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We prove lower semicontinuity in L' () for a class of functionals & : BV(Q) — R of the form &(u) = [ ,g(x,Vu)dx + [ w(x
)d|Dfu| where g : Qx RY — R, Q ¢ RY is open and bounded, g(-, p) € L'(Q) for each p, satisfies the linear growth condition
I ‘lim g(x, p)pl =w(x) € C(Q) NL®(Q), and is convex in p depending only on |p| for a.e. x. Here, we recall for u € BV(Q);
p —00

the gradient measure Du = Vudx +d(D’u)(x) is decomposed into mutually singular measures Vudx and d(Du)(x). As an

example, we use this to prove that [ w(x)y/a?(x)+ |Vul? dx + [, y(x)d|D’u| is lower semicontinuous in L'(2) for any

bounded continuous ¥ and any a€L'(Q). Under minor addtional assumptions on g, we then have the existence of
minimizers of functionals to variational problems of the form %(u)+ ||u—u,||, for the given u,€L'(Q2), due to the

compactness of BV(Q) in L'(Q).

1. Introduction

We prove an L' lower semicontinuity result for convex lin-
ear growth functionals [ g(x, Du), defined on BV, whose
integrands g: Qx RY — R are radially symmetric in p
for ae. xeQ, that is, g(x,p) depends on (xlp|),
g(-, p) € L'(Q) for each p, and satisfies a fairly general struc-
ture condition. Our results expand the class of integrands
from those of the form

g(x.p), ifp|<p,
bl = 1
peor) {w<x>|p+k<x>, i p| > B, g

as presented in [1], for which lower semicontinuity in L'
holds.

We use the conjugate function g* of g to prove our main
result, Theorem 1 in Section 3. The conjugate function is
used, for example, in [2] to approximate [,g(x,Du) for
the given u € BV(Q) by a sequence [, g(x,Vu,) for u, €
W(Q) to prove the existence of the corresponding gradi-

ent time flow, although g is assumed to be continuous in x
in these cases. Thus, one advantage of Theorem 1 in this
paper is that we can also obtain the existence results for time
flow by deriving a similar convergence result for our case,
but with no continuity assumption in the x variable. In fact
for the results presented here, g may contain singularities
in x, as in Example 3. In addition, the corresponding conver-
gence results in [3] assume another continuity condition on
g in x, similar to (3) which is not covered by our assump-
tions on g.

We note that the integrands considered in this paper (of
the form (1)) have been used in models in applications of
image processing [2]. However, as mentioned above, the
main result of this paper covers a larger class of integrands.

We assume throughout, unless otherwise stated, that
c RN is bounded and open and g is radially symmetric in
p for ae. x€Q and g is convex in p for a.e. x€Q so
that g(x, A, py + A,p,) <A g(x. py) + A,9(x, p,) for each p;,
P, €RN0<A, 4, <1,A +4,=1, and g€ L' (Q) for each p
€ RN. Since for a.e. x,g is convex and real valued in p, it is
well known that g must be continuous in p for a.e. x; hence,
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g is a Carathéodory function. Furthermore, we assume the
linear growth of g so that

g(x.p)
pl—0c0 [P

=y(x), foraexe(, (2)

where y € C(Q) N L®(Q),y > 0.

As stated above, we make no continuity assumption for
the x variable for g. Additionally, in contrast to the works
of [3-8] and [9] we do not assume g to be lower semicontin-
uous in (x, p). Also, our assumptions on g are not covered
by the class of integrands E(Q; RY) and R(Q2; RY) in [10,
11]. The integrand class E in [10] requires joint continuity
of g in x and p, and R and the integrands in [11] require g
for our case be defined on Q x RN with

lim M

!
t—00,X —X t

=y(x), foreachxeQ,peR", (3)

which may not hold if it is only assumed g € L'(Q) for each
p» as g may contain singularities.

