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ABSTRACT 

Magnetoencephalography (MEG) and Electroencephalography (EEG) are two 

popular non-invasive techniques that directly measure the magnetic/electric signals 

generated from the brain's electrical activity, unlike functional measures such as fMRI, 

SPECT, and PET which reflect blood flow or brain metabolism.  

Using appropriate volume conductor models for the head, one can theoretically 

obtain the electric/magnetic fields that would appear outside the scalp as a result of brain 

neural activity (modeled as current dipoles). This derivation of electric/magnetic fields is 

known as the forward problem. Finding a proper solution to the forward problem is the 

first step covered in this thesis. 

The inverse problem on the other hand is locating the neural activity of the brain 

which has produced a specific set of measured electric potentials/magnetic fields. The 

inverse problem is widely known as an ill-posed one, with no unique solution. Moreover, 

there are major challenges in estimating cerebral sources from EEG/MEG recordings.  

The effect of physical parameters such as the thickness of skull, conductivity anisotropy, 

and inhomogeneity of the head affect EEG signals extensively. MEG readings, though 
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less affected by head geometry, are extremely weak and need expensive superconductive 

sensors and shielded rooms to be acquired. 

This thesis shows the procedure used for obtaining appropriate forward solutions 

from the available and dedicated software, using various spherical and realistic head 

models. Further, to solve the inverse problem, a direction of arrival (DOA) technique 

recently used in RADAR field is adapted and applied to solving brain source localization 

problem.  This is accomplished through the use of the ReIterative Super-Resolution 

(RISR) algorithm which is based on a recursive implementation of minimum mean-

square error (MMSE) estimation. It is demonstrated that this algorithm can determine the 

model order, respective DOAs of sources, and their amplitudes from very few samples of 

data. Results show superior spatial resolution and robustness to correlation between 

sources. These are important features that are examined through extensive simulations 

using MEG and EEG data obtained from different head models developed on two 

different head anatomies. Moreover, the effect of skull thickness and conductivity 

variations on the localization is investigated for EEG signals. Finally, two calibration 

techniques have been applied to this algorithm, which improve the localization results in 

the presence of two types of calibration errors. 
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CHAPTER 1  

INTRODUCTION 

In this chapter, the problem of brain source localization is introduced and some of 

the existing challenges in this field are explained. More specifically, the drawbacks of the 

currently used phased array techniques in this application are pointed out. Furthermore, 

the objective of this thesis and its contributions are summarized. Finally, the outline of 

this thesis is presented. 

1.1 Brain source localization 

The human brain and its functionality has always been an exciting topic for 

researchers. Various attempts have been made over the years to map the human brain 

function in healthy and impaired brains. Functional brain imaging is a multidisciplinary 

research that improves our understanding of the human brain through noninvasive 

imaging of the electrophysiological, hemodynamic, metabolic, and neuro-chemical 

processes that underlie normal and pathological brain function [1].  

Clinical applications include improved understanding and treatment of serious 

neurological and neuropsychological disorders such as epilepsy, schizophrenia, 

depression, Parkinson’s and Alzheimer’s diseases [1].  Also, deep brain stimulation is a 

field that can benefit greatly from studies of brain functional imaging. Furthermore, 

localization of brain cells activities in different situations will help improve performance 

of Brain-Computer Interface (BCI) machines, which is another active field these days. 

 But none of these applications truly reflects the significance of understanding the 

brain, especially the human brain. Human brain is the most complex structure known to 

man. Together with the spinal cord and peripheral nerves, the brain makes up a complex, 

integrated information-processing and control system that governs virtually all our 

activities. It controls both involuntary (or "lower" actions) such as heart rate, respiration, 

and digestion, and also complex (or "higher" mental activity) such as thought, reason, and 
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abstraction. It should be clear by now why we are so enthusiastic about understanding our 

brains.  

Neuroimaging includes the use of various techniques to image the structure and/or 

function of the brain [2]. Two popular noninvasive methods to study the brain signals are 

electroencephalography (EEG) and magnetoencephalography (MEG).  To understand 

their principles of operation, we should know how brain signals are generated. In fact, the 

activity of brain neural cells produces small electric and magnetic fields in the brain. 

EEG measures the electric potential differences on the scalp, while MEG records very 

weak magnetic fields produced by neurons, outside the head. Both of these fields are 

created by the same neurophysiological events in the brain that will be explained in more 

detail later on in this thesis. Thus, spontaneous and evoked brain activities can be 

monitored non-invasively and in real time using MEG and EEG recorders 

Neurons that produce the abovementioned electric and magnetic fields are usually 

modeled as current dipoles. Using proper volume conductor models for the head, one can 

obtain the electric/magnetic fields that appear on/outside the scalp as a result of such 

neural activity. Such derivation of electric/magnetic fields is known as the forward 

problem. The inverse problem on the other hand is when we have a specific set of 

measured electric/magnetic brain signals, and we are trying to locate the neural activity 

inside the brain that has resulted in these measured fields.  

The inverse problem is widely known as an ill-posed one, with no unique 

solution. The reason is that, many source configurations can result in the same measured 

electric/magnetic fields. Hence, it’s usually necessary to include a-priori knowledge 

about the current sources to constrain the solution. For example, one can start by 

assuming a specific number of dipolar sources within the brain [3]. Then, one has to 

determine the location, amplitude and orientation of each current dipole within the brain. 

Several signal processing techniques have been suggested to accomplish the 

above, and the primary ones are mentioned in Chapter 4 of this thesis. These methods are 

divided into parametric and non-parametric approaches, each bearing its advantages and 

challenges. Moreover, in order to appreciate the concept and advantages of the algorithm 

utilized in this thesis for brain source localization, Chapter 5 is dedicated to explaining 

the principles of array signal processing. 
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1.2 Motivation and Problem Statement 

Many high resolution direction of arrival (DOA) techniques (used for localization 

purposes) are based on the formation and exploitation of a sample covariance matrix 

(SCM). That is, when the signals originating from active sources impinge on an array of 

sensors, a set of spatial snapshots is collected from each array element. When these 

snapshots are put together in a matrix and the covariance of that matrix is formed, it is 

called the sample covariance matrix (SCM). In order for those DOA methods based on 

SCM to perform well, an accurate estimation of the SCM is required, which requires 

adequate number of snapshots (data samples). However, if the DOAs of the sources 

change very fast with time, the number of available data samples (sample support) is very 

limited. Hence, the estimated SCM in this case is less accurate, which in turn degrades 

the performance of the corresponding SCM-based methods. Moreover, SCM-based 

techniques don’t perform well when there is temporal correlation between the sources, 

which happens in reality. They also require prior knowledge about the number of the 

underlying sources (model order). Other challenges faced in these techniques include 

high sensitivity to array modeling errors, and inability to provide information about the 

amplitude of the localized sources. 

The objective of this thesis is to apply a phased array DOA technique to 

EEG/MEG brain signals and localize the underlying neural activity with higher spatial 

resolution, while tackling the common abovementioned challenges encountered in similar 

localization techniques. 

1.3 Methodology 

The methodology adopted in this thesis is explained in detail in CHAPTER 6. 

However, a general outline is provided here. First, literature review has been conducted 

to compare the existing software for the purpose of brain signal modeling. Certain criteria 

have been set for the appropriate software, and based on those, two dedicated software 

have been picked for solving the forward problem of brain signals. The neural activity of 

the brain has been modeled as current dipoles in a conductive medium. The head itself 

has been modeled as a sphere, concentric spheres, and a realistic head model derived 
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from boundary element methods, respectively. The arrays of sensors have been defined 

separately for EEG and MEG signals, based on actual devices available in the market. 

Next, certain parts of the brain were assumed to be active, and specific activity 

waveforms were assigned to them. Using the source and head models and making some 

restrictive assumptions, synthetic EEG and MEG signals were generated.  

A high resolution phased array technique that originated in RADAR application 

has been investigated [4]. This algorithm has recently been adapted to the application of 

brain source localization using MEG signals [5]. The performance of this technique has 

been verified on synthetic MEG signals in this thesis. Moreover, the algorithm has been 

applied to artificial EEG signals. The localization results have been quantified in terms of 

probability of detection of a few proximate sources in the brain, and the mean square 

error (MSE) in localization, for different signal to noise ratio (SNR) values.  

The effect of forward model uncertainties (in form of skull thickness and 

conductivity variations) on the source localization from EEG signals has also been 

examined for this technique.  Furthermore, the effect of calibration errors on the 

performance of this method has been studied and two calibration techniques have been 

implemented to improve localization in presence of different forms of modeling errors. 

Finally, the sources have been reconstructed in space and time and mapped onto 

the brain. 

1.4 Thesis contribution and outline 

In this thesis the performance of a phased array radar technique has been 

investigated for a biomedical application. Using this technique, proximate sources of 

activity within the brain have been localized with high spatial resolution from synthetic 

MEG and EEG signals. Different head models (spherical and realistic) have been 

developed on two different head anatomies for comparison purposes. Only a few samples 

of data have been utilized in the localization process, and the results have been presented 

in terms of the probability of detection of the sources and the mean square error for a 

practical range of SNR. Moreover, the effect of the conductivity profile and skull 

thickness variations has been investigated on the performance of this algorithm for EEG 

signals. Also, different modeling errors have been induced on the forward problem 
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solution and the effect on the localization has been studied. Further, two calibration 

techniques have been used to improve the detection rate of the algorithm in the presence 

of modeling errors. Finally, in addition to the location, the amplitude of the detected 

sources has been reconstructed. And the resolution of the algorithm has been compared to 

a well known brain source localization technique. 

The rest of this thesis is organized as follows: 

Chapter 2 includes the biomedical background for this topic. The origin of the 

brain signals in the cerebral cortex of the brain is explained. Next, EEG and MEG 

techniques are introduced and compared with some functional brain imaging techniques 

in terms of spatial and temporal resolution.  

Chapter 3 is devoted to bioelectromagnetuc modeling of the fields of brain. The 

forward and inverse problems are more formally introduced in this chapter. Moreover, 

Maxwell’s equations are reviewed and a quasi-static approximation for them is derived 

for this application. The rest of this chapter includes the famous Biot-Savart law of 

electromagnetics and the current dipole model. Furthermore, various possible head 

models, used in bioelectromagnetic studies, are presented. Finally, closed form analytical 

solutions for electric potential and magnetic field are presented for the simple case of a 

current dipole in a homogeneous infinite volume conductor. 

Chapter 4 presents the literature review conducted on existing signal processing 

techniques for solving the bioelectromagnetic inverse problem. Two general approaches 

(parametric and non-parametric techniques) are introduced and prominent examples of 

each method are reviewed. Main advantages and shortcomings of each technique are 

briefly mentioned.  

Chapter 5 is an introduction to array signal processing. The basics of array 

processing are explained using a simple scenario of a uniform linear array, in the far-field 

of a narrowband signal. Also a few classical and subspace methods for direction of 

arrival (DOA) estimation are introduced. 

CHAPTER 6 contains the methodology of this thesis. The chosen software, as 

well as the source and head models is introduced. The procedure of developing a forward 

solution and generating synthetic brain signals thereafter is explained. Moreover, the 

mathematical basis of algorithm used in this thesis to tackle the inverse problem is 
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presented, and a sample run of this algorithm on MEG data is demonstrated. The 

assumptions made throughout the thesis and the performance metrics are also introduced 

in this chapter. 

Chapter 7 is dedicated to brain source localization from MEG data using the 

proposed technique. Different head models and anatomies are developed and tested in the 

algorithm. Results are quantified in terms of probability of detection and mean square 

error in localization. 

Chapter 8 investigates the performance of the proposed algorithm on synthetic 

EEG data for different head models and anatomies. Results are quantified in terms of 

probability of detection and mean square error in localization of a few proximate sources. 

Also, the effect of skull thickness and conductivity variations are investigated on the 

localization performance using EEG signals. 

CHAPTER 9 includes the effect of calibration errors on brain source localization. 

Two forms of calibration errors are induced on the forward problem solutions and two 

calibration techniques are implemented to improve the performance for each scenario. 

CHAPTER 10 presents reconstruction of the localized sources in space and time 

for MEG and EEG application. The resolution of the method used in this thesis is 

compared against that of weighted minimum norm estimate method.  

 CHAPTER 11 includes the conclusions of this thesis and some recommendations 

for future work. 

 

 

 

 

 

 

 

 

 



 

 
7 
 

CHAPTER 2  

BIOMEDICAL BACKGROUND 

2.1 The Origin of Brain Signals 

Electric and magnetic fields inside the brain rise from the electrical currents that 

flow in neurons of the brain. A typical neuron comprises of (1) dendrites (which receive 

chemical signals from other neurons); (2) a cell body (or soma) including the nucleus; (3) 

an axon along which the electrical signal of neuron (action potential) travels; and (4) 

synaptic terminals that pass chemical signals (neurotransmitters) on to dendrites of the 

next neuron. In Figure 2.1 below you can see different parts of a neuron and how it 

communicates with the next neuron. Note that in brain, each neuron influences and is 

influenced by many other neurons [6]. 

 

 

Figure 2.1: Different parts of neurons and their connections [7] 
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Like all biological cells, neurons have a membrane around them, which is 

selectively permeable to ions. Normally, the concentration of these ions such as 

potassium (K+), chloride (Cl-) and sodium (Na+) is different inside of the cell from that 

of the outside. In the resting state of a neuron, the cell membrane has low permeability 

for sodium ions, hence they cannot flow from outside to inside. However, potassium can 

leak out of the cell membrane due to diffusion gradient. This outflow of potassium causes 

the inside of the cell to have a more negative potential compared to outside of the cell, in 

resting state. This potential is called resting potential and its value is around -70 mV with 

respect to outside of the cell [6].  Note that, since the cell membrane is so thin (only few 

nanometers) and potential difference across it is about 70 mV, a large electric field exists 

on the order of 107 V/m across the cell membrane [6]. 

Once the cell is excited, the permeability of membrane for certain ions changes. If 

the excitation source is large enough and raises the membrane potential (Vm) to about -55 

mV (threshold voltage), sodium channels open up and sodium ions flow from outside to 

inside of the cell. This inflow of sodium ions increases the cell membrane potential (Vm) 

further, which in turn causes even more sodium channels to open, hence more inward 

current, and again higher membrane potential. This positive feedback continues until the 

sodium channels are fully open and the membrane potential Vm is closer to sodium 

equivalent voltage (ENa ≈ +55 mV), resulting in a large upswing in the membrane 

potential [8].  

At this point, the sodium channels close, and from here on no more sodium enters 

the cell. Instead, sodium ions get actively transported out of the cell by the sodium 

potassium pump. At the same time, potassium channels open and let potassium ions flow 

out of the cell, hence returning the electrochemical gradient to the resting state. This 

whole process takes only a few milliseconds and creates the action potential of the 

neuron [8], depicted in Figure 2.2 

The currents flowing inwards at a point on the axon depolarize the adjacent 

sections of its membrane, and if sufficiently strong, this depolarization provokes a similar 

action potential at the neighboring membrane patches. Thus, the generated action 

potential propagates as a wave along the axon. It’s important to note that each action 
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potential is followed by a refractory period. During an absolute refractory period it is 

impossible to evoke another action potential in the neuron membrane, but later during a 

relative refractory period, using a stronger-than-usual stimulus we can excite the 

membrane again. The refractory period is the mechanism which forces the action 

potential to move forward along the axon and not to travel back the way it just came [8].  

 

Figure 2.2 : Generation of action potential in an excited cell (adapted from [7]) 

There’s another point to keep in mind about excitation of neurons. A neuron may 

receive synaptic inputs from hundreds or thousands of other neurons, with varying 

amounts of simultaneous input. If the combined activity of these neurons increases the 

membrane potential, it is called an excitatory postsynaptic potential (EPSP). If this EPSP 

depolarizes the postsynaptic cell sufficiently (above threshold value), an action potential 

will occur [9]. 

However, an overall postsynaptic potential may also decrease the membrane 

potential and move it away from its firing threshold (hyperpolarization). In this case we 

call this postsynaptic potential an inhibitory postsynaptic potential (IPSP) [9]. 

Later in this report we’ll see that an action potential can be described by a 

quadrupole, whose magnetic and electric fields decay more rapidly than those of a dipole 
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[6]. Also, the postsynaptic potential (PSP) can be described by a current dipole, giving 

rise to currents in the surrounding tissues, which can exist for several tens of milliseconds 

causing the so called volume conductor currents [10].  

MEG mainly records the magnetic field generated by the currents flowing in 

dendrites of the pyramidal neurons due to the PSP’s [6] and the EEG records the potential 

due to volume conductor currents flowing in brain as a result of the mentioned 

postsynaptic activity [6].  

In an excited neuron, in addition to the intracellular currents (primary current), 

passive ohmic currents are also set up in the surrounding medium to complete the loop of 

ionic flow such that there is no buildup of charge. These are called secondary or volume 

conductor currents. Figure 2.3 shows a schematic of both current types. 

 

 

Figure 2.3: Primary and secondary currents of a neuron [11] 

    Reprinted by permission of Medical College of Wisconsin, (8 Jan 2012) 
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Both primary and secondary currents contribute to magnetic fields outside the 

head and to electric scalp potentials, but in order for the neural currents to add up in a 

way that can produce measurable fields outside the head, their spatial arrangement is of 

importance [1]. To better understand this concept, we should have a look at the structure 

of the cerebral cortex of the brain. 

2.2 Cerebral Cortex 

EEG and MEG studies are mainly concerned with the uppermost layer of the 

brain, which is the cerebral cortex. It is a 2–4 mm thick sheet of gray tissue where most 

of the measured neural activity takes place.  At least 10 billion neurons reside in the 

whole cortex tissue. The total surface area of the cortex is about 2500 cm2, but it is folded 

such that it fits into the cranial cavity formed by the skull [6]. 

Most regions of the cortex have been mapped functionally. For example, we know 

that the primary somatosensory cortex receives tactile stimuli from the skin, and the area 

in primary motor cortex is involved in the movement of specific parts of the body, and so 

on [6]. Figure 2.4 shows how the cortex is virtually divided in to lobes for being studies 

and how different parts of cortex are functionally mapped. 

 

 

Figure 2.4:  Cerebral Cortex lobes and functional mapping [12] 
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The cortex is organized in six parallel layers. Layer 1 is the uppermost one. 

Layers 2, 4 and 6 are mostly populated with nonpyramidal such as stellate cells, which 

have a star shaped structure.  Layer 5 contains the large pyramidal cells, which have a 

linear structure with dendrites arranged parallel to each other and perpendicular to cortex 

surface [6]. Apical dendrites of pyramidal cells reach up to the first layer of cortex and 

axons from these cells typically project to more distant cortical regions, to other parts of 

the brain, or to lower centers (such as spinal motor neurons). Due to their structure and 

arrangement, synchronous activity of tens of thousands of pyramidal neurons of cortex 

are believed to be the main sources of MEG and EEG signals [1]. Figure 2.5 shows a 

schematic of cortical layers. Pyramidal and stellate neurons are depicted in their 

corresponding layers.  

