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In this paper, the moment of various types of sine and cosine functions are derived for any random variable. For
an arbitrary even probability density function, the sine and cosine moments are used to define new families of
univariate multimodal probability density and their corresponding characteristic functions. For illustration, two
weighted multimodal generalizations of the ¢ distribution are investigated. Furthermore, a method of calculating
some interesting improper integrals is also presented. Finally, an explicit expression of the probability density

function of the sum of independent ¢-distributed random variables with odd degrees of freedom is derived.

1. Introduction

A multimodal distribution is a probability distribution with at least
two modes (local maxima). Multimodal distributions are popular in
modelling various types of data. There exist many empirical distribu-
tions in practice with multimodal form. For this reason, researchers
proposed several methods for constructing multimodal family of dis-
tributions. A common way of constructing a proper multimodal distri-
bution is by utilizing mixtures of some known distributions. In this case,
the new mixture probability density function (pdf) is a weighted sum of
known pdfs as follows; g(7) = Z;’=l a8, 0<a; <1,i=1,2,...,n, with
Yo = 1. The choice of the weights, «;, plays a main role in mod-
elling data using the mixture pdf g(¢). For more information, the reader
is referred to [1, 2] and the references cited therein.

Another way of modelling univariate multimodal data is by us-
ing weighted distributions. Fisher [3], brought the notion of weighted
distributions in order to model ascertainment biases. Later, Rao [4],
used weighted distributions in an exceedingly unifying theory for issues
related when observations fall into non-experimental, non-replicated
and non-random way. The weighted distribution, g(x), is defined as

_ wx)f(x)
g(X) = ————,
Elw(X)]
w(.) is a positive function. Here, E stands for the mathematical ex-
pectation where E(w(X)) = fR w(x)f(x)dx. Some common weighted
functions, for example, are w(x) = F'~!(x)F""/(x) and w(x) = x which
respectively correspond to the i-th order statistics arising from » inde-
pendent and identically random variables with absolutely continuous

where f(.) is a pdf of the random variable X and
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cumulative density function (cdf) F(.) ([5, Page 10]), and length biased
pdfs [6]. For comprehensive discussions about weighted distributions,
readers are referred to [7] and [8].

In this paper, some new family of multimodal distributions are pro-
posed and discussed. These families are constructed in two ways. The
first method is by applying weighted distribution technique with weight
functions involving cosine and sine. This technique requires calculating
the moments of sine and cosine functions which is also discussed in this
paper. The second method is defining new family of distributions based
on sine and cosine functions. In this method, the constructed family
of distributions is multimodal because of the fact that sine and cosine
functions have the multimodality property.

The rest of the paper is organized as follows. In section 2, moment
of sine and cosine functions of any order is derived. Also new family
of weighted multimodal distributions are proposed. Some applications
of the main results are discussed in Section 3. In particular, we present
some examples of new weighted distributions. Also, we derive explicit
forms of some complex improper integrals. Furthermore, we derive an
explicit expression of the probability density function of sum of inde-
pendent ¢-distributed random variables with odd degrees of freedom in
Section 3.

2. Main results

In this section, the expectation of e™“X cos”"(rX),u € R is discussed
for any arbitrary continuous random variable X. Note that
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/e‘“‘x cos”(rx) fy (x)dx| < / [e™™* cos™ (rx)| fx (x)dx

< / fx(dx=1, %=1,
—0o0

is valid for any continuous random variable X with pdf fy(.). Therefore,
if u =0, the expectation of cos”(rX) exists for any values of n and r. The
same result can be obtained for the moment of sine functions.

Let wy : R — C be the characteristic function of X defined by
wx () = E[e"X] = [¥ ¢l*d Fy(x), where Fy() is the cumulative distri-
bution function of X. yy enjoys several important properties such as
its existence. For other properties, the reader is referred to [9] and
[7]. Now, for a random variable X whose pdf is symmetric about 0,
it is easy to see that y () = E(cos(X)). Consequently, E(cos(mX))" and
E(sin(mX))" can be derived using some trigonometric identities ([7]).
However, it is clear that the indirect computations of high order mo-
ments of sine and cosine functions using trigonometric identities are
time-consuming and not attractive. Also, it requires the symmetry con-
dition. For these reasons, the following result presents direct formulas
for computing the moment of sine and cosine functions for any contin-
uous random variable.

