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Abstract
Aconvective-diffusion equationwith semi-infinite boundary conditions for rotating disk electrodes
under the hydrodynamic conditions is discussed and analytically solved for electrochemical catalytic
reactions. The steady-state catalytic current of the rotating disk electrode is derived for various
possible values of parameters by using a new approach of the homotopy perturbationmethod. The
theoretical approach in this paper is described, for thefirst time, on the basis of convection–diffusion
equations for the kinetics of Fentonʼs reagent using a platinum rotating disk electrode. The obtained
approximate analytical expression for the concentrations of ferric and ferrous ions for steady-state
conditions are shown to be highly accurate when compared to numerical results and other
approximations found in the literature. A sensitive analysis of parameters of the current and
concentration is presented.

Nomenclature

δ Thickness of hydrodynamic boundary layer (cm)

η potential

 Dimensionless parameter defined in equation (9)

 Dimensionless parameter defined in equation (9)

ω Rotation of the RDE (s−1)

ψ Dimensionless bulk concentration of ethanol

ySSV Dimensionless bulk concentration of ethanol

qA Dimensionless concentration of ferric ion

qB Dimensionless concentration of ferrous ion

=C i A, B, C, Di ( ) Concentration of species i (M)

=C i A, Ci
b( ) Concentration of species i (M)

=D i A, Ci ( ) Diffusivity of species i (cm2 s−1)

E Electrode potential

E0 Standard potential of the electrode reaction

F Faraday constant

il Limiting current (A cm−2)

K Equilibrium constant

Kb second order rate constant in the backward direction (M−1s−1)

¢Kf Product of forward rate constant and hydrogen ion concentration
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Kf second order rate constant in the forward direction (M−1s−1)

m parameter defined following equation (33) (cm−1)

n Number ofmoles of electrons transferred in the balanced equation

R Gas constant

T Temperature

vx velocity (cm s−1)

x Distance from theRDE (cm)

y dimensionless distance from the surface of electrode

1. Introduction

The rotating disc electrode (RDE), also known as the hydrodynamic working electrode, is the hydrodynamic
electroanalytical technique used to limit the diffusion layer thickness. RDE, whose steady-state current is
determined by a solutionflow rather than a diffusion, is becoming one of themost powerfulmethods for
studying both diffusions in electrolytic solutions and kinetics of fast electrode reaction [1, 2].

Since the sixties of the last century, RDEhas been an effective tool for investigating electrochemical reactions
when Levich [3] suggested an empirical relationship between diffusion limiting current and rotation rate (ω) by
solving the convective-diffusion equation.Nikolic et al [4] calculated an important hydrodynamic parameter in
RDE, namely the diffusion coefficient. Compton et al [5] applied theHale approach for the calculation of the
chronoamperometric responses arising frompotential-step experiments at rotating disk electrodes. Newman
[6], Gregory et al [7], andDiard andMontella [8] obtained different expressions of the convection–diffusion
equation in rotating disc electrode forfinite and infinite Schmidt number (Sc)using symbolic and numerical
computation procedures. Rajendran et al [9]derived a two-point Padé approximation ofmass-transfer rate for
rotating disc electrodes for various values of Schmidt numbers. Rani et al [10] solved themathematical problem
corresponding to a one-electron reversible electron transfer at a rotating disk electrode under transient and
steady-state conditions by using the homotopy perturbationmethod. Daniel Okuonghae et al [11] employed the
discontinuousGalerkin finite elementmethod for solving the rotating disk electrode for various reaction
mechanisms.

To our knowledge, analytical expressions for the concentrations of the ferric ion and ferrous ion, and the
corresponding current response are not available for all possible values of parameters under steady-state
conditions. In addition, the theory and experimental results of rotating disk electrodes are available only for the
case of boundary conditions in afinite domain. However, the discussion in thismanuscript is concernedwith
infinite domain boundary condition, that when the concentration of both ferric ion and ferrous ion are known
when the distance from the surface of electrode tends to infinity. Approximate analytical expressions for the
steady-state concentrations and the current for rotating disk electrodes for the catalytic reactionmechanismwill
be driven.

2.Mathematical formulation of the problem

The kinetics of catalytic reactions occurring at the rotating disk electrode can bewritten as follows:

+ A R C, 1( )

+ +C B A D, 2
k

k

b

f ( )

where in the case of Fenton’s reaction,A,R,C,B andD respectively denote ferric ion, reactant, ferrous ion,
hydrogen peroxide and radical. kf and kb are, respectively, the forward and backward reaction rate constants.

