 3. Neumann Case

3.1 Conformal Transplantation: Szego’s Inequality

A conformal mapping, also called a conformal transformation, is a transformation
that preserves local angles. To prove isoperimetric inequality for the first frequency
of the free membrane, G.Szego in [11] considered as test functions in the variational
characterization of y; and o some conformal transplantations of the first two eigen-

functions on the unit disk.

Theorem 3.1.1. (Szego’s Isoperimetric Inequality)

1 . 1 S 1 i 1 3.1)
p(Q) () T () pe(Qr) '

In particular, we have

|11 (€2) < Dy (D), (3.2)

or, equivalently,
pa(€2) < pa (7). (3.3)

Proof: Let f : D — () be a conformal mapping of the unit disk D into €.
We consider two cases:

First Case: () is symmetric of order 2, which means
2€QN& —z€(, (3.4)

that is, by doing a rotation of angle m we get the same domain (see Figure 3.1). In such

a case, we clearly have f(0) = 0 and f(—3) = —f(3).

Z=X+iv

Figure 3.1: Conformal mapping.
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Next, let us define

Up(z,7) = ur(f(2),7), fork = 1,2, (3.5)

where

ui(3,7) = S(jy,r) cos(d +7),
and

us(3,7) = J(jy47) sin(0 + ),

are the known first two eigenfunctions on the unit disk, ~y is an arbitrary constant to be

chosen and le ~ 1.84 is the first positive zero of the derivative of .J; (¢). Clearly,

/ Uiz, S\Us(z, D)dAz = — / Uy (z,0)Us(z, 0)dAz. (3.6)
Q 2 2 0

Therefore, by the intermediate value theorem, there exists 7, € [0, 5] such that

/ Ui (2;70)Ua(2,70)dAz = 0. (3.7)
0

In what follows, we will fix v = 7y, omit ~y as an argument of u; and Uy, kK = 1,2. And
make use of the following immediate properties:

1. fQ U,UsdAz = 0 (by the appropriate choice of 7 ).

2. [oUrdAz = 0fork = 1,2 (since Up(—z) = —Ui(2)).

3. fQ IVUJQCZAZ = f]DJ ]Vu1|2dA5 = fID) ’V'LLQPCZAﬁ = fQ IVUQIQCZAZ

4, fQ VU, VUydAz = fD Vu1VuadAz = 0 (by conformal invariance).

Using U; and U, as test functions in the variational characterization of 1;, we have

11(Q2) < R[U], (3.8)
where
fQ IVU|?dAz
= - k=1,2. 3.
This implies that
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Now, let us consider the following linear combination

U(z) = a1Ui(z) + c2Us(2).

Then,
VU|?dAz
R[U] = % = €1R[U1] + GQR[UQ] S maa:{R[Ul], R[UQ]},
with
UZdA
€f - Cka RO and € +e =1.

T a JoUtdAz 4¢3 [, U3dAz

Clearly there exists (¢, c2) # (0, 0) such that

/ Ui (2)Us(z)dAz = 0.
Q
Using now the variational characterization of p5, we have
w2 < R[U| < max{R[Ui|, R[Us]}.

Next, we will find some lower bounds for R[Uj| where k = 1,2. With

z=f(3) = Z Cn3", where 3 = re'?,

n=1
we compute
o0
7 = Z nCy3" !,
n=1
oo
7P =27 = Z nkC, Cyr" =20
n,k=1

and

o) 1 00
19| :/dAz:/\z/\zrdrd9:27r2n2|0n\2/ Tzn*ld?:ﬂzn’(}nﬁ
Q D n=1 0 n=1

Moreover, with
ur(3) = Ji(jryr)cosf  and  us(3) = Ji(jy,7) sind),

we have

/ UZdAz = /uf|z/|2rdrd9 = WZn|Cn|2Mn + a,
0 D p—
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and

/ UZdAz = / u|Z Prdrdd = Z n|Cp|*M,, — a, (3.22)
& D n=1
where
00 1
a=T Z n(n + 2)Re(C,Ch12) / J12(j/1’17‘)7“2”+1d7“, (3.23)
n=1 0
and
1
M, :=n / T2 (jyr)r*ntar. (3.24)
0
Now, we can easily notice that
M < My < ... <, (3.25)
which implies
1
M, > M, = / JE(fyr)rdr. (3.26)
0

In conclusion

/(Uf +U3)dAz =27 )~ n|Col M, > 2My|9],
Q n=1

and

/\VUk|dAz:/\VukIQTdrdGZMk(D)/uirdrdG
0 D D

1 (3.27)
= W[Lk(]D)/ Jf(j;}lr)rdr = M (D), k=1,2.
0
It then follows that
1 1 Jo Ut + UzdAz
+ > R UL + R U] = 22—
@ e - TSGR

>2|Q| 1 _\Q\( 1 1 )
=7 m®)  DP\u®) " jed))
and inequality (3.1) is achieved in this case. Obviously, in particular we have
19Q11(€2) < D[ (D).