Lemma 1. Let X be a continuous random variable with cumulative density
and characteristic functions Fy(.) and wy(.) respectively, then for r,u €
R, n € N we have

T , Yoo (M rw—n-w
/e M cos(tr)]*"d Fy (1) = ym R

—00

0 22211:1 (anl)w(zr(w_n)_'_r_u)
—iut 2n—1 — w=0 w
/ e "[cos(tr)] dFy(t)= 4n

—00

and

[

n 2k
/ M sin(t) " d Fy () = w(—u)+ 3 <Z> ) @‘) v Cr(w—k—u),
k=1

w=0

—00

Proof. LetY,.Y,,...,Y, be independent and identically distributed ran-
dom variables such that

1
PY;=r)=PY;=-r= E,r;&O.

By using the Parseval’s identity ([9, Page 172]) we get

) )

/e—iuthjf,:lyj(t)de(t)z/y/x(t—u)szjn:]Yl_(l).

—00 —00

It is easy to see that

vy v, (0 =[eos(n]",

Z;-":l Y; +mr
and using the fact that 3 ~ Binomial(m,1/2), we have
r
mr

Fym y ()=27" < . )[(ist),

LY 1 Jj

Y J=—mr,—mr+2r,—mr+dr,... E(m +=)
r
or
< t+

Fym y (1)=2"" m < LMy

ARAY) 2<1> V<=

=0

Finally, one can get the results by using the fact that

[sin(tr)]*" = [1 — (cos(tr))*]"

=1+) (Z)(—Uk (costr)®*. O
k=1
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Note that a similar formula for odd power of sin x can also be derived
in Theorem 1 by using [sin(tr)]*"~! =1+ Y2 ("’;/k)(—l)k (cosz(tr))k.
However, the formula is not useful in this paper. Next corollary defines
interesting families of multimodal distributions with closed form char-
acteristic functions.

Corollary 1. Let X be an absolutely continuous random variable with cu-
mulative density and characteristic functions Fy(.) and wy(.) respectively,
then

n 2n
()= 24: [62:(xr)] Sx(x) ’ &)
Ym0 (w)lllx(Zr(w —n))
is a pdf with characteristic function is given by
S M wx @r(w = n) +1)
(=22 L 2) : : @
) Imin (w)q/X(Zr(w —n))
Moreover
: 2n
4 = [SIIH(xr)] fxx) ’ 3
T Ty ()3 oo () wix @rw = k)
is a pdf with characteristic function is given by
wx @+ Tz () 2 (xrw =k +1)
()= 1 ok . 4
T+ Xy () Xamo ()wx @r(w — k)
Remarks.

I. If n=0, then the pdfs in (1) and (3) reduce to the baseline distribu-
tion fy(x). Therefore, (1) and (3) can be considered as multimodal
generalizations of fy(x).
The families of distributions defined in equations (1) and (3) can
be viewed as weighted family of distributions of the form g(x) =
w(x) fx (x)
E(w(X))
[sin(rx)]>".
III. If X has a symmetric pdf, then the characteristic function is real
and even function [9, Page 165]. Moreover, the even power mo-
ments of sine and cosine functions are given by

II.

=1

with weight functions, respectively, are [cos(rx)]*" and

) 2n +2 n'_ 2n (2 )
/[COS(tr)]anFX(I) — ( n ) Zw_;n<n7w)w rw ,
and

. ., c 2\ 1
/ [sin(tr)12"d Fy (1) =1 +2 (Z) ( 3 ><—Z)k

k
2y (Z)(—i)" 2_‘1 <k2_kw> w(2rw).

k=

B

3. Applications

In this section, we present some applications of the results in Sec-
tion 2. In particular, Example 1 shows how some complex improper
integrals can be calculated easily. Example 2 presents an example of a
weighted multimodal distribution generated using the ¢ distribution as
a baseline.