 

Figure 2.5: Location and Types of main cortical neurons [13] 
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The currents generated along apical dendrites of pyramidal neurons are believed 

to be the source of most signals detected in MEG and EEG, because they typically last 

longer than the rapidly firing action potentials traveling along the axons of excited 

neurons [1]. Calculations suggest that each synapse along a dendrite may contribute as 

little as a 20 fA-m current source. But through measurements we see sources on the order 

of 10 nA-m, which is the cumulative summation of millions of synaptic junctions in a 

relatively small region [1]. The measured magnetic field outside the scalp rising from 

such brain activity is on the order of 10-12 Tesla, which is extremely small [14]. 

Due to the pattern and orientation of the magnetic field (obtained from right-hand 

rule), MEG signals reflect the current flow in the apical dendrites of those pyramidal cells 

which are oriented tangentially with respect to the skull surface. However, EEG reflects 

potentials that rise from both tangentially and radially oriented volume currents [14]. 

Figure 2.6 shows some tangentially oriented current sources and their resulting magnetic 

field from the right hand rule.  

 

Figure 2.6: Magnetic field of tangential current sources (measured in MEG) from right 
hand rule [15] 

 

In the end it’s worth mentioning that, even though cortical pyramidal neurons are 

assumed to be the main contributors to MEG and EEG signals, some authors have 

reported scalp recordings of deeper cortical structures including the hippocampus, 

cerebellum, and thalamus [1]. However, the contribution from the cortex is 

overwhelmingly large compared to all other structures, due to two factors: (1) the number 
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of cortical neurons is much larger than that of subcortical neurons; (2) the distance from 

subcortical structures to the scalp electrodes is larger than from cortical structures to the 

electrodes [16]. 

2.3 Functional Brain Imaging Techniques  

As we mentioned before, we can use functional brain imaging techniques to 

understand the human brain better. These techniques are non-invasive and produce 

images of the electrophysiological, hemodynamic, metabolic, and neurochemical 

processes that underlie normal and pathological brain function [1]. 

For example, in positron emission tomography technique (PET), we can use 

radioactively labeled organic molecules or probes that are involved in the processes of 

interest (such as glucose metabolism or dopamine synthesis) to study brain metabolism 

and neurochemistry [1]. Hence, we can view images of dynamic changes in the spatial 

distribution of these probes, as they are transported and chemically modified within the 

brain. These images have high spatial resolution (2 millimeter), but the temporal 

resolution is around several minutes, due to the dynamics of the processes being studied, 

and by photon- counting noise [1]. Another similar technique is single-photon emission 

computed tomography (SPECT) that uses radioactive tracers to tract metabolic activity of 

the brain.  

We can also study the neural activity more closely by investigating hemodynamic 

changes. The principle behind this idea is that: when neurons become active, they induce 

localized changes in the blood flow and oxygenation levels. These changes can be 

tracked using PET, functional magnetic resonance imaging (fMRI), Near-infrared 

spectroscopy (NIRS), and various transcranial optical imaging methods [1][17].  Among 

these methods, fMRI is currently the most widely used. It has high spatial resolution of 1-

2 millimeter, but temporal resolution of around 1 second, which is still relatively low. 

The limitation in temporal resolution is due to the relatively slow hemodynamic response 

compared to the speed of electrical neural activity. Another complication of using fMRI 

rises from the fact that regions of blood oxygenation level dependent (BOLD) changes 

detected by fMRI do not necessarily correspond one-to-one with regions of electrical 

neural activity. This hampers interpretation of fMRI data [1]. 
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Two well-known bioelectromagnetic methods to map the brain functionally are 

EEG and MEG.EEG measures scalp potentials produced by electrical activity in neural 

cell assemblies, and MEG measures the magnetic fields outside the head, produced by the 

same sources. These two techniques offer higher temporal resolution (on order of 

millisecond) compared to PET or fMRI. 

However, the spatial resolving power of MEG and EEG does not, in general, 

match that of PET and fMRI. This limitation in spatial resolution is due to two reasons 

[1]: (1) the relatively small number (few hundred) of spatial measurements in EEG/MEG, 

compared to PET/fMRI (tens of thousands); (2) ill posed nature of static electromagnetic 

inverse problem for brain signal sources. Yet, by placing restrictive models on the 

sources of MEG and EEG signals we can achieve resolutions similar to those of fMRI 

and PET [1]. 

2.3.1 Electroencephalography (EEG) 

Electroencephalography (EEG) is a functional brain imaging technique in which 

the potential differences between pairs of electrodes placed on the scalp are measured. As 

mentioned before, these readings are the summation of potentials generated from the 

volume conductor currents induced in the conductive media of the head; which appear as 

a result of large clusters of synchronized cortical pyramidal neurons undergoing 

postsynaptic potentials (PSPs) [6][16]. 

Pyramidal neurons constitute approximately 80% of the cortex and are oriented 

perpendicular to the surface. A typical cluster size of these neurons must cover at least 40 

to 200 mm2 of cortical surface in order to produce a measurable scalp signal [16].  

Good news is that, by using the fact that EEG sources are confined to the cortical 

surface of the brain and activity of cortical pyramidal neurons, we can narrow 

significantly the nonuniqueness of the inverse solution [16].  

The internationally standardized 10-20 electrode system is usually employed to 

record the spontaneous EEG. In this system 21 electrodes (19 + ground+ reference 

electrode) are located on the surface of the scalp, as shown in Figure 2.7A and B. Also, 

intermediate 10% electrode positions can be used (shown by black circles in Figure 2.8) 

[18]. Additional electrodes can be added to the standard set-up when a clinical or 
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research application demands increased spatial resolution for a particular area of the 

brain. High-density arrays (typically via cap or net) can contain up to 256 electrodes 

more-or-less evenly spaced around the scalp. 

As for the resolution of EEG, spatial resolution is in millimeter range, and 

temporal resolution on the order of milliseconds. As for the amplitude, a typical adult 

human EEG signal is about 10µV to 100 µV in amplitude when measured from the scalp 

and is about 10–20 mV when measured from subdural electrodes [19]. Advantages of 

EEG over methods like PET and fMRI are  

EEG's can detect changes within a millisecond timeframe, which is excellent 

considering an action potential takes approximately 0.5-130 milliseconds to propagate 

across a single neuron, depending on the type of neuron.  Remember that other methods 

of looking at brain activity, such as PET and fMRI have time resolution between seconds 

and minutes.  

 

Figure 2.7: The international 10-20 system seen from (A) left and (B) above the head.  
A  = Ear lobe, C  = central, Pg = nasopharyngeal, P  = parietal, F  = frontal, Fp = frontal 

polar, O  = occipital [17] 
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Figure 2.8:  Location and nomenclature of the intermediate 10% electrodes, as 
standardized by the American Electroencephalographic Society [17]. 

EEG measures the brain's electrical activity directly, while other methods record 

changes in blood flow (e.g., SPECT, fMRI) or metabolic activity (e.g., PET), which are 

indirect markers of brain electrical activity [19]. 

The major drawback in estimating cerebral sources from EEG recordings is the 

effect of parameters such as thickness of the skull and scalp, conductivity anisotropy, and 

inhomogeneity of the head, on the forward and inverse problems. For example, potentials 

in the skull decrease depending on its thickness. Moreover, low conductivity of the skull 

spreads out the potentials in transverse directions. As a result, focal sources in the brain 

could be averaged out in the scalp [6]. These variables do not pose as much problem in 

MEG method though, which we study next. 

2.3.2 Magnetoencephalography (MEG)  

Magnetoencephalography (MEG) is a non-invasive neurophysiological technique 

that measures the magnetic fields generated by neuronal activity of the brain. MEG is a 

direct measure of brain function, unlike functional measures such as fMRI, PET and 

SPECT that are secondary measures of brain function reflecting brain metabolism [20]. 
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The magnetic field passes unaffected through brain tissue and the skull, so it can 

be recorded outside the head. The magnetic field is extremely small, but can be detected 

by sophisticated sensors that are based on superconductivity [20]  

MEG has a very high temporal resolution. Events with time scales on the order of 

milliseconds can be resolved, again differentiating MEG from fMRI, PET and SPECT, 

which have much longer time scales. Also MEG has excellent spatial resolution; sources 

can be localized with millimeter precision [20].The activity recorded in MEG is mostly 

confined to a frequency window less than 100 Hz but components up to 600 Hz have 

been studied .The strength of the biomagnetic field is 50–500 fT which is about 108 times 

smaller than the magnetic field of the earth. The measurement of neuromagnetic fields 

are quite weak and require extremely sensitive sensors with a good control of the external 

noise [6]. 

The sensor used in biomagnetic instruments is called superconducting quantum 

interference device (SQUID).When cooled to very low temperatures, superconductors 

conduct electricity without resistance. This lack of resistance allows a SQUID to measure 

the interference of quantum-mechanical electron waves circulating in the 

superconducting loop as the magnetic flux enclosed by the loop changes and the SQUID 

circuitry produces a voltage proportional to this change. The associated computer 

software converts the SQUID data into current flow maps throughout the brain as a 

function of time.  

In  

Figure 2.9 you can see two different coil configuration SQIUDs.  

Figure 2.9(d) shows a first order axial gradiometer which detects the z-derivative 

of the magnetic field and consists of two coils connected in series but wound in opposite 

senses, separated by a distance.  

Figure 2.9(e) shows a planar gradiometer which detects the x and y derivatives of 

the magnetic field.  



 

 
19 
 

 

Figure 2.9: (d) axial gradiometer (e) planar gradiometer [17] 

 

More recently, EEG and MEG have come to be viewed as complementary rather 

than competing modalities and most MEG facilities are equipped for simultaneous 

acquisition of both EEG and MEG data [1]. 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 
20 
 

CHAPTER 3 

MODELING BIOELECTROMAGNETIC FIELDS OF BRAIN 

3.1  Forward and Inverse Problems 

As we defined before, the inverse problem comprises of estimating current 

sources in the brain (mainly cortex) which result in specific electric/magnetic signals 

measured on/outside the scalp. Figure 3.1 shows a schematic of a current dipole as the 

source inside the brain. The electrodes are placed on/outside the scalp depending on 

whether we want to measure potentials or magnetic fields. We have to note that in case of 

measuring potentials (EEG), the shape of the head, conductivity of the brain, skull, and 

scalp are all important parameters; however, magnetic field is not affected by the 

conductivities of these intermediate media.  

 

 

Figure 3.1: Current dipole representing a current source in the brain, and electrodes 
on/outside scalp which measure the corresponding electric/magnetic fields 
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Forward problem can be modeled mathematically as [21]: 

 

 �� = ������� ∗ 	 �����		
 (3.1)  

 
�� = �������� ∗ 	 �����		
 (3.2)  

�� and 
�� respectively denote signal at magnetometer (k) and between electrodes (ij). 

���(�) and ����	(�) are lead fields for magnetometer (k) and electrode pairs (ij). They 

represent sensitivity patterns of sensors to sources. Lead fields also depend on sensor 

locations and configurations (as well as on head conductivities in electric potential case). 

����� denotes primary source current at locations (r) [21]. 

In the forward problem, by knowing �����, and having an approximation of the 

lead fields (L), we can find unique solutions for magnetic field and electric potential (B 

and V). Hence we say the forward problem is well-posed. 

In the inverse problem, we have measured B and V, and using approximations of 

the lead fields (L), we try to find the location of primary current densities �����. This 

kind of problem does not have a unique solution and is called ill-posed. 

We notice that in order to solve the inverse problem, we need approximations of 

the lead fields. Here we need to have a closer look at the electromagnetic theory behind 

EEG and MEG methods. 

3.2 Maxwell’s Equations 

The following four equations constitute the famous Maxwell’s equations [22]: 

 

 
∇ ×� =

�
�� + � (3.3)  

 
∇ × � = −

��
�� 				 

(3.4)  

 ∇.� = 0 (3.5)  

    ∇. = �� (3.6)  
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where H is the magnetic field intensity (A/m), E is electric field intensity (V/m), D is 

electric flux density (C/m2), B is magnetic flux density (W/m2 or Tesla), J is electric 

current density (A/m2) and  �� is electric volume charge density (C/m3). Also, E and D 

are related through    = �� , while H and B have a similar relation� = ��. 

Here ε denotes permittivity of the medium (F/m) and µ stands for permeability of 

the medium (H/m). Another useful relation is � = �� (Ohm’s law) which relates J and E 

via the conductivity of the medium (σ). We should note that �,� and � are scalar for 

isotropic media and tensors for anisotropic media. 

3.2.1 Quasi-static Approximation to Maxwell’s Equations 

If the effects of the time dependent terms in Maxwell’s equations can be 

neglected, we can simplify the equations. Validity of this approximation depends on the 

frequency of the signals and the properties of the medium, i.e.  �, �, �. Since 

measurements show that the frequency of the signals obtained from MEG and EEG are 

typically below 1 kHz, we can apply a quasi-static approximation of Maxwell’s 

equations [6]. Hence, the terms with time dependency can be omitted and we can rewrite 

equations (3.3) and (3.4) as: 

 ∇ ×� = � (3.7)  

 ∇ × � = 0	 (3.8)  

 

Taking divergence of both sides of equation (3.7) will result in: 

 ∇. �∇ ×�� = ∇. �	 (3.9)  

Since the left-hand side of equation (3.9) is zero, we get: 

 

 ∇. � = 0	 (3.10)  
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The total current density J can be divided into primary current density (��) and volume 

current density (�Ω) as follows: 

 � = �� + �Ω (3.11)  

As we discussed before, primary current is generated by neural activity within the 

neuronal cells, whereas the volume currents which flow passively in the conductive 

medium. The total current is the sum of these two current components. The primary 

current density (��) represents the source of the brain activity which we are trying 

to locate. However, modeling the volume currents enhances the localization accuracy [6]. 

The volume current can be represented as: 

 �Ω = �� (3.12)  

Also we note that equation (3.8) can be satisfied by representing electric field E with a 

gradient of a scalar function, the potential V as: 

 � = −∇
 (3.13)  

From equations (3.12) and (3.13) we see that the volume current density can be written 

as: 

 �Ω = −�∇V (3.14)  

Hence, total current density can be rewritten as: 

 � = �� − �∇V (3.15)  

3.3 The Biot-Savart Law 

From the well-known Biot-Savart law we can find the magnetic field � at location 

� due to current density � at location ��as follows [22]. 

 

 ���� =
�	
4������� ×

� − ��
�|� − ��|�
 	�

� (3.16)  

 

where �	is permeability of free space and 	�′ is the differential element of volume. 
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If we assume that the head consists of a set of contiguous regions each of constant 

isotropic conductivity �� ,i =1,...,3, representing the brain, skull and scalp for instance 

(Figure 3.4) , we can rewrite the Biot-Savart law above as a sum of contributions from 

the primary and volume currents [1]: 

���� = �	���+
�	
4����� − ��	�� 
�����(��) � − ��

�|� − ��|�
���

× 	����
��

 (3.17)  

 

where �	(�) is the magnetic field in an infinite homogeneous medium, due to the 

primary current distribution ��(� ′	). 
 ����� =

�	
4�������� ×

� − ��
�|� − ��|�
 	�

�					 (3.18)  

 

The second term in equation (3.17) is the magnetic field due to volume currents, 

expressed as a sum of surface integrals over the brain-skull, skull-scalp, and scalp-air 

boundaries. �(��)	����  is a vector element of surface ��� oriented along the outward unit 

norm of ��� .	Hence, the magnetic field can be calculated if we know the primary current 

distribution and the potential V(r′) on all surfaces [1]. A similar equation can be derived 

for the potential itself [1]: 

��� + ���
��� = 2�	
	���
−

1

2����� − ���� 
����	����� � − ��
�|� − ��|�
 .

�����

	���� 			 (3.19)  

 

The above equation holds for potentials on surface ��� where 
	��� is the potential 

at � in a infinite homogeneous medium, due to the primary current distribution. 

 

 
	��� =
1

4��	��
�����. � − ��

�|� − ��|�
 	�
� (3.20)  
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Equations (3.17) and (3.18) represent the integral solutions to the forward 

problem. If we specify a primary current density distribution ��(� ′	) we can calculate a 

primary potential and a primary magnetic field [1]. The primary potential 
	(�) is then 

used to solve equation (3.19) for the potentials on all surfaces, and therefore solves the 

forward problem for EEG. These surface potentials V(r) and the primary magnetic field 

�	(�) are then used to solve equation (3.17) for the external magnetic fields [1].  

Equation (3.19) has analytic solutions only for special shapes and must otherwise 

be solved numerically. We return to specific solutions of the forward problem later, but 

first we discuss the models used to describe the primary current distributions. 

3.4  The Equivalent Current Dipole Model 

We can model a cortical pyramidal neuron, undergoing a PSP, as a current dipole. 

The current dipole consists of a current source and a current sink separated by a distance, 

in this case around 100 to 500 micrometer. The distance between the two sources is very 

small compared to the distance from the scalp electrodes [16].  

The process that creates the dipolar behavior is the same that we discussed earlier in 

this report. For example, if an incoming axon from a presynaptic neuron terminates at a 

basal dendrite of a pyramidal neuron and induces excitatory postsynaptic potential 

(EPSP) there, it will cause sodium channels to open and inflow of sodium (Na+) will 

create a current sink. Consequently, a current source will be created at apical dendrites to 

conserve electrical neutrality. The two sources are always paired and extremely close to 

each other compared to the point of observation (outside scalp) [16]. Current dipole 

model is representation for coherent activation of not just one, but a large number of 

pyramidal neurons in cortex. 

The validity of using a dipole model is restricted to cases where electric neuronal 

activity is dominated by a small brain area. For example, in epileptic spikes, and in the 

description of the early components of the average brain stem auditory evoked potential. 

However, localization of higher cognitive functions could not be reliably modeled by 

dipole fitting, because the whole cortex is never totally “quiet” except for a single small 

area, which is the basic assumption in single dipole model. [16]. 
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In order to develop the mathematical model, we assume a small patch of activated 

cortex is centered at location ��and that the observation point � is some distance away 

from this patch. In this case, we can approximate the primary current distribution as an 

equivalent current dipole represented as a point source, 

 ����� � ���� � ��� (3.21)  

where ���� is the Dirac delta function and moment � ≡
 ��������′ . 

