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1. Abstract 

The present research attempts to investigate and compare various artificial 

intelligence techniques to model the dynamic nonlinear behavior of Buckling 

Restrained Braces (BRBs). The various intelligent models are developed using 

normalized time-delayed inputs and outputs to predict normalized brace forces during 

load reversals. The values of brace forces are denormalized via an auxiliary intelligent 

(MLP) model. The training and testing of the proposed models are performed using 

experimental data from BRB specimens tested at the Pacific Earthquake Engineering 

Research (PEER) Center, University of California, Berkley. Experimental data from 

one specimen is used in the model development (training) stage. In addition, three sets 

of data are used to test the model’s learning and generalizing abilities. Brace 

extensions are used as the network input to estimate the resulting brace forces in a 

longitudinal direction only. The network performance with different parameters is 

evaluated in order to arrive at an optimized architecture that best models the 

phenomenon. The nonlinear hysteretic behavior predicted by the majority of the 

employed models shows excellent agreement with the experimental results for the 

training sample. The generalization and prediction capability of the several proposed 

models is further demonstrated by predicting the hysteretic behavior of the testing 

samples with noticeable and vivid accuracy. The presented models represent a 

powerful tool for virtually testing BRB specimens. Such a tool supplements the 

traditionally available experimental tools for BRB performance investigation. A 

comparison on the basis of RMSE and Coefficient of Determination (𝑅2) is carried 

out to quantify and judge the performance of each implemented model. Further, the 

estimated peak response quantities and the energy dissipation during hysteretic cycles 

are also evaluated for precise comparison.  The developed modeling techniques 

facilitate the BRB design and performance investigation processes by minimizing the 

need for, and extent of, experimental testing. 

Keywords: Buckling-Restrained Brace, Artificial Neural Network, TDNN, NARX, 

GMM, ANFIS, Polynomial Classifier. 
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1. 1. Introduction 

A brace is a supporting beam in a building/structure that steadies or holds it erect. 

Bracing systems include wood or steel components. The bracing system has become 

indispensible over past few years in structural engineering because of certain 

attractive features like 

 It improves the structural integrity of the building. 

 It helps evenly distribute loads and increase the safety of the structure. 

 It is able to withstand stresses caused by wind, earthquakes or other forces 

unlike traditional framing. 

Braces are deployed in various configurations in different structures and buildings as 

illustrated by Figure 1-1. These configurations might be single diagonal, inverted V 

configuration, V-configuration, diagonal configuration, etc., depending upon the load 

capacity. Figure 1-2 shows some of the brace configurations under the impact of 

varying loads. 

 

Figure 1-1 Bracing System in different structures and buildings [1] 
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Figure 1-2 Various frame configurations subjected to varying loads (1) Single 

diagonal configuration (2) Inverted-V configuration (3) V configuration (4) Cross 

diagonal configuration (Adopted from [2]) 

In order to evaluate the integrity of a design structure, certain performance objectives 

must be highlighted. For instance, one must test whether the structural elastic 

response during minor to moderate earthquakes, is strong enough to prevent a 

collapse in case of rather rare but extreme earthquakes. System ductility is also 

another imperative aspect as it defines the ability of a system to maintain stability 

after overloading/yielding of certain elements in the system.  

1.1 Background 

1.1.1 Limitations of Conventional Brace Frames 

Conventional concentric braces have many drawbacks especially when nonlinear 

performance is expected. Such drawbacks include low ductility, asymmetrical 

behavior (hysteretic curves) in tension versus compression, strength deterioration and 

stiffness degradation [3]. The asymmetrical behavior arises due to braces’ different 

response in compression than in tension. The conventional brace performs well and as 

expected under the impact of tensile force (i.e., it yields in the axial direction but 

when acted upon by a compressive force or load it buckles in the lateral direction 

indicating a failure). This low strength and discrepancy in stiffness results in an 
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asymmetrical response under the action of load reversals. Figure 1-3 depicts such 

buckling scenarios for conventional braces when acted upon by earthquake shakes.  

 

Figure 1-3 Buckling of conventional braces under compressive seismic load [2] 

This poor performance under load reversals motivates the research to develop 

improved alternatives. 

1.1.2 Introduction to Buckling Restrained Braces 

The concept of eliminating the compression buckling failure mode in intermediate 

and slender compression elements has long been a subject of discussion. The 

theoretical solution for eliminating the buckling failure mode is very simple: laterally 

brace a compression element, at close regular intervals, so that the compression 

element’s un-braced length effectively approaches zero. This is the basic concept 

behind the evolution of Buckling Restrained Braces (BRBs). 

In the 1980’s, Professor Akira Wada of the Tokyo Institute of Technology began a 

collaborative effort with Nippon Steel Corporation in developing a compression 

element that eliminated the bucking failure mode of slender elements. Dr. Wada’s 

inspiration for the Buckling Restrained Brace (BRB or Un-Bonded Brace) came from 

the collarbone of the human body. It was through this rational thought process that Dr. 

Wada envisioned the “damage control” BRB element for use as a seismic protection 

element. Dr. Wada’s BRB design resembled a typical human bone: bigger at the ends 

with a reduced section in the middle. The original building design scheme for 

Buckling Restrained Braces was for use as a “hysteretic damper” in conjunction with 
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moment resisting frames. Relatively “soft” braces used as hysteretic dampers reduced 

overall steel tonnage by 5 to 10% for the entire structure. Figure 1-4 illustrates the 

buckling controlled mechanism. 

 

Figure 1-4 Idealized Buckling Controlled Mechanism [1] 

1.1.3 BRB System Overview 

BRB systems are unique due to the configuration of the brace elements. They consist 

of two major components:  

 The inner steel core that resists axial stresses  

 The outer concrete-filled steel casing that resists buckling stresses, and the casing 

that restrains the steel core from buckling, thereby developing almost uniform 

axial strains in tension and compression.  

Figure 1-5 shows the detailed view of the BRB system. 

 

Figure 1-5 Typical BRB element [1] 
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More insight into the various BRB components is shown in the following figure. 

 

Figure 1-6 Major components of a BRB element [1] 

BRB’s have full, balanced hysteresis loops with compression yielding similar to 

tension yielding behavior. This is achieved through the decoupling of the stress 

resisting and flexural buckling resisting aspects of the compression strength. Plastic 

hinges associated with buckling cannot form in a BRBF. The near equal tension and 

compression capacities of BRBFs eliminate the post-bucking load imbalance inherent 

in the conventional braced frames such as the Special Concentric Braced Frames 

(SCBF) systems designated by the building code. 

 

 

 

 

 

 

 

 

 

 

 

Figure 1-7 Hysteretic performance of BRB [1] 
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Lengthwise the BRB element can be divided into three parts: the two rigid non-

yielding ends and the middle yielding part. The rigid ends ensure that the inner brace  

remains elastic and thus all plasticity is concentrated in the middle yielding length. 

This BRB configuration provides high confidence in prediction of the element 

behavior and failure. 

 

Figure 1-8 Different length portions of a BRB element [1] 

Buckling-Restrained Braces (BRBs) offer a dependable solution, as depicted in Figure 

1-9, to most if not all the shortcomings of conventional braces. BRBs consist of a 

low-yield steel core embedded into a concrete-filled steel tube. The steel core is 

intended to withstand significant inelastic deformations through elimination of global 

buckling via the surrounding encasement. BRBs have been found to exhibit stable 

hysteretic behavior and superb energy dissipation capabilities. Figure 1-10[4] 

schematically illustrates the anatomy of a typical BRB. Several experimental studies 

have been conducted in the last decade or so for BRB components as well as 

assemblages [4]-[12]. The analysis, design and approval issues of BRBs have been 

also considered [13]. 

 

 

 

 

 

 

 

 

Figure 1-9 Comparison of behaviors between BRBF and CBF [1] 
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It has been found that the stable hysteric behavior exhibited by BRBs is contingent 

upon the existence of several conditions [14]: (a) the encasement should  

have a sufficient stiffness to prevent overall flexural buckling of the BRB, (b)certain 

clearance with de-bonding materials should be provided between the steel core and 

the encasement to avoid the friction-induced axial force and potential buckling of the 

encasement, (c)the inside walls of the encasement should possess sufficient stiffness 

and strength to restrain the core plate from producing deep indentations, (d)the 

connections at both ends of the BRB must have sufficient stiffness and strength for 

the BRB to contain the inelastic deformations within the steel core, and (e) the 

effective buckling length for designing the BRB should consider the stiffness of the 

connections at both ends. It is clear that many of the necessary conditions for the 

desired behavior cannot be guaranteed except by applying strict quality control and 

precision during the manufacturing of the BRB. To avoid such drawbacks and 

limitations, [15] proposed and tested different all-steel BRBs that derive the desired 

confinement through multi-curve profiles in the core plates. 

 

Figure 1-10 BRB schematic [1] 

1.1.4 Finite Element Analysis (FEA) and its limitations 

Despite the stable hysteretic behavior that BRBs show under load reversals, 

significant differences exist between the tension and compression capacities. 

Attributed to the geometric nonlinearity effects induced by the de-coupled 

confinement to the steel core, isotropic hardening is also exhibited. The aggregation  
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of the different peculiarities in the BRB nonlinear behavior calls for highly 

sophisticated modeling techniques if experimental tests are to be reduced to overcome 

economical limitations. 

 Finite Element Analysis (FEA) has been a standard alternative to exhaustive 

experimental programs as long as reasonable validation is performed. The real 

advantage of the FEA technique is the breaking (discretizing) of one element into a 

finite number of elements. Each element can be solved separately to obtain an 

algebraic equation thus making it easier to model the element. Apart from this, FEA 

has the capability to handle any complex geometry covering a wide range of 

engineering problems. Also it can handle complex restraints and loading which makes 

it a good choice for BRB modeling.  

But explicit FEA modeling of the dynamic nonlinear BRB behavior is not a trivial 

task even when compared to the experimental efforts. Similar to physical 

experiments, FEA is incapable of producing closed-form solutions to the simulations.  

1.2 Problem Statement 

Although the FEA technique possesses many unmatched advantages, it still has 

certain disadvantages. A general closed form solution that would permit examination 

of the system’s response to changes in various parameters is not produced. The FEA 

method lacks the learning feature and there is no sense of adaptability allowing it to 

generalize for any case. Discretization must be done and equations must be solved for 

every individual case.  

Moreover, FEA exhibits inherent errors which shall be depicted in the final model. 

For every variation in the parameters, the analysis has to be run all over again which 

might be costly at times. This problem statement forms the basis of our research and 

lays the foundation to explore different artificial intelligence techniques that can offer 

such a closed-form solution via mapping complex relationships between input and 

output parameters. The intelligent model can be trained in a manner to provide a 

closed-form solution. It enables the BRB to provide more precise approximation 

capturing non-linear behavior. 

Five different AI techniques are investigated, namely: (a) time delay neural networks 

(TDNN), (b) nonlinear autoregressive exogenous (NARX) neural networks, (c) 
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Gaussian mixture models regression (GMR), (d) adaptive neuro fuzzy inference 

system (ANFIS) based regression and (e) polynomial classification. The five AI 

methods are capable of being trained to offer such a closed-form solution in the form 

of a mapped relationship between input and output parameters. Detailed descriptions 

of each method as well as their recently developed applications are presented in the 

appropriate sections. 

1.3 Thesis Contribution 

The present work aims to develop a model based on artificial intelligence techniques 

to precisely model the peculiar nonlinear behavior of the BRB. The main 

contributions of this work can be summarized as 

 Develop a powerful tool based on an intelligent scheme for virtual testing of 

BRB specimens. 

 Develop a cost-effective and non-computationally-complex tool, as compared 

to FEA, for learning and predicting the nonlinear behavior of BRBs. 

 Design and build a model based on existing intelligent learning methods, and 

investigate the model’s performance to arrive at the optimum architecture that 

best models the nonlinear phenomenon. 

 Carry out a comparison among the various proposed and implemented 

methods on the basis of a suitable error criterion onto judge the precision and 

accuracy of each model. 

1.4 Thesis Outline 

Having introduced the topic in this chapter, anintoducion and a specific review briefly 

describing  the history of each method and an overview of  the available different 

types of intelligent schemes for nonlinear modeling and system idenificationis 

presented in Chapter 2. A literature review is performed to go through the related 

work in the area of each intelligent technique introduced in the previous chapter. 

More specifically, the literature review is focussed on the dynamice modeling of 

structures in civil engineering, dynamic modeling of river flow and heat transfer, etc. 

In Chapter 3, the acquired experimental data used for training and testing the model is 

discussed in detail. The specimens’ configuration, testing protocols and the 
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parameters are also reported.The necessary data pre- and post-processing steps are 

also described in this chapter. 

In Chapter 4, the two neural network-based techniques, namely TDNN and NARX are 

introduced in detail.A learning algorithm based on Back Propapgation Through Time 

(BPTT) is described for the feedforward networks. Sections are dedicated for the 

model’s performance evalaution, training and testing resultsusing each type of 

dynamic network. 

Chapter 5 is dedicated to the GMM technique for modeling BRB behavior.The 

chapter is divided into a sections describing the basics of GMM, model 

implementation and performance evalaution, and training and testing results. 

Chapter 6discusses the ANFIS-based model and discusses the architecture in detail. 

The hybrid learning algorithm comprised of a back-propagation technique and fuzzy-

based rules is described. The implemented sugeno model is explained in detail.The 

trraining and testing results are presented and discussed, respectively. 

Chapter 7 covers BRB modeling applying the Polynomial Classfication method and 

results are also shown and discussed.  

Chapter 8provides a comparison of all proposed intelligent models on the basis of 

selected performance criteria.  

Finally, Chapter 9 concludes the work witha summary along with the limitations.It 

alsosketches directions for future research. 
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2.2. Background and literature review of Artificial 

Intelligence techniques 

2.1 Background 

The present chapter aims at introducing the various AI techniques used to design and 

build models capable of predicting the BRB brace force necessary to describe 

nonlinear dynamic behavior. The different methods are discussed as follows. 