Second Case: (with no symmetry assumption on {2 )
The orthogonality conditions fQ UrdAz = 0, for k = 1, 2, are not satisfied in general.

However, Szego adjusts the situation replacing z = f(3) by

z= f(u), with |a| < 1,

1 —a3
and using a topological argument which guarantee that there exists 3 and a such that the

orthogonality conditions mentioned above are satisfied (see, [11] for more details). [
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3.2 Radial Extension: Weinberger’s Inequality

Szegd’s inequality (3.3) was extended to higher dimension by Weinberger in [13].

Theorem 3.2.1. The ball maximizes the second Neumann eigenvalue among Lipschitz

open sets of given volume. In other words,

() < (Q27), (3.29)
where 2 is a Lipschitz bounded domain in R" and Q* is the ball of the same volume.

Proof: Let R be the radius of (2* and 1 its second eigenvalue, which has multiplic-

ity NV, and is associated to the following N eigenfunctions:
Mxi, fori=1,2,..., N, (3.30)
r

where g is given by the Bessel function Jy/, that is

o T
g(r) = JN/Z(]N/Q,lE)v (3.31)
and
j;V/Q 1 2
5= : . 3.32
125 ( R > ( )

Now, let us notice that R is the first zero of g/, while g satisfies the following ordinary

differential equation

" N-1, N -1
g () + =g (1) + (s — = )g(r) = 0. (333)

Next, we define the continuous extension of g:

g(r), r<R,
G(r) = (3.34)
g(R), r>R.

Next, we are going to use the following variational characterization of ji

fQ |Vo(z)|?dx

Q) = i . 3.35
H2(2) veHﬁlglz?#o, Jo v?(x)da (3.35)
Jov=0
To this end, we are going to introduce the following functions
€
fi(z) = G(T)7, (3.36)
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and try to use them as test functions in the variational characterization given in (3.35).

Let us now compute

af; _ G'(r)wz, B G(r)zjx; iy Gfﬂr)7 (3.37)

2 r3

where 0;; is the kronecker symbol. We then get, for ¢ = 1, ..., N, the following inequal-
ity
fQ[G/Q(T)f—é + G*(r)(1 — %)]/Tzdl'

JolG2(r) 5 dee
By multiplying each of these inequalities by the denominator on the right and adding

(3.38)

p2(€2) <

the resulting inequalities, we obtain

[IG2(r) + (N — 1) E0)da
RGO . (3.39)

Now, let us denote by (2, the intersection of ) with the ball 2*. Since R is the first zero

p2(€2) <

of g', we have that G(r) is nondecreasing for > (0. Therefore,

/QGQ(r)dx = /Q1 G*(r)dz + /Q/Q1 G*(r)dx

(3.40)
> / G*(r)dx + GZ(R)/ dx,
191 Q/Ql
and
/ G*(r)dx = Gz(r)dx—i—/ G*(r)dx
v o @ (3.41)
< | G*(r)dz+ G*(R) / der.
Q1 Q*/Ql
Since €2 and 2* have the same volume, from (3.40) and (3.41) we obtain
/ G?*(r)dz > G*(r)dz = / g*(r)dz. (3.42)
Q Q* Q=
Differentiating now the integrand in the numerator of (3.39), we obtain
d 19 G2(T) i 2(N — ].)(TGG, — G2)
- N—1 =9 4
= [G (r)+( ) = GG + = : (3.43)
which leads us to
d ! 2 ! N - 1 - 2
ez + v =) ED | - g - WZDUG=GF (344
dr r? r3

Therefore, the integrand in the numerator of (3.39) is decreasing, for » > 0, and we can

prove that
/Q {G’%) + (N - 1)G2§T)}dx < /Q [g%(r) + (N — 1)gl(r)]dx, (3.45)

r2

r
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where equality holds for the ball. On the other hand, using integration by parts, we get

/Q* [9'2(7«) + (N — )@] dx = 5 / * g*dx. (3.46)

Finally, the combination of (3.45), (3.44), (3.41) and (3.38) yields to the desired result,

that is
p2(€2) < pa (),

and the proof is achieved. [
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Chapter 4. Universal Bounds

In this chapter, we are going to present some universal bounds for frequencies of
membranes and plates. In the first section, we will focus on some seminal paper of L.E.
Payne, G. Pdlya and H.F. Weinberger in [9]. More precisely, we present the inequalities
obtained in their paper for ratios of low frequencies of membranes and plates. There-
after, in the next section, we present an extension to higher dimension, obtained by C.J.
Thompson in [12]. Finally we will improve and extend PPW’s universal inequalities

for the clamped and buckled plates.
4.1 Payne-Polya-Weinberger Inequalities

Let €2 be a bounded domain in the xy-plane with a smooth boundary, 0€). Let us
consider the following three eigenvalue problems, related with the fixed membrane, the

clamped plate and the buckled plate, respectively.

Au+u=0, QCR?%

“4.1)
u =0, 01,

AAu— pu =0, QC R?,

4.2)
u = % =0, 09,
AAu+vAu =0, QC R?