When too many small regions and their dipoles are required to represent a single 

large region of coherent activation, single dipole model does not work well. We can 

model such sources using a multipolar model, i.e. quadrupole, octupole, and so on [1]. 

For example, an action potential can be described by a quadrupole, whose magnetic and 

electric fields decay more rapidly than those of a dipole [6]. However, contributions to 

the magnetic field from octupolar and higher order terms drop off rapidly with distance, 

so dipolar and quadrupolar models are probably sufficient to represent most prominent 

cortical sources [1]. Figure 3.2 shows the electric and magnetic fields around a current 

dipole. 

 

Figure 3.2: Electric and magnetic fields of a magnetic dipole (adapted from [23]) 

3.5 Head Models 

In order to compute the electric potentials and magnetic fields on/outside scalp, we 

need to solve the forward problem equations (17) and (18). To do so, we need to have the 

conductive media’s (head’s) shape and conduction profile. For simple geometries like a 

homogeneous spherical shell, or a concentric nested set of them, we can find analytical 
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solutions for B and V in forward problem. However, when more realistic head models are 

used, we have to resort to numerical solutions to compute the surface integrals [1]. 

3.5.1 Single Sphere Head Model 

Early studies in EEG source modeling used a single sphere with homogeneous 

conductivity to represent the head. For MEG, single sphere model to represent the inner 

surface of the skull is usually used. Single sphere model is the most basic kind of model 

to represent the human head used in source localization studies [6]. Figure 3.3 shows a 

schematic of a current dipole inside such single homogeneous sphere model. 

However,  studies using the single homogeneous sphere model produced large 

localization errors, because this model does not account for the smearing effect of the 

skull’s low conductivity on scalp EEG’s. MEG source localization accuracy, however, 

does not suffer as much as EEG with this model because the tissue conductivity does not 

affect the primary magnetic field as much [6]. Moreover, producing a single sphere head 

model is approximately three orders of magnitude faster to compute than a boundary 

element method (BEM) based realistic head model. And unlike BEM realistic models, no 

conductivity profile is explicitly required in the calculation using the spherical head 

model. However, although it has been widely used, the single sphere head model has 

been found to be inadequate for some regions of the brain, for example frontal and 

frontal-temporal areas [24][25]. 

 

 

Figure 3.3: Current dipole inside single homogeneous sphere model 
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3.5.2 Multiple Spheres Head Model  

This model is routinely used in most clinical and research applications to 

MEG/EEG source localization. The head is assumed to consist of a set of nested 

concentric homogeneous spherical shells representing brain, skull, and scalp [1] as shown 

in Figure 3.4. Closed form expressions for the electric potential and magnetic field of a 

current dipole inside the concentric spheres have been derived in the literature [26]. 

However, deviations from the realistic head model affect the volume currents more than 

the primary currents. Hence, since MEG signals are less sensitive to volume currents 

compared to EEG, spherical models are generally more suited for MEG applications than 

for EEG.  

 

Figure 3.4: Three-shell model of the head 

3.5.3 Overlapping Spheres Head Model  

This model was developed by Huang in 1999. The overlapping spheres head 

model tries to maintain the computational efficiency of the spherical head model, yet 

achieve higher modeling accuracy (close to that of BEM models). In this method, instead 

of fitting a single sphere to the whole head, locally fitted spheres are used. That is, based 

on the head geometry, a set of grid points within the brain are used to fit spheres to 

different regions of the brain on a sensor-by-sensor basis. For each sensor, the center of 

the spheres is chosen such that the resulting field (forward model) is as close as possible 

to the field obtained from a three layer BEM model, over all the grid points. Later, when 
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dipole fields are calculated for each sensor (forward solution), this simpler sphere 

solution is used [25]. 

Figure 6.6 and Figure 6.7 in this thesis depict two examples of such best fitting 

spheres for the overlapping spheres head model, generated in Brainstorm software. 

3.5.4 Realistic Head Models 

In reality, our heads are anisotropic, inhomogeneous, and not spherical 

conductors. In order to find more accurate solutions to the forward problem, we can use 

anatomical information obtained from high-resolution volumetric brain images obtained 

with MR or X-ray computed tomography (CT) imaging [1].  

Usually boundary element method (BEM) or finite element method (FEM) is used 

to construct more realistic head models when needed. In BEM, true surfaces are replaced 

with geometric elements, typically planar triangles as shown in Figure 3.5. Hence, the 

general solution is replaced by thousands of simpler equations [27]. 

 

 

Figure 3.5: Realistic head model constructed using BEM [28] 

 

While this is an improvement on the spherical model, the BEM methods still 

assume homogeneity and isotropy within each region of the head. This ignores, for 

example, anisotropy in white matter tracts of brain and inhomogeneousness in the skull 

due to sinuses and diploic spaces. However, finite element method (FEM) takes all these 

factors into consideration [1] (Figure 3.6). 
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Typically BEM and FEM calculations are very time consuming and use of these 

methods may appear impractical when incorporated as part of an iterative inverse 

solution. But through use of fast numerical methods, precalculation, look-up tables and 

interpolation of precalculated fields, both FEM and BEM can be made quite practical for 

applications in MEG and EEG [1]. 

 

Figure 3.6: Realistic head model constructed by FEM [29] 

3.6 Analytical Solutions for Simple cases: 

In this section, analytical solutions to the bioelectromagnetic forward problem are 

presented for simple geometries with simplistic assumptions. 

3.6.1 Potential from Current Dipole in Infinite Homogeneous Medium  

Assume we have a dipole current consisting of a current sink � and current 

source , separated by distance �, along the z-axis. Assume also that the dipole is placed 

in an infinite homogeneous volume conductor as shown in Figure 3.7. We intend to find 

the electric potential at a distance � from the center of the dipole. A simple derivation 

will result in [30]: 

 
�� �

�
4��

.
	��

��
	 (3.22)  
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where � � � is the dipole moment, � is a distance vector pointing from current sink to 

current source,  � is conductivity of the infinite volume conductor, 	� is the position 

vector of the observation point with respect to the center of the dipole (� ≫ ��, and ��is 

the unit vector in the direction of �, and the dot represents a dot (inner) product. 

 

Figure 3.7: Current Dipole in Infinite Volume Conductor  

3.6.2 Magnetic Field from Current Dipole in Infinite Homogeneous Medium  

Assume a current dipole of moment � located at ��in a spherical homogeneous 

conductor, and an MEG system in which we measure only the radial component of the 

magnetic field, i.e., the coil surface of the magnetometer is oriented orthogonally to a 

radial line from the center of the sphere through the center of the coil. The contributions 

of the volume currents vanish in this case, and we are left with only the primary term 

�����. Taking the radial component of this field for the current dipole reduces to [30]: 

 
����� � ��. ����� �

��
4�
	
� � �	

�|� � �	|�

 	 . �� (3.23)  

We notice that this magnetic field solution is linear in the dipole moment � but 

highly nonlinear with respect to its location ��. We can also see that due to the triple 

scalar product, �����	is zero everywhere outside the head if �	points towards the radial 

direction �� . That’s actually why radially oriented dipoles do not produce any external 

magnetic field outside a spherically symmetric volume conductor. However, EEG is 

sensitive to radial sources, which is one of the major differences between EEG and MEG 

[1]. 
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CHAPTER 4 

SOLUTIONS OF THE INVERSE PROBLEM USING SIGNAL 

PROCESSING APPROACHES 

In this chapter, we categorize and study the existing proposed techniques for 

solving the inverse problem in bioelectromagnetism using signal processing appraoches. 

In order to localize sources of EEG or MEG signals, there exist two general approaches 

currently [EBM]. In this chapter, we discuss briefly the concept behind each of these two 

dominant approaches and provide examples for each; also assumptions and limitations of 

each method will be mentioned.  

4.1 Parametric Methods 

In parametric methods, the main assumption is that sources of brain activity can 

be represented by a few equivalent current dipoles. The unknowns in this case are the 

locations, amplitudes and orientations of the dipoles which are estimated using nonlinear 

numerical methods. Main solutions using such approaches are given below. 

4.1.1 Least-Squares Source Estimation 

In this method, the focal sources of brain activity are modeled using equivalent 

current dipoles (ECD) and six parameters are assigned to each dipole: three location 

parameters (x,y,z), two orientation parameters (azimuth and elevation angles) and one 

strength parameter (amplitude). The algorithm for this method works as follows [1][31]:  

First, the number of dipoles is decided and initial parameters are selected for each 

dipole; second, forward solution is computed for the given dipole parameters (i.e. 

resulting potentials or magnetic fields are estimated); third, solutions of the forward 

problem are compared with the actual potential or magnetic field measurements by 

computing the squared error between the two (i.e. square of Frobenius norm).  

The goal is to minimize this squared error which is our measure of fit. Usually a 

non-linear search algorithm is applied iteratively to minimize the measure of fit over all 
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dipole parameters simultaneously. The process is continued until some minimization 

criterion is met. In simple words, the goal is to identify dipole parameters that best 

explain the observed field measurements [31].  

The three most widely used dipole models for this approach are fixed dipole 

model, moving dipole model and rotating dipole model. The fixed dipole model holds 

position and orientation constant within a given interval and it estimates the dipole 

strength for each time point. The moving dipole model assumes only one dipole at the 

time and allows all parameters to vary. The rotating dipole model constrains location to a 

single point but allows orientations and strength to vary [31]. These models have proven 

useful in both EEG and MEG and remain the most widely used approach to processing 

experimental and clinical data [1]. 

In summary, dipole source modeling has proven useful to localize spatially 

restricted and focal sources such as early sensory evoked potentials. The main limitation 

of this method is that the exact number of dipoles often cannot be determined a priori, 

which requires the user to decide the number of dipoles before applying the 

algorithm[31].  

Another concern in using least squares method is being trapped in local minima. 

As the number of sources increases, nonconvexity of the cost function further increases 

chances of ending up in local minima.  We’ll see shortly that there exist other methods 

that do not require any prior estimate of the number of underlying sources, and also avoid 

the nonconvexity issue [1].  Beamforming and multiple signal classification (MUSIC) 

techniques that we discuss next in this section are examples of such techniques. We’ll see 

that MUSIC algorithm, deals with the issue of “number of sources” by trying to 

decompose the signal to identify underlying components, hence determine the number of 

sources [31]. Both beamforming and MUSIC avoid the nonconvexity issue by scanning a 

region of interest (of any desirable size) for possible sources. An estimate of the 

contribution of each localized source to the data can be derived either via spatial filtering 

techniques or signal classification indices [1]. 
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4.1.2 Beamforming (linearly constrained minimum variance) 

Beamforming is originally a radar technique that has found applications in 

different fields. In this technique, data from a sensor array is spatially filtered in order to 

pass signals coming from selected locations of interest, and minimizing (ideally 

nullifying) contribution of signals from elsewhere [1][32]. By scanning the location of 

interest throughout the brain, we can monitor all possible source locations in the brain 

[25].  

Due to insufficient degrees of freedom, it’s not possible to place a strong stop-

band constraint over the entire brain region in beamforming technique. Hence, we can’t 

use a fixed spatial filter for this application.  An adaptive spatial filter that has been 

proposed is linearly constrained minimum variance (LCMV) beamforming, in which the 

limited degrees of freedom are used to nullify interfering sources by placing nulls at their 

positions. The desired location, at the same time, is represented with a unity gain 

constraint [1]. 

The limitation of LCMV method is that sources which are correlated with signal 

from scanning location will result in partial cancellation of signal of interest [1][32]. We 

know that neural activity in different parts of the brain often turn out to be correlated, 

which is bad news for beamforming method. However, recent evaluations suggest that 

LCMV beamforming can tolerate moderate levels of source or interference correlation 

[1]. Generally, beamformers work best when there are a limited number of independent 

components in the data that are not strongly correlated with each other. 

Another challenge in this method is that, any errors in the constraint model can 

result in attenuation or even cancellation of signals, hence the need for more elaborate 

constraints. But as the number of constraints increases, the degrees of freedom are 

reduced, and the result is that beamformer becomes less adaptive to other unknown 

sources. This is another tradeoff that needs to be taken into consideration in beamforming 

methods [1].  
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4.1.3 Multiple signal classification (MUSIC) 

MUltiple SIgnal Classification (MUSIC) is a signal space scanning method. The 

procedure it performs is as follows: the data covariance matrix is decomposed into signal 

and noise subspaces using standard eigen decomposition methods. Sources are assumed 

to be located at places for which the dipole forward solution is orthogonal to noise 

subspace [33]. 

Similar to beamforming, MUSIC also assumes that the sources are discrete and 

that there are fewer sources than sensors, the sources are uncorrelated and the noise is 

white. Moreover, partitioning of the data into signal and noise subspaces are more easily 

performed on averaged data, hence this method might be more difficult to apply to online 

data [33]. 

A more recent modification of this method known as recursively applied and 

projected MUSIC (RAP-MUSIC), projects out each located source before repeating the 

scanning procedure [33]. MUSIC will be discussed and modeled in more detail as a 

subspace-based DOA technique in the next chapter. 

 

4.2 Non-parametric (Imaging) Methods 

Imaging methods make use of the fact that primary sources which generate 

EEG/MEG signals are the intracellular currents flowing in the dendrites of cortical 

pyramidal neurons. As we discussed before, these neurons are aligned normal to the 

cortical surface. Hence, the cortical surface is divided into tens of thousands of 

tessellations, and a dipole is assumed at each of the tessellations, with its orientation 

constrained to be equal to the local surface normal [1]. 

Such a constraint transforms the inverse problem to a linear one, since the only 

unknowns in this case are the amplitudes of the dipoles at each tessellation element. The 

challenge faced in this approach is that the number of sensors used is on the order of 100 

while the number of unknowns is on the order of 10,000, which makes the problem 

severely under-determined. Hence, in order to restrict the range of allowable solutions, 
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priors or regularization methods are applied in imaging approaches [1], [31], [32].  Some 

primary methods that fall under this category are discussed in this section. 

4.2.1 Bayesian Methods  

Bayesian approach incorporates a priori information based on anatomy of head 

and brain, maximum current strength, smoothness and so on, to determine expectation 

and variance of the a posteriori source current probability.  A priori information can be 

obtained from other imaging techniques such as functional magnetic resonance imaging 

(fMRI) or positron emission tomography (PET)[33]. 

Assume we have a spatio-temporal data matrix   and we intend to estimate a 

matrix � composed of dipole amplitudes at each tessellation element.  In a noise-less data 

case, the two are related by	 = !�, such that the "th row of � contains the amplitude 

image across the cortex at time  ". Bayes theorem is used to obtain posterior probability 

for the amplitude matrix � conditioned on the data  , as follows [1]: 

 #��| � =
$� |��$���
$( )

																 (4.1)  

 

where $� |�� is the conditional probability for the data given the image and $(�) is a 

prior distribution reflecting our knowledge of the statistical properties of the unknown 

image. Images are typically estimated by maximization of the posterior or log-posterior 

probability [1]: 

 %& = '�()'*
�

$�+|%� $�%�
≡ 	 '�()'*

�

ln$�+|%�+ ln $�%�		 (4.2)  

The term $� |�� depends on the forward model and the true source distribution. 

However, this noiseless scenario is not realistic. MEG and EEG signals contain additive 

Gaussian noise that we assume here is spatially and temporally white (generalizations for 

colored noise are possible). The log likelihood to be maximized is then given by [1]: 

 
ln$�+|%� =

1

2�� �|+− ,%|�
�

� 		 (4.3)  
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We assume a general exponential density for the prior [1],  

 $��� =
1

- exp�−./�%��	 (4.4)  

where .	and -  are scalar constants and /�%�is a function of the image %. 
  

By combining equation (4.4)  with the log likelihood, we obtain the negative log 

posterior. Minimization of the latter is equivalent to maximization of the posteriori that 

we seek. Hence the problem is reduced to minimization of the following energy function 

[1]: 

 0�%� = ||+− ,%||� + 1	/�%� (4.5)  

where 1 = 2.��. 
The rest of the imaging methods mentioned in this section are special cases of 

minimization of the above energy function [1]. 

As mentioned before, Bayesian solutions incorporate physiological and 

anatomical constraints derived from other imaging techniques. Several 

anatomical/physiological assumptions are used to reduce the solution space a priori, such 

as: (1) sources are located in gray matter; (2) sources are oriented perpendicularly to the 

cortical mantle; and (3) sources are locally coherent (i.e., their activity changes smoothly 

along the cortical mantle).  Anatomical information gathered from MRI can be used to 

enforce the first two constraints. The third assumption be met by imposing spatial 

smoothness which is mathematically implemented by minimizing differences among 

neighboring voxels [31]. 

An important feature of the Bayesian approach is that, by determining a priori the 

orientation of dipoles, the inverse problem is reduced from a vectorial problem of 

determining amplitudes and orientations, to a scalar problem of finding the amplitudes of 

the dipoles [31] 

4.2.2 Linear Imaging Methods 

As explained at the beginning of this section, imaging techniques make use of 

some form of regularization or prior on the solution to solve the severely 

underdetermined (ill-posed) inverse bioelectromagnetic problem [32].  
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For example, we can view equation (4.5) as a Tikhonov regularization problem, 

where the first term measures the fit to the data and the last is a regularizing function that 

measures smoothness of the image. The scalar λ is the regularization parameter that can 

be chosen using cross-validation methods or the L-curve [1]. For more information about 

Tikhonov regularization method and L-curve method you can refer to [34] and [35]. 

 One of the first linear imaging solution is called minimum norm (MN) solution 

proposed for MEG by Hämäläinen and Ilmoniemi [36]. In this method, the head model is 

mapped to a 3-D grid and at each grid point three mutually perpendicular dipole currents 

are assumed. The goal is to estimate the distribution and amplitudes of these tens of 

thousands of dipoles, such that they contain the least energy, or equivalently minimum 

overall current density within the brain. That is, the 3-D source distributions are found 

such that they fit the actual data with the smallest L-2 norm [31].  

A major difference between MN and dipole fitting is that, the dipole model 

assumes that the brain activity is localized in one or several small areas of the brain; 

however, MN does not make any a priori assumption about the source distribution, which 

is an advantage in some cases [33]. However, there is no strong evidence that the solution 

with smallest L2-norm is the most physiologically plausible one as well. Another issue in 

MN technique is its tendency to favor weak and localized activation patterns, especially 

those closer to the cortex surface. Hence, sources that are actually located deep within the 

brain may get misplaced onto the outermost cortex [31]. Another major shortcoming of 

the MN approach is that it produces low spatial resolution (blurring) due to the 

underdetermined nature of the inverse problem in MEG/EEG.  