2.1.1 Artificial Neural Networks 

ANNs are universal nonlinear operators that transform a set of suitably interpreted 

discrete values into another set of numerical data [16]. Such attributes make ANNs 

highly adaptive and trainable systems capable of capturing hidden relationships and 

complex behavior. Inspired by analyses of transmission and transformation of signals 

in human or animal neural systems, ANNs are used in numerous system modeling 

applications including modeling of multivariate dynamic systems and system 

identification [17]. 

2.1.1.1 Multi-Layer Perceptron (MLP) Networks 

The Multi-Layer Perceptron (MLP) networks are widely used in engineering 

applications, mainly due to their superb capability for function approximation. This is 

achieved through implementing nonlinear transformations which map the given 

input(s) into desired output(s). The basic architecture of any MLP network consists of 

an input layer, an output layer, and one or more hidden layers. Each layer contains a 

number of neurons or processing elements (PE) that are partially or fully connected. 

Each neuron (node) performs a simple process using the input and produces an output 

that is carried forward to the next layer as input to its neurons. This process is referred 

to as feed-forward (FF). The connection strength (or weight) between neurons from 

different layers has independent values that are, initially, assigned randomly.  

A single-input neuron is shown in Figure 2-1. The scalar input p is multiplied by the 

scalar weight 𝑤 to form 𝑤𝑝, one of the terms that are sent to the summer (the nodal 

point at which sum of all incoming signals is carried out). The other input 1 is 

multiplied by a bias 𝑏 and then passed to the summer. The output of the summer 

which is 𝑛 goes to the transfer function. The output of the transfer function is the net 

output [18]. 
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Figure 2-1 Single input neuron 

The neuron output is calculated as follows. 

𝑎 = 𝑓(𝑤 × 𝑝+ 𝑏) (2.1) 

The actual output depends on the activation function. There are several types of 

activation functions: 

 Hard Limit 

 Linear 

 Log-Sigmoid 

 Hyperbolic-Tangent Sigmoid 

Typically, a neuron has more than one input and is called a multiple-input neuron. 

A neuron with 𝑅 inputs is shown in Figure 2-2. 

 

Figure 2-2 Multiple input neuron 

Commonly one neuron, even with many inputs, may not be sufficient. We might need 

more neurons, operating in parallel, in what we will call a layer. The concept of a 

layer is discussed below. 
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A single-layer network of neurons is shown in Figure 2-3. Note that each of the 𝑅 

inputs is connected to each of the neurons and that the weight matrix now has 𝑆 rows 

[18]. 

 

Figure 2-3 Multilayer neurons 

In order to best map the modelled data to the desired outputs, the weights are updated 

throughout the training stage. This process is referred to as Back-Propagation (BP), 

and therefore the continued data transfer is referred to as feed-forward back-

propagation (FFBP).  

The optimum set of weights that would produce the least error is later used to perform 

output predictions from new data. Figure 2-4 shows an example of a three-layer FF 

ANN (an input layer, one hidden layer, and an output layer). The user has access to 

the input and the output layer while the intermediate layer is hidden. The nodes are 

interconnected through adjustable weights. 
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Figure 2-4 Schematic of typical ANN architecture 

For simplicity and without any loss of generality we will assume that the output layer 

has only one output node. This ANN is a nonlinear operator that is presented with a 

given set of input vectors {x(k)} to map it to a set of output values {out(k)}. During 

data transfer and propagation through the MLP network from the input layer to the 

hidden layer, new values of nodal activation are computed at each neuron using Eq. 

(2.2): 

𝑠𝑖 𝑘 =   𝑥𝑛 𝑘 𝑣𝑛𝑖 +  𝑏𝑖
𝑛

 

𝑦𝑖(𝑘) = 𝑔(𝑠𝑖(𝑘)) 

(2.2) 

where si denotes the new activation of the hidden node i, yi is the output at that node, 

bi is a bias term, vni is the weight of the link connecting input node n to hidden node i. 

Each node uses a nonlinear transfer function g(si) (e.g., hyperbolic tangent or 

sigmoid) to transform its activation in order to complete the transmission phase. 

Likewise, the output of the hidden layer is transferred to the output layer (single node) 

according to Eq. (2.3): 

𝑧 𝑘 =   𝑦𝑖 𝑘 𝑤𝑖 +  𝑏

𝑖

   𝑜𝑢𝑡(𝑘) = 𝑓(𝑧(𝑘)) (2.3) 
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Where z denotes the new activation of the output, out is the output at the output node, 

b is a bias term, wi is the weight of the link connecting hidden nodes i to the output 

node. The output node uses a nonlinear transfer function f(z) to transform its 

activation in order to complete the transmission phase. The output, out, is then 

compared to the target values. The difference between the network outputs and the 

corresponding target values comprises an error. An adaptability of the network 

weights in the inter-nodal connections allows the minimization of such error. The 

weights of connections are updated iteratively by carrying out successive corrections. 

The corrections are proportional to the back-propagated error in comparison to the 

starting error.  

The errors for the hidden layers are computed in relation to the error transmitted back 

from the output layer. The weights for both the hidden and the output layers are then 

modified in a manner to minimize the total Mean Square Error (MSE) between the 

network output and the targets.  

The generalization capabilities for MLP networks stem from the learning process as 

they are exposed to relevant data at the training stage. Several parameters influence 

the success of training an MLP network, yet the learning material is considered the 

most important factor by far. Comprehensive learning material is more likely to better 

enable the network to capture the input-to-output embedded relationships. The testing 

results help identify and unveil the influential parameters of BRBs and how they 

correspond to the nonlinear behavior.Hence, the ANN generalization (prediction 

capability) depends on the comprehensiveness of the training process and the quality 

of the training data. Thorough explanation of the fundamental basis of ANNs is 

beyond the scope of this thesis; an exhaustive and fundamental introduction to ANNs 

can be found elsewhere [19]-[21]. 

2.1.1.1.1 Dynamic Networks 

Neural networks can be classified into dynamic and static categories. Static (feed 

forward) networks have no feedback elements and contain no delays; the output is 

calculated directly from the input through feed forward connections. In dynamic 

networks, the output depends not only on the current input to the network, but also on 

the previous inputs, outputs, or states of the network. 



 

 

31 

 

The training of dynamic networks is very similar to the training of static feed forward 

networks, as discussed in the sections on multilayer networks and back-propagation 

training. The workflow for the general neural network design process has seven 

primary steps: 

1. Collect data 

2. Create the network 

3. Configure the network 

4. Initialize the weights and biases 

5. Train the network 

6. Validate the network (post-training analysis) 

7. Use the network 

These design steps, and all of the training methods discussed in multilayer networks 

and back-propagation training, can also be used for dynamic networks. The main 

differences in the design process occur because the inputs to the dynamic networks 

are time sequences. 

Dynamic networks can be divided into two categories: those that have only feed 

forward connections, and those that have feedback, or recurrent connections. 

2.1.1.1.1.1 Time Delayed Neural Networks (TDNNs) 

A time delay neural network (TDNN) is a variant of a feed forward neural network 

widely used in a variety of applications. A TDNN constitutes a structure very similar 

to the multilayer feed forward network with some minor modifications. In a 

conventional network each neuron processes the inputs, computes the weighted sum 

of the inputs and then passes this sum through a nonlinear activation function. 

However, in TDNN each neuron is modified by introducing certain delays associated 

with all the weights. The delays are fixed and are chosen depending on the nature of 

the application. The present study is focused on the TDNN developed by 

incorporating only the feed forward (input) delays. The structure of a dynamic neuron 

for a TDNN is depicted in Figure 2-5. 

 

jar:file:///C:/Program%20Files%20%28x86%29/MATLAB/R2011a/help/toolbox/nnet/help.jar%21/ug/bss33r9.html
jar:file:///C:/Program%20Files%20%28x86%29/MATLAB/R2011a/help/toolbox/nnet/help.jar%21/ug/bss33r9.html
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Figure 2-5 Schematic of a dynamic neuron 

In order to generate a dynamic mapping [22] between the inputs and outputs of a 

single neuron, every branch of the neuron is augmented with a delay. The schematics 

of a time delay neuron is represented in Figure 2-5, where 𝑞−𝜏  is the shift operator. 

The governing relation for the input-output representation of a neuron is given by Eq. 

(2.4): 

𝑦 𝑘 =  𝜎   𝑤𝑖𝑥𝑖(𝑘 − 𝜏𝑖)
𝑁

𝑖=1
  

(2.4) 

where 𝑤𝑖  represents the neuron weights, 𝜏𝑖  represents the delays embedded in each 

neuron branch, and 𝜎  ∙  is the nonlinear activation function. In a conventional TDNN 

there is usually more than one connection (link) between two neurons, but for 

simplicity’s sake and no loss of generality the adopted structure in this research shall 

utilize only one branch. Note that in the above equation, the output of the neuron at 

time instant k depends on the previous values of the inputs which results in a dynamic 

behavior making it suitable for modeling a dynamic nonlinear system. This is part of a 

general class of dynamic networks, called time delayed networks, in which the 

dynamics appear only at the input layer of a static multilayer feed forward network. 

The following figure illustrates a two-layer TDNN. 

 

Figure 2-6 A two layer TDNN with feed forward delays 
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Figure 2-6 explains the formulation of a two layered dynamic network with feed 

forward delays. 𝑅1 represents the total number of data points𝑝1(𝑡). TDL is the tapped 

delay layer with d number of delays for the inputs. 𝑛1(𝑡) is a function resulting from 

the summation of 𝐼𝑊1  (input weights that link the delayed inputs to the neurons at 

Layer 1) and 𝑏1 (bias values for Layer 1). The summation output𝑛1 𝑡  is passed 

through the nonlinear activation function 𝑓1to arrive at the output 𝑎1(𝑡) that becomes 

the input to Layer 2. The function 𝑛2(𝑡) resulting from the summation of 𝐿𝑊2 (layer 

weights that link 𝑎1(𝑡) to neurons at Layer 2) and 𝑏2 (bias values for Layer 2) is 

finally processed through the activation function 𝑓2 (mostly linear) to reveal the 

network output 𝑎2(𝑡). 

2.1.1.1.1.1 Nonlinear with AutoRegressive eXogenous Input (NARX) 

Networks 

The NARX is a recurrent dynamic neural network architecture that encloses several 

layers with feedback connections. A mathematical expression for the NARX network 

output can be given by Eq. (2.5): 

𝑦 𝑘 = 𝑓[𝑦 𝑘 − 1 ,𝑦 𝑘 − 2 ,… . . 𝑦 𝑘 − 𝑑𝑦 ,𝑢 𝑘 ,𝑢 𝑘 − 1 ,… . . 𝑢 𝑘 − 𝑑𝑢

+ 1 ] 

(2.5) 

where the next value of the dependent output signal 𝑦 𝑘  is regressed on previous  𝑑𝑦  

values of the output signal and previous 𝑑𝑢  values of an independent (exogenous) 

input signal. 𝑢 𝑘 and 𝑦 𝑘 denote, respectively, the input and output of the model at 

discrete time step 𝑘, while 𝑑𝑢  and 𝑑𝑦 , are the input-memory and output-memory 

orders. When the function f can be approximated by an MLP network, the resulting 

system is called a NARX recurrent system. This can be represented by Eq. (2.6): 

𝑦 𝑘 = 𝑓𝐴𝑁𝑁  𝑦 𝑘 − 1 ,𝑦 𝑘 − 2 ,… . . 𝑦 𝑘 − 𝑑𝑦 ,𝑢 𝑘 ,𝑢 𝑘 − 1 ,… . . 𝑢 𝑘

− 𝑑𝑢 + 1  +  𝜀(𝑘) 

(2.6) 

where 𝑓𝐴𝑁𝑁 is a nonlinear function describing the system behavior (obtained via 

ANNs), 𝜀 𝑘  is the approximation error at the time instances 𝑘, and𝑑𝑦and 𝑑𝑢  are the 

orders of 𝑦 𝑘  and 𝑢 𝑘 , respectively. 
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A diagram of a dynamic network is shown below, where a two-layer feed forward 

network is used for the approximation. This implementation also allows for a vector 

ARX model, where the input and output can be multidimensional. 

 

Figure 2-7 Dynamic network with feed forward and feedback delays 

Figure 2-7 illustrates the formulation of a dynamic network with feed forward and 

feedback delays. 𝑅1 represents the total number of data points𝑝1(𝑡). TDL is the 

tapped delay layer with d number of feed forward delays for the inputs. 𝑛1(𝑡) is a 

function resulting from the summation of 𝐼𝑊1,1 (input weights that link the delayed 

inputs to the neurons at Layer 1) and 𝑏1 (bias values for Layer 1). The summation 

output 𝑛1 𝑡 is passed through the nonlinear activation function 𝑓1to arrive at the 

output 𝑎1(𝑡) that becomes the input to Layer 2. The function 𝑛2(𝑡) resulting from the 

summation of LW (Layer Weights that link 𝑎1(𝑡) to neurons at Layer 2) and 𝑏2 (bias 

values for Layer 2) is finally processed through activation function 𝑓2 (mostly linear) 

to reveal the network output 𝑎2(𝑡). The network output𝑦  𝑡 t is fedback to the 

network. It is passed through the TDL to form the feedback delays which are then 

linked to the neurons through layer weights 𝐿𝑊1,2 and processed along with the input 

weights. 

There are many applications for the NARX network. It can be used as a predictor, to 

predict the next value of the input signal. It can also be used for nonlinear filtering, in 

which the target output is a noise-free version of the input signal. The use of the 

NARX network is demonstrated in another important application, the modeling of 

nonlinear dynamic systems. 
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2.1.2 Gaussian Mixture Models (GMM) 

Generally speaking, the GMM (Gaussian Mixture Model) is a finite mixture 

probability distribution model. It represents a weighted sum of various Gaussian 

component densities [23].Gaussian mixture models are normally formed by 

combining multivariate normal density components. The multivariate normal 

distribution is a generalized form of the univariate normal distribution of two or more 

variables. It is a distribution for random vectors of correlated variables, every element 

of which possesses a univariate normal distribution. In the simplest case, there is no 

correlation among variables, and elements of the vectors are independent univariate 

normal random variables. 