2. Mathematical Preliminaries

We recall by definition that u € BV(Q) if and only if u € L'
(Q) and

J |Du| = sup {—J u div ¢>dx} < 00,
Q $e{ Co>(QRY),[¢(x)|<1all xe2} Q
(4)

in which case the total variation measure Du is decomposed
in to Du = Vudx +d(D*u)(x) where Vudx < <Z" and D’u
LN using the Lebesgue decomposition theorem [12].
Functionals defined for u € BV(Q) with Carathéodory inte-
grands g(x, p) of linear growth (2) and the convex in the p
variable are defined [4, 5, 13, 14] by

L)g(x, Du) = Jgg(x,Vu)dx + Jﬂy/(x)d|Dsu|(x). (5)

However, it is not immediate that functionals [, g(x, D
u) defined by (5) are lower semicontinuous in L'(Q). As
noted above, lower semicontinuity was was proven for cer-
tain integrands g, but to the best of our knowledge, there
is no general L' lower semicontinuity result for convex Car-
athéodory functions g where for each p, g(-, p) € L' (Q).

We will also use the conjugate function g* of g where
g*(x,q) =sup,epv{q-p—g(x,p)} [8]. We note that as g is
convex in p and g* is convex in g.

In [1], L' lower semicontinuity of [,¢(x, Du) for inte-
grands of the form (1) is proved for ¢ : Q x RY — R con-
vex in p,p(x,p) radially symmetric in p for ae. xe(,
¢(-,p) € L'(Q) and a fairly general structure condition on
¢ which does not assume continuity in x. The proof is based
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on proving that
J (p(x,Vu)dx+J y(x)d|D'u| = sup
o) Q {9eCH(QRY): |¢(x)|<y(x) forall e}

. {Lv“.¢(x) —(p*(x,gb(x))dx} = sup

{9€Cs (QRY): [¢(x)|<y/(x) forall xe2}
. {_I udivg(x) +<p*(x,¢(x))dx},
O
(6)

where @* is the conjugate function of ¢ and the last equality
follows from integration by parts for u € BV(Q) [12]. Lower
semicontinuity in L'(Q) immediately follows as the final
equality is the supremum of functionals, each L' continuous
in u. In the next section, we use the method above to prove
our main result, Theorem 1.

3. Main Results

We first define
7 ={¢peCo(QRY): [p(x)|<y(x), forallxeQ}. (7)
Theorem 1. Assume g : Q x RN — R with
=y(x) e C(Q)NL®(Q). (8)

g(x, p) are both radially symmetric and convex in p for
a.e. x, and if for each M >0,

ou(D) ::{g(x,P))
e y(x)|p| + g(x M) - y(x)M,

if |p| <M,
if |p| > M,
9)

is convex in p and there exists f,; € L'(Q) such that |g(x, p
) =@y (%, p)| < f(x) ae. x, for all [p| > M, where foM(x)
dx — 0 as M — oo. Additionally, assume the following
structure condition on g : that is, for some G, we have g(x
,p) = G(ry(x), -+, ri(x), p) forallp where G(zy, -+, zx, p) =
g(zy, +++ z;, p) and where g is C' in the variable z = (z, ---
,zg) € UCRK, U open,r; € L' (Q) each i,
(ry(x), -, r¢(x)) € U ae. x, and |(V,g)(z,p)| < C,C inde-
pendent of (z, p), |p| <M for each M. Then, for [ g(x, Du
) defined by

[ ot =sup{ [ 409~ o)x}. 10
we have in fact

J g(x,Du)zJ g(x,Vu)dx+J y(x)d|D’ul. (11)
Q o o
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Thus, the functional

G(u) = J g(x.Vu)dx + ng(x)d|Dsu\, (12)

Q

defined on BV(Q), is lower semicontinuous in L' (), that
is, if u, — u in L'(Q), then, &(u) <liminf, %(u,).
Moreover, if 00 is Lipschitz, then, for the given h € L'(0Q),

| gtev)+ | vedpuie+ | vl
O 0 Q0

= sup {—[ udivg + g* (x, (x)) dx + [ ¢~ﬁhd7/N’1},
{pec' (QRY): 1<y } + T2 Jon
(13)

and hence, the functional

(o) = |,
0Q

%)= | gtevu)+ | yeodpu () + |
(14)

defined on BV(Q), is lower semicontinuous in L' (Q). Here,
u is defined on 02 in the sense of trace [12].