This catalyticmodel is considered under the following assumptions [12]:

I. Second order rate constant in the forward direction is greater than the second order rate constant in the
backward direction.

II. Concentration of the catalyzing species B is much larger than that of the reactant and product of the
electrochemical reaction, A andC.

III. All other species have uniform concentration throughout the diffusion layer.

IV.Diffusion coefficients of reacting species are equal (DA=DC=D).
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V.Mass transfer of any electroactive species takes place only by means of diffusion and convection, and that
concentration changes due to any other effects such asmigration are negligible.

Figure 1 shows a schematic diagramof the rotating disk electrode for the catalytic reactionmechanism [13].
Themass balance equations for the above reaction schememay bewritten as follows [12]

- + - =¢D
d C

dx
v

dC

dx
k C C k C C 0 3x

2
A
2

A
f B C b A D ( )

- - + =¢D
d C

dx
v

dC

dx
k C C k C C 0 4x

2
C

2
C

f B C b A D ( )

where C C C C, , H O ,A C B 2 2 D( ) and ¢k f respectively denote ferric ion, ferrous ion, the hydrogen peroxide, radical
and the product of the forward rate constant, respectively. In addition, the velocity of the solution is

w= - -v v x0.51 .x
3 2 1 2 2 In the bulk solution, the ferric and ferrous ion concentrations are both assumed

constants. At the electrode surface (x=0), the ferric ion concentration is zero because of the limiting current
condition. Also theflux of ferric and ferrous ion near the disk electrode are assumed equal. Therefore, we have
the following set of boundary conditions:

= = + =x C
dC

dx

dC

dx
at 0, 0, 0, 5A

A C ( )

= ¥ = = =



x C C C Cat , , , 6b b

A A C C ( )

3.Dimensionless formof convection–diffusion equations

In dimensionless form, equations (3) and (4) take the form

q q
q q+ + - = 

d

dy
y

d

dy
2.13 0, 7

2
A
2

2 A
C A ( )

q q
q q+ - + = 

d

dy
y

d

dy
2.13 0, 8

2
C
2

2 C
C A ( )

where

d
q

d d
= = = =¢ y

x C

C

k C

D

k C

D
, , , , 9i

i
b
A

f A
2

b D
2

( )

Figure 1. Schematic diagramof the catalytic reaction scheme.
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and d w= -D v1.61 1 3 1 6 1 2 is the hydrodynamic boundary layer thickness. The dimensionless boundary
conditions become:

q
q q

= = + =y
d

dy

d

dy
at 0, 0, 0 10A

A C ( )

q q= ¥ = =



yat , 1, 11A C

b ( )

4. Analytical expressions of concentrations and current

Many analyticalmethods have been developed in recent years tofind approximate solutions for nonlinear
boundary value problems that arise in various fields of sciences and engineering such as fluidmechanics, plasma
physics, optical fibre, solid-state physics, and biological and chemical sciences. Thesemethods include, but not
limited to, the residualmethod [14], seriesmethod [15], hyperbolic functionmethod [16], variation iteration
method [17, 18], TheAdomian decompositionmethod [19], the differential transformationmethod [20],
Green’s function basedmethods [21–23] andTaylor seriesmethod [24].

One of themethods that has received a great deal of attention is the homotopy perturbationmethod (HPM),
which uses the embedding parameter as a small parameter. TheHPMoften reaches an asymptotic solutionwith
a few iterations. First proposed by Ji-HaunHe [25], HPMhas been intensively used by researchers, in allfields of
sciences and engineering, for solving various nonlinear problems. In recent years,HPMhas gone throughmany
modifications tomake its implementation easier and to achieve faster convergence even for strong nonlinear
differential equations [26–30]. In this paper, amodified formof theHPM is employed to obtain the following
concentrations of ferric ion (θA) and ferrous ion (θC) (see details in appendix):

q
q q

q q
q q- + - + + + - =   p

d

dy
p

d

dy
y

d

dy
1 2.13 0 12

2
A
2 C A

2
A
2

2 A
C A

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟( ) ( )

q
q q

q q
q q- - + + + - + =   p

d

dy
p

d

dy
y

d

dy
1 2.13 0 13

2
C
2 C A

2
C
2

2 C
C A

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟( ) ( )

The analytical homotopy perturbation solution for equations (7) and (8) is expressed in the following series
forms

q q q q= + + +p p p , 14A
0

A0
1

A1
2

A2 ( )

q q q q= + + +p p p . 15C
0

C0
1

C1
2

C2 ( )

Substituting equations (14) and (15) respectively into equations (12) and (13), then equating like powers of p lead
to the nonlinear system for p0

q
q q+ - p

d

dy
: C , 160

2
A0
2 0 A0 ( )

q
q q- + p

d

dy
: , 170

2
C0
2 C0 A0 ( )

with boundary conditions

q
q q

= = + =y
d

dy

d

dy
at 0, 0, 0 18A0

A0 C0 ( )

q q q= ¥ = = =



yat , 1, , 19A0 C0 C0

b ( )

and the nonlinear system for p1

q q
q q+ + - p

d

dy
y

d

dy
:

A
2.13 201

2
1

2
2 A0

C1 A1 ( )

q q
q q+ + - p

d

dy
y

d

dy
:

C
2.13 211

2
1

2
2 C0

C1 A1 ( )

with boundary conditions

q
q q

= = + =y
d

dy

d

dy
at 0, 0, 0 22A1

A1 C1 ( )
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q q q= ¥ = = =



yat , 1, , 23A1 C1 C1

b ( )

and so on up to the desired power of p. For equations (7) and (8), wewillfind a series solution up to the second
power of p. So, by solving system (16)–(23), we obtain

q = - - + y y1 exp 24A0( ) ( ) ( )

q = - - +



 y yexp 25C0( ) ( ) ( )

q = - +
+

+
+

+ 
   

y y
y y y

2.13 exp
4 4 6

26A1

2 3⎛
⎝⎜

⎞
⎠⎟( ) ( )

(
) ( )

q = - - +
+

+
+

+ 
   

y y
y y y

2.13 exp
4 4 6

27C1

2 3⎛
⎝⎜

⎞
⎠⎟( ) ( )

(
) ( )

The two-termHPMsolution is nowobtained from the relations

q q q q q= + = +


y plim 28
p

A
1

A0 A1 A0 A1( ) ( ) ( )

q q q q q= + = +


y plim 29
p

C
1

C0 C1 C0 C1( ) ( ) ( )

That is,

q = - - + -
+

+
+

+ 
   

y y
y y y

1 exp 1 2.13
4 4 6

30A

2 3⎛
⎝
⎜⎜

⎛
⎝⎜

⎞
⎠⎟

⎞
⎠
⎟⎟( ) ( )

(
) ( )

q = + - + -
+

+
+

+



 

   
y y

y y y
exp 1 2.13

4 4 6
31C

2 3⎛
⎝
⎜⎜

⎛
⎝⎜

⎞
⎠⎟

⎞
⎠
⎟⎟( ) ( )

(
) ( )

The limiting current of ferric ion reduction at the RDE is computed by

y
q

=
=

i

nFADC

d

dy
32l

yA
b

A

0

( )

Algebraicmanipulation of equations (30) and (32) gives the

y d
d

= +m
m

0.5325
, 33

2 2
( )

where = +m k C k C

D
f B b D . The current for steady-state voltammetry is computed by the formula

y d
d

=
+

+
he

m
m

1

1

0.5325
, 34SSV 2 2

⎜ ⎟⎛
⎝

⎞
⎠ ( )

where h = -E EnF

RT
0( ) is the potential.

5. Previous analytical results

The theory and experimental results of rotating disk electrodes that are available in the literature are only for
boundary conditions in thefinite domain. For example, a systemof a convection–diffusion equation in afinite
domainmodeling an EC-catalyticmechanism at the rotating disk electrode [31] and a systemof convection–
diffusion equations representing a pseudo-first-order EC-catalytic process at a rotating disc electrode in afinite
domain [32].

Lin et al [12] used the perturbation technique to derive the following approximate distributions of ferric ion
and ferrous ion, respectively

q = - - + y y1 exp , 35A ( ) ( ) ( )

q = + - +



 y yexp . 36C( ) ( ) ( )

This result is valid for low rotation rates orwhen hydrodynamic boundary layer thickness (δ) is large. In addition,
Haberland et al [33] discussed the same nonlinear diffusion equations for the case when qq y d

dx
2

C
A ∣ ∣.