GMM is a weighted sum of K component Gaussian densities as given by Eq. (2.7). 

𝑝 𝑥 𝜆 =   𝑤𝑖𝑔(𝑥|𝜇𝑖 ,∑𝑖)

𝐾

𝑖=1

 (2.7) 

where 𝑥 is a D-dimensional continuous-valued data vector (i.e., measurement or 

features);𝑤𝑖 , i = 1, . . . K, are the mixture weights; and 𝑔(𝑥|𝜇𝑖 ,∑𝑖), i = 1, . . . K are the 

component Gaussian densities. Each component density is a D-variate, Gaussian 

function of the form given by Eq. (2.8), 

𝑔 𝑥 𝑢𝑖 ,∑𝑖 =  
1

 2𝜋 
𝐷

2  ∑𝑖  
1

2 
𝑒𝑥𝑝  −

1

2
(𝑥 −  𝜇𝑖)′∑𝑖

−1(𝑥 −  𝜇𝑖)  (2.8) 

The multivariate normal distribution is parameterized with a mean vector, μ, and a 

covariance matrix, Σ. These are analogous to the mean μ and variance σ
2
 parameters 

of a univariate normal distribution. The diagonal elements of Σ contain the variances 

for each variable, while the off-diagonal elements of Σ contain the covariances 

between variables. 

The complete GMM is parameterized by the mean vectors(𝜇𝑖), covariance matrices 

(∑𝑖) and mixture weights (𝑤𝑖) from all component densities. These parameters are 

collectively represented by the notation given as 

𝜆 =   𝑤𝑖 , 𝜇𝑖 ,∑𝑖        𝑖 = 1,…… . .𝐾 (2.9) 
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The GMM technique is extensively used in identification and control of systems [24]. 

The remarkable capabilities of GMM have further been explored in areas of 

identification of nonlinear systems [25].  

In the present thesis the experimental data utilized are the brace extensions and forces 

that are recorded for the longitudinal direction only. It is further assumed that this data 

is drawn from a mixture of Gaussian densities having certain correlations between the 

input and output variables. Each Gaussian component has its own mean and 

covariance matrix that has to be estimated separately. The objective is to find the 

parameters of the GMM that best fits the data. 

2.1.3 Adaptive Neuro Fuzzy Inference System 

From an operational perspective, neural networks (NN) and fuzzy logic (FL) can be 

viewed as complimentary technologies. NN based models have the exceptional 

capability to learn from the data and the feedback although it’s hard to develop an 

insight into the meaning associated with each processing element (neuron) and each 

weight. NNs can be viewed as a black box approach with the box performing the 

necessary job without having any knowledge (concept) of how it has been done. NNs 

make use of the BP algorithm to adjust the weights for learning purposes. The fuzzy 

rule based models on the other hand are easy to comprehend since they make use of 

linguistic terms and a set of if-then rules. But unlike NN, FL does not come with a 

learning algorithm. The learning and identification for fuzzy based models need to 

adopt methods from other areas. Since NN can learn, it is therefore natural to marry 

the two technologies. 

2.1.3.1 Fuzzy Logic (FL) Based Modeling 

System modeling based on conventional mathematical tools is not very well suited to 

dealing with uncertain and nonlinear systems. However, by contrast, a fuzzy inference 

system based on fuzzy if-then rules can model such a phenomenon without employing 

quantitative analyses. This method, usually termed “fuzzy modeling” or “fuzzy 

identification “was first systematically explored by Takagi and Sugeno (1985).has 

found numerous applications in control. But there are certain aspects of the approach 

that require better understanding and attention. More specifically, 
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1. There is no standard way to transform human knowledge and experience into 

fuzzy based rules for the fuzzy inference system. 

2. There is a need for effective tuning methods for membership functions (MFs) in 

order to minimize the output error and maximize the performance index.   

The Adaptive Neuro Fuzzy Inference System (ANFIS) approach learns the rules and 

membership functions from the provided data. In ANFIS, the parameters associated 

with a given membership function are chosen arbitrarily so as to tailor the 

input/output data set. The aim in this thesis is to develop a model based on the ANFIS 

approach that can best model the nonlinear behavior of a BRB specimen. 

2.1.3.2 Fuzzy Logic Introduction 

Since its proposal by L. Zadeh [26] in 1965, fuzzy logic has been an active research 

topic. Zadeh defined fuzzy sets as "a class of objects with a continuum of grades of 

membership. Such a set is characterized by a membership (characteristic)function, 

which assigns to each object a grade of membership ranging between zero and one" 

[26].In general, a fuzzy system is a static nonlinear mapping between sets of inputs 

and outputs. The inputs and outputs are real numbers, whereas the processes in 

between consists of fuzzy sets [27]. Fuzzy logic control (FLC) is mostly effective 

when the controlled process is based on human heuristic experience. As a result, it is 

commonly used to control nonlinear processes where there is no simple mathematical 

model relating between the process inputs and outputs [27]. An FLC system mainly 

consists of four main blocks, namely, fuzzification, rule based algorithm, fuzzification 

interface, and defuzzification. The following section will explain the design of each 

block based on the work of K. Passino and S. Yurkovich [27]. 

The FLC process can be summarized as follows. FLC maps between a set of 

inputs(𝑢𝑖 ∈ 𝑈𝑖 ; where i = 1, 2, . . ., n) and outputs (𝑦𝑖 ∈ 𝑌𝑖; where i = 1, 2, . . ., m). 

𝑈𝑖  and 𝑌𝑖 are called the “universes of discourse” for 𝑈𝑖  and 𝑌𝑖 , respectively. As shown 

in Figure 4.1, the fuzzification block converts the real number"crisp" inputs to fuzzy 

sets, and then the inference mechanism uses the fuzzy rules of the rule base to 

produce the implied fuzzy sets or the fuzzy conclusions. 
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Finally, the defuzzification block converts these fuzzy conclusions into the crisp real 

number outputs. The design of a fuzzy control system goes through three main steps: 

choosing the fuzzy controller inputs and outputs, processing the controller inputs and 

outputs, and designing each of the four blocks of the fuzzy controller. 

While choosing the controller inputs, the designer should make sure that the FLC has 

enough information available to produce good decisions and efficiently control the 

process. In general, the choice of the inputs and the outputs will place specific 

limitations on the FLC design process. In some cases, the designer will be limited to a 

set of inputs depending on the sensor’s availability. In such a case, observers and 

estimators can be used to find the needed inaccessible inputs. Choosing the FLC 

outputs is usually easier than choosing its inputs as the control process itself usually 

determines them. 

Finally, the defuzzification block converts these fuzzy conclusions into the crisp real 

number outputs. The design of a fuzzy control system goes through three main steps: 

choosing the fuzzy controller inputs and outputs, processing the controller inputs and 

outputs, and designing each of the four blocks of the fuzzy controller. 

2.1.4 Polynomial Classifiers 

Polynomial classifiers[28], [29] fall under the category of neural classifiers and can be 

regarded as a network which operates on feature vectors, maps them to higher 

dimensional space vectors through a polynomial function and passes the expanded 

vectors through a single layer network. The weights of this network are obtained 

Figure 2-8 Fuzzy logic block diagram 
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through the minimization of the 𝐿2-norm of the error between the output of the 

network and the desired target outputs for the training data. 

Linear discriminant functions usually work very well with linearly separable data. 

However, they are less accurate when the data is not linearly separable. As a solution 

to this problem, many nonlinear classification methods were introduced in the past 

few decades including neural and statistical classifiers.  

Although the polynomial classifier networks are commonly used for classification 

problems,they can also be utilized to perform regression. In the present thesis the 

polynomial classifiers are used for regressing a given set of input vectors (brace 

deformations) into a set of output vectors (brace forces), thus developing model that 

can extract the complex nonlinear behavior of a BRB specimen.   

Unlike the ANNs in which the data is processed through the nonlinear activation 

function at the hidden layer, the data is expanded through a polynomial of a certain 

degree and then passed through the layer architecture acting as a linear classifier. 

For any given input sequence 𝑥1 ……𝑥𝑁 
𝑇 that needs to be mapped in to a given 

output sequence 𝑦1 ……𝑦𝑁 
𝑇 , the feature vectors can be formed as 

𝐱𝐣 =    𝒙𝒌 𝒙𝒌−𝟏… .  𝒙𝒌−𝒅𝒖 𝒚𝒌−𝟏……  𝒚𝒌−𝒅𝒚         𝑘, 𝑗 = 1,……𝑁  (2.10) 

where  𝑥𝑘−1 and  𝑦𝑘−1represent one delayed sample of input and output respectively 

while 𝑑𝑢  and  𝑑𝑦  are the maximum chosen delays for input and output memory and 

also account for the dimension M of the feature vector. Now the sequence of feature 

vectors T]x,x[xX N21    is expanded into 

T

N ])()()([ 21 xpxpxpV   (2.11) 

The next step is to acquire an optimized set of weights by minimizing the distance 

between the ideal output vector y and a linear combination of the polynomial 

expansion of the training feature vectors𝐕.𝐰 such that  

p

opt
ywVw

w

 .minarg  (2.12) 
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The final predicted output is obtained by multiplying the expanded vector with the 

weight vector. Such a mode can be effectively utilized for regression analysis and that 

is exactly what is attempted in this thesis. 

More detailed explanation of the AI techniques mentioned in this chapter will be 

provided in the later chapters. 

2.2 Literature Review 

The present chapter also addresses a collection of literature concerning the dynamic 

modeling of structures using AI based techniques. It shows the related work and 

research that has been carried out over the past few years concerning modeling of 

nonlinear systems using the different approaches discussed above. 

ANNs have been extensively utilized since the 1990’s in various areas of civil 

engineering in general [30]-[34]. In structural engineering and mechanics, 

specifically, there have been many studies as well [35]-[41].When attempting to 

model time-dependent structural response or nonlinear behavior, advanced network 

architectures need to be utilized. For instance, [42] employed additional input neurons 

in a feed-forward network structure to capture the rate-dependent constitutive material 

behavior. 

TDNN has been utilized in the prediction of control for nonlinear dynamic systems 

[43] as well as in nonlinear system identification [44]. Their use has been tremendous 

in stabilizing the output feedback for interconnected nonlinear systems [45]. They 

have been acknowledged as a smart tool for predicting chaotic time series [46] and an 

adaptive model for multistep prediction of sunspot activity [47]. Based on models 

developed for temporal signal processing, partial and full recurrent neural networks 

[48] as well as wavelet neural networks have been shown to successfully map 

structural processes onto time-dependent structural responses [49]-[52].  

Static as well as dynamic and recurrent ANN structures have been employed in 

solving a wide variety of problems especially related to system identification and 

nonlinear modeling. [53] analyzed vibration signatures for damage detection in 

structures. [54] utilized ANNs to locate structural damage in the longitudinal direction 

of various structures like beams and frames. Nonlinear structural control was 

developed using NNs [55].The developed neurocontroller was tested and optimized 
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via a tendon-floor experimental setup for feedback and optimization. Other active 

control techniques using ANNs have been introduced to minimize structural seismic 

responses such as adaptive neural structural active pulse (ANSAP) [56]. Promising 

results with significant reductions to structural responses were reported. A 

comparative analysis between and a fully recurrent network has also been investigated 

[57] for modeling dynamic response of complex nonlinear processes and performing 

accurate multi-step ahead predictions. A hybrid approach based on a recurrent fuzzy-

neural model for dynamic system identification [58] has also been investigated and 

was found to be an effective tool for noise cancellation. [59] utilized back-

propagation ANNs to diagnose and detect structural damage in RC beams due to 

impact loads. The data sets for training and testing were generated using the finite 

element technique. A modeling methodology based on dynamic neural network 

architecture was adopted by [60] to determine thermal errors in non-stationary tools 

under varying thermal conditions. A seismic early warning system for a pre-stressed 

concrete (PC) bridge using ANNs has been incorporated by [61] to generate quick 

seismic response estimates.  

Also a general feed-forward back-propagation network using the steepest decent 

scheme has been proposed by [39] as an active control strategy for protection against 

seismic vibrations for multi-degree-of-freedom structures. Model inaccuracies for 

sediment transport models resulting from the limitations of precise mathematical 

terms have been reduced by the machine learning NN based approach [62]. A novel 

approach based on a combined (numerical [CFD] and neural network) approach was 

adopted by [63] in modeling the effect of topographic features on wind flow. [64] 

used two different architectures based on back propagation and general regression as 

expert systems to study soil-structure interaction and make decisions about land use. 

Additionally, Nonlinear AutoRegressive eXogenous (NARX) Artificial Neural 

Networks (ANNs) were implemented in modeling dynamic systems [65]-[67]. 

Recently, NARX ANNs have been used to detect structural damage from 

experimental data of local sensor readings [68]. 

Gaussian Mixture Models have also been utilized in modeling applications to a good 

extent. The GMM technique is extensively used in identification and control of 
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systems [24]. The remarkable capabilities of GMM have further been explored in 

areas of identification of nonlinear systems [25]. 

The applications of ANFIS extend to various directions. Recently it has been utilized 

in analytical modeling of grade steel [69]. It has also been used in modeling of logic 

circuits [70] as well as in the design of photovoltaic power supply systems [71]. 

ANFIS has also shown its capabilities when it comes to nonlinear modeling involving 

the effect of different flows on the performance of solid oxide fuel cells [72]. 

Lastly, polynomial networks have been successfully used in various applications of 

pattern recognition including speech and speaker recognition [28], [29], [89] and 

biomedical signal separation [90]. In this thesis the aim is to perform regression using 

the unmatched capability of neural classifiers for nonlinear modeling. 
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3. 3. Acquired Experimental Data 

The experimental data utilized to develop the AI based models were those of the full-

scale tests performed by [12] at the University of California at Berkley. 