Proof. From the above assumptions on g, we have

g’ (%q)=sup{p-q-g(xp)} < sup{p-q-¢y(xp)}

pERY PER?

+ sup {|@y (% p) — g(x. p)|}

peRN

=sup {p-q—@y(xp)}+ l;ggd{\pr(x:P) -g(x%p)}

peRY
<oy (% q) + fu(x)-

(15)

Similarly, ~we  have ¢}, (x,q) <g*(x,q) +f,(x)
giving [g" (x, q) — ¢} (x, 9)| < f (%) forall | < y/(x).

From the above estimate for |g* — ¢*|, we have g*(x, q)
= oo if and only if ¢;,(x,q) = oo if and only if |q < y(x),
and hence,

g(x.p)= sup {p-q-g"(x.q)}. (16)
lal<y ()

O O

Now,

Jﬂg(x,Du) :sup{LVu.qs(x) *g*(x,gb(x))dx}

Va

7

-sup{ | 9u-90) =030 900
e [ 9 006) - i 09 1 00 x - (17)

—sup{ [ 9 000) iy 00

= J @ (6 Vu)dx + I y(x)d|D'u| +¢,,
Q Jo

with & (x, $(x)) = @ (x, (x)) — g" (x, ¢(x)) and e, (x, $(x)
)| < f3;(x) from the above and &, is defined by

ev=sup | Vu-9(0) - g 906) + 15 1))
~sup{ [ 909 = g5 90 .
(18)

We now show ¢, — 0 as M — 0. In fact,

j Vit (%) - @y 9(x)) + & (3 $(x))dx

o (19)

< |, v ) - g e 90N+ | firas
0 (0]

from |e;(x, ¢(x))| <f,;(x). Taking supremum over both
sides gives

e, = supj Vi 9(x) - iy (5, $(x)) + &, (x, $(x))dx
7 JQ

~sup | V- 9(2) = g (5,00 s | fiu(x)dc
0 (0

v
(20)
Similarly, we have —¢, < [, f),(x)dx giving
|82|SJ fu(x)dx — 0as M — co. (21)
o

Now, let M — oo in (17) to get

Jﬂg(x, Du) = Jog(x,Vu)dx + J y(x)d|D'ul. (22)

Q

For the second claim in the theorem, as 0Q is Lipschitz,
the continuous trace operator
[12])T : BV(Q) — L' (002, #N') exists and (13) follows
as in the proof above. Finally, lower semicontinuity of &,
follows from Theorem 5 in [1].

Remark 2. We note that the condition |(V,g)(z, p)| < C may
be modified if in the expression g(z,, -, zy, p), one of the z;s
corresponds to y(x). That is, if, e.g., zx = w(x), we may only
require that [(V(, ... 19)(zp)|<C as each xeQ is a
Lebesgue point of ¥ by continuity. In fact, we have, noting



197 (r1 (%), =+ e (%), (%), P)

=g (ri(y)s e (V) w (), p)|dy
< ﬁ [ 0 )
P Bpx
=G (), s 1 (0 (), )y

] |j 197 (1 (07 (). W), )
P

5 (0] 10 Ol
’ j 197 (r () -+ T (21> W), )

B, (x)

rl x), s T (%), w(y)s p)|dy

SB[V 8@ 2|11 ke ()

e ()] dy-

p B,(
( 1)
(23)

The last term is bounded by ((l/IB’J | )1/|BP D5 (X)C (
P

ry(x)s e g (%)) = (1 (), oo reg () |dx which
approaches 0 as p — 0 on the common Lebesgue set of r,
, -+ 1. The next to last term approaches 0 a.e. x as p
— 0 since g*(ry(x), -, rx_; (x), w(y), p) is continuous in
y wherever r,(x), -+, r¢_,(x) are defined. The Lebesgue set
of g* thus contains the Lebesgue set of ,, -+, 7, independent
of p. The rest follows exactly as in the proof of Theorem 4 in
[15], but with V(Zl,-n,zK,l)Ge(Z’p) and V(Zl)”"zj(—l)G: (Z,P)
replacing V,G,(z, p) and V,G; (z, p) and Remark 2 in [1].