4.3)
u= g—z =0, 011,

where A denotes the Laplace operator and n the outer unit normal to 0f2.

The eigenvalues of the above problems are denoted as follows
)\1<)\2§>\3§...,

< po < pz < ...,

V1§V2§V3<....

This section will be divided into five subsections. In subsection 1 we present some

general results which apply equally to the case of the fixed membrane problem and the

37



clamped plate problem. Subsections 2, 3 and 4 will reveal some universal bounds cor-
responding respectively to the eigenvalue problems (4.1), (4.2) and (4.3) and the proofs

for finding them. Finally, subsection 5 will contain some final remarks.

4.1.1 Membranes and plates. Let us denote by uy, us, ..., u,, the first n eigenfunc-
tions corresponding equally to problems (4.1), (4.2) and (4.3). Clearly, these eigenfunc-

tions satisfy the following properties:

u; = 0 on OS2, 1=1,...,n, 4.4)
1 when ? = j, o
/uiuj = 1,7=1,...,n. 4.5)
Q 0 when 7 # j,

Let us choose the direction of the coordinate axes such that:
S [utaa=y" [ uan 4.6)
i=1 /% i=1 /%

ou; ou; . .. . . .

where u;, denotes O_Z and u;, denotes 8_2 This choice is possible since if we admit
x Y

that we have an inequality (4.6), then a rotation of 90° with respect to the origin will

interchange the axes and reverse the inequality. Therefore, there is an intermediate

position in which (4.6) holds. Now, let us build n functions ¢4, @2, ..., ¢, which satisfy:

©; = 0 on 09, 4.7
/ piu;dA =0, i,j=1,..,n. 4.8)
0
To this end, we choose
pi = TUi = Y A, (4.9)
k=1

where a;;, are some appropriate constant to be chosen. Clearly (4.7) is satisfied by the

virtue of (4.4). We will now choose a;;, such that (4.8) is satisfied too. We then have
A5 = / xuzujdA = ;- (410)
Q

Moreover from (4.8) and (4.9) we have:

/gp?dA:/xuigaidA. 4.11)
Q Q
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Next, let us compute the following sum, which will be useful in later computations.

-2 Z/ Uipp;dA = — Z/ 2ru;uipdA + 2 Z ik / UipupdA, (4.12)
i=1 7 i=1 7 i=1 Q
Now, let us note that
(UiUk)e = UigUp, + Uilpg, (4.13)

SO
/umude: —/uiukmdA. (4.14)
Q Q

Therefore, we can conclude that fQ Uiz urdA is antisymmetric. In addition, using the

fact that a;;, = ay;, we get:

> au / wpurdA = 0. (4.15)
Q

ik=1

On the other hand,
(2zus)e = (22U;) Ui + 22U = dTUsUs, + 2u7, (4.16)

SO
-2 / TUApd A = / urdA = 1. 4.17)
Q Q

Now, using (4.17) and (4.15), we obtain

-2 i/ UippidA = i 1 =n. (4.18)
i=1 79 i=1

Using now, Schwarz’s inequality, we can derive the following useful inequality
n? < 42/ gp?dAZ/ u dA = 22/ P2dA. (4.19)
i=1 7% i=1 /9 i=1 /9

4.1.2 Universal bounds for the eigenvalues of the fixed membrane.

Theorem 4.1.1. If \; < Ay < A3 < .., are the eigenvalues for problem (4.1), then

2(A 4 o+ Ay
Anit < Ao + <1+n+ >, n>1. (4.20)

In particular, we have

A1 < 3, n > 1. (4.21)

39



Proof: We regard as known the first n eigenfunctions u,, us, ..., u, and the corre-

sponding eigenvalues A, Ao, ..., \,, of problem (4.1). Obviously, these eigenfunctions

also satisfy the additional property:
Aui + )\Zul =0on{.
Now, by (4.22) and (4.5), we obtain

Q Q

On the other hand, using Green’s theorem, we have

/uiAuidA—k/ |Vul?dA =0,
Q Q

since u; = 0 on ). Combining the previous two equations, we obtain

/ |V, |*’dA = /(ufx +up,)dA = N;.
0 0

Next, from the variational characterization of )\, 1, we have

- fQ QOZ'AQDidA

A1 < :
e fﬂ pidA

which is valid for any function ¢;, i = 1, ..., n, since it satisfies (4.7) and (4.8).