3.1 BRB Specimens 

Tests were performed on four BRB specimens representative of modern code-

compliant construction, fabricated at or near full scale. The testing setup incorporated 

two stories, realistic boundary conditions, and subjected the BRBs to loading histories 

representative of intense earthquake ground motions. Specifically, three one-bay 

wide, two-story planar frames were tested. For these specimens, the upper stories 

were stiffened and strengthened so that inelastic deformations would be concentrated 

in the lower stories containing the BRBs. Intense shaking was applied to both inverted 

V and single diagonal braced frame configurations. 

 

 

 

Figure 3-1 Experimental setup for specimen BRB-1[12] 
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Figure 3-2 Experimental setup for BRB-2 and BRB-3[12] 

In this thesis, test results from specimen BRB-3 were used for training the network. 

The test results from the remainder of the specimens were utilized for testing the 

network’s prediction capability. 

3.2 Experimental testing protocol 

The conducted experiments followed the standard loading protocol provisions 

outlined in the AISC/SEAOC Recommended Buckling-Restrained Brace Frame 

Provisions (AISC 1997). The protocol has 16 cycles and is designed to subject the 

specimen to sufficient accumulated inelastic demands in order to demonstrate the 

desirable stable hysteretic behavior. The loading protocol is graphically illustrated in 

Figure 3-3.  

 

Figure 3-3 Generic profile of loading protocol AISC/SEAOC (1997) 
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Details of the four specimens are presented in Table 3-1. Further descriptions of the 

experimental program and the specimens can be found in the PEER report no. 

2008/08 [10]. 

Table 3-1 Details of tested BRB specimens [12] 

Specimen 

Yield 

Strength 

(MPa) 

Ultimate 

Strength 

(MPa) 

Yield 

Length 

(mm) 

Overall 

Length 

(mm) 

Yield 

Area 

(mm
2
) 

∆by 

(mm) 

∆bm 

(mm) 

BRB-1 

North 
282 429 2365 2997 4084 9.4 44.5 

BRB-1 

South 
282 429 2365 2997 4084 9.4 44.5 

BRB-2 282 429 4008 4722 4084 9.9 57.2 

BRB-3 282 429 3409 4722 7542 8.4 57.2 

 

3.3 Experimental input/output for proposed intelligent models 

The basic input for all the implemented intelligent models is brace deformation for 

which it is required to predict a corresponding output comprised of the brace force. 

Since the conducted tests are followed the AISC/SEAOC standard test protocol, the 

deformations recorded are prescribed in terms of specimen yield deflection (y), as in 

Figure 3-3. Thus, the reported experimental deformations are normalized by the 

specimen y as well prior to being fed into the network. The deformation 

normalization allows the ANN to recognize the specific behavioral patterns of each 

individual specimen. The yield deflection (y) is an effective descriptor of the 

uniqueness in individual specimens as it relates all the parameters influencing the 

BRB behavior. The y incorporates the combination of several parameters, such as the 

brace yield length, cross-sectional area and yield stress into the network’s learning 

process in an efficient manner. 
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Upon consideration of the BRB steel core anatomy as illustrated in Figure 3-4a, one 

can readily appreciate the influence of y parameter. Since the BRB steel core has 

three distinct zones (two end flanges 𝐿𝑓  and an intermediate yield portion 𝐿𝑦 ), its axial 

behavior is similar to that of three elastic springs connected in a series (Figure 3-4b).  

 

(a) 

 

(b) 

Figure 3-4 a) BRB steel core anatomy b) BRB steel core analytical stiffness model 

The elastic axial stiffness of each zone (or spring) can be calculated using Eq. (3-1): 

𝑘𝑓 =
𝐸𝐴𝑓
𝐿𝑓

 (3.1a) 

𝑘𝑦 =
𝐸𝐴𝑦
𝐿𝑦

 (3.1b) 

The equivalent stiffness 𝑘𝑒  of the brace is given as: 

1

𝑘𝑒
=

2

𝑘𝑓
+  

1

𝑘𝑦
 (3.2) 

Substituting the values of 𝑘𝑓  and 𝑘𝑦  from Eq. (3.1a) and (3.1b) into Eq. (3.2) and 

rearranging, the equivalent stiffness can be expressed as: 
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𝑘𝑒 =
𝐴𝑓𝐴𝑦𝐸

 𝐴𝑓𝐿𝑦 + 2𝐴𝑦𝐿𝑓 
 (3.3) 

Since the yield deflection can be expressed in terms of yield stress and equivalent 

stiffness as: 

𝛥𝑦 =
𝑃𝑦
𝑘𝑒

=  
𝐹𝑦𝐴𝑦
𝑘𝑒

 (3.4) 

Substituting Eq. (3-3) into Eq. (3-4) and simplifying, results in the following 

expression: 

𝛥𝑦 =
𝑃𝑦
𝑘𝑒

=  
𝐹𝑦 𝐴𝑓𝐿𝑦 + 2𝐴𝑦𝐿𝑓 

𝐴𝑓𝐸
 (3.5) 

The expression in Eq. (3-5) demonstrates how the yield deflection can be used as a 

major descriptor of individual BRB specimens. Figures 3-5 and 3-6 show a sample of 

the recorded brace deformations and brace forces throughout the experimental test for 

specimen BRB-3. 

Figure 3-5 BRB-3 experimental deformation measurements 



 

48 

 

3.4 Pre- and post-processing of data 

In order for the intelligent model to produce efficient results, it is always useful to 

pre-process the data such that the model always sees the data in the same range. For 

this purpose the input and output data are normalized by the peak values thus making 

it fall in the interval (-1, 1) [76]. 

To model the system dynamics using alternate AI techniques, a dynamic model is 

realized for every technique. The normalized output force values produced during 

training can be easily denormalized to actual ones due to the availability of peak 

values of actual targets. Conversely during testing, the normalized output force values 

need to be denormalized into a meaningful range. This action is carried out by 

utilizing an auxiliary secondary model (MLP network), that maps a given set of peak 

brace deformation values into peak brace force values and allows for post-processing 

of normalized brace forces for each implemented technique. 

Figure 3-7 schematically illustrates the types of intelligent models that are 

necessitated by the pre- and post-processing requirements for the problem at hand. 

Figure 3-7(a) essentially explains the pre-processing step for dynamic model 

formulation in which the input data series (brace deformation) and output data series 

(brace force) are normalized to be fed to the primary model to predict the normalized 

dynamic model output. Figure 3-7(b) reveals the post-processing scenario in which 

Figure 3-6 BRB-3 experimental force measurements 
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the input (brace extension) peaks and the output (brace force) peaks are presented to 

an auxiliary secondary model acting as the static model to estimate the peak brace 

force values necessary to denormalize the dynamic model output. Lastly, Figure 3-

7(c) shows the overall system that combines the dynamic and static model parameters 

to predict the output (brace force) for a given input (brace extension). 

 

 

(a) 

 

(b) 
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(c)

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3-7 Dynamic Model trained on preprocessed (normalized) data (b) Static 
Model for denormalization (post processing) (c) Overall system for predicting brace 

force 
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4.4. BRB Modeling Using Artificial Neural Networks 

(ANNs) 

       As mentioned and discussed in the literature review in Chapter 2, ANNs have been 

extensively utilized in system identification and modeling problems. The present 

chapter explains the formulation of the BRB model based on feed forward (TDNN) 

and feed forward/feedback (NARX) dynamic networks.  

4.1 BRB Modeling Using TDNN 

4.1.1 TDNN Architecture 

The dynamic multilayer feed forward time delayed neural network can be easily 

constructed by utilizing the dynamic neuron as described in Figure 2-4 in Chapter 2. 

The governing equations for a typical neuron are now given by Eq. (4.1) 

𝑧𝑗
𝑙 𝑘 =    𝑤𝑗𝑖

𝑙

𝑁𝑙−1

𝑖=1

𝑦𝑖
𝑙−1 𝑘 − 𝜏𝑗𝑖

𝑙  +  𝑏𝑗
𝑙  

𝑜𝑢𝑡𝑗
𝑙 𝑘 = 𝛾(𝑧𝑗

𝑙 𝑘 ) 

 

(4.1) 

where 𝑜𝑢𝑡𝑗
𝑙 𝑘  denotes the output of the jth neuron in the lth layer at time k.𝑤𝑗𝑖

𝑙 and 𝜏𝑗𝑖
𝑙  

denote the weight and the associated delay respectively connecting the jth neuron in 

the lth layer to the ith neuron in the  𝑙 − 1 𝑡 layer. Note that j varies from 1 to𝑁 𝑙; i 

varies from 1 to 𝑁 𝑙−1; and 𝜏𝑗𝑖
𝑙 varies from 0 to 𝜏𝑚𝑎𝑥  (which is to be chosen 

subsequently as the maximum delay used to represent the desired input–output map). 

Also 𝑧𝑗
𝑙 𝑘  represents the weighted input of the jth neuron in the lth layer at time k. 

The output of the ith neuron in the first (hidden) layer is given by the following Eq. 

(4.2). 

𝑚𝑖
1 𝑘 =    𝑤𝑖1

1

𝑁𝑙−1

𝑖=1

𝑥𝑖
1 𝑘 − 1 − 𝜏𝑖1

1  +  𝑏𝑖
1 

𝑦𝑖
1 𝑘 = 𝜎(𝑚𝑖

1 𝑘 ) 

 

(4.2) 

Now substituting 𝑦𝑖
1 𝑘  in Eq. (5.1) yields the value of 𝑜𝑢𝑡𝑗

𝑙 𝑘  at the second (output) 

layer as given by Eq. (4.3) 
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𝑜𝑢𝑡𝑗
2 𝑘 =  𝑓   𝑤𝑗𝑖

2

𝑁1

𝑖=1

 𝑠  (𝑤𝑖1
1 𝑥𝑖

1 𝑘 − 1− 𝜏𝑖1
1 −  𝜏𝑗𝑖

2   +  𝑏𝑖
1 +  𝑏𝑗

2  

 

(4.3) 

Since i varies from 1 to 𝑁1 and j varies from 1 to𝑁2, 𝑜𝑢𝑡𝑗
𝑙 𝑘  can be re written as Eq. 

(4.4)  

𝑜𝑢𝑡𝑗
2 𝑘 =  𝑓  𝑥 𝑘 − 1 − 𝜏11

1 −  𝜏𝑗1
2  ,𝑥 𝑘 − 1− 𝜏21

1 −  𝜏𝑗2
2  ,… , 𝑥 𝑘 − 1

− 𝜏 𝑁1 1
1 − 𝜏𝑗  𝑁1

2    

(4.4) 

It can be easily noticed that the parameter  𝜏𝑗𝑖
𝑙  is not fixed and rather varied such that 

the error norm is minimized. Keeping in mind that𝜏𝑗𝑖
𝑙  varies from 0 to 𝜏𝑚𝑎𝑥 , the output 

of the last layer can be shown in extended form as given by Eq. (4.5) 

𝑜𝑢𝑡𝑗
𝐿 𝑘 =  𝑁𝐴𝑁𝑁  𝑥 𝑘 , 𝑥 𝑘 − 1 ,𝑥 𝑘 − 2 ,… ,𝑥 𝑘 − 1− 𝐿𝜏𝑚𝑎𝑥    

(4.5) 

where 𝑁𝐴𝑁𝑁  is the nonlinear mapping realized by the network. 

4.1.2 Proposed TDNN architecture 

The brace extension measurements versus time acquired from the experimental data 

serve as the inputs to the TDNN with the corresponding brace force as the network 

output. The adopted architecture for the network has one hidden layer intermediate to 

the input and output layers. The input memory order for the network is chosen to be 

10. The number of input delays are selected empirically based on the best error 

performance for validation data set. This allows us to formulate an ideal network 

structure for suitable prediction of the time series. The TDNN network contains 20 

neurons in the hidden layer and a single neuron in the output layer. Figure 4-1 

represents the adopted TDNN architecture. [73] is used to develop the TDNN model 

presented in this thesis. 
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4.1.3 Learning algorithm 

The learning process utilized is the static back-propagation algorithm to compute the 

gradients. During the learning (training) phase, the network makes use of the true 

output (targets) to perform classical static error back-propagation. In order to avoid 

overtraining the network, an algorithm that is capable of regularization is utilized. 

This process involves modifying the performance index function by replacing the 

typical performance function used in training. The regular MSE is given by 

𝑀𝑆𝐸 =
1

𝑁
 𝑒2(𝑘)

𝑁

𝑘=1

 (4.6) 

where the error 𝑒 𝑘  is the difference between the actual target 𝑦 𝑘  and network 

output𝑦  𝑘 . 

𝑒 𝑘 =  𝑦 𝑘 − 𝑦  𝑘  (4.7) 

The normal MSE is modified by a new regulated one, MSEreg, as follows: 

𝐽 = 𝑀𝑆𝐸𝑟𝑒𝑔 =  𝜉𝑀𝑆𝐸 + (1 −  𝜉) 𝑀𝑆𝑊 (4.8) 

where 𝜉 is the performance ratio and MSW is the mean squared weights.  

Figure 4-1 TDNN architecture used during training and testing mode 
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Back-propagation is used to calculate derivatives of performance with respect to the 

weight and bias variables. Each variable is adjusted according to gradient descent 

with momentum. The increment in weights is proportional to the negative gradient of 

the error computed w.r.t weights given as 

∆𝑤 =  −    1 −𝑚𝑐  𝜂
𝜕𝐽

𝜕𝑤
  (4.9) 

where 𝜂 is the learning ratio and 𝑚𝑐  is the momentum constant.  

4.1.4 Performance Evaluation 

During the training phase, the neuron weights are continuously modified until there is 

no noticeable improvement to the network forecasting capability. This is achieved by 

continuous back-propagation of performance data via a validation process. The 

objective is to achieve the closest resemblance between experimental and network-

estimated brace force values by minimizing the error for the given force-extension set. 

The performance of the network during the training process measured by MSEreg is 

shown in Figure 4-2 as the training process completes 150 epochs. 