It is interesting to note that the characteristic function of some ran-

dom variables has been used to solve some difficult integrals. For exam-

ple, Gut [9] utilized the characteristic function to solve f0°° SINX x and
X

/oo sin® x

o >—dx. In Example 1, we show how the characteristic function
X
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can be used easily to solve some other integrals. Moreover an interest-

. . - - . . sin™(x

ing explicit expression for solving the improper integral f0°° m( )dx
X

is also derived for any integer m. First we state the following theorem

from [10] with some minor changes referred as the theory of positive

definite densities.

Theorem 1. Let wy(r) be a real characteristic function such that
f_°; lwx(H|dt < oo, then X has an absolutely continuous distribution with a
bounded, symmetric pdf fy = F}, given by

1 )
fx(x)= 3 / ey (ndt.
v/s
yy(x) . . . . .
Moreover gy (x) = is a symmetric pdf with symmetric characteristic
27 fx(0)
function y*, given by
« fx(®
1= .
vx0= 70

Example 1 (Explicit formulas of some improper integrals). In this exam-
ple, we show how Lemma 1 and Theorem 1 can be used in order
to deriXe closed form solutions for some interesting integrals such as
f0°° %fo)d x,meN.

Let the random variable X follow the Triangular distribution with
pdf given by

c—Ix|

fx(x)=

2 limea®):

It is easy to see that

_ 51 =cos(er)
wx (1) —271[—oo,oo1(’)-

By using Corollary 1 and Lemma 1, we get the following two pdfs
|x|

47[cos(rx)2n X1
C

C+2Zn, My rw

and

)

|x]

4"[cos(rx)]?—1 il
c

. (6)
2y ] (2’;‘) Q@r(w—n)+7r)

w=0

The corresponding characteristic functions, respectively, given by
oy Chw@rw—n) +1)
() +230m (verw
and
Yo (Y @rw —my 4+ r+1)

22,;:01 (ztgl)w(Zr(w —n)+r)

@)

®

Corollary 2. The following explicit formulas can be obtained.

(i) From equations (5) and (7) and Theorem 1, we get the following result

)

2n

c(c = |x])wd" [cos(rx)]* = Z (i’}') /ei”‘ 1= C((;Sr((cu(?i(:; ; :’))2+ D g1,

w=0
(C)]
(ii) From equations (6) and (8) and Theorem 1, we get the following result

c(c — |x) 4" [cos(rx)]*" !

=2§l <2n - 1) /em‘ 1 —cos(cZr(w—n)+r+1) dt. (10)

w Qr(w—n)+r+1)?

w=0
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On setting n=x =0 and ¢ =1 in equation (9), we get

o0
. / 1 —cost dt
)
—00
and hence
[s+]
T _ sinz(t) dt
2 12
0

sin™ (x
Now, for the general case, [~ )

dx,m €N, consider X, X,,...,

m
X,, to be independent and uniformly distributed random variables on
(-=1,1). Then the random variable Y = Z;.”:l X; has the characteristic
sin™(7)
m
follows the Irwin-Hall distribution [11]. Therefore,

m m [(Y+m m=1 y+m
TeoC0H ) (B k) s (P k)
fym x, 0= TETY ,—m<y<

function Wy X = and equidistributed with 2Z —m, where Z

where sgn(.) is the sign function defined as

-1, x<0
sgn(x) =40, x=0
+1, x>0.