To compensate for these shortcomings of MN, various weighting factors have 

been suggested. The first, known as the weighted MN solution, uses a lead field 

normalization for compensating for the lower representation of deeper sources .The 

second, called FOCUSS (Focal Underdetermined System Solution) modifies the weights 

iteratively according to the solution estimated in a previous step. Specifically, at each 

step, the weights of grid points with the lowest current density are reduced, and this 

process is repeated until the current density at most of the grid points is zero [31]. 

Another method called the Minimum Current Estimate (MCE) utilizes the L1-norm 

approach. A related method, Magnetic Field Tomography (MFT) utilizes weights and a 
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regularization parameter which are optimized according to the given experimental 

geometry and noise.  

Another famous minimum norm based method is the algorithm LORETA (LOw 

Resolution Electromagnetic TomogrAphy). This algorithm introduces a spatial second 

derivative operator (Laplacian) into the weighting function and selects the solution with 

the smoothest spatial distribution by minimizing the Laplacian of the current sources 

[31]. The smoothness requirement comes from the neighboring points in the brain are 

likely to be synchronized. Another assumption behind this method is that the scalp-

recorded signal originates mostly from cortical gray matter, which constrains the solution 

space to cortical gray matter (and hippocampi). The method produces low spatial 

resolution that is a consequence of the smoothness constraint [33][31]. 

4.2.3 Signal Space Projection (SSP) 

Signal space projection (SSP) is a spatial filter method that can separate signal 

from noise on the basis of their relationship in signal space. It relies on the assumption 

that component vectors corresponding to different neuronal sources have distinct and 

fixed directions in signal space, and only their amplitudes change with time. If we can get 

these signal vectors from the patterns in the data, we do not even need a source model for 

SSP. However, if we assume current dipole source models, SSP will be reduced to 

estimating dipole parameters only [33]. 

If known dipole sources are each assigned such a vector, SSP can be used as a 

spatial filter that passes only signals corresponding to these known sources. Parallel 

projection operators are constructed from the forward solutions of the dipole sources of 

interest and multiplied by the signal measurements to obtain the spatial filter output. 

Moreover, if the vectors corresponding to artifact patterns are known, SSP can use 

orthogonal projection to eliminate them [33].  

The shortcoming of SSP method is that it does not perform well when the source 

signals subspace is not completely orthogonal to noise subspace [33]. 
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CHAPTER 5  

PRINCIPLES OF ARRAY PROCESSING  

In this chapter we review fundamentals of narrowband array models. We use the 

simplest array geometry, which is uniform linear array, to explain the basic concepts such 

as propagation delay and spatial covariance matrix.  In these formulations, the array is 

assumed to be in the far field of the source.  

It should be noted that he array geometry required for EEG/MEG inverse problem 

is definitely not linear. However, the same concepts and models of 1-D array can be 

easily extended to 2-D and 3-D arrays when necessary. Moreover, the electric/magnetic 

fields in the bioelectromagnetic inverse problem, are not in the far-field. In fact, we deal 

with near-field scenarios. So the appropriate near-field formulae should be used when 

phased array technique is applied to this specific application.  

However, uniform linear array in the far-field is a simple scenario that is usually 

used to explain the basics of array processing. In the following sections a narrowband 

signal received by a uniform linear array is approximated; next, the spatial covariance 

matrix is formed; later, this matrix is decomposed into signal and noise subspaces which 

are later used in subspace based DOA techniques. 

5.1 Uniform Linear Arrays 

Consider a uniform linear array consisting of N elements (antennas/sensors) 

numbered from 0 to 2 − 1, displaced by a distance 3 from each other as shown in figure 

(26). Imagine a wave propagating towards these array elements. The wave will be 

received by each antenna element at a slightly different time (hence phase), due to the 

difference in the lengths of paths to be traveled towards each element. If we assume the 

phase of the signal s(t) received at element 0 is zero, we can find the phase of the signals 

received at each of the other elements, considering the extra length the signal has to travel 

to reach each element. From the geometry of the problem we can see that the signal path 

difference between two elements is 34"��5�. Hence, the additional time spent for the 
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wave to travel this distance equals the distance over the speed of propagation, i.e. speed 

of light. Therefore, for the �th element, distance �  from the first element, the time delay 

of signal arrival compared to first element would be [37]: 

 
∆"� �

� #$%	&	
'

 (5.1) 

Where ' is the speed of light.  

 

Figure 5.1:Uniform linear array geometry 

For a narrowband signal #�"�, Let the nth sample of the signal at the �th element be 

denoted as (�)%* [37]. 

 (�)%* + #)%*,�����∆�� (5.2) 

where -� is the center frequency of the narrowband signal and the exponential term takes 

care of the phase difference compared to the first element. We also know that ' � .-�, 

where λ is the wavelength of the signal. We can also express the element spacing in 

wavelength as  � �  /.. Hence, by substituting the value of ∆"� from equation 3, we can 

rewrite equation (5.2) as [37]: 

 (�)%* + #)%*,�����	����	 (5.3) 
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Note that, to avoid aliasing in space the distance 3 between the elements should 

be 1/2 or less. For example, for 3 = 1/2 we get 	 = 1/2 which simplifies equation 

(5.3) to [37]: 

 *�6�7 ≈ 46�78����	���� 	= 46�7'��5�		 (5.4) 

Now, if there are � signals present, the �th sample of the "th signal is denoted as 

4�6�7 where " = 0, 1, … , � − 1.  Hence, the baseband sampled signal at the 9th element 

can be expressed as [37]: 

 
*�6�7 ≈�4�

���

��	

6�7'�5��												 (5.5) 

By accounting for all array elements (9 = 0, 1, … ,2 − 1) and considering 

additive noise ��[�] at each element, we can rewrite equation (5.5) in a matrix form as 

follows [37]: 

:;
;;
< *	[�]

*�[�]
.
.

*���[�]=>
>>
?

= 	
:;
;;
< '	(5	) '	(5�) ⋯ '	(5���)'�(5	) . … .

. . … .

. . … .
'���(5	) . ⋯ '���(5���)=

>>
>?	
:;
;;
< 4	[�]

4�[�]
.
.

4���[�]=>
>>
?

+ 	
:;
;;
< �	[�]

��[�]
.
.

����[�]=>
>>
?
,		 

(5.6) 

For simplification in notation, we intrdouce the 2 × 1 vectors @�,A� , and � × 1 

vector B�, to denote the received signals vector, uncorrelated noise vector at each antenna 

element and  transmitted signals vector, respectively. Also the 2 × � matrix , is defined 

to help write matrix in equation (5.6) in a more compact form as follows [37]  

 @� = 6	C�5	�		C�5��	… 	C�5����7	B� + 	A� 
 

= ,B� + A�																			 
(5.7) 

Of course if we assume there is no noise, the above equation simplifies to [37]: 

 @� = ,B�		 (5.8) 

The columns of matrix  ,, denoted by C�5��, are called the steering vectors of the signals 

4����. If the angles of arrival of the � signals are different, the steering vectors form a 
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linearly independent set, which can be used to find the corresponding angles. All possible 

steering vectors put together form an array manifold. From equation (36) we can see that 

the data vector @� is a linear combination of the columns of ,. Hence, the steering 

vectors span the signal subspace. We will see later on how the subspace concept finds 

applications in direction of arrival (DOA) techniques [37]. 

5.1.1 Spatial Covariance Matrix 

In order to compute the spatial covariance matrix of an array we have to make a 

couple of assumptions. First, we assume that the signal and noise vectors B� and A� are 

uncorrelated, hence they have orthogonal subspaces. Second, we assume the noise vector 

to be Guassian with zero mean and correlation matrix ��D, which means the noise at 

different elements are uncorrelated [37].  

E�� = F6@�	@��7 = F6(,B� + A�	)(,B� + A�	)�7 
 

= ,F6B�	B��7,� + F6A�	A��7 
(5.9) 

The signal correlation matrix is: E�� = F6B�	B��7 . So we can write equation (5.9) as [37]: 

 		E�� = 	,E��,� + ��D�×�	 (5.10) 

Since the matrix E�� is Hermitian (complex conjugate transpose) it has real eigen values 

and can be unitarily decomposed. We will show in the next few lines that any vector, G�, 

which is orthogonal to the columns of ,, is also an eigenvector of E�� [37]: 

 E��G� = �,E��,� + ��D	�G� = 	0 + ��DG� = 	 ��G�				 (5.11) 

From equation (5.11) it’s clear that G� is an eigenvector of E��, and its 

corresponding eigen value is  ��, which is the noise power. If we make sure that 2 > �, 
since , is an 2 × � matrix, there are 2 − � linearly independent vectors such as G�, with 

eigenvalues equal to ��. These vectors span the noise subspace [37]. 

Now assume G� is an eigenvector of ,E��,�, we can show that G� is also an 

eigenvector of E�� as follows: 

 E��G� = �,E��,� + ��D	�G� = 	 ���G� + ��DG� 
 

= ���� + ���G� 
(5.12) 



 

 
44 
 

The corresponding eigenvalue is ���� + ���, where  ��� is the eigenvalue of ,E��,�. 

Also note that the vector ,E��,�	G� is nothing more than a linear combination of the 

columns of  ,. Therefore, eigenvector G� lies in columnspace of ,. As a result, � linearly 

independent eigenvectors of E�� span the signal subspace [37].  

To summarize, there are two important points to be mentioned here: 

• Signal and noise subspaces are orthogonal to each other, 

• If the eigenvalues of E�� are listed in descending order, the first largest � eigenvalues 

correspond to eigenvectors that span the signal subspace, and the remaining 2 − � 
eigenvalues have eigenvectors that span the noise subspace. 

Hence, we can decompose E�� as: 

 	E�� = HH� = 6	H�		H�	7 I� 0

0 ��DJ 6	H� 		H�	7
�		 (5.13) 

where H� is an 2 × � matrix whose columns are the � eigenvectors that span the signal 

subspace;  H� is an 2 × (2 − �) matrix whose columns are the eigenvectors that span 

the noise subspace. Matrix  is a diagonal matrix that has the eigenvalues of E�� along 

its main diagon.  is subsequently partitioned into �	and ��D�×� .Matrix  �	is an 

� × � diagonal matrix containing “signal” eigenvalues, and ��D�×�  is an (2 − �) ×

(2 − �) scaled identity matrix containing the (2 − �) noise eigenvalues [37]. 

We can also find the eigenvectors of autocorrelation matrix by using the data 

matrix K and singular value decomposition (SVD) method [37]. Note that, in real cases 

usually E�� is not known and we have to estimate it from finite data snapshots that we 

have. In such cases, we estimate the spatial covariance matrix using the sample spatial 

covariance matrix as follows: 

 
		E�� =

1

L� *�*��
���

��	

 (5.14) 

where K is the number of snapshots of data available from array elements.   
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5.2 Classical Methods for Direction of Arrival Estimation (DOA) 

Two classical techniques in this category are delay-and-sum and minimum 

variance distortionless response (MVDR). These methods are based on beamforming. 

The idea is to scan a beam through space and measure the power received from each 

direction. Maximum power received corresponds to the location of interest [37]. 

5.2.1 Delay-and-Sum Method (Classical Beamformer) 

In this method, powers from all possible directions of arrival (DOA) are measured 

and the angle that yields the maximum power is chosen as DOA. To test each angle, a 

beam is formed in that direction and the beamformer weights are set to be the steering 

vector of that direction. Hence, we get the output power of the beamformer as [37]: 

#�5� = 	F6M�M7 = 	F|N�K�|� = F|C�5��K�|� = 	C�5��E��C�5�		 (5.15) 

P(θ) will have peaks when w is equal to the steering vectors of DOA angles.  

The disadvantage of this method is that the only way to improve the DOA 

resolution is to increase the number of antenna elements in the array. As we will see 

shortly, subspace methods that make use of the subspace decomposition described earlier 

in this chapter, will yield much higher resolution than classical methods [37].  

5.2.2 Capon’s Minimum Variance Distortionless Response Method (MVDR) 

MVDR also measures the power of the received signal in all possible directions. 

The power from the DOA, 5, is measured by constraining the beamformer gain to be 1 in 

that direction and using the remaining degrees of freedom to minimize the contributions 

to the output power from signals coming from all other directions. The problem can be 

stated mathematically as [37]: 

 min
�
F6|O�9�|�7 = 	min

�
N�EN			 

with	constraint:		N�C�5� = 1			 
(5.16) 

 

Hence, the weights of the beamformer are found to be [37]: 
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 	N =
E��	C�5�

C �5�	E��	C�5�		 (5.17) 

The disadvantage of this method is that an inverse matrix computation is required 

which may become ill-conditioned if highly correlated signals are present. This method, 

however, provides higher resolution than the delay-and-sum beamformer [37].  

5.3 Subspace Methods for DOA Estimation  

In subspace-based methods we estimate the autocorrelation of the signal and the 

noise model to form a matrix (spatial covariance matrix) whose eigenstructure yields 

signal and noise subspaces, as discussed in section 4.1.1 of this report. We’ll see shortly 

how these subspaces help find high resolution DOA estimates [37].  

5.3.1 Multiple Signal Classification Algorithm (MUSIC) 

We showed in section 5.1.1, that the steering vectors span the signal subspace and 

are therefore orthogonal to the noise subspace. In MUSIC method, we perform a search 

through the set of all possible steering vectors and find those that are orthogonal to the 

noise subspace. If a(θ) is the steering vector corresponding to one of the incoming 

signals, then it is orthogonal to the noise subspace, that is [37]: 

 		C�5��H� = 0			 (5.18) 

Where H� denotes the noise subspace, spanned by the 	2 − � eigenvectors of the spatial 

covariance matrix ( E��) that correspond to its 2 − � smallest eigenvalues derived from 

eigenvalue decomposition, as displayed in section 5.1.1. 

In practice, C�5� will not be precisely orthogonal to the noise subspace due to 

errors in estimating H�. However, we can form a function which will have large peaks at 

5�4 that correspond to DOA of each of the signals [37]:  

 #!"#$%�5� =
1

C��5�H�H��C�5�		 
(5.19) 

 

The above function is known as the multiple signal classification (MUSIC) 

spectrum. Hence, the MUSIC algorithm first estimates a basis for the noise subspace, H�, 
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and then determines the r peaks in (5.19); the associated angles provide the DOA 

estimates [37]. The MUSIC algorithm has high resolution and can be used with a variety 

of array geometries. 

The disadvantage of the MUSIC algorithm is that it is not able to identify DOAs 

of correlated signals and is computationally expensive because it involves a search over 

the function #�&�'(for the peaks [37]. A widely used method for overcoming the latter 

challenge for MUSIC is spatial smoothing, which is actually essential in multipath 

propagation environments. To perform spatial smoothing, the array is divided up into 

smaller, possibly overlapping subarrays and the spatial covariance matrix of each 

subarray is averaged to form a single, spatially smoothed covariance matrix. The MUSIC 

algorithm is then applied on the spatially smoothed matrix. This approach helps improve 

resolvability of closely placed sources using MUSIC [37].  
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CHAPTER 6 

METHODOLOGY 

6.1 Software Choice 

In order to solve the bioelectromagnetic inverse problem, one has to solve the 

forward problem first. To solve the forward problem, one has to choose an appropriate 

model for the sources of activity in the brain and a suitable head model, and then 

calculate the expected electric potentials/magnetic fields produced on/outside the scalp. 

Later on, the inverse problem uses these produced fields to try and recover the underlying 

neural activity in the brain.  

Hence, the first step in developing a signal processing algorithm to solve the 

inverse problem of bioelectromagnetism would be choosing appropriate source and head 

models. Neural activity of the brain has been widely modeled as current dipoles. The 

head model, however, is more complicated. Different head models have been proposed 

and developed over the years: single sphere, multiple spheres, and realistic head models.  

In a recent paper [38], Sylvain Baillet et al. presented a summarized comparison 

of the available features of the existing free academic softwares for electromagnetic brain 

mapping using EEG and MEG. In order to choose an all-in-one software package, the 

following features of each software package have been compared: 

• time-series analysis,  

• time-frequency analysis and decomposition,  

• MEG/EEG forward modeling and/or source modeling  

• statistical analysis,  

• graphical user interface versus scripting libraries,  

• interoperability with other software packages/the possibility for users to develop 

plugins,  

• the computing environment and the operating system(s) (OS) required,  

The comparison results for the existing free all-in-one packages have been 

summarized in Table 1. Purple filled squares denote availability of the feature. 
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Table 1: Academic Software for Brain Signal Analysis [38] 
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  Based on the needs of this thesis, the criteria for a suitable software were set as 

follows: 

1. Accurate forward modeling 

2. Time series and time-frequency analysis capability 

3. Matlab based environment (to ease handling the data and applying signal 

processing techniques) 

4. Graphical User Interface  

Forward Modeling is the first important criterion on the list. Hence, each software 

was investigated for the method used in its forward modeling, and how accurate the 

results are in each case. All the software packages can produce spherical head models, 

but spherical representation of the head is a crude approximation that causes localization 

errors in real cases, especially for EEG application. Hence, the softwares that can produce 

more realistic head models are more useful for the purpose of this research. Realistic 

head models are usually generated by applying Finite Element Method (FEM) or 

Boundary Element Method (BEM) on multiple images from the anatomy of a head. As 

mentioned in section 3.5.3 of this report, BEM technique assumes isotropy and 

homogeneity for each layer of the head, while FEM can account for anisotropy and 

inhomogeneousness of different head surfaces. Hence, FEM is a more realistic and a 

superior technique compared to BEM. However, applying FEM to a complicated volume 

such as the human head is very challenging. At this time (December 2011), none of the 

free all-in-one packages for brain signal analysis offer an FEM computation for human 

head anatomy. Only a dedicated software named Simbio can implement such FEM 

calculation for the human head [39]. The author contacted the developers of this software 

through email for getting access to the code. Dr. Carsten Wolters, from Institute for 

Biomagnetism and Biosignalanalysis in University of Münster, Germany replied and 

explained that this software is not easy to use without proper support from the 

developers; and that this kind of support can only be provided if there is a common 

research project between the two universities. However, they are trying to integrate the 

FEM calculations into FieldTrip software in the near future [40]. 
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Hence, the next best option was to look into softwares that provide realistic head 

models using BEM techniques. Literature review was performed in order to compare the 

accuracy of BEM solvers used in each of the candidate softwares. An almost thorough 

comparison has been made in [41] among publicly available M/EEG forward solvers, 

which are: MNE, Brainstorm (without OpenMEEG), EEGLAB (via the NFT Toolbox), 

Fieldtrip, Simbio, OpenMEEG and SPM [41]. The accuracy of forward solvers can be 

assessed for simple geometries such as nested spheres, by comparison with analytical 

results. Paper [41] provides such accuracy comparison for the above BEM solvers 

(except NFT toolbox). The conclusions are as follows: 

 

• When comparing accuracy of electrical potential simulations in EEG forward 

modeling, it was found that OpenMEEG provides the most precise solutions [41] 

• By comparing accuracy of magnetic fields simulated in MEG forward modeling, 

the authors found that the OpenMEEG and Simbio solvers take the lead for 

radially oriented sensors with similar results for both [41] 

 

Hence, OpenMEEG was chosen as the most plausible candidate for forward 

modeling. However, OpenMEEG is not an all-in-one package; rather, it specializes in 

EEG/MEG realistic head modeling for forward problem .OpenMEEG has recently been 

made available in few all-in-one packages, which are SPM, FieldTrip, and Brainstorm. 