 

Figure 4-2 TDNN performance during training after 150 epochs 
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Statistical correlation (regression) is performed between the TDNN-generated output 

and target output data prescribed in the training patterns. From Figure 4-3 it can be 

seen that the majority of the predicted data points lie within the 10% error bounds or 

confidence interval indicating a good match between the experimental and the TDNN 

predicted brace force.  

Figure 4-3 illustrates an admirable agreement between the predicted BRB forces from 

fed extension data and the experimental results, thus proving the network’s prediction 

feature.  

Figure 4-3 Regression of TDNN model output to desired targets for training 

4.1.5 Network training results 

Figure 4-4 represents the comparison between the experimental and the ANN 

predicted brace force for the BRB-3 specimen. The BRB-3 specimen is chosen for 

training since it possesses the largest brace deformation and brace force. The network 

shows good performance throughout the range of training data. The training was 

carried out for 150 epochs so as to avoid over fitting of the data resulting in an over-

trained network.  
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The hysteresis curve for the training data set is also drawn to observe the 

characteristic nonlinear behavior of the brace. Figure 4-5 shows the experimental and 

predicted hysteresis curves superimposed on each other to visually realize the 

similarity between the two. 
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Figure 4-5 Actual/TDNN hysteretic performance for training on BRB-3 

Figure 4-4 Actual/TDNN brace force for training on BRB-3 
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4.1.6 Network testing results 

Subsequent to training the network such that it learns the underlying phenomena 

involving the nonlinear hysteric BRB behavior, the network’s prediction capability is 

tested using the experimental results of specimens BRB-1 North, BRB-1 South, BRB-

2 and BRB-3. The predicted brace force for the BRB-3 testing specimens as compared 

to their experimental counterpart is shown in Figure 4-6. 

 

Figures 4-7 to 4-9 show a similar comparison of predicted and experimental brace 

force for the rest of the specimens (i.e., the BRB-1 North, BRB-1 South and BRB-2 

testing data set). 
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Figure 4-6 Actual/TDNN brace force for testing on BRB-3 



 

 

58 

 

0 2 4 6 8 10 12 14 16
-3000

-2000

-1000

0

1000

2000

3000

No. of Cycles

B
ra

ce
 F

o
rc

e 
(k

N
)

 

 
Actual

Predicted (TDNN)

 

 

 

 

 

 

 

 

0 2 4 6 8 10 12 14 16
-2000

-1500

-1000

-500

0

500

1000

1500

2000

No. of Cycles

B
ra

ce
 F

o
rc

e 
(k

N
)

 

 
Actual

Predicted (TDNN)

Figure 4-7 Actual/TDNN brace force for testing on BRB-2 

Figure 4-8 Actual/TDNN brace force for testing on BRB1-North 
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The estimated hysteresis curves are also drawn for the four testing specimens along 

with the experimental curves and are shown in the following figures. 

 

 

0 2 4 6 8 10 12 14 16
-3000

-2000

-1000

0

1000

2000

3000

No. of Cycles

B
ra

ce
 F

o
rc

e 
(k

N
)

 

 
Actual

Predicted (TDNN)

-80 -60 -40 -20 0 20 40 60 80
-3000

-2000

-1000

0

1000

2000

3000

Brace Deformation (mm)

B
ra

ce
 F

o
rc

e 
(k

N
)

 

 
Actual

Predicted (TDNN)

Figure 4-10 Actual/TDNN hysteresis performance for training on BRB-3 

Figure 4-9 Actual/TDNN brace force for testing on BRB1-South 
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Figure 4-11 Actual/TDNN hysteresis performance for testing on BRB-2 

Figure 4-12 Actual/TDNN hysteresis performance for testing BRB-1 North data 
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4.1.7 Discussion of results 

From the training results it is evident that the TDNN based model is successful in 

recognizing the complex pattern peculiar to BRB. The predicted brace force follows 

the experimental brace force very nicely for the most part of the time sequence. 

However, there is some noticeable deflection (error) at the positive and negative 

peaks due to the change of slope (nonlinear region). Also, the ANN model hysteresis 

curve for the training data set fairly resembles the experimental curve. However, as 

far as testing is concerned, the TDNN based model does not perform as expected. The 

predicted response for the testing data set seems unstable accompanied with noise. 

The error is quite evident at the peaks. Such outcomes encouraged the need to look 

into a dynamic recurrent network regime in which feedback delays from the network 

output can be incorporated effectively into training and testing of data. 

4.2 BRB modeling using NARX 

4.2.1 NARX architecture 

As introduced in Chapter 2, a dynamic recurrent ANN methodology is implemented 

to model the highly nonlinear inelastic behavior of the BRBs under dynamic loads 

Figure 4-13 Actual/TDNN hysteresis performance for testing on BRB-1 South 
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encompassing the entire phenomena. The dynamic ANN adopted in the current study 

is the Nonlinear AutoRegressive with eXogenous input(NARX). 

The NARX network can be operating in two architectural modes:  

(a) Series-Parallel (Open-Loop) Mode: 

In the NARX-Series Parallel (NARX-SP) mode (open-loop architecture), the output's 

regressor is formed only by actual target values of the system's output. The true target 

values are available so they are fed back to the network during the training process. 

This provides more accurate input to the network resulting in better training. 

Moreover, this network architecture is purely feed forward and always stable. Thus 

static back propagation algorithms can be utilized for training. A general schematic of 

the SP (open loop) topology is illustrated in Figure 4-14a. 

 

A mathematical description of the predicted network output is given by Eq. (4.10). 

𝑦  𝑘 = 𝑓 𝐴𝑁𝑁  𝑦 𝑘 − 1 ,𝑦 𝑘 − 2 ,… . . 𝑦 𝑘 − 𝑑𝑦 ,𝑢 𝑘 ,𝑢 𝑘 − 1 ,… . . 𝑢 𝑘

− 𝑑𝑢 + 1  +  𝜀(𝑘)  

(4.10) 

Figure 4-14 Architecture of NARX network during training in SP mode 
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(b) Parallel (Closed-Loop) Mode: In the parallel closed-loop architecture (Figure 4-

14b), predicted outputs are fed back and included in the output's regressor because of 

unavailability of true outputs (targets) for the new (unseen) data. Such a mode allows 

the output to be fed back to the input of the feed forward neural network (i.e., a feed 

forward back-propagation network with a feedback connection from output to input. 

While NARX-SP type networks can be successfully utilized in the training phase, 

they cannot be used for testing as the targets are not available. Upon sufficient 

training of the NARX-SP network, testing can be initiated after closing the loop such 

that the network uses its own current and past step(s)’ outputs to predict subsequent 

step output. Eq. (4.11) mathematically describes the network output. 

𝑦  𝑘 = 𝑓 𝐴𝑁𝑁  𝑦  𝑘 − 1 ,𝑦  𝑘 − 2 ,… . .𝑦  𝑘 − 𝑑𝑦 , 𝑢 𝑘 ,𝑢 𝑘 − 1 ,… . .𝑢 𝑘

− 𝑑𝑢 + 1  +  𝜀(𝑘)  

(4.11) 

The figures show that the input to the ANN at time instant k is comprised of: 

 brace extension values at times k, k-1, …, k-10, 

 past brace force value at time k-1 (actual in case of 4-8a and estimated in case 

of 4-8b), 

while the output of the ANN is the estimated brace force at time k. 

Figure 4-15 Architecture of NARX network during testing in Parallel mode 
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For the NARX network used in this work, the general forecasting equations for the 

next value in the time series 𝑦 𝑘  depend on the past inputs 𝑢 𝑘 ,𝑢 𝑘 −

1 ,… . .𝑢 𝑘 − 𝑑𝑢 + 1  and the past outputs 𝑦 𝑘 − 1 ,𝑦 𝑘 − 2 ,… . . 𝑦 𝑘 − 𝑑𝑦 . This 

may be written in the form:  

𝑦  𝑘 = Φ𝑜  𝑤𝑏0 +  ∑ 𝑤𝑜 .Φ(𝑤0  + ∑ 𝑤𝑖
𝑑𝑢
𝑖=0 𝑢 𝑘 − 𝑖 +𝑁

=1

 ∑ 𝑤𝑗 . 𝑦(𝑘 − 𝑗)
𝑑𝑦
𝑗=1

)  

(4.12) 

where 𝑢 𝑘 − 𝑖  (0≤ 𝑖 ≤  𝑑𝑢) and𝑦(𝑘 − 𝑗) (0≤ 𝑗 ≤  𝑑𝑦) represent the input (brace 

deformation) and output (brace force) delays, and wih   and wjh  represent the weights 

connecting the input and output delay samples, respectively, to the nodes in the 

hidden layer. wh0 is the bias term for the hidden layer. Φh  is the nonlinear activation 

function in the hidden layer nodes. who  are the weights connecting the hidden layer 

nodes to the node in the output layer. wb0 represents the bias term for the output layer 

while Φo  could be a linear or nonlinear function that processes the incoming signal 

from the hidden layer to produce the network output (brace force). 

The input to the network is chosen to be the brace deformation measurements versus 

time as recorded from the experimental data and the desired output is the 

corresponding brace force. The adopted architecture for the network has one hidden 

layer intermediate to the input and output layers. The input and output memory orders 

for the network are chosen to be 10 and 1, respectively. The memory order for both 

inputs and outputs are selected heuristically based on the error parameter for the test 

data. This allows us to formulate an optimum network structure for suitable 

forecasting of the time series. The MLP network contains seven neurons in the hidden 

layer and a single neuron in the output layer. All the ANN models presented in this 

thesis have been developed within the environment of the commercial package 

MATLAB [73]. 

The input to the network is chosen to be the brace extension measurements versus 

time as recorded from the experimental data and the desired output is the 

corresponding brace force.  
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4.2.2 Adopted NARX Architecture 

The adopted architecture for the network has one hidden layer intermediate to the 

input and output layers. The input and output memory orders for the network are 

chosen to be 10 and 1, respectively. Figure 4-14a shows the topology of the adopted 

one-hidden-layer NARX network when trained in the open-loop mode while Figure 4-

14b represents the adopted architecture when tested in closed-loop mode.  

The memory order for both inputs and outputs are chosen heuristically based on the 

error parameter for the test data. This allows us to formulate an optimum network 

structure for suitable forecasting of the time series. The MLP network contains seven 

neurons in the hidden layer and a single neuron in the output layer. All the ANN 

models presented in this thesis have been developed within the environment of the 

commercial package MATLAB [73]. 

4.2.3 Learning Algorithm 

For a dynamic network, the learning algorithm requires the use of a dynamic back-

propagation algorithm to compute the gradients. This is much more computationally 

demanding than to static back-propagation and requires more time. Moreover, the 

error surfaces arising from the dynamic networks can have significantly more 

complex shapes than those for static networks. This could result in the training 

process to have a higher probability of becoming trapped in local minima and 

possibly compromising the learning outcomes [74], [75]. 

As mentioned earlier, the training method of the open-loop network takes advantage 

of the availability of the true targets to perform classical static error back-propagation.  

Furthermore, the training process has other intrinsic difficulties, such as the large 

number of nodes and connections (weights) in its architecture. The higher the number 

of neurons, the higher probability of overtraining the data and producing false fits 

which do not lead to better forecasts [76]. This fact encourages the use of an 

algorithm that is capable of regularization which involves modifying the performance 

index function. Practically, the typical performance function used in training, MSE, is 

replaced by a new regulated one, MSEreg which combines the mean squared error 

(MSE) (Eq. [4.13]) and mean squared weights (MSW) (Eq. [4.14]). The resultant 

equation is given by Eq. (4.8). 
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𝑀𝑆𝐸 =  
1

𝑁
  𝑒𝑖 

2

𝑁

𝑖=1

=  
1

𝑁
  𝑡𝑖 −  𝑦 𝑖 

2

𝑁

𝑖=1

 (4.13) 

 

𝑀𝑆𝑊 =  
1

𝑁
 𝑤𝑗

2

𝑁

𝑖=1

 (4.14) 

The new performance function assists the network in having smaller weights and 

biases, and in this way promotes smoother network responses that are less likely to 

over-fit the data. 

The network training function that updates the weight and bias values utilizing the 

traditional Levenberg-Marquardt optimization technique is modified to incorporate 

regularization. It minimizes a combination of the MSEs and the MSWs and 

determines the most favorable combination that produces the best network 

generalization. This process is referred to as “Bayesian regularization.” 

The network training function that updates weight and bias values according to 

gradient descent with momentum is given by Eq. (4.15). 

𝑤𝑘+1 =  𝑚𝑐𝑤𝑘 +  − 1 −𝑚𝑐  𝜂
𝜕𝐽

𝜕𝑤
  (4.15) 

where 𝜂 is the learning ratio and 𝑚𝑐  is the momentum constant. Due to such 

attributes, the NARX networks using descending gradient learning algorithms have 

been reported to learn more effectively, converge faster and exhibit better 

generalizations [77], [78]. 

4.2.4 Performance Evaluation 

In order to quantify the performance of the network, several criteria could be used. 

The MSEreg is used as the network performance index. The selections of the number 

of delays in the input and output data as well as the number of neurons in the hidden 

layer are all made based on the outcome of several trials with different combinations. 

Accordingly, the adopted values for the network are as follows: 10 input delays, 1 

feedback delay and 7 neurons in the hidden layer as shown in Figures 4-16 to 4-18. 
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Figure 4-16shows the effect of one of network parameters (i.e., the number of input 

delays on the performance index). These parameters are selected mainly based on 

empirical grounds in order to produce the best network performance.  

 

 

 

 

Figure 4-16 Effect of number of input delays on network performance 

Figure 4-17 Effect of number of feedback delays on network performance 
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Similarly, Figure 4-17illustrates the influence of one output (feedback) delay on the 

network performance, again chosen in order to optimize the performance. It is found 

that going beyond one single delay does not improve the network performance. 

Consequently, it is determined that including any additional delays would only 

complicate the network structure.  

Finally, Figure 4-18depicts the network performance associated with the optimum 

number of neurons. The performance is only shown in the vicinity of the optimum 

number of neurons. A further increase of the number of neurons is found to cause the 

performance to degrade. 