Example 3. For a€L'(Q), ueBV(Q),yeC(Q)NL®(Q),
the functional,

F(u) = L;//(x) a2(x) + |Vul* dx + Jgtp(x)d|DSu|, (24)

is lower semicontinuous on L'(Q).

Proof. Letting gs(x, p) =w(x)\/a2(x) + 8+ |p|2, ael'(Q),

6 >0 we have

(PM(x’P)z{I,U(x)\/oﬂ(x)+5+|p|, ifpl <M. oo
v(x)lp| +ky(x),  if [p| > M,

where

a(x)+06

) ) oM
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Letting a5 = a + 8, we have for |p| >M

%) _ a(x) ‘

e P bl Vo),
oy
SzW(x)Wj\Mka(@HoaSMHOO’

(27)

and hence, [,f,, dx — 0 as M — co by Lebesgue’s dom-
inated convergence theorem, as f,;(x) < 2y(x) a.e. Note that
@, is convex in f since by defining ¢,, : 2 x0,00) — R

B y(x)y/o2(x)+8+12, f0<t<M,
Pu(xt) = (28)
Y(x)t+ky(x), ift>M.
We see the left derivative (0/0t)@,,(x,t) at =M is
Pl M=) =y (x) — (29)
Pu® aj(x) + 12 ’
while the right derivative at t =M is ¢,,(x, M +) = y(x) >

t/\/oca ) +12) =@, (x, M ). Thus, @,, is convex in

t As @, is also increasing in t, we have that ¢,,(x, p) = @,,
(x, |p|) is convex in p.O0 O

The conditions for Theorem 1 are thus satisfied for g
and ¢,, with

G(21> 25, P) = g5(21> 22, P) = 23/ Z+8+|pf%,

U=R?

’%(z . p)’= P S
9z, 7 2\/z§+6+|p|2

<|ly|l, forall(z},z, p) e R”*xRY,

<z, (30)

noting Remark 2. Hence,

J gs(x, Du) = J NEAYD) dx+J y(x)d|D'ul.  (31)
Q

0
For the case g(x,p) = o2(x) + |p], a e L(Q
note that
° Vs
195(x. ) = g(x: p)| < y(x) <V9,

V() +0+[pf + \fa2(x) + |pP?
(32)

for a.e. x € Q and for each p € RN, As in the proof of Lemma
2 in [16] and Theorem 1 above, we have for a.e x, all g € R,

19" (%.4) - 93 (% q)| < |gs(x:0) — g(x:p)| < V8, (33)
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and similar to the above estimates (17), for each § > 0, we
have

J.Qg(x, Du) - (Jggs(x,Vu)dx + JQl;/(x)d|D5u|)

< JQ\/de.

(34)

Letting § — 0 gives

[, e D) =sup{ | g9~ 90| .

= JQg(x,Vu)dx + Jﬂw(x)d|D5u|.

Lower semicontinuity of % immediately follows.

We finally note that a version of Theorem 1, along with
Remark 2, holds for nonradially symmetric integrands g, but
with the additional smoothness assumption that for a.e. x
€Q,g(x,-) € C3(RN).

Theorem 4. Assume that g : Q x RN — R with

lim g(x, p)

|pl—0c0

S YR ECONLN@),  (36)

where g(x, p) is convex and C? in p for a.e. x, and if for
each M >0,

Pu(%p) = { 96
T Ly @)lpl+ g0 M) - y(0)M,

if |p| < M,
if |p| > M,
(37)

is both convex and C' in p and there exists f,, € L' (Q) such
that |g(x, p) — @, (% p)| < f (%) ae. x, for all [p| > M, where
J of m(x) dx — 0 as M — oo. Additionally assume the fol-
lowing structure condition on g : that is, for some G we have
9(5.0) = Glry (x), -+ 1y (x),p) forall p

where G(z,, -+, zx» p) = g(21> +*» Z» p) and where g is C' in
the variable z=(z, ---,zx) € UCRK, U open,r; € L'(Q)
each i,(r (x), -, r¢(x)) €U ae. x, and |(V,9)(z,p) | <C,.C
independent of (z, p), |p | <M for each M. Then