All three of the above have MATLAB environment, which is great news. Fieldtrip is a 

strong tool, but it does not have a graphical interface. SPM and Brainstorm have 

graphical interfaces, with Brainstorm having the lead in user-friendly graphical interfaces 

and comprehensive online tutorials.  

Finally, after thorough investigation, Brainstorm was chosen as the software used 

in this thesis [42]. 
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6.2 The Forward Problem Solution 

As it was explained earlier in this thesis, in order to solve the inverse problem of 

bioelectromagnetics, one needs an appropriate solution to the forward problem first; i.e. 

one needs to produce mathematical models for the sources of brain activity assuming the 

head as a conductive medium. Using these models and some constraining assumptions, 

one can estimate the electric/magnetic signals that would appear outside the head as the 

result of brain neural activity. These signals can be recorded with suitable sensors. 

In this chapter, the procedure of obtaining an appropriate solution to the forward 

problem using the dedicated softwares Brainstom and OpenMEEG, is described. Next, it 

is demonstrated how synthetic brain signals are generated from the acquired forward 

solution. In the next chapter, these artificial EEG/MEG signals are used to tackle the 

inverse problem of bioelectromagnetics. 

6.2.1 Source modeling in Brainstorm 

Brainstorm works with a distributed source modeling assumption. In this 

approach, the brain (usually only cortex surface) is divided into thousands of grid points, 

each of which is assumed to hold a current dipole. The software assumes a unit amplitude 

(1A.m) dipole at each vertex of the grid and computes the resulting electric/magnetic 

fields that a set of sensors outside the head would record. Once this procedure is carried 

out for each dipole on the grid, a lead-field matrix is created. This matrix has dimensions 

of  2 ×  , where 2 is the number of sensors (array size) and   is the number of sources 

(dipoles).  

For the simulations of this research, a grid with 15000 vertices is used. As a result, 

adjacent dipoles are spaced a few millimeters (3-5mm) apart.  Standard EEG or MEG 

caps are assumed as the sensor array to collect desired electric/magnetic signals.  

6.2.2 Head Anatomy in Brainstorm 

The first step in creating a head model in brainstorm is creating a new protocol 

and defining a new subject. Next, one has to import the anatomy of the subject’s head 

into the software. This comprises of a series of MRI images of the head. Next, the head 

surfaces (scalp, skull, and cortex) are imported to the protocol. These surfaces are 
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obtained using other softwares ( such as BrainVisa, BrainSuite, and FreeSurfer) that 

perform segmentation of MRI images.  

Brainstorm offers one default head anatomy called the Colin27 anatomy. It is 

based on the Colin27 MRI volume provided by the Montreal Neurological Institute 

(MNI), which is an average of 27 T1-weighted scans of Colin Holmes brain [43]. For part 

of the simulations in this paper, Colin27 anatomy is used. Later, a second head anatomy 

is introduced for comparison purposes. Figure 6.1 shows the three anatomical surfaces 

extracted from Colin’s head anatomy. Figure 6.2 shows the MRI scan of the same head, 

comprising of three views: sagittal, coronal and axial. Sagittal plane is an imaginary 

vertical plane that passes from front to rear, dividing the head into right and left sections. 

Coronal plane, on the other hand, is an imaginary vertical plane that divides the head into 

front and back sections. Axial, or transverse plane, is another imaginary plane which is 

horizontal and divides the head to superior and inferior sections. The three planes are 

perpendicular to each other, and are used to give a better view of the brain. 

 

 

Figure 6.1: Colin Head showing the three anatomical surfaces (developed in Brainstorm) 
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Figure 6.2: Colin MRI: Top left: coronal view, top right: sagittal view, bottom: axial view 
(developed in Brainstorm) 

 

Figure 6.3-Figure 6.5 show the three layers of Colin’s head anatomy, tessellated 

into small triangular areas; they depict cortex surface; inner-skull layer; and the head 

(scalp) respectively. It should be mentioned that Brainstorm has these segmented layers 

available only for Colin’s anatomy; hence, any other head anatomy needs to go under the 

segmentation process, using other software, before being imported to Brainstorm. 
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Figure 6.3: Colin anatomy: tessellated cortex (developed in Brainstorm) 

 

Figure 6.4: Colin anatomy: tessellated Inner skull (developed in Brainstorm) 
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Figure 6.5: Colin anatomy: tessellated scalp (developed in Brainstorm) 

 

6.2.3 Head Model in Brainstorm 

This software is capable of producing spherical shells to represent different head 

anatomies. For EEG, the famous three-shell model uses three concentric spheres with 

different diameters to represent cortex, skull and scalp. Figure 6.6 shows one of the 

spheres of a 3-shell spherical head model developed in brainstorm for EEG. The 

computations for a spherical head model are done using Berg's three-layer sphere model 

for EEG in Brainstorm [44]. 

For MEG, a single sphere model is the simplest that can be used. A more complex 

spherical model developed for MEG is the overlapping spheres model [25], which was 

explained in section 3.5.3 of this thesis. Overlapping spheres model is a supposed to 

provide an easy-to-compute approximation to a realistic head model.  

Figure 6.7 and Figure 6.8 depict two out of 151 spheres from an overlapping 

spheres head model generated in Brainstorm.  
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Figure 6.6: Spherical Head Model (developed in Brainstorm) 

             

 

Figure 6.7: Overlapping Spheres model example (developed in Brainstorm) 
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Figure 6.8: Overlapping Spheres model example (developed in Brainstorm) 

Realistic head models can be computed in Brainstorm using OpenMEEG software 

which has recently been integrated with Brainstorm. This software uses symmetric BEM 

methods for calculation of realistic head models.  

6.2.4 Sensors in Brainstorm 

In order to obtain a forward model in Brainstorm, in addition to the source and 

head models and the head anatomy, a channel file needs to be imported to the software. 

This channel file should include the names and positions of the array of sensors 

(electrodes) that would be collecting the electrical/magnetic signals generated outside the 

head. These sensors usually come in standard cap forms which are used in clinics to 

record brain signals from patients. 

Throughout this thesis a 151-channel CTF MEG cap is assumed to collect MEG 

signals. This MEG helmet comprises of 151 axial gradiometers and 29 reference channels 

used for noise cancellation. MEG helmets with 64 and 275 coils also exist in the market. 
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Figure 6.9 shows a schematic of the position of the 151 CTF helmet sensors around a 

head anatomy. 

For EEG signals, a GSN 128 EEG cap is assumed to record electric potentials on the 

scalp. Other standard EEG electrode systems include the famous 10-10 and 10-20 

configurations, and other EEG caps that include 32, 64, or 256 electrodes. Figure 6.10 

shows a schematic of GSN 128 electrodes encompassing Colin’s head anatomy.  

             

 

Figure 6.9: Schematic of the position of the 151 CTF MEG helmet sensors around Colin 
head anatomy (developed in Brainstorm) 
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Figure 6.10: Schematic of the position of EEG GSN 128 electrodes around Colin 
anatomy (developed in Brainstorm) 

6.3 Assumptions  

The head models developed in this research are either spherical or realistic. The 

realistic heads are derived from boundary element method (BEM), using OpenMEEG 

software [41]. The common assumption in all these head models is that each of the layers 

of the head (cortex, skull, and scalp) is isotropic and homogeneous. This is a simplifying 

assumption used in many researches of this field. In reality, however, none of the 

abovementioned layers is neither isotropic, nor homogeneous. In order to get a more 

realistic head model, one has to use softwares that produce BEM realistic head models. 

But in order to generate a forward solution, even simpler head models such as 

spherical and BEM realistic require that the conductivities of the head layers be provided 

to the software. What is more important than the absolute conductivity values of brain 

surfaces is the ratio of their corresponding conductivities due to the role it plays at the 

boundaries. 
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Among conductivities of brain, skull and scalp, the skull conductivity is the most 

crucial parameter in development of the head model. However, different studies suggest 

different values for this parameter, relative to conductivities of brain and scalp. The 

oldest, most often used conductivity ratio for brain, skull and scalp is 1:1/80:1 [45]-[48]. 

However, other studies suggest that the correct ratio is in the vicinity of 1:1/15:1 [49]-

[52]. Other studies have found different values or ranges for conductivity ratio between 

the two abovementioned extremes [53]-[55]. In this research, the baseline for 

conductivity ratio of brain: skull: scalp is the default values in Brainstorm software, 

which is 1:1/80:1 ratio; this ratio corresponds to absolute conductivity values of 0.33 

S/m: 0.0042 S/m: 0.33 S/m. The baseline for skull thickness is set to 4 millimeters.   

Another crucial assumption in the course of this research is the orientation of the 

current dipoles. In both forward and inverse solutions obtained in this work the 

orientation of the current dipoles is assumed to be normal to the local cortex surface. This 

is a widely used assumption in the literature, which is physiologically justified, since 

pyramidal neurons that constitute 80% of the neocortical neurons are organized normal to 

the local cortex surface [56] [57]. 

6.4 Generation of Synthetic Brain Signals 

 Once a solution to the forward problem is generated using the dedicated 

software (BrainStorm/OpenMEEG), one obtains a leadfield matrix � that shows the 

signal collected at each MEG/EEG sensor as a result of brain activity at each one of the 

source locations. Matrix � is also called the array manifold. This is an 2 ×  matrix, 

where 2 is the number of sensors (array elements), and   is the number of sources 

(dipoles). Each column of the manifold is called a steering vector, which basically 

corresponds to signals collected at the 2 sensors, as a result of one single source activity. 

In order to generate synthetic brain signals, a superposition assumption is 

adopted. In other words, it is assumed that brain signals recorded via an array of sensors 

around the head can be modeled as the superposition of independent contributions from a 

number of sources. When put into matrix form, this formulation summarizes to 

 M�P� = %@�P�+ A�P� (6.1)  
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where M(P) is an 2 × 1 vector of measurements from 2	 sensors at time P;  % is the 

2 ×  lead-field matrix obtained from forward problem solution; @(P) is an  × 1 

vector representing amplitudes of   sources at time P; and A(P) is an 2 × 1 vector of 

zero-mean additive Gaussian noise values at time P. As mentioned before, usually  

 ≫ 2;	i.e. the number of possible source locations far exceeds the number of array 

elements. 

The signal shape @ used in this research, which is assigned to selected active 

source locations, is either sinusoid or Gaussian; this is due to the similarity of these 

waveforms to the action potential actually produced by brain neurons. The signal 

amplitude (dipole moment) is set to tens of nanoAmp.meters, which is a physiologically 

plausible assumption.  Noise is assumed to be white Guassian, and the variance of noise 

is adjusted to obtain various signal to noise ratios (SNR). The number of array elements 

is the number of sensors used in MEG/EEG cap, which is in the range of a few hundred 

elements. The number of data samples (snapshots) generated and used in inverse solution 

is only a few (less than ten). 

Once these synthetic signals are generated, they are used to localize active sources 

using the method described in the following section. 

6.5 The SAFFIRE Algorithm 

The principles of phased array signal processing and a few direction of arrival 

(DOA) techniques were presented in Chapter 5 of this report. The problem of DOA 

estimation can be summarized as follows: the superposition of a set of signals arrives at a 

collection of antenna elements; the goal is to determine the individual spatial arrival 

angles (relative to some reference). But sometimes the signals coming from different 

locations arrive at a set of antenna (array) elements with very small spatial separation, 

which makes it impossible to resolve them by the nominal array resolution.  Hence, 

higher resolution DOA techniques have been developed to make the above possible [4]. 

 In the previous chapter, MUSIC was introduced as one of these high resolution 

techniques. In this chapter, another high resolution DOA estimation method is 

introduced, which forms the basis for the simulations of this research. This technique has 

many advantages many other methods in its category. For example, MUSIC requires the 
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formation of a sample covariance matrix (SCM) from a collection of spatial snapshots. 

This SCM has to be decomposed to its eigen-values and eigen-vectors. Next, assuming 

that the signal and noise subspace are orthogonal, and the number of sources is known 

apriori, MUSIC offers high resolution DOA estimation. Some of the challenges faced in 

SCM-based techniques are as follows [4]: 

(1) When DOAs of the sources change very fast with time, the number of available data 

samples (sample support) decreases. . Hence, the estimated SCM in this case is less 

accurate, which in turn degrades the performance of the corresponding SCM-based 

method; 

(2) Most SCM-based techniques require eigen-decomposition of the SCM; 

(3) SCM-based techniques don’t perform well when there is temporal correlation 

between sources; because temporal correlation results in fewer available independent 

snapshots (smaller sample support); 

(4) The number of underlying sources (model order) has to be known or estimated apriori 

for most of the methods in SCM-based category; 

(5) These techniques are very sensitive to array modeling errors; 

(6) They usually don’t provide any information about the amplitude of the localized 

source. 

In this chapter, a very high resolution DOA technique is introduced that can deal 

with all the abovementioned challenges. The re-iterative super-resolution (RISR) 

algorithm is based on a recursive implementation of minimum mean-square error 

(MMSE) estimation. The advantages of this technique are as follows [4]: 

(1) It requires very small sample support, 

(2) It does not require an SCM, nor its eigen-decomposition.; instead, it deploys non-

coherent integration of multiple snapshots, 

(3) It offers good robustness against temporal correlation, 

(4) It determines the model order (number of sources) automatically, 

(5) With an approximate knowledge of the array calibration tolerance, it can account for 

array modeling errors. 
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(6)  Noise information is included in the estimator, given that the noise power is 

provided. 

The adaptation of RISR to the application of neuro-imaging is called the Source Affine 

Image Reconstruction (SAFFIRE) algorithm. The main structure of SAFFIRE is 

explained in section 6.5.1. Additional modifications are discussed in the following 

sections of this chapter. 

6.5.1 Source Affine Image Reconstruction (SAFFIRE) algorithm  

SAFFIRE, like many functional brain imaging methods, is based on the 

assumption that brain signals recorded via an array of sensors around the head, can be 

modeled as the superposition of independent contributions from a number of sources, 

assumed to be distributed over a grid throughout the brain. Hence, 

 M�P� = %@�P�+ A�P� (6.2)  

where M(P) is an 2 × 1 vector of measurements from 2	 sensors at time P;  % is the 

normalized 2 ×  lead-field matrix obtained from forward problem solution; @(P) is an 

 × 1 vector representing amplitudes of   sources at time P; and A(P) is an 2 × 1 vector 

of zero-mean additive Gaussian noise values at time P. Usually  ≫ 2. 

The sources are usually modeled as current dipoles, which can have strength 

components (amplitudes) in *, O, - directions (or �,Q, 5 in spherical coordinates). Hence, 

originally @(P) is a 3 × 1 vector, and similarly % can generally be an 2 × 3  lead-field 

matrix. SAFFIRE is capable of finding all 3 strength components for each dipole.  

However, the assumption in this research work is that current sources are aligned normal 

to the local cortex surface. This assumption is physiologically justifiable, since pyramidal 

neurons that constitute 80% of cortex neurons are organized normal to the local cortex 

surface.  Hence, the source matrix @(P) is modeled as an  × 1 vector, and the 

corresponding lead-field matrix,%, is of size 2× .  

Next, SAFFIRE searches for the 2 ×  adaptive filter bank that minimizes the 

mean square error (MSE) cost function 

 � = F R�|@(P) − @S(P)|��T = F R�|@(P) −U(P)M(P)|��T (6.3)  
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where F{. } denotes expectation and �. � is transposition and @S(P) is the minimum mean 

square error (MMSE) estimate of @(P). 
To find the filter U(P) that satisfies the MMSE criterion, the derivative of � with 

respect to U(P) is set to zero, which yields: 

 FV2	M(P)[@�P�−U�P�M�P�]W = 0 (6.4)  

hence, 

 U�P�FVM�P�M�P�W = FVM(P)	@(P)W	 (6.5)  

 

which results in: 

 U�P� = �FVM�P�	M�P�W���	FVM�P�	@�P�W (6.6)  

 

Substituting (6.2) into (6.6) and assuming no correlation between source signal 

and noise, MMSE filter bank is derived to be [4]: 

 

 U�P� = �%FV@�P�@�P�W%
+ 	F{A�P�A�P�}���	%FV@�P�@�P�W (6.7)  

 

The spatial power distribution of the source is denoted as X(P) = FV@�P�@�P�W⊙

Y)×), and the noise correlation matrix as  E� = 	FVA�P�A�P�W.	 In practice, the  noise 

covariance matrix information can be obtained from periods of time with no evoked 

response. Hence, equation (6.7) can be presented as: 

 U�P� = �%X�P�%* + E�	���	%X�P� (6.8)  

Since prior knowledge of X(P) is generally not available, one needs to reiterate upon a 

previous estimate of the spatial power distribution. For initialization of the algorithm, 

SAFFIRE uses a matched filter (MF) to get the initial spatial power distribution.  There is 

an extensive discussion in [5] about the choice of the initialization method and how 

initialization effects propagate through the iterations of SAFFIRE. Matched filter is a low 

resolution technique that turns out to result in the lowest localization error, hence adopted 

in this case [5]: 
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 @S	�P� = %M�P� (6.9)  

Which results in the initial estimate of the spatial power distribution to be: 

 

 X&	�P� = 6@S	�P�	@S	�P�7 	⊙ Y)×) (6.10)  

where ⊙ is the Hadamard (element by element) product, and D	is the identity matrix, to 

enforce the assumption that the sources are temporally uncorrelated. This assumption is 

justified by the fact that even if there is any temporal correlation between the sources, it 

is generally unknown beforehand. Moreover, this algorithm works on each snapshot 

independently or at best combines power estimates via noncoherent integration; hence, 

the temporal correlation of sources is not an issue as far as the algorithm is concerned. 