 

4.2.5 Network training result 

During training, the network modifies the neuron weights until no significant 

improvement to the prediction capability is attained. This is done through a 

continuous back-propagation of performance data through a validation process. 

Training is continued until the best performance is realized. The aim is to achieve the 

closest resemblance between experimental and network-estimated brace force values 

by minimizing the error for the given force-deformation set. Figure 4-19 illustrates the 

performance of the network during the training process measured by MSEreg as 150 

epochs have been completed.  

Figure 4-18 Effect of number of neurons in the hidden layer on network performance 
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Statistical correlation (regression) between the output data prescribed in the training 

patterns and the ANN-generated output is performed. The network’s ability to predict 

BRB forces from fed deformation data show excellent agreement with experimental 

results as illustrated in Figure 4-20. 

 

 

Figure 4-19 Network performance during training 

Figure 4-20 Regression of network output to desired targets during training 
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The plotted results demonstrate how well the network has learned the complex 

behavior and hidden relationships embedded in the nonlinear BRB response to cyclic 

loading. The predicted brace force versus the experimental is plotted in Figure 4-21. 

 

The hysteretic response is plotted for the training data in Figure 4-22. The network 

performs very well throughout the range of training data.  
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Figure 4-21 Actual/NARX brace force for training on BRB-3 

Figure 4-22 Actual/NARX hysteresis performance for training on BRB-3 
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4.2.6 Network testing results 

Subsequent to training the network such that it learns the underlying 

phenomena involving the nonlinear hysteric BRB behavior, the network’s prediction 

capability is tested using the experimental results of specimens BRB-1 North, BRB-1 

South and BRB-2. The results for the predicted brace forces for all the four specimens 

are shown in Figures 4-23 to 4-26. 
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Figure 4-23 Actual/NARX brace force for testing on BRB-3 

Figure 4-24 Actual/NARX brace force for testing on BRB-2 
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Figure 4-26 Actual/NARX brace force for testing on BRB-1 South 

The network is found to have learned the complex nature of the problem and delivers 

good prediction performance. The hysteretic responses of the four testing specimens 

are shown in Figures 4-27 to 4-30. 
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Figure 4-25 Actual/NARX brace force for testing on BRB-1 North 
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Figure 4-27 Actual/NARX hysteresis performance for testing on BRB-3 

Figure 4-28 Actual/NARX hysteresis performance for testing on BRB-2 
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Figure 4-29 Actual/NARX hysteresis performance for testing on BRB-1 North 
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Figure 4-30 Actual/NARX hysteresis performance for testing on BRB-1 South 
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4.2.7 Discussion of results 

The network performs very well throughout the range of training data as illustrated by 

the above figures. Also the agreement between the experimental data and NARX 

results is noticeable for all tested specimens. The BRB hysteretic behavior for all 

loading levels, with all its complexities, is well predicted by the network throughout 

the testing stage. Specifically, the NARX ANN is able to recognize linear 

deformations and predict linear corresponding forces when the deflections are smaller 

than the yield deflection.  

As the deflections are increased beyond the linear limit (more than y), the network is 

predicting the nonlinear forces corresponding to the inelastic deformations. The initial 

stiffness (slope of the force-deformation relationship) is also preserved during the 

unloading hysteretic branches similar to the physical phenomena exhibited by BRB 

load reversals. Furthermore, the asymmetric tensile and compressive post-yield 

behavior is also recognized and predicted. This observation is true for the four 

specimens tested by the network. 
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5. 5. BRB modeling using Gaussian Mixture Models 

(GMM) 

As discussed in the literature review in Chapter 3, GMMs have been utilized in 

system identification and modeling problems. The present chapter explains the 

formulation of the BRB model based on Gaussian mixture models (GMMs). 

5.1 Learning GMM 

The GMM must be learnt prior to being used for regression analysis. The learning 

involves estimating the set of premise parameters of the GMM that constitute the 

basis of the model. The standard approach for learning the optimal parameters of the 

mixture model is the estimation maximization (EM) algorithm [79]-[81]. The 

extracted parameters include the means, standard deviations and component weights 

(Eq. 2.9). The EM algorithm converges to a local optimum and the result largely 

depends upon the initialization process. Moreover, the EM algorithm assumes that the 

number of components (K) for modeling the distributions is known. The difficulty at 

hand in estimating the GMM is selecting the right number of components. The 

procedure for learning the GMM is explained as follows. 

5.1.1 K-Means clustering algorithm 

The k-means clustering algorithm is used to make an initial guess of the mixture 

model parameters. The algorithm operates by dividing the set of data into k clusters 

(groups). The data samples in one cluster are close and the clusters are far apart. The 

objective at hand is to represent the given data set in terms of k clusters, each of which 

is summarized by a prototype (centroid) 𝜇𝑖 .We assume that there are K clusters with 

centroids as ℤ = {𝜇𝑖 ,… .𝜇𝐾}.  

The mixture weights assign data points to the clusters. These weights fall in the range 

𝑤𝑖 ∈   0,1  and satisfy the constraint ∑ 𝑤𝑖 = 1𝑘
𝑖=1 . In order to assess the quality of 

clustering; a cost function is defined as follows. 

𝐽 =    𝑤𝑛𝑖 𝑥𝑛 −  𝜇𝑖 
2

𝐾

𝑖=1

𝑁

𝑛=1

 (5.1) 
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where 𝑥𝑛  is the current training sample and N is the total number of samples. 𝜇𝑖  is the 

centroid for each cluster with a total of K clusters.  

The aim is to minimize the mean squared error between the training samples and their 

representative cluster centroids. The training samples are tightly clustered around the 

centroids. Hence, the centroids serve as a compact representation for the training data. 

Now the k-means algorithm alternates between the following two steps. 

The first step involves minimizing the cost function J w.r.t the mixture weights 𝑤𝑛𝑖 . 

For a fixed set of centroids ℤ the mixture weights are computed by assigning each 

sample to its closest centroid (nearest neighbor) using Euclidean distance as given by 

Eq. (5.2)  

 𝑤𝑛𝑖 = arg min
𝑖∈{1,2,…𝐾}

 𝑥𝑛 −  𝜇𝑖  (5.2) 

In the second step the cost function is minimized w.r.t the set of centroids ℤ. By 

keeping the mixture weights fixed, the centroids are computed by averaging all the 

samples assigned to the cluster. 

 𝜇𝑖 =  
∑ 𝑥𝑖𝑖=1:𝑗

𝑀𝑖
 (5.3) 

where 𝑀𝑖  is the number of samples assigned to the cluster i. The algorithm converges 

since after each iteration, the objective function decreases. The aforementioned 

procedure repeats itself for a suitable number of iterations until the ratio between the 

decrease and the objective function is below a certain threshold.  

The initial estimates of the means 𝜇, the covariance matrix  and the prior 

probabilities of the K components of GMM are thus available. 

5.1.2 Estimation Maximization Algorithm 

Given training data vectors and an initial GMM configuration, the task lies in 

estimating the parameters of the GMM (𝜆) which in somesense best matches the 

distribution of the training measurement vectors. There are several techniques 

available for estimating the parameters of a GMM [79].The EM algorithm is one such 

method. The fundamental parameters of the GMM can be made more precise with the 

help of an EM algorithm. The aim of an EM algorithm is to find the model parameters 
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which maximize the likelihood of the GMM given the training data. For a sequence of 

N training vectors X = {𝑥1 … . . 𝑥𝑁}, the GMM likelihood, assuming independence 

between the vectors, can be written as, 

𝑃 𝑋 𝜆 =   𝑃(𝑥𝑡|𝜆)

𝑁

𝑛=1

 (5.4) 

The basic idea is to begin with an initial model 𝜆, and estimate a new model𝜆 , such 

that 𝑝 𝑋 𝜆  ≥  𝑝 𝑋 𝜆 . The new model then becomes the initial model for the next 

iteration and the process is repeated until some convergence threshold is reached. 

The process begins by starting with the means 𝜇 obtained from k means clustering 

algorithm, and then iterates the following two steps: 

(1). Expectation (E step) involves calculating the expected value of the mixture 

weights 𝑤𝑛𝑖 based on the current estimatesof the 𝜇𝑖 . 

(2). Maximization (M step) calculates the new maximum-likelihood estimate for the 

 𝜇𝑖  based on the current expected values of the 𝑤𝑛𝑖 .On each EM iteration, the 

following re-estimation formulas are used which guarantee a monotonic increase in 

the model’s likelihood value: 

Mixture Weights 

𝑤 𝑖 =  
1

𝑁
 𝑃(𝑖|𝑥𝑛 ,𝜆)

𝑁

𝑛=1

 (5.5) 

Means 

𝜇 𝑖 =  
 𝑃(𝑖|𝑥𝑡 , 𝜆)𝑥𝑛

𝑁

𝑛=1

 𝑃(𝑖|𝑥𝑡 , 𝜆)
𝑁

𝑛=1

 (5.6) 

Variances (diagonal covariance) 

𝜎 𝑖
2 =  

 𝑃(𝑖|𝑥𝑡 ,𝜆)𝑥𝑛
2𝑁

𝑛=1

 𝑃(𝑖|𝑥𝑡 ,𝜆)
𝑁

𝑛=1

−  𝜇 𝑖
2 (5.7) 

where 𝜎 𝑖
2, 𝑥𝑡 and 𝜇 𝑖

2 refer to the various elements of the vectors 𝝈 𝒊
𝟐, 𝑿𝒕 and 𝝁 𝒊

𝟐. 

Alsothe posterior probability for the component i is given by  
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𝑃 𝑖|𝑥𝑛 ,𝜆 =   
𝑤𝑖𝑔(𝑥𝑛 |𝑢𝑖 ,∑𝑖)

 𝑤𝑘𝑔(𝑥𝑛 |𝑢𝑘 ,∑𝑘)
𝐾

𝑘=1

 
(5.8) 

5.1.3 GMM based regression 

Once the GMM has been learnt, the next step is to perform GMR taking into account 

the model parameters explored in the previous step. Given partial input data, the 

algorithm computes the expected distribution for the resulting dimensions. By 

providing temporal values as inputs, it thus outputs a smooth, generalized version of 

the data encoded in GMM and associated constraints expressed by covariance 

matrices. The GMR model computes the influence of each GMM component given 

the input data. Given the input vector X it computes the expected distribution for the 

output Y, the expected means and the variances. 

5.2 Adopted GMM Topology 

In the present study the input (brace extension data) and output (resultant brace force) 

is treated as one data set to learn the GMM parameters. The input and output data are 

arranged as two separate column vectors in a matrix. The matrix rows specify the 

number of observations (data points) while the columns indicate the number of 

different variables. The data matrix formulation is shown in Figure 5-1. The last 

column specifies the output data. In the present case the number of variables is 

selected to be 7. The first 5 columns represent the input data: the first column contains 

the current input sample while the next four columns contain one time delayed sample 

each. The 6
th

 column belongs to the output data vector starting with the delayed 

output sample. The last (7th) column is the output vector starting with the current 

output sample. The number of GMM components (clusters) is chosen to be 5.  

The data matrix along with the number of GMM components is presented to the k-

means clustering algorithm to provide an initial guess of the mixture parameters. The 

number of columns (variables) and components is selected on empirical grounds 

based on the best performance criteria. The estimated parameters are further polished 

using the EM algorithm. The algorithm also attempts to learn the correlation between 

the input and output variables.  
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In the final step, the GMR model is presented with the input and the delayed input 

vectors to predict the output (last) column vector and its associated parameters. This 

methodology is adopted during the training since the whole output target vector is 

available. In testing, unlike training, each row for every column is treated separately 

to predict one output sample.  

This predicted output in the current step is used to predict the next output value for the 

next step. A detailed overview of the adopted GMM scheme is illustrated in        

Figure 5-2.  

5.3 Training results 

       Similar to the earlier techniques the experimental data from the BRB-3 specimen 

is used for training purposes. The training process continues until the optimum 

performance is realized and cost function is best minimized. The task is to obtain the 

closest resemblance between experimental and GMR estimated brace force values at 

the cost of minimum possible error for the given force-extension set. The performance 

of the GMR-based model during the training process is measured by MSE for 10 

iterations. 

       Regression analysis provides a measure of similarity between the output data 

prescribed in the training patterns and the GMR-generated output (Figure 5-4). 

 

 

Figure 5-1 Data matrix arrangement for GMM regression model 
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Figure 5-2 GMM with regression used during training mode 



 

 

 

82 

 

As for testing, due to unavailability of true targets, the output (brace force) of the 

regression model at one time step k-1 is fed back to the input vector to predict the next 

brace force value at time step k. The testing model is shown as follows. 

Figure 5-3 GMM with regression used during testing mode 

The model has been successful in learning the complex behavior and hidden 

relationships peculiar to BRB. The GMR predicted force response versus the 

experiment is plotted for the training data in Figure 5-5. The model depicts excellent 

behavior throughout the entire range of training data as shown in Figure 5-4. 

 

Figure 5-4 Regression of GMR output to desired targets during training 
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The estimated hysteresis curve is also drawn from the estimated force and compared 

with the experimental curve in Figure 5-5 as follows. 
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Figure 5-5 GMR brace force performance for training on BRB-3 

Figure 5-6 Actual/GMR hysteresis performance for training on BRB-3 
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5.4 Testing results 

After the completion of the training mode, the GMR model prediction capability is 

put to the test using the experimental results of the remaining specimens (i.e., BRB-1 

North, BRB-1 South, BRB-2 and BRB-3). The network is found to have learned the 

complex nature of the problem to some extent and delivers fair prediction 

performance. Figures 5-8 to 5-11 show the model-predicted force responses for the 

four testing specimens.  