Equations (35) and (36) are, however, valid when the convective terms (second terms of the left hand side of
equations (7) and (8)) are dropped from the equation, assuming very small velocities of electrolytic solutions.
Note that thefirst two terms of equations (30) and (31) are identical to the right hand sides of equations (35) and
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(36) and in this case, the current becomes [12]

y
d

= + = + 
D

k C k C . 37f B b D ( )

6. Results and discussion

In this section, we test the accuracy of the obtained analytical expressions by themeans of numerical
simulations. The derived equations (30) and (31)) represent new simple analytical expressions for the
concentrations of ferric ion and ferrous ion for all possible values of parameters. These concentrations are
dependent on the dimensionless parameters  and  , which in return are dependent on the parameters and
kf, kb,CB,CD,D and δ. TheMATLAB function pdex4 is used to solve the boundary value problems for the two
convection–diffusion equations (7) and (8). In tables 1–6, the analytical expressions for the concentrations of

Table 1.Comparison between the results of the proposedHPMand perturbationmethod [12] for the concentration of ferric ion θA
assuming = 1 and = 3.

Concentration θA Relative Error (%)

y

Numerical

Result

ProposedHPM

equation (30)
Perturbation

equation (35)[12]
ProposedHPM

equation (30)
Perturbation

equation (35)[12]

0.00 0.0000 0.0000 0.0000 0.00 0.00

0.10 0.1957 0.1946 0.1813 0.56 7.36

0.20 0.3580 0.3566 0.3297 0.39 7.91

0.30 0.4927 0.4915 0.4512 0.24 8.42

0.40 0.6042 0.6039 0.5507 0.05 8.85

0.50 0.6960 0.6974 0.6321 0.20 9.18

0.60 0.7707 0.7749 0.6988 0.54 9.33

0.70 0.8309 0.8386 0.7534 0.93 9.33

0.80 0.8783 0.8907 0.7981 1.41 9.13

0.90 0.9149 0.9329 0.8347 1.97 8.77

1.01 0.9424 0.9697 0.8674 2.89 7.96

1.05 0.9533 0.9809 0.8775 2.89 7.95

5.00 1.0000 1.0023 0.9999 0.23 0.01

10.0 1.0000 1.0000 1.0000 0.00 0.00

Average relative error (%) 0.88 6.73

Table 2.Comparison between the results of the proposedHPMand perturbationmethod [12] for the concentration of ferric ion θA
assuming = 5 and = 0.5.

Concentration θA Relative Error

y

Numerical

Result

ProposedHPM

equation (30)
Perturbation

equation (35) [12]
ProposedHPM

equation (30)
Perturbation

equation (35) [12]

0.00 0.0000 0.0000 0.0000 0.00 0.00

0.10 0.2205 0.2188 0.2091 0.77 5.17

0.20 0.3966 0.3939 0.3744 0.68 5.59

0.30 0.5373 0.5344 0.5052 0.54 5.97

0.40 0.6494 0.6469 0.6086 0.38 6.28

0.50 0.7382 0.7367 0.6904 0.20 6.48

0.60 0.8080 0.8082 0.7552 0.02 6.53

0.70 0.8621 0.8646 0.8063 0.29 6.47

0.80 0.9033 0.9088 0.8468 0.61 6.25

0.90 0.9341 0.9430 0.8788 0.95 5.92

1.01 0.9565 0.9715 0.9064 1.57 5.24

1.05 0.9651 0.9798 0.9148 1.52 5.21

5.00 1.0000 1.0000 0.9999 0.00 0.01

10.0 1.0000 1.0000 1.0000 0.00 0.00

Average relative

error (%)
0.54 4.65
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ferric and ferrous ions, obtained in section 4, are compared with numerical simulation results and other
analytical results in the literature for various values of the dimensionless parameters  and  . In all tables,
the average relative error of the proposedmethod is significantly lower than the one obtained in [12]. In
tables 1–3, it is observed that the concentration of the ferric ion is depleted at the surface andmore flux to
the surface and hence a higher cathode current is noticed.

Equation (33) represents the obtained analytical expression of the current for all possible values of
parameters. Figures 2(a)–(d) show the variation of the dimensionless current for different values of diffusivityD,
concentration of H O2 2, hydrodynamic boundary layer thickness δ and parameterm. Fromfigure 2(a), it is
observed that the current begins its course decreasing until it reaches aminimumvalue then increase over the
domain for all values ofD. This behavioour of the current seems to be identical for all other parameters as
evident infigures 2(c)–(d).

Table 3.Comparison between the results of the proposedHPMand perturbationmethod [12] for the concentration of ferric ion θA
assuming = 2 and = 1.