Note that, even though this algorithm is robust to source correlation, still having coherent 

sources is similar to a severe reduction in sample support scenario, which degrades the 

performance to some extent [4]: 

Once the algorithm has been initialized, for subsequent steps the previous power estimate 

X���(P) is used to obtain the new MMSE filter estimate as follows: 

 

 UZ+�P� = �%X& +�,�P�%* + E�	���	%X& +�,�P�	 (6.11)  

This filter is then applied to the available data to obtain a new estimate of the source 

power distribution: 

 @S��P� =UZ�
�P�	M�P� (6.12)  

Hence, the "th power spatial distrubution estimate can be computed as: 

 

 X& ��P� = 6@S��P�	@S��P�7 	⊙ Y)×)	 (6.13)  

Equations (6.11)-(6.13) form the "th recursive stage of the basic form of 

RISR/SAFFIRE. The recursions can be stopped when the norm of the difference between 

two consecutive source estimates falls below a predetermined small value, or as the 

number of iterations reaches a predetermined value. It has been reported in [4] and also 
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observed in the course of simulations of this research, that RISR/SAFFIRE appears to 

reach steady state within maximum of 15 iterations.  

Once recursion stops, the “RISR/SAFFIRE spectrum” can be determined from 

diagonal elements of the diagonal matrix [X��P�, and the corresponding spectrum 

amplitudes provide an estimate of the spatial magnitude distribution of the sources. 

Subsequent sections of this chapter demonstrate modifications to improve the 

performance of this algorithm. 

6.5.2 Non-coherent Integration  

RISR/SAFFIRE can operate on a single snapshot of data; however, for �		time 

samples of recordings a non-coherent integration scheme can be adopted to improve 

performance. Assume that a collection of L spatial snapshots have been received  

 

 \ = [	M�P�			M�� + 1�	…M�P + � − 1�] (6.14)  

And it is desired to form an aggeragte filter bank U]]] in order to estimate L spatial 

amplitude estimate for the M sources, as follows: 

 K& =U]]]\ (6.15)  

Where K& = [@S�P�				@S�� + 1�				@S�P + � − 1�] is an  × � martix. The spatial power 

distribution X	is assumed to be stationary in the time period containing the � snapshots; 

hence X can be derived from the non-coherent integration of � time samples as follows 

 
X̂ = [_1�`	� 	@S�P + a�	@S�P + a�] 	⊙ D�∗�

-��

.�	

	 (6.16)  

where ⊙ is the Hadamard (element by element) product, and D	is the identity matrix.  

For each iteration, this average power estimate X̂��� is used instead of the single snapshot 

power estimate X& ���(P)  to yield an estimate of the aggregate MMSE filter bank U]]]+. 
Again for initialization of the algorithm a matched filter bank is applied to L snapshots of 

data, to give initial source distribution estimates for L time samples. 
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Once the algorithm converges to a stable solution or after a certain number of 

iterations, the final average amplitude distribution is obtained from the diagonal elements 

of the average spatial power distribution. 

 K̂ = 	"'(([X̂	) (6.17)  

The number of sources (model order), and their locations and amplitudes are 

estimated via the peaks in K̂. Hence, this algorithm is robust to correlation between 

sources, requires low sample support, determines the model order intrinsically and can be 

extended to account for array modeling error, as explained later on in this chapter. 

The following flow-chart explains the basic structure of RISR/SAFFIRE 

explained so far in this chapter: 
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Figure 6.11: Flow-chart depicting the iterative stages of the SAFFIRE algorithm 
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6.5.3 Affine Transform of Solution Space 

Superficial sources on the cortex are located closer to MEG/EEG array of sensors; 

hence, their corresponding steering vectors (defined as columns of the lead-field matrix  

%) have larger norms relative to deeper sources. This causes a bias towards superficial 

sources in some localization methods, such as minimum norm estimate (MNE) technique. 

Various weighted MNE methods have been proposed to make up for this bias [58]. In a 

similar manner, SAFFIRE is adjusted to give all sources equal chance in the localization 

process; this adjustment is done through normalization of columns of the lead-field 

matrix % [5]. 

6.5.4 Energy Normalization 

SAFFIRE starts by a matched filter initialization, which is a low resolution 

technique, and spreads the signal energy over most of the solution space. Later on, this 

initial distribution of sources is refined through the iterative steps of SAFFIRE. However, 

the recursions can introduce some scaling factor when the filter bank is being estimated, 

which can alter the ratio of signal to noise power. To compensate for this scaling effect, 

SAFFIRE uses energy normalization at each iteration to ensure that if dipole component 

estimate inserted into the forward model (exclusive of noise), it would produce a received 

signal estimate that has the same energy as the actual received signal [5]. 

6.5.5 Accounting for Modeling Errors 

In all the above sections, exact knowledge of the lead-field matrix has been 

assumed. In reality, however, direction finding methods usually face forward problem 

uncertainties. Small errors arise from approximation of the volume conductor, 

discretization of the source space, co-registration with limited accuracy, small 

displacement of array elements (sensors), etc. These errors cause perturbations (in the 

lead field matrix) known as calibration errors. 

To account for modeling errors, SAFFIRE represents the effect of modeling errors 

on the  �th sensor as : 

 -� = 1 + b-� (6.18)  
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where b-� is a random amplitude deviation of arbitrary distribution. By putting 

all -� elements together, an 2 × 1 vector c is formed, and incorporated in equation (1) as 

follows [5]: 

 M�P� = �%@�P��⊙ c+ A�P� ≈ %@�P�+ A�P�+ A/�P�		 (6.19)  

where A/(P) = �%@(P)�⊙ (c− d�×�) is the noise caused by model errors. Assuming 

that all modeling errors are zero mean, symmetric, independent and identically 

distributed, and also assuming that source signals and additive noises are independent, the 

filter bank at iteration "	can be rewritten as [5]: 

 UZ+(P) = �%X& +�,�P�% + E� + E0���	%X&+�,(P) (6.20)  

where E0 = F{A0�P�A0�P�} is the “model noise” covariance matrix, which is a signal-

dependent term that adapts according to the update of the source estimate. On the other 

hand, the noise covariance term  E� is a fixed-regularization term [4]. Substituting the 

presumed model noise into E0 = F{A0�P�A0�P�} yields: 

 E0 = F R		�c− d�×��⊙ �%@�P���%@�P�� ⊙ 	 �c− d�×��T 

= F{e	f�%@�P���%@�P��e	f ] 

(6.21)  

where e	f = 	"'(V-	, -�, … . , -���W− g�×�. Assuming that the modeling errors are 

uncorrelated and also assuming signal and modeling errors are independent, E0 simplifies 

to: 

 E0 = �0�D�×� 	⊙ �%X(P)%� (6.22)  

where ⊙ is Hadamard product, and �0 is model error variance. With the addition of this 

model error term E0, the aggregate filter bank update for L snapshots will evolve into: 

 

 U]]]� = �%X̂���% + �0�D�×� 	⊙ �%X̂���%�+ E����	%X̂���	 (6.23)  

6.5.6 How SAFFIRE works 

In this section, the iterative technique of SAFFIRE is demonstrated through a 

series of simulations. In this set of simulations, the head anatomy used in solving the 

forward problem is Colin’s anatomy; the head model utilized is single sphere head; 
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cortex surface is divided into 15,000 tessellations, each assumed to hold a current dipole. 

MEG CTF Helmet with 151 coils is assumed as the sensor array to collect MEG signals. 

Once the forward problem is solved with the abovementioned settings, synthetic MEG 

data is generated with the following assumptions: a single source is activated in the brain, 

where the source index is 992 (out of 15,000 source indices); the active source waveform 

is Gaussian with maximum amplitude of 15 nA.m, centered at 0.4ms with standard 

deviation of 8ms. The waveform is sampled at 1 KHz rate. Only 3 data samples are used 

in the SAFFIRE algorithm for localization purpose. Noise variance is adjusted to get 

SNR of -12 dB. This is a low SNR considering the typical SNR range studied in literature 

for this application (-15 to +20 dB). 

Since most of the cortex surface has been mapped functionally over the years, 

depending on the type of stimulation, the approximate location of the evoked source can 

usually be determined a-priori.; for example, specific parts of the cortex correspond to 

auditory, visual and somatosensory responses.  Hence, it’s usually not necessary to 

include the whole cortex surface when solving the inverse problem. However, the 

following simulations are intended to show the extent of accuracy of SAFFIRE. Hence, a 

large portion of the cortex (one hemisphere) is included in iterations of SAFFIRE. Since 

the whole cortex has been divided to 15,000 grid points, one hemisphere is composed of 

7,500 current dipoles. Moreover, the MEG Helmet used to record brain signal includes 

151 axial gradiometers plus 29 reference electrodes, hence a total of 180 sensors. This 

leads to a system of equations with 180 equations and 7,500 unknowns. As expected, the 

system is highly underdetermined (ill-posed) as the number of unknowns (source 

amplitudes) is 42 times the number of equations (electrodes). 

Figure 6.12 shows the low resolution matched filter initialization used to start the 

algorithm. Figure 6.13- Figure 6.16 show how SAFFIRE converges to the correct 

solution in a few iterations. Figure 6.17 is a zoomed in version of Figure 6.16 to show the 

index of the correctly localized source. Figure 6.18 shows the localized source mapped to 

cortex surface. 
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Figure 6.12: Matched-filter initialization of SAFFIRE applied to MEG data 

 

 

Figure 6.13: SAFFIRE applied to MEG data, iteration 1 
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Figure 6.14: SAFFIRE applied to MEG data, iteration 2 

 

 

Figure 6.15: SAFFIRE applied to MEG data, iteration 3 
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Figure 6.16: SAFFIRE applied to MEG data, iteration 4 

 

 

 

Figure 6.17: SAFFIRE applied to MEG data, iteration 4, zoomed in 
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Figure 6.18: SAFFIRE localization result mapped to the cortex 

 

6.6 Performance Metrics: 

• Probability of detection: Once the iterations of SAFFIRE stop, a hard threshold is 

applied to the resulting spectrum. For example, with a threshold of 1%, only sources that 

contain more than 1% of the maximum recovered source power are considered. These 

sources are then compared against the 4 original activated sources and for each matching 

index a probability of detection of ¼ is credited to the localization. If there are more than 

2 false peaks (recovered sources that had not been activated) in the spectrum, the 

localization is declared a failure, even if some of the actual sources were among the 

localized sources. 

• Mean Square Error: MSE is computed as the average of the square error between 

the acquired spectrum and the correct spectrum, for hundreds of runs of SAFFIRE.   
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CHAPTER 7  

BRAIN SOURCE LOCALIZATION FROM MEG SIGNALS 

In this chapter, the performance of SAFFIRE is evaluated when applied to 

synthetically generated MEG data for different head models and anatomies. In order to 

show the high-resolution of this algorithm, 4 proximate sources are assumed to be active 

in the brain when generating the forward solution. The distance between any two of the 

active sources is a few millimeters (3-5mm). 

The waveforms assigned to these sources are as follows: 2 sinusoids and 2 

Gaussian waveforms. The sinusoids have maximum moment amplitude of 30 nA.m and 

frequency of 20 Hz; they are 90 degrees out of phase. The 2 Gaussians have respective 

maximum amplitudes of 15 and 7.5 nA.m; their means are located at a few milliseconds 

and their variances are 8 and 16ms. The 4 waveforms are shown in Figure 7.1 below in a 

time period of 100ms. Each waveform is sampled at a rate of 1 KHz. It is worth 

mentioning that the sources amplitudes, shapes and time delays have been inspired from 

real brain signals demonstrated in literature, obtained from signal decomposition methods 

such as independent component analysis (ICA). 

 

 

Figure 7.1: Waveforms assigned to the 4 proximate sources 
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Synthetic MEG signals are assumed to be recorded using a CTF 151 MEG 

helmet. At each of the MEG sensors, white Gaussian noise is added to the signal. The 

noise variance is changed in steps of a few dBs to obtain a range of SNR values from -30 

to +30 dB. The reason for considering this SNR range is that SNR values considered for 

this application are typically between -15 and +20 dB as reported in the literature [59]. 

In practice, depending on the nature of the stimulation in an experiment (auditory, 

visual, somatosensory, etc), the approximate location of the evoked response can be 

determined apriori. Hence, throughout this report, a portion of the cortex (one fourth or 

one sixth) around the evoked brain source is included in the iterative search of SAFFIRE, 

instead of the whole cortex surface. This assumption greatly reduces the computational 

complexity, and can be accommodated in real cases.  

SAFFIRE is applied iteratively to the scenario explained above, using the three 

possible head models developed for MEG application in turn; which are, in order of 

increasing accuracy: single sphere head model, overlapping spheres model, and realistic 

head model. All the above have been discussed in detail in Chapters 1 and 6 of this 

report. The same procedure is then applied to a second head anatomy, called hereafter 

“individual anatomy.” The results for each part are presented in terms of the probability 

of detection of the 4 sources and the mean square error (MSE). 

It should be noted that when applying SAFFIRE to each one of the mentioned 

head models, the inverse problem has been solved using the leadfield matrix produced in 

the forward solution using the same head model. In other words, it is implied that one has 

access to the exact array manifold in each case. This is an idealistic assumption and does 

not hold in many practical situations. When, in practice, the manifold used in the inverse 

problem is slightly different from the actual manifold of the data, it will result in errors in 

localization. These are called calibration errors, which will be discussed towards the end 

of this report.  

7.1 Colin Anatomy   

The first head anatomy investigated is the Colin anatomy [43]. The 4 selected 

sources have the following indices: 2000, 2030, 2148, and 2163, out of 3600 possible 

indices (locations). These selected sources are 3-5 mm apart from each other. Once 
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synthetic MEG data has been generated, 3 data samples are taken from each of the 180 

channels. These 3 samples are then used in the SAFFIRE algorithm to recover the 

underlying sources. Figure 7.2 shows the result of iterations of SAFFIRE on 3 data 

samples, which has resulted in correct convergence to the desired source locations, within 

7 iterations. The source amplitudes have been normalized, because at this stage the focus 

is on the location of the recovered sources. Later on in this report, recovery of sources 

amplitudes will be discussed. 

 

Figure 7.2: Result of applying SAFFIRE to 3 samples of MEG data, to find 4 sources 
 

Figure 7.3 and Figure 7.4 summarize the performance of SAFFIRE on three types 

of head models developed for MEG application, on Colin anatomy. Figure 7.3 shows that 

the probability of detection of the sources is around 0.7 for all the head models, around 

SNR of -30 dB. As SNR increases, the detection probability remains rather constant until 

-10 dB. Between -10 and +10 dB this probability rises from 0.7 to 1.0, and it remains 1.0 

for higher SNRs. The graph shows that when we have exact knowledge of the manifold 

for any of the investigated head models, SAFFIRE shows similar behavior on each head 

model in terms of the probability of detection of the 4 sources. In all three scenarios, 

SAFFIRE can accomplish exact recovery of the 4 sources for SNRs above +10dB.  

Figure 7.4 demonstrates the MSE versus SNR, for the same experiment. As one 

can see, there is an inverse relationship between the probability of detection and the MSE 
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curve. MSE is initially around -3dB for SNR of -30 dB; between -3dB and +8 dB of 

SNR, MSE rolls off quickly from -4dB to –30 dB. 

 
Figure 7.3: Probability of Detection of 4 proximate sources using SAFFIRE algorithm, 

from MEG data, on Colin anatomy, using 3 data samples 

 
Figure 7.4: MSE for recovery of 4 proximate sources using SAFFIRE algorithm, from 

MEG data, on Colin anatomy, using 3 data samples 

7.2 Individual Anatomy 

An important factor in the investigations of brain signals is the effect of the 

physical shape of the head and the dielectric properties of the head surfaces on the 

acquired signals. Different people have very different head shapes; all layers of the head 

from the brain tissue to the inner and outer skull surfaces can vary significantly from one 

person to another. Among all layers, the most prominent difference is seen in the skull 
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shape, thickness, and conductivity in different individuals. Hence, any method or 

algorithm used to decompose or localize brain signals needs to consider these variations.  

Of course, nowadays, most brain signal measurement techniques are used in 

conjunction with MRI, to get detailed information about the shape and thickness of the 

individual’s head layers. This information can help one choose the right parameter values 

when forming a leadfield matrix to solve the inverse problem.  

In this research, a second individual head is introduced in the simulations for 

comparison purposes with Colin head shape. The second anatomy is referred to as 

“individual anatomy” throughout this report, as opposed to Colin’s anatomy. This 

individual anatomy has been obtained from the database of Brainstorm software website. 

It contains the scalp and cortex surfaces of an individual’s head, which have been 

segmented using BrainVisa software. Since the information about the inner-skull and 

outer-skull surfaces are not available for this anatomy, once the two existing layers (scalp 

and cortex) are imported into BrainStorm software, a second procedure is performed. 

Using one of Braistorm’s features, one can form pseudo layers for an anatomy, by 

interpolating the existing layers. This feature was utilized on the individual anatomy to 

obtain inner and outer skull surfaces, which are necessary for creating head models. The 

cortex of this individual anatomy is divided into 10,000 vertices. 

Once the head models have been formed and forward solutions have been 

obtained for the individual anatomy, similar settings are applied for generation of 

synthetic brain signals. Again 4 proximate sources are picked and waveforms of known 

shape and amplitude are assigned to them. Approximately one sixth of the total cortex 

surface around the desired location is included in the iterative search of the SAFFIRE. 

The goal is to see how SAFFIRE performs on this second anatomy when trying to 

localize the underlying neural activity. In order to be consistent, again 3 data samples are 

used for localization. Figure 7.5 and Figure 7.6 summarize the performance of SAFFIRE, 

in terms of probability of detection and MSE, on different head models produced for the 

same anatomy. 
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Figure 7.5: Probability of Detection of 4 proximate sources using SAFFIRE algorithm, 

from MEG data, on individual anatomy, using 3 data samples 

 
Figure 7.6: MSE for recovery of 4 proximate sources using SAFFIRE algorithm, from 

MEG data, on individual anatomy, using 3 data samples 

 

Figure 7.5 suggests that the probability of detection of the 4 sources is about 0.75 

for SNR as low as -30dB for overlapping spheres and realistic head models. This 

probability is lower for single sphere model by around 0.1. As SNR increases towards 

positive values, the detection rate increases gradually and reaches full detection for SNR 

around 20dB for overlapping and realistic head models. Single sphere model reaches 

maximum detection rate of about 80% for high SNR (+30 dB). Once this graph is 

compared with Figure 7.3 (for Colin anatomy), one realizes that even though the starting 
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detection is slightly higher for individual anatomy (at low SNRs), this second anatomy 

requires higher SNR for full recovery of the 4 sources. Colin offered exact localization of 

the sources for SNR around +10 dB, while individual anatomy requires at least +20 dB of 

SNR for similar performance.  

 Figure 7.6 shows the MSE for the same setup. For overlapping spheres 

and realistic head models MSE has a sharper fall for high SNRs. For these two head 

models, MSE reaches as low as -30 dB for SNR around +18 dB. However, the same MSE 

was accomplished on Colin’s anatomy (Figure 7.4) for only +8 dB of SNR.  