The testing results are promising yet error is quite significant for some data points, 

especially the peaks in the region of larger amplitudes. This might be due to the fact 

that the test data is unseen for the model and the predicted GMM parameters are more 

accustomed to the training data set rather than the testing data. This observation is 

true for the four specimens tested by the GMR model. 
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Figure 5-7 GMR brace force performance for testing on BRB-3 
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Figure 5-9 GMR brace force performance for testing on BRB1-North 

Figure 5-8 GMR brace force performance for testing on BRB-2 
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Figure 5-10GMR brace force performance for testing on BRB1-South 

The estimated hysteresis curves are also compared with their experimental 

counterparts and are shown in the following figures. 
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Figure 5-11 Actual/GMR hysteretic performance for training on BRB-3 
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Figure 5-12Actual/GMR hysteretic performance for training on BRB-2 
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Figure 5-13 Actual/GMR hysteretic performance for training on BRB1-North 
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Figure 5-14 Actual/GMR hysteretic performance for testing on BRB1-South 

5.5 Discussion of results 

The training results are promising throughout the training range of the data set and are 

in excellent agreement with the experimental results. The close resemblance of the 

estimated brace force with the experimental results shows that the GMM-based 

intelligent model was able to learn the linear as well as the nonlinear patterns in the 

BRB behavior.  

However, the model wasn’t so successful when tested against a different set of data 

indicating a low strength of the model to generalization. The model’s predicted force 

copes with the experimental force quite well during the smaller amplitudes, but as the 

amplitude increases the model output starts to drift away making the error 

significantly large. Also, the hysteresis curve comparison shows that model output is 

reasonable when the brace is in the linear region but wavers as soon as the brace 

enters the nonlinear region. Since BRB-3 specimen data was used to make an estimate 

of the GMM parameters, the model is more accustomed to the training data set. 

Although the testing data doesn’t vary too far from the training set, the model finds it 

difficult to make a reasonable prediction.   
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6.6. BRB modeling using Adaptive Neuro Fuzzy Inference 

System (ANFIS) 

The blend and marriage of the two technologies, namely ANN and fuzzy logic 

certainly makes it a powerful tool to be explored for nonlinear system parameter 

identification. The learning capability of the neural networks and easy comprehension 

of the fuzzy rules complement each other to a good extent and can be utilized for 

modeling nonlinear phenomena. The present chapter explains the formulation of the 

BRB model based on an adaptive neuro fuzzy inference system (ANFIS). 

6.1 ANN learning algorithm 

As discussed earlier in Chapter 2, an ANN is composed of neurons, links which 

connect the different neurons and weights assigned to those neurons plus the bias 

terms. Since an ANN is comprised of several neurons and different layers, intense 

parallel computation can be realized. A number of training algorithms have been 

proposed for ANNs, each of them having its own specific pros and cons. But out of 

most algorithms, the back-propagation (BP) algorithm based on backward 

transmission of error and correction is the most popular and acclaimed one. This 

algorithm is based on the gradient descent method which, according to error surface, 

tries to find the best weight and bias composition in order to minimize the network 

error [19].  

There are two important processes in the BP algorithm: first the input is passed 

through the (hidden & output) layers and neurons and the error is calculated at the 

output layer. Secondly, this error is back-propagated from the output layer all the way 

back to the input layer to adjust the weights. This method has some disadvantages 

such slow converges, lack of robustness and inefficiency [19], but is still very 

effective. 

Several contraptions such as the adaptive method and second order method of 

modification have been proposed to achieve the better training and less error. One of 

the most successful methods which could improve the learning process is Levenberg-

Marquardt (LM).This method is based on both Gauss-Newton nonlinear regression 

and gradient steepest descent method [17]. 
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6.2 Fuzzy Logic (FL)-based modeling 

The fuzzy logic (FL) concept was introduced by Lotfi Zadeh (1965) and was 

presented not as a control methodology, but as a way of processing data by allowing 

partial set membership as contrary to crisp set membership or non-membership. After 

Zadeh, much research has been carried out in developing application and function 

definitions for different controller systems e.g. Mamdani (1975) and Takagi (1985), 

with each of them having their special function. Unlike classical logic which is based 

on crisp sets of “true and false,” fuzzy logic views problems as a degree of “truth,” or 

“fuzzy sets of true and false” [82]. FL provides a simple way to arrive at a definite 

conclusion based upon vague, ambiguous, imprecise, noisy, or missing input 

information [81]. Also, some of the important definitions are described as follows: 

Membership Function is a function which makes it possible to present the input. The 

objective behind using this function is to utilize the weights associated with each 

input, such that the functional overlap between various inputs can be defined which 

would eventually lead to a determined output. A fuzzy set is fully determined by its 

membership function. 

Rules are set of instructions for the membership values and their definitions, thus 

allowing the input to give the final output. 

FL operators One of the most popular FL systems consists of some rules or "if-then" 

rules. Sometimes there are some fuzzy prepositions which describe dependence of one 

or more variable of output to one or more input variables. The if-then rules have to be 

determined in a systematic way. This is usually done by “knowledge acquisition” 

from an expert.  It is a time-consuming process that is filled with problems. 

There are two types of fuzzy inference systems that can be implemented in the fuzzy 

logic applications: Mamdani-type and Sugeno-type. These two types of inference 

systems vary somewhat in the way outputs are determined [82], [83]. 

In a nutshell, the fuzzy inference system is a model that maps (a) input characteristics 

to input membership functions, (b) input membership functions to rules, (c) rules to a 

set of output characteristics, (d) output characteristics to output membership 

functions, and (e) the output membership functions to a single-valued output or a 

decision associated with the output[73]. 



 

 

91 

 

6.3 Fuzzy Inference Procedure 

6.3.1 Adaptive Neuro Fuzzy Inference System (ANFIS) 

The ANFIS approach learns the rules and membership functions from the provided 

data. In ANFIS, the parameters associated with a given membership function are 

chosen arbitrarily so as to tailor the input/output data set. A general two-input Sugeno 

fuzzy model is used whose equivalent ANFIS architecture is shown in Figure 6-1.

 

It can be observed form the figure that the input membership functions of a Sugeno 

model are non-linear (could be Gaussian, trapezoidal, triangular), whereas the output 

membership functions are linear. So, while tuning the parameters from a given input-

output data set, it is most effective to use a hybrid learning algorithm as it is a 

combination of the least square method and the error back-propagation method. Since 

the input side functions are non-linear, the error back-propagation method is a suitable 

optimization routine, and since the output side functions are linear, least square 

estimation becomes very effective. 

6.3.2 Sugeno fuzzy model 

Unlike in the Mamdani model [84], Sugeno output membership functions are either 

linear or constant. Consider a fuzzy inference system that has two inputs,𝑥 and 𝑦, and 

one output 𝑧. For a first order Sugeno fuzzy model, a common rule set with two fuzzy 

if-then rules can be represented as follows: 

Figure 6-1 An equivalent ANFIS architecture for a general two-input Sugeno fuzzy 
model 
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𝑅𝑢𝑙𝑒 1 ∶  𝐼𝑓 𝑥 𝑖𝑠 𝐴1 𝑎𝑛𝑑 𝑦 𝑖𝑠 𝐵1 𝑡𝑒𝑛  𝑧1 =  𝑝1𝑥 +  𝑞1𝑦 +  𝑟1 

𝑅𝑢𝑙𝑒 2 ∶  𝐼𝑓 𝑥 𝑖𝑠 𝐴2 𝑎𝑛𝑑 𝑦 𝑖𝑠 𝐵2  𝑡𝑒𝑛  𝑧2 =  𝑝2𝑥 +  𝑞2𝑦 +  𝑟2 

(6.1) 

For a zero-order Sugeno model, the output level is a constant (𝑝𝑖= 𝑞𝑖  = 0). The output 

level 𝑧𝑖  of each rule is weighted by the firing strength 𝑤𝑖  of that rule. For example, for 

an AND rule with Input 1 = 𝑥 and Input 2 = 𝑦, the firing strength is given as 

𝑤𝑖 = 𝐴𝑁𝐷 𝑚𝑒𝑡𝑜𝑑(𝐴1 𝑥 ,𝐵1 𝑦 ) (6.2) 

where A1 and B1 are the membership functions for Input1 and Input2, respectively. 

The final output of the system is equal to the weighted average of all rule outputs, 

calculated as 

𝐹𝑖𝑛𝑎𝑙 𝑂𝑢𝑡𝑝𝑢𝑡 =  
∑ 𝑤𝑖𝑧𝑖
𝑁
𝑖=1

∑ 𝑤𝑖
𝑁
𝑖=1

 (6.3) 

6.3.3 ANFIS architecture 

The reasoning mechanism for the Sugeno model discussed above is demonstrated by 

Eq. (6.1) while the equivalent ANFIS architecture is illustrated in Figure6-1. It can be 

observed from the figure that nodes of the same layer have similar functions [85]. The 

output of 𝑖𝑡node in layer l is denoted as 𝑂𝑙,𝑖 . The function of each layer in the 

architecture is explained below. 

Layer 1: Each node 𝑖 in this layer represents an adaptive node with an underlying 

node function as 

      𝑂1,𝑖 =  𝜇𝐴𝑖 𝑥             𝑓𝑜𝑟 𝑖 = 1, 2,𝑜𝑟 

𝑂1,𝑖 =  𝜇𝐵𝑖−2
 𝑦         𝑓𝑜𝑟 𝑖 = 3,4 

(6.4) 

where 𝑥 (𝑜𝑟 𝑦) is the input to node i, and 𝐴𝑖  𝑜𝑟  𝐵𝑖−2 is a linguistic label (“small” or 

“large”) associated with the node. Here the membership function for A (or B) can be 

any parameterized membership function. A generalized Gaussian membership 

function, for instance, is defined as follows: 

𝜇𝐴𝑖 𝑥  = 𝑒𝑥𝑝  −  
𝑥 −  𝑐𝑖
𝑎𝑖

 
2

  (6.5) 
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where {𝑎𝑖 , 𝑐𝑖} denotes a parameter set and is normally referred to as the premise 

parameters. 

Layer 2: Every node present in this layer represents a fixed node labeled ∏. The node 

output is the product of all the incoming signals given by Eq. (6.6).  

               𝑂2,𝑖 =  𝑤𝑖 =  𝜇𝐴𝑖 𝑥  ×  𝜇𝐵𝑖 𝑦           𝑖 = 1,2  
(6.6) 

Layer 3: At this layer, the 𝑖𝑡  node computes the ratio of the𝑖𝑡  rule’s firing strength 

to the sum of all rules’ firing strengths. This is given by Eq. (6.7). 

 𝑂3,𝑖 =  𝑤 𝑖 =  
𝑤𝑖

𝑤1 +𝑤2
          𝑖 = 1,2  (6.7) 

Layer 4: Every node 𝑖 in this layer is an adaptive node with the following node 

function 

          𝑂4,𝑖 =  𝑤 𝑖𝑧𝑖 =  𝑤 𝑖 𝑝𝑖𝑥 +  𝑞𝑖𝑦 +  𝑟𝑖  (6.8) 

where 𝑤 𝑖  is a normalized firing strength from layer 3 and {𝑝𝑖 ,𝑞𝑖 , 𝑟𝑖} constitute a set of 

parameters for the node. These parameters are called “consequent parameters.” 

Layer 5: The single node present in this layer is a fixed node labeled as ∑, and 

calculates the overall output of the ANFIS architecture by summing up all the arriving 

signals at the node. 

𝑂5,𝑖 =   𝑤 𝑖𝑧𝑖
𝑖

=  
∑ 𝑤𝑖𝑧𝑖𝑖

∑ 𝑤𝑖𝑖
 (6.9) 

6.3.4 Hybrid learning algorithm 

The hybrid learning algorithm [86] is a combination of the least square and back 

propagation method. In the least square method the output of a model in terms of the 

model parameters is expressed as 

𝑦 =  𝜔11 𝑢 +𝜔22 𝑢 + ⋯⋯⋯+  𝜔𝑛𝑛 𝑢  (6.10) 

where u =  [𝑢1,…… . , 𝑢𝑛 ]𝑇 is the model input vector, 1,…… . . 𝑛  represent known 

functions of 𝑢,and 𝜔1 ,…… . .𝜔𝑛  are the unknown model parameters that need to be  

optimized. Normally a training data set   𝑢𝑖 , 𝑦𝑖 , 𝑖 = 1,… . .𝑀 is considered in order 

to identify these sets of parameters. A set of linear equations can be formed by 
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substituting each data pair in Eq. (6.10) that can be written in a compact matrix 

notation as 

Aω = Y 
(6.11) 

where A is an M x N matrix given as 

𝐴 =   
1(𝑢1) ⋯ 𝑁(𝑢1)
⋮ ⋱ ⋮

1(𝑢𝑀) ⋯ 𝑁(𝑢𝑀)
  (6.12) 

 is an N x 1 vector of unknown parameters given by 

ω =   

𝜔1

⋮
𝜔𝑁
  (6.13) 

Finally, output vector Y with dimension M x 1 is given as 

Y =   

𝑦1

⋮
𝑦𝑀
  (6.14) 

Since in most cases the number of data points are more than the unknown i.e. (M>N), 

instead of determining the exact solution for Eq. (6.11), an error vector𝐞 is introduced 

to cater for the modeling error thus modifying Eq. (6.11) as 

Aω + e = Y (6.15) 

An effort is made to search for an optimized vector𝛚 =  𝛚  which makes the sum 

squared error minimum [87]. The sum squared error is given as 

𝐸 𝜔 =    𝑦𝑖 −  𝑎𝑖
𝑇𝜔 2

𝑚

𝑖=1

=  𝑒𝑇𝑒 (6.16) 

where 𝐸 𝜔  is known as the objective function. When 𝛚 =  𝛚  ,𝐸 𝜔  is minimized 

and is called as the least square estimate (LSE) satisfying the normal equation given 

by Eq. (6.11). 