Next, let us compute

n

Ayp; = Azu; + 2VeVu; + xAu; — Z HWANIIE

k=1
n

= Uiy — NTU; + Ag E QiU
k=1

Then, from (4.8) and (4.11), it follows that

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.277)

—/goiAgoidA:)\i/:BuigpidA—Q/uixgoidA—)\kZaik/ukgoidA. (4.28)
Q Q Q P Q

So, by (4.15), we have

Q Q Q
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Substituting (4.29) into (4.26), we get

App1 <\ — =800 <), — =8 T T 4.30
R A7 BN -

Finally, using (4.18), (4.19) and (4.25), we obtain successively

2 iz Pid A
)\n—l-l_)\nS_ fQu;D = T;
Jo widA [ p2dA
(4.31)
< 2> fQ V| *dA _ 2 A
— n n Y
which implies
200 + ...+ A\
Aot < A+ Gut .t ), (4.32)
n
and the proof is achieved. [
4.1.3 Universal bounds for the eigenvalues of the clamped plate.
Theorem 4.1.2. If ;; < puo < ..., are the eigenvalues for problem (4.2), then
8 n
g < g ST ) (433)
n
In particular, we have

Proof: We regard now as known the first n eigenfunctions w1, us, ..., u,, and the cor-
responding eigenvalues jiq, jio, ..., 4, of problem (4.2). Obviously, these eigenfunctions

also satisfy the following two additional properties specific to this problem:

and
Wi o on 0. (4.36)
on

Clearly, by Green’s theorem and the boundary conditions, we have

/AuiAul-dA— / u; AAu;dA = 0, (4.37)
) Q
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which leads us to

1 :,ui/u?dA: /(Aui)QdA.
Q Q

Moreover, from the variational characterization of 1,1, we have

Hnt+1 > 2 — 2 )
fQ pidA fn p;dA

which is valid for any function (;, satisfying (4.4) and (4.5).

Next, let us compute successively,
n
Vi = TU; — E ik U,
k=1

Ap; = 2u, + xAu; — Z air Ay,

k=1

and

AAp; = 4Au;;, + pizu; — Z,ukaikuk.
k=1

Now, multiplying (4.42) by ¢; and integrating the result, we get

/SOiAASOidA = 4/ %AUidi+Mz’/$ui%0idA— Zﬂkaik/uk%d/l,
Q Q Q Q

k=1

which yields to

0 Q Q

Substituting now (4.44) into (4.39), we obtain

JowidA -

M1 < i +

SO

45" A, dA
Pl < fp + ZZ:?% fQ L4 Qu
Zi:l fQ pidA

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

Next, let us compute the numerator of the right hand side of (4.46). Using (4.40), we

get
22/goiAumdA:2Z/xuiAumdA—2Zaik/ukAumdA.
i=1 Y i=1 i=1 Q
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On the other hand, since

we have

/ukAuidi— —/ukxAuidA— —/uiAukdi.
Q Q Q

Moreover, since the matrix a;; 1S symmetric, we have

n
Z ik / upAu;,dA = 0.
i k=1 Q
Next, let us compute

Q

To this end, we first note that
(xu; Aw;)y = zu; Ay + uiAu; + rui A,

SO

Z/xuiAuidi: —2/uiAuidA—2/xumAuidA
Q Q Q

= -2

S— 5—

(U; + TU ) Ui d A — 2 / (Ui + TUig )iy d A.
Q

Moreover, we also note that

[(xui)muiy]y = (DU 2y Wiy + (TU;) 2 Wiy,

yields to
/Q(Uz + T ) Uiy dA = — /Q(uly + Wiye Uiy dA.

In conclusion, using (4.55) and (4.53), we have

J; = — /uiuimdA - 2/ TUjgWipr A + 2/ u?ydA + 2/ LUy Uiy A A.
Q Q Q Q

Next, the identity

2
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(4.49)

(4.50)

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)



implies

/uiuimdA: —/u?di,
Q Q

(qux) = 20Uip Uize + U

while the identity

)

2 / TUipWipedA = — / u?di.
Q Q

Also, in a similar way, the identity

implies

2
(muiy) = 20Uy Ujyy + uly,

2 / TUjgyUiyd A = — / ufydA.
Q Q

Therefore substituting (4.57), (4.58) and (4.59) into (4.56), we obtain

Ji=3 / ut dA + / ug,dA,
Q Q

Combining now (4.60), (4.50) and (4.47), we get

leads to

QZ/%AumdA_2ZJ —QZu +ul,

Finally, using (4.46), (4.61) and Schwarz’s inequality, we have

42? 3 Jo IVui?dA 4 Z? L o wilu;dA
s = z 1 fQ QOZdA z 1 fSOQdA

_ 8 Z?:l fQ UzAusz]Q
2> fQ prdA. Y, fQ [Vu;[2dA

8Zz 1 fQ uidA. Zz 1fQ (Au;)*dA 82?:1 i

n? n
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(4.58)

(4.59)

(4.60)

(4.61)



and the proof is achieved. [

4.1.4 Universal bounds for the eigenvalues of the buckled plate.

Theorem 4.1.3. If v, < v, < ..., are the eigenvalues for problem (4.3), then

120} S 3V1.

(4.62)

Proof: We regard as known the first eigenfunction « and its corresponding eigen-

value v of problem (4.3). Obviusly, this eigenfunction satisfies

AAu+1vAu=0, QC R?,

ou
= — = Q.
5 0, 0

Next, let us introduce the following notations:

u

D(f,g) = / V fVgdA, D(f) = D(f.1).