Figure 7.6 also suggests that the MSE corresponding to the single sphere head 

model is much higher compared to the other two head models. This is due to the fact that 

single sphere model of the individual anatomy did not result in full recovery of the 4 

sources for any SNR in the designated range. 

It should be noted that all the simulations so far have been carried out using only 

3 data samples from the generated sequence of MEG recordings. But it was clear that the 

localization results on the single sphere head model of the individual anatomy were not 

satisfactory. Hence, in the next step, the number of data samples is increased to 5 for 

single sphere head model to see the effect on the performance of SAFFIRE. Figure 7.7 

and Figure 7.8 demonstrate how the detection rate and MSE changes when the number of 

snapshots is increased from 3 to 5, for MEG data generated from a single sphere head 

model of the individual anatomy.  

Figure 7.7 shows that the probability of detection of the 4 sources has improved 

by almost 0.15; hence, SAFFIRE can accomplish almost full recovery of the 4 sources 

using a single sphere head model for SNR of around +30 dB.  

Figure 7.8 confirms the above finding; MSE starts at around -15 dB and reaches -

30 dB for +26 dB of SNR. Even though these results from the single sphere model are 

still inferior to overlapping spheres and realistic models of the same anatomy (individual) 

and to all head models from Colin anatomy, one can see the improvement in the 

localization accuracy by adding only a few samples of recordings to the data used in the 

algorithm. 
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Figure 7.7: Probability of Detection of 4 proximate sources using SAFFIRE algorithm, 

from MEG data, on individual anatomy, for single sphere head model 

 
Figure 7.8: MSE for recovery of 4 proximate sources using SAFFIRE algorithm,          

from MEG data, on individual anatomy, for single sphere head model 

 

By comparing the results for the two head anatomies and across all three head 

models, the following can be concluded: 

(1) For Colin anatomy, all three head models show similar behavior in terms of detection 

rate and MSE, when used in SAFFIRE algorithm for localization, with only a few 

samples of data. For SNR about +8 dB, head models generated using Colin anatomy 

result in accurate localization of the 4 sources. 
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(2) Individual anatomy initially performs better in terms of probability of detection and 

MSE, for overlapping spheres and realistic head models, compared to the Colin’s. 

However, as SNR increases, localization does not converge to the accurate scenario 

on individual anatomy as fast as it did in the case of Colin’s. Overlapping and 

realistic head models require about +18 dB of SNR to reach their best performance.  

(3) Single sphere head model seems to be the least reliable for the second anatomy. Only 

an increase in the number of samples could improve its performance. However, this 

increase was small (additional 2 samples) and it shows that with a few more 

snapshots of data, SAFFIRE can perform well on this kind of head model as well. 
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CHAPTER 8  

BRAIN SOURCE LOCALIZATION FROM EEG SIGNALS 

In this chapter, the performance of SAFFIRE is evaluated when applied to 

synthetically generated EEG data for different head models and anatomies. In order to 

show the high-resolution of SAFFIRE, 4 approximate sources are assumed to be active in 

the brain when generating the forward solution. The distance between the active sources 

is a few millimeters (3-5mm). The same points that were activated for MEG simulations 

have been considered for EEG experiment as well and the same waveforms have been 

assigned to them. That is, 2 sinusoids and 2 Gaussian waveforms. The sinusoids have 

maximum amplitude of 30 nA.m and frequency of 20 Hz; they are 90 degrees out of 

phase. The 2 Gaussians have respective maximum amplitudes of 15 and 7.5 nA.m; their 

means are located at a few milliseconds and their variances are 8 and 16ms.  The 4 

waveforms were formerly depicted in Figure 7.1 for a time period of 100ms. Each 

waveform is sampled at a rate of 1 KHz. 

For each anatomy, two head models are developed: (1) three-shell head model, 

which consists of 3 concentric spheres representing scalp, skull and cortex, and (2) 

realistic head model, which is the model created based on symmetric boundary element 

methods (BEM) technique using OpenMEEG software. More details are available in the 

section 6.1 of this thesis. 

Synthetic EEG signals are assumed to be recorded using a GSN 128 EEG cap, 

which as the name suggests, is composed of 128 EEG electrodes. A portion of the cortex 

(1/6-1/4) is included in the iterative search of SAFFIRE. Since the number of the EEG 

electrodes are fewer than the MEG scenario (which was 180), the resulting system of 

equations will be further underdetermined. As one will notice in the course of the 

simulations, this affects the localization results in some cases. 

8.1 Colin Anatomy   

In this section, the performance of SAFFIRE is evaluated on Colin’s anatomy, for 

both possible head models, namely the three-shell and the BEM realistic head model. 
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Figure 8.1 reflects the probability of detection of the 4 close sources versus SNR, for both 

head models. Only 3 data samples have been utilized for localization. As the graph 

suggests, detection is around 0.6 for SNR in the range of -30 dB to -5 dB. Thereafter, 

detection probability rises gradually, and for SNR about +15dB the probability of 

detection reaches its maximum, i.e. full recovery of the 4 sources. The two head models 

demonstrate similar behavior, but three-shell model seems to perform slightly better in 

terms of probability of detection. 

 
Figure 8.1: Probability of Detection of 4 proximate sources using SAFFIRE algorithm, 

from EEG data, on Colin anatomy, using 3 data samples 

 
Figure 8.2: MSE for recovery of 4 proximate sources using SAFFIRE algorithm, from 

EEG data, on Colin anatomy, using 3 data samples 
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Figure 8.2 demonstrates the MSE for the same simulation setup. MSE is just 

above -2 dB for SNR of -30 dB and decreases very little as SNR increases to -5dB. 

Above -5 dB of SNR, MSE rolls off quickly and reaches -30 dB for +13 dB of SNR. 

Both head models present similar behavior, but realistic model performs slightly better 

for SNR between -3dB and +10 dB, in terms of mean square error. 

8.2 Individual Anatomy   

In order to see the effect of the head shape on the localization performance, a 

second anatomy is investigated using the same settings as the previous section: 4 

proximate sources have been activated with sinusoidal and Gaussian waveforms; the 

forward models have been generated from two head models (three-shell and realistic); 

and 3 samples have been drawn from the  data sequence for localization using SAFFIRE. 

Approximately one sixth of the total cortex surface around the desired location is 

included in the iterative search of the SAFFIRE. 

 

 
Figure 8.3: Probability of Detection of 4 proximate sources using SAFFIRE algorithm, 

from EEG data, on individual anatomy, using 3 data samples 

Figure 8.3 and Figure 8.4 show the results in terms of the probability of detection 

and MSE. Figure 8.3 suggests that the detection rate rises as SNR increases, which is an 

expected behavior. Starting at 0.6 for SNR as low as -30 dB, localization on both head 
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models seems to rise gradually in terms of probability of detection, and for SNR around 

+18 dB both models seem to result in full recovery of the 4 sources, using only 3 data 

samples.  

 
Figure 8.4: MSE for recovery of 4 proximate sources using SAFFIRE algorithm, from 

EEG data, on individual anatomy, using 3 data samples 

 
 
Figure 8.4 also suggests that localization improves in terms of MSE as SNR 

increases, for both head models. Initially at -10 dB for SNR around -30 dB, MSE falls to 

-30 dB as SNR reaches about +28 dB. 

Compared to the Colin anatomy, this second head anatomy shows better 

performance early on (for low SNR) in terms of detection rate and MSE, but as SNR 

increases, it does not converge to the accurate localization scenario (probability of 1 and 

MSE below -30 dB) as fast as Colin anatomy does. Still the fact that this kind of 

performance can be achieved with only 3 samples of data shows the effectiveness of the 

SAFFIRE algorithm, on different head models and different anatomies. 

8.3 Forward Model Uncertainties  

In this section, the effect of forward model uncertainties on the performance of 

SAFFIRE for EEG application is investigated. Among the head surfaces, skull is the most 

controversial one; the shape, thickness and conductivity associated with the skull can 
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vary significantly from one person to another. Moreover, EEG signals are greatly affected 

by the conductive properties of the skull. If these parameters are not estimated properly 

for the formulation of the forward problem, the inverse solution is affected adversely; i.e. 

huge localization errors can appear in the results. 

As mentioned in section 6.3 of this report, various skull conductivity values have 

been reported in the literature. The baseline conductivity ratio in the simulations of this 

report, thus far, has been the default value in Brainstorm software, which is 1:1/80:1 for 

the cortex, skull and scalp respectively; however, since exact information about the skull 

conductivity and thickness has been used for solving the inverse problem in all cases, any 

other conductivity ratio would result in similar localization performance. Figure 8.5 

shows the performance of SAFFIRE on EEG data for localization of 4 proximate sources 

using 3 data samples, for two different conductivity ratio scenarios. The two curves 

follow closely, with a slight advantage in 1/20 case.  

Figure 8.5: Probability of detection of 4 proximate sources using SAFFIRE algorithm, 
from EEG data, for two conductivity ratios, using 3 data samples 

 

If one has more accurate information about the skull thickness and conductivity 

for a subject, a customized forward solution can be developed for an individual. Skull 

shape and thickness can be inferred from MRI images of the subject head. Conductivity 

value, however, is more difficult to estimate. Several papers report conductivity values 

for live and post-mortem skull tissues [60] [61]. The relationship between the skull 
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conductivity and age of the subject derived in these papers can be used as a guideline in 

conductivity estimation for different subjects [60] [61]. Figure 8.6 shows reported  

conductivity values of live skull samples temporarily removed during epileptic surgery 

plotted against patient age [62]. The thick blue trend with circles graphs raw data and the 

thin gray trend with dots graphs the least squares fit (reproduced from [60]). The graph 

suggests that skull conductivity drops as age increases.  

 

Figure 8.6: Estimated skull conductivity versus age [60][62] 
 

In this section, the goal is to see how uncertainties in the forward model, arising 

from misestimation of the skull thickness and conductivity, affect the performance of 

SAFFIRE for EEG data.  

8.3.1 Misestimation of skull thickness 

Since the Brainstorm software cannot accommodate variation in skull thickness 

for realistic head models, the following simulations were run on three-shell head model 

for Colin anatomy. The settings for sources (number, location, and waveform) were 

adjusted identical to those of section 8.1. Two forward solutions (array manifolds) were 

generated for skull thicknesses of 5 and 6mm. Synthetic EEG signals were generated 

using one of the forward solutions (manifolds) and SAFFIRE was applied to these signals 
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with the other manifold, and vice versa. The physiological implication of this experiment 

is as follows: assume that EEG signals are collected from a head anatomy with a 5mm 

thick skull; if ones approximates the skull thickness as 6mm, how well can SAFFIRE 

perform the localization? And the other way around. 

Figure 8.7 shows the results of the abovementioned experiment. The graph 

suggests that when the skull thickness is underestimated by only 1mm, probability of 

detection decreases by about 0.2. However, if the skull thickness is overestimated by the 

same amount, the performance of SAFFIRE is not much affected.  

 

 
Figure 8.7: Performance of SAFFIRE in terms of probability of detection, for 

misestimated skull thickness 

 

8.3.2 Misestimation of skull conductivity 

The same procedure was repeated for creating forward solutions for Colin 

anatomy using spherical head models with different conductivity ratios for the brain, 

skull and scalp surfaces. One of the head models was based on 1:1/20:1 ratio, while the 

other was generated using 1:1/25:1 ratio for the brain, skull and scalp respectively. 

Figure 8.8 shows that underestimating the relative conductivity of the skull with 

respect to the brain and scalp (dashed blue line) severely drops the probability of 

detection of the 4 sources using SAFFIRE. However, if the relative conductivity of the 
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skull is overestimated by the same amount, localization does not change for low SNRs 

(below -5dB) (compare to Figure 8.5), and for higher SNRs the adverse effect is about 

0.2 drop in probability. 

 

 
Figure 8.8: Performance of SAFFIRE in terms of probability of detection, for 

misestimated skull conductivity 

Therefore, correct estimation of the conductivity ratio seems critical in brain 

source localization using EEG data. In addition to the conductivity versus age graph 

(Figure 8.6) other techniques have been proposed to estimate the skull conductivity  for 

source localization. For example, in [63] the authors adopt an iterative optimization 

algorithm to simultaneously find optimum skull conductivity and localize the brain 

sources. In [64], a new method is proposed for combined MEG/EEG source localization. 

In this technique, the conductivities of a realistic FEM head model are optimized based 

on measured somatosensory evoked potentials and magnetic fields. This method uses the 

source parameters from the MEG dipole fit as a constraint for the conductivity estimation 

based on the EEG [64]. Another interesting approach was taken by authors of [65]. In this 

paper the authors select a number of the EEG electrodes that seem to be least affected by 

uncertainties of the conductivity, and use this subset of electrodes for solving the inverse 

problem [65]. 

In conclusion, conductivity profile is an ongoing issue in the localization of brain 

sources. 
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CHAPTER 9 

CALIBRATION 

So far in this research work, it was assumed that the theoretically derived array 

manifold (i.e. the solution of the forward problem) exactly matches the actual array 

manifold, which relates the activity of the sources in the brain to the sensor readings. 

However, in practice, small anomalies can cause significant discrepancy between the two. 

Any slight misplacement of the sensor electrodes, mutual coupling of sensors, or any 

other source of perturbations in the leadfield matrix causes the actual array manifold to 

differ from the nominal manifold which is available to the user. On the other hand, 

localization methods based on DOA estimation require that a precise characterization of 

the actual array manifold be available. Hence, array calibration techniques are applied to 

relate the actual and theoretical manifolds [66]. 

The SAFFIRE algorithm already contains an adaptive regularization term (h0) 
that can account for the model error defined in its derivation (refer to section 6.5.5 for 

more details). This additional correction term tries to correct for certain modeled errors 

through the iterations of the algorithm.  

In this chapter, the capability of the SAFFIRE to correct for modeling 

(calibration) errors is investigated for different head models using MEG and EEG 

synthetic data. These results are then compared with a more general transfer-function-

based calibration technique from [66]. 

9.1 Iterative Calibration of SAFFIRE 

The derivation of the model error term �h0� for the SAFFIRE algorithm was 

demonstrated in section 6.5.5 of this report. In this section, the performance of SAFFIRE 

is investigated in the presence of calibration errors. To observe the effectiveness of the 

adaptive regularization term�h0�, localization is performed with and without this 

additional term using SAFFIRE. The results are compared in terms of the probability of 

detection of the two sources and the mean square error (MSE).  
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9.1.1 Calibration using MEG data 

Synthetic MEG data was produced using the procedure explained in chapter 6 of 

this thesis and with the following settings: two head models (single sphere and realistic) 

have been developed on Colin anatomy. For each head model two sources have been 

activated in the brain, distanced 5cm apart from each other. The waveform assigned to 

each source is a sequence of random numbers picked from a normal distribution with 

mean of zero and standard deviation of 30nA.m; only 5 data samples have been  used for 

localization purposes. Also, the sensor array used for the MEG data is the 151 CTF 

Helmet, and approximately one eighth of the cortex surface is included in the iterative 

search of SAFFIRE. As for the modeling errors, one percent error is induced on the 

diagonal elements of the array manifold. The error has normal distribution with zero 

mean and standard deviation 0.01.  

Figures Figure 9.1 and Figure 9.2 demonstrate the effect of including the 

regularization (calibration) term of SAFFIRE �h0�, in the presence of modeling errors, in 

terms of probability of detection and MSE for localization.  

Figure 9.1 suggests that modeling errors render SAFFIRE incapable of localizing 

the sources if the regularization term �h0� is not included in the iterative estimation of the 

filter bank. The black solid line with circular markers shows the behavior of both head 

models in the absence of calibration term�h0�. Once this adaptive term is added to the 

iterative filter bank estimation, localization improves on both head models, but remains 

far from accurate. A maximum detection probability of 0.5 is achieved with SAFFIRE’s 

iterative calibration term in this case, which means that for high SNR, on average one 

source out of two could be localized in the presence of modeling errors. 

Figure 9.2 shows the mean square error in the localization of two sources, for the 

same experiment setup. The black solid line with circular markers corresponds to the 

MSE when the calibration term is not utilized in the algorithm. This high MSE 

corresponds to zero probability of detection in Figure 9.1. Once the adaptive 

regularization term is used in the updates of the aggregate filter bank, MSE decreases for 

both head models. For single sphere head model the improvement in MSE is 8-16 dB in 

SNR range of -30dB to +30dB. This improvement in MSE is between 10-22 dB for the 

realistic head model in the same SNR range. 
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Figure 9.1: Effect of the Iterative Calibration of SAFFIRE on Probability of Detection of 

2 Sources, from MEG data, 1% Diagonal Modeling Errors 

 
Figure 9.2: Effect of the Iterative Calibration of SAFFIRE on MSE in localization of 2 

Sources, from MEG data, 1% Diagonal Modeling Errors 

 

9.1.2 Calibration using EEG data (128 electrodes) 

Synthetic EEG data was produced for two head models (three-shell and realistic) 

on Colin anatomy. For each head model two sources have been activated in the brain, 

distanced 5cm apart from each other. The waveform assigned to each source is a 

sequence of random numbers picked from a normal distribution with mean of zero and 
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standard deviation of 30nA.m; 5 data samples have been  used for localization purposes. 

EEG data is assumed to be collected using a GSN 128 EEG cap. Approximately one tenth 

of the cortex surface is included in the iterative search of SAFFIRE. The model error has 

normal distribution with zero mean and standard deviation 0.01.  

Figure 9.3 and Figure 9.4 demonstrate the effect of including the regularization 

(calibration) term of SAFFIRE�0��, in the presence of modeling errors, in terms of 

probability of detection and MSE for localization of the two sources.  

Figure 9.3 shows that the effect of calibration is more pronounced for EEG data 

collected from 128 EEG electrodes, compared to MEG data collected from 180 MEG 

coils (Figure 9.1). Considering that equal perturbation (1%) had been introduced to MEG 

and EEG manifolds, this graph suggests that EEG is less sensitive to slight modeling 

errors than MEG.  

 
Figure 9.3: Effect of the Iterative Calibration of SAFFIRE on Probability of Detection of 

2 Sources, from EEG data, 128 Electrodes, 1% Diagonal Modeling Errors 

 

Figure 9.4 shows the improvement in MSE once the calibration term is included 

in SAFFIRE. Calibration offers 10-20 dB improvement in MSE for SNR in range of -30 

to +30 dB on three-shell head model; and 10-26 dB improvement in MSE for similar 

SNR range on realistic head model. Once compared to Figure 9.2, one realizes that the 

improvement in MSE is more pronounced for EEG, compared to MEG, when equal 

modeling errors are imposed on their corresponding manifolds.  
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Figure 9.4: Effect of the Iterative Calibration of SAFFIRE on MSE in localization of 2 

Sources, from EEG data, 128 Electrodes, 1% Diagonal Modeling Errors 

So far in this research, EEG data was assumed to be collected from a GSN 128 

EEG cap. However, different standard EEG caps exist in the market, and each one offers 

a different number of EEG electrodes. These caps include as few as 19 and as many as 

256 EEG sensors. In the following section, the iterative calibration of SAFFIRE is 

applied to an EEG sensor array with 19 electrodes. The effect of calibration is observed 

for diagonal and non-diagonal model errors. 