Jgg(x, Du) = sup{JQVu - $(x) - g (% ¢(x))dx}

Va

(38)
= J g(x,Vu)dx + J y(x)d|D’u|.
0 Q
Thus, the functional
G(u)= J g(x,Vu)dx + J y(x)d|D'ul, (39)
Q Q

defined on BV ((2), is lower semicontinuous in L' (Q). More-

5
over, if 0Q is Lipschitz, then, for the given h € L' (3Q),
| gtevu s | veodpruieo + | yioju-naar
o o) 90
= ~sup {—J udivg + g* (x, ¢(x)) dx
{gect (QRY): I9l<y(x) } Q
+J ¢ - hdaN ™! }
90
(40)
and hence, the functional
%)= | gevu)+ | vDu(e)+ | yeolu-naz,
Jo Q Jao
(41)

defined on BV((2), is lower semicontinuous in L'(€2).

Proof. The proof is the same as the proof of Theorem 1, not-
ing Theorem 4 in [15] and Remark 2 in [1].00 O

We immediately have from standard theory the follow-
ing existence result:

ir(1)f y(x)=¢,>0, (42)

for somec, > 0. (43)

9(x.p) = |pl,

Corollary 5. Let g satisfy the assumptions of Theorems 1 and
4 or Remark 2. If in addition we have

Then, for the given u, € L' (Q), the functionals
0(1)= | g D)+ =]

@, (u) j g%, Du) + LQ"’(")'“ L A [T B

Q

(44)

have a minimizer in BV (Q). Furthermore, the minimizer is
unique if g is strictly convex in p.

Proof. For @, this follows from lower semicontinuity of @ in
L' and standard compactness results for BV, noting that
assumptions (42) and (43) imply using (5) that

JQ|Du| <min (¢, CZ)JQg(x, Du). (45)

Thus, minimizing sequences {u,} of @ are bounded in
the BV norm |[[ul|gy(q) = [o|Dul + [[u]|1 ) so that there is

u e L'(Q) with u, — u in L'(Q) [12], and hence,

®(u) <lim inf ®(u,)= min O(v). (46)

n—00 vell (0)



The proof is essentially the same for @, using (13).
Finally, if g is strictly convex, then, so is @ and ®,. Thus,
if there are minimizers u, # u,, then, we have

®<<+>> < min @(v),

2 veLl(Q)
(47)
D, <M> < min @y (v),
2 vell ()
a contradiction.(J |

We finally remark, as noted in [1], that Theorems 1 and
4 of this paper may be extended to vector-valued functions
u(x) = (4;(x), -++, up;(x)) where Du is an M x N matrix with
Du; € BV(Q) for each i and [, g(x, Du) is defined by writing
Du as a vector of length NM with g : Q x R™ — R and g
depending on (x, |Du|) for the case of Theorem 1. We may
also consider integrands [,g(x,u, Du) with appropriate
assumptions on g(x, z, p), such as Lipschitz continuity in z,
using similar methods as presented here and in [1, 15, 16].

4. Conclusion

In this paper, we have expanded the class of functionals |,
g(x, Du) defined on the BV space which are L'(Q) lower
semicontinuous to include certain integrands g(x, p) which,
for each p € RY, are only assumed to be in L'((2). The struc-
ture condition for which lower semicontinuity holds is fairly
general and is for many cases not difficult to verify. Further-
more, as mentioned above, using the method presented here,
we may expand the main theorem of this paper to include
functionals of the form [ g(x,u,Du) for vector-valued
functions u: Q — RM. Finally, as noted above, lower
semicontinuity is essential to proving the existence of mini-
mizers of functionals of the form ®(u)= [,g(x, Du) +

[t =14yl () OVer BV(Q).
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