It then follows, from (4.64) and Green’s theorem, that

/QAAudA = /(Au)2dA = D(u,) + D(uy) = r1D(u).

Q
On the other hand, from the variational characterization of 5, we have

< fQ(Agp)QdA _ fQ ©AApdA
‘= Dy D(p)

provided that a trial function ¢ satisfies

= g—i = 0 on 02,
and
D(u,¢) =0

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)

Next, we know that there exists a system of coordinates such that ¢ = xu is admissible

for the variational characterization of v,. Indeed, let us cover {2 with matter of surface

density u? + uf/ . So we can assume that the center of gravity of this mass is at the

origin. Hence we can find a system of coordinates such that

/ £(u? + u2)dA = / y(u + u2)dA = 0.
Q Q
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Therefore,

D(u, ) = /Q[ux(a:ux—I—u)—kuyxuy]dA: /Quudi—k/Qa:(ui—l—u;)dA: 0. (4.70)

In conclusion ¢ = zu is indeed admissible for the variational characterization of vs.

Now, let us compute

D(p) = /Q[(xum +u)? + (2u,)*]dA = /

xQ(ui+u§)dA:/:c2]Vu]2dA. 4.71)
Q

Q

Next, we also compute

Ap = Azu) = zAu + 2u,, 4.72)

and

AAp = zAAu + 4Au, = —xv Au + 4Au,. 4.73)

Multiplying now (4.73) by ¢ and integrating the result, we get

/ PAApdA = —1y / r?uludA + 4/ pAu,dA. 4.74)
Q Q Q
In addition, since

V(r*uVu) = v*ulu + 2zuu, + 2°|Vul?, (4.75)

we have

—/:E2uAudA:Q/muuwdA+/x2|Vu|2dA
0 Q 0

(4.76)
= D(p) — / u?dA < D(p).
Q
Similarly, since
V(pVu,) = pAu, + VeV, 4.77)
we also have
2/ eAudA = —-2D(p,u,) = —2 / [(zuy + w)ugy + TUYUL|dA
Q Q
= — / T(2Ug Uy + 2Uy Uy, )JdA — 2/ Ul dA (4.78)
Q Q

=3 / uZdA + / uzdA.
Q Q
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Now, substituting (4.78) into (4.74) and using (4.66), we have

fQ 0AApdA N Jo r2uAudA N 4fQ wAu,dA
- D) D(yp) D(y)

%)

4.79)

We hence derive, by using (4.74), (4.76)and (4.79), that

fﬂ r2uAudA 4 fQ pAu,dA
— Jo v?uludA D(p)

Vo < —11

(4.80)

8(fQ PAudA)?
D(p)[3 [u2dA+ [, uZdA]’

:—y1—|—

Next, using Schwarz’s inequality in the numerator of (4.80), we get

8D(u,)

< .
e 3 [qudA+ [ u2dA

(4.81)

Finally, we note that all that we have computed so far, with the help of the trial function

¢ = xu, remain valid for the trial function 1) = yu, so that we also have

8D(uy)
) 4.82
st Jqu2dA+3 [ u2dA (482)
Combining now (4.81) and (4.82), we obtain
8[D(ug) + D(uy)]
<
V2SI T 2dA 1 4 ), u2dA
(4.83)

2[D(uz) + D(u,)]

SRR T)

and the proof is achieved. [

4.1.5 Remarks. Let us consider as known the first eigenvalue A\; and the corre-
sponding eigenfunction u := wu; of problem (4.1), normalized so that fQ u?dA = 1. We
then have

A = / |Vul?dA. (4.84)
Q
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Now, let us cover € with a matter of surface density u2, and choose the coordinate axes

such that the center of gravity of this mass coincides with the origin and the principal

axes of interia coincide with the coordinate axes, that is

/xu2dA:/yu2dA:/xyu2dA:0.
Q ) Q

(4.85)

Next, we consider a trial function that depend linearly on 3 parameters «, 3 and ~,

¢ = aaux + [Sbuy + yu.

(4.86)

Clearly, from this definition, we have ¢ = 0 on 0€2. Moreover, we choose a and b such

that:

aQ/u2m2dA = b2/u2y2dA =1
Q Q

Then we compute the following

/¢2dA—a2a2/u2x2dA+ﬂ2bQ/u2y2dA+72/u2dA
Q Q Q Q

—|—2043ab/u%ydA—l—Qowa/u2di+2/37/u2ydA.
Q Q

Q

Substituting (4.85) and (4.87) into (4.88), we get
/ P*dA = o® + B2+ +*.
Q
In addition, let us note that
A(ur) = xAu + 2u,

and

A(uy) = yAu + 2u,,.