Concentration θA Relative Error

y

Numerical

Result

ProposedHPM

equation (30)
Perturbation

equation (35) [12]
ProposedHPM

equation (30)
Perturbation

equation (35) [12]

0.00 0.0000 0.0000 0.0000 0.00 0.00

0.05 0.0919 0.0918 0.0829 0.11 9.79

0.15 0.2554 0.2556 0.2288 0.08 10.42

0.25 0.3952 0.3963 0.3514 0.28 11.08

0.35 0.5147 0.5173 0.4546 0.51 11.68

0.45 0.6163 0.6214 0.5413 0.83 12.17

0.55 0.7020 0.7106 0.6143 1.23 12.49

0.65 0.7734 0.7868 0.6756 1.73 12.65

0.75 0.8318 0.8515 0.7272 2.37 12.58

0.85 0.8786 0.9062 0.7706 3.14 12.29

0.95 0.9151 0.9519 0.8071 4.02 11.80

1.05 0.9427 0.9930 0.8405 5.34 10.84

5.00 1.0000 1.0090 0.9998 0.90 0.02

10 1.0000 1.0000 1.0000 0.00 0.00

Average relative

error (%)
1.47 9.13

Table 4.Comparison between the results of the proposedHPMand perturbationmethod [12] for the concentration of ferrous ion θC
assuming = 1 and = 3.

Concentration θC Relative Error (%)

y

Numerical

Result

ProposedHPM

equation (31)
Perturbation

equation (36)[12]
ProposedHPM

equation (31)
Perturbation

equation (36)[12]

0.00 1.3333 1.3333 1.3333 0.00 0.00

0.05 1.2310 1.2311 1.2378 0.01 0.55

0.15 1.0520 1.0537 1.0738 0.16 2.07

0.25 0.9045 0.9059 0.9395 0.15 3.87

0.35 0.7819 0.7827 0.8296 0.10 6.10

0.45 0.6806 0.6801 0.7396 0.07 8.67

0.55 0.5977 0.5950 0.6659 0.45 11.41

0.65 0.5305 0.5247 0.6055 1.09 14.14

0.75 0.4769 0.4670 0.5561 2.08 16.61

0.85 0.4351 0.4200 0.5157 3.47 18.52

0.95 0.4033 0.3822 0.4826 5.23 19.66

1.05 0.3797 0.3521 0.4555 7.27 19.96

5.00 0.3333 0.3333 0.3333 0.00 0.00

10.0 0.3333 0.3333 0.3333 0.00 0.00

Average relative error (%) 1.43 8.68
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Figure 3 shows the current versus the hydrodynamic boundary layer thickness for stationary and rotating
disk electrodes (δ is directly proportional to w-1 2). It is inferred from figure 3 that the current decreases to its
minimumvalue (approx. 1.531 82) before it starts to increase againwhereas the current for stationary electrode
attains the steady-state value. Figures 4(a) and (b) confirm that the catalytic current for steady-state voltammetry
tends to a limiting value at a high potential value, which increases dramatically as the thickness of boundary layer
δ is raised. The dependence of voltammetry current on rotation rate or boundary layer thickness is an evidence
that a convection and diffusion control the process.

By the sensitivity analysis, we study the effect of each parameter on the current density. By evaluating the
slope of the current density with respect to a parameter, we can determine the influence of that parameter on the
current. The percentage of change in current with respect toD, δ andm are found to be 99.9%, 0.08% and
0.02%, respectively. As depicted in figure 5, it is concluded that the diffusion coefficient almost has the entire
effect on the current density compared to δ andm.

Table 5.Comparison between the results of the proposedHPMand perturbationmethod [12] for the concentration of ferrous ion θC
assuming = 5 and = 0.5.