Now, from equation (11), Corollary 1 and Lemma 1, it is straightfor-
ward to see that

4 feos(ry) P XLy (=D (7) (HTm - k>m_l Sgn(HTm - k>

o=@+ 20 (1) () |

2rw

gy =

B

is a probability density function with the following characteristic func-
tion

on n oy [ sinQrw+1)\"
By ()= () 2 2o <T+t>
v (Zn) +2n 2( 2n ) sin(2rw) "
n w=1"Xw-n 2rw
Or by symmetry,
o om [ Sinr(w —n) +1) "
e T () <W)
Y s ((sn@rw=—m)\"
w=0 4w 2r(w — n)

Now by using Theorem 1, we get the following result
2n * . m
Z <2n> /e”y <sm(2r(w—n) +t)> die
S\w 2r(w—n)+t

. - m [ V+m m=1 y+m
722 eos(r) P T~ (7) (35 — k) san (5 —k)

(m—1)! (12)

Corollary 3. Setting n =0 and y =0 in equation (12), we get

© m m m m—1 m
Jan,, g B DG (3

xm x_Z (m—l)' .
0

In Table 1, we used the explicit formula in Corollary 3 to compute

am
the exact value of sin™(x) dx form=1,2,....,9.

xm
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Fig. 1. PDF plots of the multimodal cosine form of the t-distribution with degree of freedom s = 1.
sin” (\) m—1
Table 1. Exact value of [~ ,m=1,2,...,9. _ - ;
Jo f p2m= D= VIS o am -1, 17)
m 1 2 3 4 5 6 7 8 9 j=0
vae Lp 1, 3, I, IS I ST ISl ms
27 27 8" 3" 384" 40" 23040° 630 1146880 h _ _ _ 1 d _
where ¢, = ¢, = L cpoim = 1 and ¢;,, =

Example 2 (Sine and cosine multimodal generalizations of t-distribution).
In this example, we use Corollary 1 in order to generate weighted multi-
modal extensions of a baseline distribution fy(x). In particular, we use
the standard ¢ distribution as a baseline for illustration.

The student ¢ distribution with s degree of freedom has the following
symmetric pdf

SFx(x.8)= 13)

s+ 1

r(5) (1 x2>_ 2
73‘ +

Ve ()

The corresponding integral form of the characteristic function [12] is
given by

Qv/s)

I'(s)

/ VIOHD (x(x 4+ 1) T dx. a9

R

wx(t,s)=

On using Corollary 1 and equation (14), we get the following two
weighted probability distributions with pdfs given by

4"[cos(rx)]?" fx (x, )

g1(x,8)= s
1 22»1 (ZH)WX s2r(w - )
and
Si 2n
g(x.5) = [sin(r)I" fx (x. 5) (16)

k
ez (1) 22, (vaerw ks

Plots of the pdf and the cdf for cosine ¢ distribution [equation (15)]
and sine ¢ distribution [equation (16)] are, respectively, depicted for
various parameter values in Figs. 1 and 2.

Example 3 (Further discussions on t distribution with odd degree of free-
dom). The pdf of ¢ distribution with even degree of freedom can be
approximated by using the nearest odd degree of freedom. The charac-
teristic function of ¢ distribution has been investigated by many authors.
An integral form of the characteristic function of ¢ distribution was
derived by Dreier [12] and recently Guant [13] presented a simple
derivation of this function. More details about the characteristic func-
tion of the ¢ distribution can be found in [12] and [13].

In this example, we present a derivation of the characteristic func-
tion of the ¢ distribution with odd degree of freedom. Also, we derive
an explicit form of the pdf of sum of independent ¢ distributed random
variables with odd degree of freedom.

A recurrence formula for the characteristic function of ¢ distribution
with odd degree of freedom was derived by Mitra [14] as follows

3...2m=5x@2m-3)’

Citm— 1+(2m 3— j)ij 1

,1 <j<m-1.For more details, see also [15,

Chapter 28] and [16, Chapter 3]. Next, we derive an explicit form for
the characteristic function of ¢ distribution with odd degree of freedom.