9.1.3 Calibration using EEG data (19 electrodes) 

Synthetic EEG data is generated for Colin anatomy using realistic head model. 

Two sources with relative distance of 8cm are activated in the brain. Random samples are 

picked from a zero mean Gaussian distribution with standard deviation 30nA.m and 

assigned as the waveforms of the two sources. Only 3 data samples are used in the 

SAFFIRE for localization. Since the array size is very small (19), a smaller region of the 

cortex (one twentieth) containing the two sources is included in the iterations of 

SAFFIRE. One percent diagonal errors are induced on the array manifold.  

Figure 9.5 and Figure 9.6 summarize the effect of calibration term on the 

performance of SAFFIRE in terms of probability of detection and mean square error 

(MSE). 
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Figure 9.5: Effect of the Iterative Calibration of SAFFIRE on Probability of Detection of 

2 Sources, from EEG data, 19 Electrodes, 1% Diagonal Modeling Errors 

Figure 9.5 shows that without using the regularization terms �0�� in SAFFFIRE, 

localization is poor for the two sources. A maximum probability of detection of about 0.4 

is achieved for SNR as high as +30dB. With calibration, however, this figure rises to 0.7 

for similar SNR. Lower SNRs result in lower detection obviously. The improvement in 

probability of detection is from 0.1 to 0.3 for SNR in range of -15 dB to +30 dB 

respectively. Figure 9.6 shows the MSE associated with the same experiment. The 

improvement in MSE is between 1-8 dB for SNR in the range of -15dB to +30 dB. 

 
Figure 9.6 : Effect of the Iterative Calibration of SAFFIRE on MSE in localization of 2 

Sources, from EEG data, 19 Electrodes, 1% Diagonal Modeling Errors 
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However, once the model error is changed to a more general case of non-diagonal 

errors, the results change. Figure 9.7 and Figure 9.8 reflect these findingd. In Figure 9.7 it 

is observed that the absence of the calibration term �0�� results in almost zero detection 

of sources for all SNRs for non-diagonal model errors in the manifold. Inclusion of the 

0� term improves the performance to some extent. The effectiveness of the calibration 

term becomes more pronounced as SNR increases; the maximum detection probability is 

0.55 in this case.  

 
Figure 9.7: Effect of the Iterative Calibration of SAFFIRE on Probability of Detection of 

2 Sources, EEG data, 19 Electrodes, 1% Non-Diagonal Modeling Errors 

 
Figure 9.8: Effect of the Iterative Calibration of SAFFIRE on MSE in localization of 2 

Sources, EEG data, 19 Electrodes, 1% Non-Diagonal Modeling Errors 
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Figure 9.8 demonstrates that the regularization term brings about 7 dB 

improvements in the MSE for high SNR, which is about 1dB less improvement compared 

to the diagonal error scenario.  

9.2 Transfer Function Based Calibration Method 

In this section, another calibration technique is applied to the case of brain signals 

collected from 19 EEG electrodes. This method utilizes a transfer function based 

approach and can be used for external calibration or auto-calibration [66].These terms 

will be introduced shortly. Note that the transfer function based calibration method can 

accommodate both diagonal and non-diagonal modeling errors. 

External array calibration is used when the position of a number of sources is 

known; this information is used to estimate the relationship between the actual and 

theoretical array manifolds. External calibration can be used when one has access to exact 

location of adequate number of sources (typically more than the number of array 

elements). The disadvantage of this method is that any variations in the environmental 

conditions will require the calibration parameters to be updated. On the other hand, auto-

calibration is based on a process of sequential optimization that uses signals of 

opportunity in the environment for two simultaneous purposes: (1) to update the 

calibration parameters; and (2) to refine the estimates of the source locations [66]. Hence, 

only approximate knowledge of the source locations is required in the latter technique in 

order to find the relationship between the nominal and actual array manifolds, as well as 

finding the exact location of the underlying sources.  

In the application of brain source localization, the modeled array manifold is 

obtained from the forward solution, which depends on the head model and sensor array 

configuration. Known sources can be chosen in the functionally mapped parts of the 

brain, by creating evoked responses using pertinent stimulation types (auditory, visual, 

somatosensory). Actual manifold can be inferred from brain signal recordings. 

In the following sections, the mathematical model used in the transfer function 

based calibration technique is explained for external and auto-calibration scenarios.  
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9.2.1 External Array Calibration 

Suppose an 2 element sensor array is used to collect signals from L known and 

distinct sources. Let A1 and c1 represent the 2 × 1 modeled and measured array 

steering vectors, respectively for source )  , where ) = 1 …L, and L≥ 2. Define [66]: 

 i ≜ 6A�			A� 			… 		A�7	 (9.1)  

 e ≜ 6c�			c� 			… 			c�7	 (9.2)   

The objective of calibration is to compute a calibration matrix !	 ∈ 		ℂ�×� such 

that � ≈ �	�. In other words, one needs to find a calibration matrix that can yield a good 

approximation to the actual (measured) steering vector when it is applied to the modeled 

(nominal) steering vector. One way to quantify the goodness of this approximation is 

using the least squares criterion [66]: 

 
�-� ≜ 	 �‖c1 − ,A1‖

�

1��

 (9.3)  

One approach to compute the calibration matrix is to minimize the least-squares 

cost function [66]: 

 argmin
2

�-� = argmin
2

‖e− ,i‖�� 	 (9.4)  

where the subscript F denoted the Frobenius norm.  The optimal solution for the 

calibration matrix is found by taking the derivate of the cost function with respect to 

,	and equating that to zero [66]: 

  

��-�
�, = 	 ��, 	��	V�e− ,i� × (e− ,i)W = 2�e− ,i�i

= 0 

(9.5)  

Thus, 

 , = e	i�ii��� = ei# (9.6)  

where i# = i�ii��� is the pseudo-inverse of i. 
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The calibration matrix minimizes the distance between the measured and modeled 

steering vectors, and improves localization of techniques based on DOA estimation. 

9.2.2 Array Self-Calibration (auto-calibration) 

In this approach, using approximate locations of adequate sources (L ≥ 2), 

signals of opportunity are used for simultaneous localization of sources and update of the 

calibration parameters. Hence, the calibration matrix estimate is constructed from the set 

of actual steering vectors (e) and modeled steering vectors of the source location 

estimates i& at each iteration [66]: 

 , = ei&# (9.7)  

A tolerance should be defined for the change in Frobenius norm of the calibration 

matrix to stop the iterations. The following flow chart summarizes the stages included in 

array auto-calibration. 

If it is assumed that manifold perturbations can be adequately modeled by 

correcting each sensor by a constant, then the calibration matrix takes on a simple 

diagonal structure. A more general calibration matrix has non-diagonal form and 

accounts for more complicated modeling errors. Both of the above calibration matrix 

forms (diagonal and non-diagonal) are applied to EEG manifolds in the following 

sections, and the results are quantified in terms of probability of detection and MSE for a 

calibrated EEG array of 19 electrodes compared to an un-calibrated array of the same 

size.  
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Figure 9.9: Flow-chart depicting iterative stages of autocalibration [66] 

 

9.2.3 Performance on EEG data (19 electrodes) 

Synthetic EEG data is generated for Colin anatomy using realistic head model. 

Two sources with relative distance of 8cm are activated in the brain. Random samples are 

picked from a zero mean Gaussian distribution with standard deviation 30nA.m and 

assigned as the waveforms of the two sources. Only 3 data samples are used in the 

SAFFIRE for localization. Since the array size is very small (19), a small region of the 

cortex (one fourteenth) containing the two sources is included in the iterations of 

SAFFIRE. One percent diagonal and non-diagonal errors are induced on the array 

manifold. Figure 9.10 and Figure 9.11 show the results for diagonal error case, in terms 

of probability of detection and MSE.  
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Figure 9.10: Effect of the Transfer Function Based Calibration on Probability of 
Detection of 2 Sources, EEG data, 19 Electrodes, 1% Diagonal Modeling Errors 

 

Figure 9.10 shows considerable improvement in probability of detection when the 

array is calibrated. Note that external calibration offers the same performance that having 

exact knowledge of the array manifold would. Autocalibration follows the external 

calibration closely in this case. Detection reaches about 0.9 for high SNR. Calibration has 

resulted in 0.07-0.45 improvement in detection for SNR in the range of -30dB to +30dB. 

The maximum improvement in probability of detection using this calibration technique is 

0.15 higher compared to the maximum progress offered by the iterative calibration of 

SAFFIRE for the same experiment setup (Figure 9.5).  

Figure 9.11 demonstrates the improvement in MSE resulting from the transfer 

function based calibration technique. MSE improves 2-16 dB for SNR between -20 to 

+30 dB. The maximum improvement is 8dB more in this technique than what iterative 

calibration of SAFFIRE offers for the same scenario (Figure 9.6). 
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Figure 9.11: Effect of the Transfer Function Based Calibration on MSE for localization of 

2 Sources, EEG data, 19 Electrodes, 1% Diagonal Modeling Errors 
 

Once the error model is changed to the more general case of non-diagonal errors, 

the advantage of this calibration technique becomes even more pronounced. Figure 9.12 

and Figure 9.13 show the effect of calibration on localization of the same two sources 

from EEG data collected from 19 electrodes. One percent non-diagonal error has been 

induced on the array manifold. 

Figure 9.12 suggests that without calibration, non-diagonal errors render 

SAFFIRE incapable of any localization. With calibration, however, detection varies 

between 0.1 and 0.9 for SNR in range of -30dB to +30dB. The maximum detection in this 

case is 0.35 higher than what iterative calibration of SAFFIRE could offer for non-

diagonal errors (Figure 9.7).  
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Figure 9.12: Effect of the Transfer Function Based Calibration on Probability of 

Detection of 2 Sources, EEG data, 19 Electrodes, 1% Non-Diagonal Modeling Errors 
 

 
Figure 9.13: Effect of the Transfer Function Based Calibration on MSE for localization of 

2 Sources, EEG data, 19 Electrodes, 1% Non-Diagonal Modeling Errors 
 

Figure 9.13 shows the improvement in performance in terms of MSE. MSE 

improves 1-25 dB for SNR between -30dB and +30dB. Maximum improvement is 18 dB 

more than maximum improvement using SAFFIRE’s calibration for non-diagonal errors 

(Figure 9.8). 
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CHAPTER 10 

SOURCE RECONSTRUCTION 

In this chapter, the sources correctly localized using the SAFFIRE are mapped 

into the brain for visualization, and comparison of the accuracy and resolution with 

another technique (WMNE). WMNE is based on the minimum norm estimate (MNE) 

technique which has a similar filter bank derivation as the SAFFIRE, except that MNE is 

not iterative, hence the lower resolution [58]. Weighted MNE (WMNE) is a modification 

of MNE that tries to remove the superficial source bias in MNE results. 

In this chapter the localization results of SAFFIRE are demonstrated on MRI 

images, and compared visually with WMNE results.  

10.1 Mapping the Sources Recovered from MEG Signals  

In this section, the result of localization of sources from MEG signals is 

demonstrated. SAFFIRE results are compared with the results of WMNE method.  

Figure 10.1 shows the 4 proximate sources of section 7.1 correctly localized from 

MEG signal on Colin anatomy. Though the distance between any two of the sources is 

only 3-5mm, the sources have been resolved using SAFFIRE. 

Figure 10.2 shows the same 4 sources localized using WMNE. Even though 

higher SNR was provided in this case and a 60% hard threshold was applied after the 

localization to improve the resolution of WMNE, still the result is far inferior to that of 

SAFFIRE. 

10.2 Mapping the Sources Recovered from EEG Signals  

The same four sources were localized using SAFFIRE from EEG signals. The 

correctly localized sources appear in Figure 10.3. Figure 10.4 shows the result of 

applying WMNE to EEG signals arising from the same four proximate sources. High 

SNR has been provided for WMNE and 70% hard threshold has been applied as well. 
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Still, the results are imprecise and inaccurate. In fact, the advantage of employing 

SAFFIRE seems more pronounced on EEG data, compared to MEG. 

 

 
 

Figure 10.1: Four proximate sources correctly recovered using SAFFIRE, from MEG 
signals, mapped onto cortex and visualized on MRI images 
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Figure 10.2: Localization results of WMNE for 4 proximate sources, using MEG signals, 
mapped onto cortex and visualized on MRI images 
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Figure 10.3: Four proximate sources correctly recovered using SAFFIRE, from EEG 
signals, mapped onto cortex and visualized on MRI images 
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Figure 10.4: Localization results of WMNE for 4 proximate sources, using EEG signals, 
mapped onto cortex and visualized on MRI images 
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10.3 Waveform Reconstruction 

Throughout this report, only the location of the recovered sources were reported 

for different cases. However, SAFFIRE is capable of reconstructing the amplitude of the 

sources as well. Once the recursions of SAFFIRE come to a stop, the final filter can be 

applied to the acquired brain signals (MEG/EEG) to reconstruct the source waveforms in 

time. Since the columns of the lead field matrix had been normalized before being 

utilized in SAFFIRE (see section 6.5.3.) the recovered source amplitudes need to be de-

normalized by the norms of their corresponding steering vectors.  Figure 10.5-Figure 10.8 

show the waveforms of the four sources reconstructed from 40 data samples, and 

compared to the original waveforms. 

 
Figure 10.5: Waveform of source 1, reconstructed from SAFFIRE 

 
Figure 10.6: Waveform of source 2, reconstructed from SAFFIRE 
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Figure 10.7: Waveform of source 3, reconstructed from SAFFIRE 

 

 
Figure 10.8: Waveform of source 4, reconstructed from SAFFIRE 
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CHAPTER 11 

CONCLUSIONS AND FUTURE WORK  

11.1 Conclusions: 

In this thesis, a high resolution DOA technique (called SAFFIRE) originating 

from the RADAR field was used for the biomedical application of brain source 

localization. This algorithm is based on a recursive implementation of the minimum 

mean-square error (MMSE) estimation. The performance of this method was verified for 

synthetic MEG and EEG recordings for different head models on two different head 

anatomies. This technique does not require formation of a sample covariance matrix 

(SCM) or any eigen decomposition. It was shown through extensive simulations on MEG 

and EEG signals that this method can offer very high spatial resolution from very small 

sample support. It also provides a good extent of robustness against temporal correlation 

between sources. The SAFFIRE can also determine the model order automatically, 

reconstruct the waveform in time, and account for mild modeling errors. 

Moreover, the effect of forward model uncertainties was investigated for EEG 

application. The simulations suggest that a rather accurate characterization of the skull 

thickness and conductivity is required for correct localization of brain sources from EEG 

signals. A more specific observation was that overestimation of the skull thickness and 

conductivity is a safer approach than underestimating their values.  

Furthermore, the effect of modeling errors on the performance of SAFFIRE was 

investigated. Later, two calibration techniques were implemented to improve localization 

in the presence of modeling errors. Once the first calibration technique (iterative 

calibration of SAFFIRE) was applied to MEG and EEG signals for dense arrays (of size 

180 and 128 respectively) with the same amount of imposed modeling error (1%), it was 

observed that EEG array responded better to calibration. In a sense, EEG signals seem to 

have been less sensitive to slight modeling errors than MEG recordings. Improvement of 

performance was quantified in terms of probability of detection and mean square error for 
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a practical range of signal to noise ratios. Also it was also noticed that the effectiveness 

of the calibration term becomes more pronounced as SNR increases 

However, once the model error was changed to a more general case of non-

diagonal errors, the effectiveness of SAFFIRE’s iterative calibration term declined, 

especially when applied to a smaller array size (19 EEG electrodes). Hence, another 

calibration method was implemented for this case. This transfer-function-based 

calibration method outperforms the iterative calibration of SAFFIRE for diagonal and 

non-diagonal model error forms. 

Finally, the localized sources from EEG and MEG signals were mapped onto the 

brain. The spatial resolution of the SAFFIRE was compared against that of weighted 

minimum norm estimate technique (WMNE). It was observed that SAFFIRE offers much 

higher spatial resolution compared to WMNE, for much smaller sample support and 

SNR. Additionally, the advantage of employing SAFFIRE over WMNE seems even more 

pronounced on EEG data, compared to MEG. Finally the source waveforms were 

reconstructed in time and compared against the original waveforms. Source 

reconstruction was achieved with high resolution in space and time using SAFFIRE. 

 

11.2 Future Work 

 This research work can be extended in many ways. First, more realistic head 

models can be obtained from software that offer finite element method (FEM) 

computations of the head geometry. Using such models, anisotropy and 

inhomogeneousness of different head layers can be accounted for in forward solutions. In 

addition other parts of the brain such as the cerebrospinal fluid (CSF) can be added to the 

head layers for more realistic models.  

 Another area that can be improved is the assumptions made about the dipole 

orientation and location. In this thesis (and many other researches) the direction of the 

current dipole (corresponding to a collection of pyramidal neurons firing at the same 

time) is assumed to be normal to the local cortex surface. This assumption is 

physiologically justified due to the fact that pyramidal neurons constitute 80% of cortical 

neurons and their anatomical arrangement is normal to the local cortex layer. However, a 
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more comprehensive study can be done if such restriction is not imposed on the 

orientation of the modeled sources. As for the location, neural activity is assumed to be 

originating from the cortex of the brain, because it contains most of the neurons in the 

brain and it is closer to the skull. In reality, however, deeper structures of the brain also 

generate fields that contribute to the recorded brain signals. Localizing these deeper 

sources is another active topic in this field.  

 Moreover, Brain source localization using the SAFFRIE can be performed using 

several arrays of sensors, with different number of electrodes. The spatial resolution can 

be compared to determine whether investing in a denser recorder is worth the cost. 

Also, new approaches have emerged that include exploiting EEG and MEG 

signals simultaneously for brain source localization, which is costly, but may be worth 

the investment. These methods can be further investigated. 

Another area that can benefit from more exploration is simultaneous optimization 

of source location and conductivity profile. To this end, also the transfer function based 

calibration introduced in this thesis can be applied to rectify the effect of forward model 

uncertainties. 

 Finally, the best way to verify the finding of this thesis and similar research work 

is to test the methods on real MEG/EEG recordings using evoked response experiments.  
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