Concentration θC Relative Error (%)

y

Numerical

Result

ProposedHPM

equation (31)
Perturbation

equation (36)[12]
ProposedHPM

equation (31)
Perturbation

equation (36)[12]

0.00 11.0000 11.0000 11.0000 0.00 0.00

0.05 10.8800 10.8845 10.8894 0.04 0.09

0.15 10.6900 10.6888 10.7034 0.01 0.13

0.25 10.5300 10.5319 10.5564 0.02 0.25

0.35 10.4000 10.4062 10.4401 0.06 0.39

0.45 10.3000 10.3056 10.3481 0.05 0.47

0.55 10.2200 10.2255 10.2753 0.05 0.54

0.65 10.1600 10.1619 10.2178 0.02 0.57

0.75 10.1200 10.1119 10.1722 0.08 0.52

0.85 10.0800 10.0729 10.1362 0.07 0.56

0.95 10.0500 10.0429 10.1078 0.07 0.58

1.05 10.0300 10.0202 10.0852 0.09 0.55

5.00 10.0000 9.9996 10.0000 0.00 0.00

10.0 10.0000 10.0000 10.0000 0.00 0.00

Average relative error (%) 0.04 0.33

Table 6.Comparison between the results of the proposedHPMand perturbationmethod [12] for the concentration of ferrous ion θC
assuming = 2 and = 1.

Concentration θC Relative Error (%)

y

Numerical

Result

ProposedHPM

equation (31)
Perturbation

equation (36)[12]
ProposedHPM

equation (31)
Perturbation

equation (36)[12]

0.00 3.0000 3.0000 3.0000 0.00 0.00

0.10 2.8230 2.8232 2.8409 0.01 0.63

0.20 2.6720 2.6714 2.7072 0.02 1.32

0.30 2.5430 2.5409 2.5947 0.08 2.03

0.40 2.4320 2.4287 2.5002 0.14 2.80

0.50 2.3390 2.3323 2.4206 0.29 3.49

0.60 2.2610 2.2498 2.3537 0.49 4.09

0.70 2.1960 2.1795 2.2975 0.75 4.62

0.80 2.1430 2.1199 2.2502 1.08 5.00

0.90 2.1020 2.0699 2.2104 1.53 5.16

1.05 2.0570 2.0103 2.1622 2.27 5.11

5.00 2.0000 2.0000 2.0000 0.00 0.00

10.0 2.0000 2.0000 2.0000 0.00 0.00

Average relative error (%) 0.51 2.63
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Figure 2.Analytical expression of the current (equation (33)).

Figure 3.Current versus thickness of boundary layer for stationary and rotating disk electrode.
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7. Conclusion

In this paper, the systemof steady-state nonlinear convection–diffusion equations in the kinetics of the catalytic
reaction system is solved analytically. Themodel investigated the influence of parameters on the response of
catalytic current. Approximate closed-form analytical expressions pertaining to the concentrations of the ferric
ion and ferrous ion in addition to the current for all possible values of the diffusion and kinetic parameters are
obtained using amodified approach of theHPM.The obtained analytical results are believed to be useful in
describing the fundamental feature of hydrogen peroxide action by the ferric and ferrous ion concentration. The
ideas and discussions in this paper can be extended to other nonlinear problems in rotating disc electrodes and
rotating ring-disc electrodes.
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Appendix. The basic idea of the homotopy perturbationmethod

Consider the nonlinear differential equation

- = Î WA u f r r0, , A.1( ) ( ) ( )

Figure 4. Steady-state voltammetry current versus potential for rotating disk electrode (equation (34)).

Figure 5. Sensitivity analysis for the effect of parameters on current density.
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with the boundary condition

= Î GB u
du

dr
r, 0, , A.2⎜ ⎟⎛

⎝
⎞
⎠ ( )

whereA,B, f (r) andΓ are a general differential operator, a boundary operator, a known analytical function and
the boundary of the domainΩ , respectively. ExpressingA(u) as the sumof linear (L) and nonlinear (N) parts,
equation (A.1) becomes

+ - =L u N u f r 0. A.3( ) ( ) ( ) ( )

The homotopy technique begins by defining W ´ v r p R, : 0, 1( ) [ ] , such that

= - - + - =H v p p L v L u p A v f r, 1 0, A.40( ) ( )[ ( ) ( )] [ ( ) ( )] ( )

where pä [0,1] is an embedding parameter and u0 is an initial approximation of equation (A.1) that satisfies
boundary conditions (A.2). Evidently, equation (A.4) implies that

= - =H v L v L u, 0 0, A.50( ) ( ) ( ) ( )
= - =H v A v f r, 1 0. A.6( ) ( ) ( ) ( )

As p changes from0 to 1, v(r, p) changes from u0 to ur, a process known as a homotopy. The solution of
equation (A.4)may be expressed in terms of a power series in the form:

= + + +v v pv p v . A.70 1
2

2 ( )

With p=1, an approximate solution to equation (A.4) is given by:

= = + + +


u v v v vlim . A.8
p 1

0 1 2 ( )
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