Theorem 2. The characteristic function of the t distribution in (13) with
2m—1,m € N degree of freedom is given by

— 2m—/
w(t.2m— 1) = ¢~IV2m-1i 2 G ol ) <2\/2ml U

(18)
j=0 (m 1

Proof. Let X, X,,...,
laplace distribution with pdf fy(x)=

X, be a random sample from the standard

—e -1l x € R and characteristic
— L Now
(1 +2ym

function wy (1) =

1
1+12° " x,(0=
using Theorem 1 and the fact that [15, Chapter 24]

e S (am— -2\ @xy
fym x,(0)= 22,"12( o )— ,

Jj!
we get
[s+] [e+]
eity d ity J
T t= [ v x 0t

=27 fgn %)

e S (2m /— 2\ @y
- 22ml jt

Hence, the characteristic function of the 7 distribution with 2m—1,m e N
degree of freedom is given by

r 2
W, (0= / e ) (4 ) M
m— - m—
A Vem— DAl (=)
ei\/Zm—ltx

= Gm) / dx
\/;F(zmz— 1) J (14 x2ym

222 (m = D12

”e‘“/zm_l" ”'z_,: <2m —j- 2) Q2V2m— 1ty

7(2m —2)! 22m—1 m—1 J!
2m—/
e |m,|z( ) evam=T1ry. 1)

(Zm 2) J!

m—1



A. Alzaatreh et al.

0.2 0.3 0.4
Il

Probability density function

0.1

0.0
I

T
-10 -5 0 5 10

Heliyon 6 (2020) e04757

Cumulative distribution function

T
-10 -5 0 5 10

Fig. 2. PDF plots of multimodal sine form of t-distribution with degree of freedom s = 1.

Corollary 4. From Theorem 2, the coefficient of the recurrence formula in
(17) from Mitra [14] can be explicitly written as

2m—j=2\nj

()Y

m—1

Next, we derive an explicit form for the pdf of linear combination of
independent ¢ random variables with odd degrees of freedom.

Theorem 3. Let X, X,, ..., X, be independent t distributed random vari-
ables with 2m; — 1,i=1,2, ... ,n,m; €N degrees of freedom. Then the pdf of
Y=Y" X, o €Ris given by

m;—1 m,—1 . .
) Z/|‘=0 Z =0 Cjym =1 /,,,m,,-]h(“l 2my = 1,j,,y) ... h(a, )
y)= - s
' srlgnte F(J1+1) F(Jn"'l)

where h(y, k, y) is given in equation (20).

Proof. From Theorem 2, we have

wy @) =[x, )
i=1

2 1 i
_H —1V/2Zm =Tt Z m'"’zl Q@y2m; — Tty
2m,—2 Ji !
,1) i
_ _ Zm J 2
— e MZL, \a,-«/zm,-umlzlmm”zl rLl—ll (2\/2m| 1za1)ll
2m) -2
J1=0 Ju=0 (ml—l)
zm;f,ni'] )(2\/2m — lta )/n
2m,—2
(,Zl_l ) J”

Now, from Theorem 1 we have fy(y) =
Jrwy®dt
One can show that

/e"’y'ltylkdt = ﬁl"(k+ 1)
Y

R

and

sl iy k+1-w
n
+ Zw:k—l.k—S,...,(Oorl)( w ) <_>

7l

; I'tk+1
/e_|’7||ly|ke”ydt=2 k+1)
7] 2\ FH
R -2
14

(20)

The proof ends by setting h(y,k,y)
(2m—j 2)21

m—1

= [ae”"ty|*e™, and noting that

O

Cim—1= W

m—1
4. Conclusion

Special case of weighted distributions with the corresponding char-
acteristic functions have been proposed and discussed in this paper. The
weighted distributions have the multimodal property with sine and co-
sine functions as their corresponding weight functions. Also, a method

of calculating some interesting improper integrals is discussed in this
oo Sin (x)

paper including a closed form of f; dx. Furthermore, closed

form of the probability density function for linear combination of inde-
pendent ¢ distributed random variables with odd degrees of freedom is
derived. The structural properties of the proposed multimodal weighted
family of distributions can be studied in detail in future study.
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