Therefore,

Ap = —\u(aax + by + ) + 2cau, + 20bu,y,
implies, by using (4.86), that
©Ap = —\jaau®(caz + Bby + ) + 2a’a’ruu, + 2aBabruu,

— M1 Bbu*(aaz + Bby + ) + 2aBabuu,y + 26°b*yuu,

— y v (eax + Bby + ) + 2ayauu, + afybuu,.
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(4.88)

(4.89)

(4.90)

(4.91)

(4.92)

(4.93)



Integrating now (4.93), we get
—/ OApdA = o?(a® + \1) + B2(b* 4+ A1) + A2
Q
Next, according to Poincaré’s variational characterization of A3, we have

D
A3 = Min maxﬂ.
L3 p€EeLs fQ QOQdA
As ¢ € Ly = span{u, u,, u,}, we obtain
A 2(a®> + N 202 + X A1y?
Aggmax#gma$& (a + 1)+ﬁ ( + 1>+ 0 .
vels [ p2dA a? + 32 + 2
Therefore, we can conclude that

)\1+/\2+)\3 §a2+)\1+b2+/\1+)\1 :3)\1+a2—|—b2,
and taking into account that

1= (/ u?dA)? = (—2/ Tuu,dA)? < 4/ uszdA/ udA,
0 Q 0 Q

we obtain

and
<4 / usz.
Q
Adding these two last inequalities, we obtain
a® +b* < 4D(u) = 4\.
Finally, substituting (4.101) into (4.97), we obtain
)\1 + )\2 + )\3 S 3)\1 +4)\1 - 7)\1,

which implies

A2 + A3 < 6.

Clearly, as immediate consequences of (4.103), we have
A2 < 3,

and

Az < HAp.

(4.94)

(4.95)

(4.96)

(4.97)

(4.98)

(4.99)

(4.100)

(4.101)

(4.102)

(4.103)

(4.104)

(4.105)

Finally, we also note that one can prove in the same analog of (4.103), for the clamped

and buckled plates. However, we should replace 6 by a less sharp constant.
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4.2 Thompson’s Inequality
4.2.1 On the ratio of consecutive eigenvalues in /V-dimensions. Let us consider

the N-dimensional eigenvalue problem of the fixed vibrating membrane, that is

Au+du=0, QCRY,
u =0, 09,

(4.106)

where (2 is a bounded domain with smooth boundary. From the previous section the

following Payne-Pdlya-Weinberger inequality is known in the case N = 2:
>\2 S 3>\17

where \; and ), are the first two eigenvalues of problem (4.106). In the following theo-

rem C.J. Thompson [12] obtained an extension of this inequality to higher dimensions.

Theorem 4.2.1. If \; < Ay < ..., are the eigenvalues of problem (4.106), then

4
A < (14 ) (4.107)

Proof: First we choose the center of coordinates axes to be the center of gravity of

), with mass distribution 2, where u := ;. We then have
/xlusz =0 for l=1,2,...,N. (4.108)
Q

Therefore, ¢! = z;u, | = 1, ..., N, become legitimate test functions for the variational

characterization of \,, as

' = 00n 00, (4.109)
and
/gpludA = / ruldA = 0. (4.110)
Q Q
Therefore,
Ve 2dA  — [, o ApldA
Ao < 22! pldd f““pl . (4.111)
Jo(¥h)2dA Jo(¥h)2dA
Clearly,
Ap' = A(zu) = =M\ + 2uy,. (4.112)
Now, multiplying (4.112) by —¢' and integrating the result, we get
/—ﬁAWA = Al/(gpl)QdA— 2/ g, dA. (4.113)
Q Q Q
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On the other hand, we also have

—Q/QOZUIZdA:2/xluuxldA:/xl(u2)$ldA:/u2dA: 1, (4.114)
Q Q Q Q

where the last equality follows from the normalization of u. Using now (4.114) and

(4.113) in (4.111), we get

1
Next, using Schwarz’s inequality, we have
4/(gpl)2dA/uildA > (—2/901%@1/1)2, (4.116)
Q Q Q
which implies
1 2
Finally, substituting (4.117) into (4.115), we obtain
N N 1 N
A=) <Y ——— <4 /ugdA:4 Vul’dA, (4.118)
l_zl( 2 1) ; fQ<§0l)2dA ; 0 1 Q| |

which implies the desired inequality

4
/\2 S (1 + N)Ah

and the proof is thus achieved. [

4.3 New Results
4.3.1 The clamped plate problem. Let us consider the N-dimensional eigenvalue

problem of the clamped plate

AAu—pu =0, QC RV,

(4.119)
u = @ =0, 011,
on

where 2 is a bounded domain with a smooth boundary. We order and denote the eigen-
values of this problem as

0<p <pp <,

and its corresponding eigenfunctions

U= Uy, Ug,Us, ... .

51



From section (4.1) we know that in the case N = 2 the following Payne-P6lya-Weinberger
holds

p2 < g

Our goal here is to improve and extend this result to higher dimensions. We thus have:

Theorem 4.3.1. If ;1; < py < ..., are the eigenvalues of the problem given in equation
(4.119), then

8
pe < (14 N)“l‘ (4.120)

In particular, when N = 2 we have
o < Ofia. (4.121)

Proof: We first choose the center of coordinates axes to be the center of gravity of

) with mass distribution %2, that is
/J,’lUQdA =0 for l=1,2,...,N. (4.122)
0

Thus, gpl =z, | =1,..., N, become legitimate test functions for the variational char-
acterization of (9, since

o' = 0on 09, (4.123)

and
/ oludA = / ruldA = 0. (4.124)
Q Q
We hence derive, using the variational characterization of 19, the following inequality

fQ(Agol)QdA B fQ O AAPdA

H2 = = (4.125)
Jal@)? A Jo(¢!)?dA
Next, we compute
A(¢') = Alww) = mlu + 2uy, (4.126)
and
AA(Y) = AlzAu) + A(2uy) = 4Au; + mau, (4.127)
0
where u; = Y Then multiplying (4.127) by ¢! and integrating the result, we obtain

8!@

/ O'ANP A =4 / O AuydA + / olrudA. (4.128)
Q Q Q
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On the other hand, since
(rulAu) ; = uAu + zu A + guluy,

we have

/(plAUJdA: —/UAUdA—/;UlU,lAUdA: —/(u+xlu7l)AudA
Q Q Q Q

N
= —/(:Elu)leudA = —Z/(xlu)kade.
Q k=17

Similarly, since

() u k] k= (Tw) wug + (T10) U g,

we also have

/(xlu)lu,kkd/l: —/($lu)’lku7de = —/uzde—/xluMu,de
) Q Q Q

1 1
Q ' 2 Jq > 2 /o

Now, using (4.132) and (4.130) into (4.128), we get
/ O AAPIdA = 2/ IVulPdA + /(gpl)sz.
Q Q Q

Next, substituting (4.133) into (4.125), we obtain

- 2 [ [Vul|*dA
SO
2N [, |Vul?dA
p2 — 1 < NfQ’ l|2 :
> m1 fQ(SO )2dA

(4.129)

(4.130)

(4.131)

(4.132)

(4.133)

(4.134)

(4.135)

Next, let us find an upper bound for the denominator of the right hand side of (4.135).

To this end, we first note that we have

(xlu2),l =u?+ 2z,
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so, by integration, we get

-2 / zuu dA = / u?dA =1, (4.137)
Q Q

where the last equality follows from the normalization of u. This implies

N 2
4[Z/Qxluu,ldz4} = N2 (4.138)
=1

Next, using Schwarz’s inequality, we have

N N
N? < 42/(@’)2dAZ/u?ldA
=1 /9 1=1 /9

(4.139)

_42/ dA/\Vu| dA,

which yields to

N2
Z/ 4f uPdA (4.140)

Substituting (4.140) into (4.135), we obtain

2
fiy — f1g < %[/ |Vu|2dA} : (4.141)

On the other hand, by Schwarz inequality, we have

[ /Q !deAr _ [ /Q —uAudAr < /Q (—u)2dA /Q (AuPdA. (4142)

Finally, using (4.142) in (4.135), we are lead to

8
Mo — p1 < e

and the proof is thus achieved. [

Remarks: We note that other results on the ratio of the first two frequencies of a

clamped plate are already known in the literature. For comparison with our result and
completeness, we list them below. First, let us recall that L.E. Payne, G. Pélya and H.F.
Weinberger in [9] proved in two dimensions inequality (4.34), that is

po < 9.
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However, if we take N = 2 in our inequality (4.120), we obtain

po < D,

which is clearly a better inequality than that of Payne, Polya and Weinberger.
Next, G.N. Hile and R.Z. Yeh in [6] proved that

4 2
p2 < <1+ N) f, (4.143)

which is clearly weaker than our inequality (4.121). The same preceding inequality has
been obtained later by Q.M. Cheng and H. Yang in [2]. In fact they proved something

more general, that is

N[

Hek+1 —

eTIr—k

k 1 k

N +2)]21
d [ e } - > [piprer — )] ?, (4.144)
=1 =1

which in the case £ = 1 becomes (4.143). Finally, in 2013 Q.M. Cheng and G. Wei
conjectured in [4] that the following inequality should hold:
k g &
; psr — )° < ~ ;wm — i) i (4.145)

If we take £ = 1 in (4.145), we get exactly our inequality (4.121). In conclusion we

have proved that the case £ = 1 of this conjecture is indeed true.

4.3.2 The buckled plate problem. Let us now consider the N-dimensional eigen-

value problem of the buckled plate

AAu+vAu =0, QC R
(4.146)
u=_y o9,
on

where (2 is a bounded domain with a smooth boundary. We order and denote the eigen-
values of this problem as

0<V1§I/2§...,

and its corresponding eigenfunctions

U = Uy, Ug, U3, ... .
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From section (4.1), we know that in the case N = 2 the following Payne-Pdlya-
Weinberger inequality holds:

Vo S 3V1.

Our goal here is to extend this inequality to higher dimensions.

Theorem 4.3.2. 1f 1, < v, < ..., are the eigenvalues of problem (4.146), then

8
vy < (1+ N—|—2)V1' (4.147)
In particular, when N = 2 we have
1%} S 3V1. (4148)

Proof: First of all, let us cover € with matter of density |Vu|? and choose the coordinate
axes such that

/xl|Vu|2dA:() for l=1,2,..,N. (4.149)
Q

Next, we consider gpl = xu, [ = 1,..., N, which become legitimate test functions in
the variational characterization of v, since

l

ol = ‘Z—i — 0 on 9. (4.150)

Next, let us compute

N
/!Vsollszz/ {leu?k+2xzuu,z+u2]dz4=/x?|VU|2dA, (4.151)
Q Q k=1 [¢)

and note that by Green’s theorem we have

/ O'AAQIdA = / (AphH)2dA. (4.152)
Q Q
Now using the fact that
Apt = A(zu) = z1Au + 2uy, (4.153)
and
AAQ' = Az Au) + A(2uy) = 4Auy — 111 Au, (4.154)
we get
/ W' AAQIdA = 4/ cplAuvldA — 1 / riuAudA. (4.155)
Q Q Q
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On the other hand, since
V(z7uVu) = zjulu + 2zuuy + 25| Vul?,
we also have

—/x?uAudA:Q/xluu7ldA+/xl2|Vu|2dA.
Q Q Q

Moreover, using ¢! in the variational characterization of 15, we have

fQ GANPdA 4 fQ o' A dA fQ riuAudA
= —v :
2T IVEIRAA T [ Ve2dA T [ Vel RdA

1%

Now, let us compute [, o' AudA. First, we note that
V(QOZVU,Z) = (,DZAUJ + Vgoqu,l,

SO

2/(,01Au7ldA: —Q/Vgpru,ldA:2/u21dA+/ |Vul2dA.
Q Q Q Q

(4.156)

(4.157)

(4.158)

(4.159)

(4.160)

We hence derive, by using (4.158), (4.157), (4.160), Schwarz’s inequality and Green’s

theorem, that

8[ [, o' Au,dA]?
ve S+ - Lo 2u7l ] .
Jo IV 2dA[2 [ u3dA + [, |Vul2dA]

8 [ |Vu,[?dA

< .
ST wRdA T [, [VuldA

Next, we compute
8/ |VU7Z|2dA:8/u’ZAU7ZdA == 8/uAu’”dA.
Q Q Q

Substituting it into (4.161), we get

(v —yl)[Q/u?ldAnL/ [Vul?dA] < 8/UAU,zsz>
Q Q Q
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which implies

(Vg—l/l)[Q/ |Vu|2dA+N/ [Vul?dA] < 8/
Q Q

uAAudA = 8V1/ |Vul2dA,
Q Q

or, equivalently,

Vo — v < v
2 1_N+217

and the proof is thus achieved. [

Remarks: Some results related to our work, about bounds for the ratio of the first two
frequencies of the buckled plate, have been already obtained before. For comparison
with our result and completeness we mention them below. First let us recall that L.E.
Payne, G. Pdlya and H.F. Weinberger in [9] proved in two dimensions inequality (4.62),
that is

Vo S 3V1.

If we take NV = 2 in our inequality we obtain (4.147) the same inequality, so our result
represents a natural extension to any higher dimension of (4.62).

Next, M.S. Ashbaugh proved in [1] the following general inequality

Vi1 < (N + 4)uy, (4.164)

WE

k=1
which implies in particular that

4
vo < (1+ N>V1

(4.165)
This result gives a better bound than (1.147). Moreover, it proves for £ = 1 the follow-
ing recent conjecture, presented by Q.M. Cheng and H. Yang in [3],

k

k
4
> (e =)’ < Z Vi1 — Vi)Vi. (4.166)

i=1
Therefore, some more work should be done by using other test functions to improve not

only our inequality, but also (4.164).
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Conclusion and Future Work

In this thesis, we tried to find some universal bounds for the eigenvalues of the
clamped and buckled plate problems. On one hand, I hope that what we presented was
as straightforward and clear as possible. On the other hand, it required background
on the eigenvalues of different differential operators, mathematical tools and some pre-

proven results.

That being said, this thesis was divided into four chapters. In chapter 1, we have
provided an overview of isoperimetric inequalities and modal problems for frequencies
of free, fixed and elastically supported membranes. Moreover, we interpreted an impor-

tant tool, which was very useful in our work, that is the Variational Characterizations.

In both chapters 2 and 3, we introduced two additional main tools in the study
of isoperimetric inequalities, Schwarz rearrangements and conformal mappings respec-
tively. These tools were mainly used in the proof of many important inequalities such
as Faber-Krahn’s inequality, Hardy-Littlewood-Pdlya inequality, Szegd’s inequality and

Weinberger’s inequality.

Finally, in chapter 4, we presented some of the pre-proven results about univer-
sal bounds for the eigenvalues of the fixed membrane, clamped plate and buckled plate,
obtained by L.E. Payne, G. Pdlya and H.F. Weinberger, respectively C.J. Thompson. In

addition to that, we have included our new related results.

In our future work, we will try to extend our results to higher order eigenvalues

or improve some known results.
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