𝐴𝑇𝐴 𝛚 =   𝐴𝑇𝑌 (6.17) 

𝛚  is unique only if 𝐴𝑇𝐴 is non-singular and is given as 

𝛚 =   𝐴𝑇𝐴  −1𝐴𝑇𝑌 (6.18) 

The essential focus of the back propagation learning rule is to obtain a 

gradient vector ina recursive manner in which every element is the derivative of an 

error measure w.r.t a parameter. Consider a feed forward adaptive network having L 



 

 

95 

 

layers. Assuming each layer l has N(l) nodes, then the output function of node i in 

layer l can be represented by 𝑥𝑙.𝑖  and 𝑙.𝑖 , respectively. For the 1
st
 node, the node 

function 𝑓𝑙 .1 can be written as 

𝑥𝑙.𝑖 =  𝑙 ,𝑖(𝑥𝑙−1,1,……… ,𝑥𝑙−1,𝑁 𝑙−1 ,𝛼,𝛽, 𝛾,… . . )  (6.19) 

where {𝛼,𝛽,𝛾} are the parameters associated with node i. For a given training data set 

with M data points, an error measure can be defined for the 𝑚𝑡  (1 ≤ 𝑚 ≤ 𝑀) entry 

of the training data set as the sum of squared errors: 

where  𝑥𝐿,𝑘  is the 𝑘𝑡  component of the actual output produced by presenting the 

𝑚𝑡  input to the network and 𝑦𝑘  is the 𝑘𝑡  component of the 𝑚𝑡  desired output. The 

task at hand is to minimize an overall error measure, which is defined as 𝐸 =

 ∑ 𝐸𝑠
𝑆
𝑠=1 . The basic concept in computing the gradient vector is to transmit the 

derivative information starting from the output layer and going backward, passing 

layer by layer until the input layer is reached. 

The gradient vector is defined as the derivative of the error measure with respect to 

each parameter. For instance, if 𝛼 is a parameter of the 𝑖𝑡  node at layer l, we have 

from [88]: 

𝜕𝐸𝑠
𝜕𝛼

=  
𝜕𝐸𝑠
𝜕𝑥𝑙.𝑖

 ×  
𝜕𝑙.𝑖
𝜕𝛼

 (6.21) 

Now the derivative of the total error measure E w.r.t parameter𝛼 is given by 

𝜕𝐸

𝜕𝛼
=   

𝜕𝐸𝑠
𝜕𝛼

𝑀

𝑚=1

 (6.22) 

 

The simplest steepest descent rule defines the change in the generic parameter 𝛼as 

𝐸𝑚 =    𝑦𝑘 −  𝑥𝐿,𝑘 
2

𝑁(𝑙)

𝑘=1

 (6.20) 



 

 

96 

 

∆𝛼 =  −𝜂
𝜕𝐸

𝜕𝛼
 (6.23) 

where 𝜂 is the learning ratio and for the parameter 𝛼the update rule can be written as 

𝛼𝑛𝑒𝑤 =  𝛼𝑜𝑙𝑑 + ∆𝛼 =  𝛼𝑜𝑙𝑑 − 𝜂
𝜕𝐸

𝜕𝛼
 (6.24) 

A similar process is carried out for other parameters. In such types of learning (batch 

mode), the update action occurs only after the entire set of training data pairs have 

been presented (an epoch). The hybrid learning algorithm, which is a combination of 

steepest gradient descent and the least squares method, learns and adapts the 

parameters in the adaptive network. Each epoch comprises of two passes: a forward 

pass and a backward pass.  

In the forward pass, a vector of input data pair is presented to the network. The node 

outputs of the ANFIS are computed layer by layer until the corresponding rows in the 

matrices A and Y are obtained. This process repeats itself for all the training data 

pairs to completely form the matrices A and Y. Then using Eq. (6.18), the output 

parameters are calculated in a least square manner. After this, the error measure 

corresponding to each training data pair is calculated. The error signal is thus formed 

by calculating the derivative of these error measures w.r.t. each node output.  

In the backward pass, these error signals are back-propagated from the output end all 

the way towards the input end. The gradient vector is found for each training data 

entry. At the end of the backward pass for all training data pairs, the input parameters 

are updated as given by Eq. (6.24). 

6.3.5 Adopted ANFIS architecture 

The selected ANFIS structure in the present research is a Sugeno-type inference 

system that consists of three inputs and a single output node. Similar to the previous 

described methods, the brace extension serves as the input while brace force serves as 

the network output.  

The input vector X comprises of the current brace extension value  𝑢(𝑘), one delayed 

sample 𝑢(𝑘 − 1) and one delayed brace force sample 𝑦(𝑘 − 1) while the output Y 

comprises of the current brace force value 𝑦(𝑘) as given below.   
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Given the input vector X the objective is to predict the corresponding scalar output Y. 

The neuro-adaptive learning techniques provide a method for the fuzzy modeling 

procedure to learn information about a given data set, in order to compute the 

membership function parameters that best allow the associated fuzzy inference system 

to track the given input/output data. 

In the present design, three types of membership functions (Gaussian, pi-shaped and 

triangular) are associated with the first, second and third input respectively.  A linear 

function is used as an output membership function. The shapes of the three member 

functions are illustrated in Figure 6-2.  

 

 

 

 

 

 

 

 

 

The number of membership functions associated with the first and second input 

equals 2 while 3 are linked to the third input. A pictorial view of the adopted ANFIS  

architecture for training purposes is shown in Figure 6-3a. 

During testing, in the absence of true targets the predicted output 𝑦 (𝑘) is fed back 

with a delay to help predict the next output. The input vector is thus modified while 

the output remains the same. 

𝐗 =  𝑢 𝑘   𝑢 𝑘 − 1   𝑦 𝑘 − 1   , 

𝐘 = 𝑦 (𝑘) 
(6.37) 

Figure 6-2 Input MFs for adopted ANFIS structure 
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𝐗 =  𝑢 𝑘   𝑢 𝑘 − 1 𝑦  𝑘 − 1   , 

𝐘 = 𝑦 (𝑘) 
(6.38) 

The adopted topology while testing is shown in figure 6-3b.The ANFIS model is 

developed with the help of a commercial package of [73]. 

6.4 Performance evaluation and training results 

In preparing the training data pair, the data should be representative of the 

nonlinear characteristics of the BRB situations, such that the designed neuro-fuzzy 

model can be used for  

 

(a) 

highest flexibility and robustness. Using the training data matrix, the unknown 

parameters of the 3 input membership functions and the output constants of each rule 

of the Sugeno fuzzy model are optimized. The acquired experimental data set for the 

BRB-3 specimen is yet once again utilized to train the ANFIS model. Accordingly, 

some initial values for each input membership function are assumed, whereas, in the 

case of output for each rule, all initial values are assumed to be zero. Then, the input 

parameters are optimized by an error back-propagation algorithm and the output 

constants are optimized by the least square method. 
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 (b) 

The regression index portraying the statistical correlation between the experimental 

force and the ANFIS model predicted force is given in Figure 6-4. The MSE 

computed over the 50 epochs is shown in Figure 6-5 and reveals the quality of the 

training.  

Figure 6-4 Regression of ANFIS model to desired targets during training 

Figure 6-3 (a) Adopted ANFIS architecture during training mode (b) Adopted ANFIS 
architecture during testing mode 
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Figure 6-6 ANFIS predicted brace force performance for training BRB-3 
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The comparison between the experimental brace force and the ANFIS estimated force 

for the training data set is illustrated in Figure 6-6. 
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Figure 6-5 ANFIS performance for training BRB-3 
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The estimated hysteresis curve is also drawn from the estimated force and 

compared with the experimental curve in Figure 6-7. 

 

6.5 Testing results 

The ANFIS model is tested against the experimental data set from BRB-3, BRB-2, 

BRB1-North and BRB1-South respectively. The ANFIS model performs satisfactorily 

to the extent that it is capable of predicting the inherent complex relationship between 

the BRB parameters. The testing results for the four specimens are shown in Figures 

6-8 to 6-11.  
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Figure 6-7 Actual/ANFIS hysteretic performance for training on BRB-3 

Figure 6-8 ANFIS brace force performance for testing on BRB-3 



 

 

102 

 

0 2 4 6 8 10 12 14 16
-2000

-1000

0

1000

2000

No. of Cycles

B
ra

ce
 F

or
ce

 (
k

N
)

 

 
Actual

Predicted (ANFIS)

0 2 4 6 8 10 12 14 16
-2000

-1500

-1000

-500

0

500

1000

1500

2000

No. of Cycles

B
ra

ce
 F

o
rc

e 
(k

N
)

 

 
Actual

Predicted (ANFIS)

The ANFIS network is found to have learned the complex nature of the problem to 

some extent and delivers fair prediction performance. The present developed model 

thus proves to be an effective and handy tool for predicting forces of BRB specimen. 

 

 

 

 

 

 

 

Figure 6-10 ANFIS brace force performance testing on BRB1-North 

Figure 6-9 ANFIS brace force performance for testing on BRB-2 
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The estimated hysteresis curves are also compared with their experimental 

counterparts and are shown in Figures 6-12 to 6-15. 

 

 

 

 

 

 

 

 

 

Figure 6-11 ANFIS brace force performance for testing on BRB1-South 

Figure 6-12 Actual/ANFIS hysteretic performance for testing on BRB-3 
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Figure 6-13 Actual/ANFIS hysteretic performance for testing on BRB-2 

Figure 6-14 Actual/ANFIS hysteretic performance for testing on BRB1-North 
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6.6 Discussion of results 

The training results are quite remarkable and show tremendous resemblance with 

the experimental results. Especially during the plastic deformation, the ANFIS model 

was successful in predicting the brace force pattern with noticeable accuracy. In 

particular, the forecasting accuracy is worth seeing at the positive and negative force 

peaks. Also, the estimated hysteresis curve profile matches the experimental profile to 

a very good extent, indicating that the model has learnt the dynamics in the data and is 

able to generalize well. 

In the testing phase the model performs to a satisfactory level and the predicted 

brace force matches the experimental one during the elastic deformation. However, in 

the plastic deformation phase, the model’s response is accompanied with a significant 

error which is quite noticeable at the peaks. The estimated response shows deviation 

from the experimental results. This might be due to the fact that the training data is 

not entirely representative of various BRB configurations. Since the training is 

confined to limited data, the testing results are not very promising. Better testing 

results can be obtained with the ANFIS-implemented technique once more training 

data covering a good range of different BRB configurations is available. 

Figure 6-15 Actual/ANFIS hysteretic performance for testing on BRB1-South 
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7. 7. BRB Modeling Using Polynomial Classifiers based 

Regression (PCR) 

In polynomial networks, a polynomial function is used to map the feature vectors to a 

higher dimensional space. The model parameters are then computed by passing these 

expanded vectors through a single layer network. However, as the dimensionality of 

the feature vectors grows with polynomial expansion, polynomial training becomes 

unfeasible due to the excessive number of expanded variables. Linear discriminant 

functions usually work very well with linearly separable data. However, they are less 

accurate when the data is not linearly separable. As a solution to this problem, many 

nonlinear classification methods were introduced in the past few decades including 

neural and statistical classifiers. Polynomial classifiers [28], [29], [89] fall under the 

category of neural classifiers and can be regarded as a network which operates on 

feature vectors, maps them to higher dimensional space vectors through a polynomial 

function and passes the expanded vectors through a single layer network. The weights 

of this network are obtained through the minimization of the L2-norm of the error 

between the output of the network and the desired target outputs for the training data. 

Although the polynomial classifier networks are commonly used for classification 

problems, we tend to utilize them to perform regression. 

7.1 Polynomial Networks 

A polynomial network is a supervised classifier that is capable of learning complex 

patterns that could be linearly inseparable. Polynomial networks have been 

successfully used in various applications of pattern recognition including speech and 

speaker recognition [28], [29], [89] and biomedical signal separation [90]. 

A polynomial network can be considered as a parameterized nonlinear map which 

nonlinearly expands a sequence of input vectors to a higher dimension and maps them 

to a desired output sequence. Training a 𝑝𝑡order polynomial network consists of two 

main parts. Part one is expanding the training feature vectors via polynomial 

expansion. The purpose of this expansion is to improve the separation of the different 

classes in the expanded vector space. Ideally, we aim to have this expansion make all 

the classes linearly separable.  Part two is linearly mapping the polynomial-expanded  
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vectors to an ideal output sequence by minimizing an objective criterion. The 

mapping parameters represent the weights of the polynomial network. These weights 

are often referred to as class models. 

7.2 Polynomial Expansion 

Polynomial expansion of an M-dimensional feature vector 𝑥 =  [𝑥1,𝑥2,… . .𝑥𝑀] is 

achieved by forming a set of basis functions 𝒑 𝒙  by the combination of vector 

elements with multipliers. The elements of 𝒑(𝒙) are the monomials of the form

jk

j

M

j

x
1

 , where 𝑘 𝑗 is a positive integer and satisfies the necessary condition

Pk
M

j

j 
1

0 .  Therefore, the 𝑃𝑡  order polynomial expansion of an M-dimensional 

vector x generates an 𝑂𝑀 ,𝑃-dimensional vector𝒑(𝒙). 𝑂𝑀 ,𝑃  is a function of both M and 

P and can be expressed as  





P

l

PM lMCPMO
2

, ),(1  (7.1) 

Where 









l

M
lMC ),(  is the number of distinct subsets of 𝒍 elements that can be 

made out of a set of M elements. Therefore, for any given input 

sequence 𝑥1 ……𝑥𝑁 
𝑇, that needs to be mapped in to a given output 

sequence 𝑦1 ……𝑦𝑁 
𝑇, the feature vectors can be formed as 

𝐱𝐣 =    𝒙𝒌 𝒙𝒌−𝟏… .  𝒙𝒌−𝒅𝒖 𝒚𝒌−𝟏……  𝒚𝒌−𝒅𝒚         𝑘, 𝑗 = 1,……𝑁  (7.2) 

where  𝑥𝑘−1 and  𝑦𝑘−1represent one delayed sample of input and output respectively 

while 𝑑𝑢  and  𝑑𝑦  are the maximum chosen delays for input and output memory and 

also account for the dimension M of the feature vector. Now the sequence of feature 

vectors T]x,x[xX N21    is expanded into 

T

N ])()()([ 21 xpxpxpV   (7.3) 
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Notice that while X is a MN  matrix, V is a p,MON  matrix. Expanding all the 

training feature vectors results in a global matrix for all N data points obtained by 

concatenating all the individual jV matrices such that
T

N ][ 21 VVVV  . 

7.3 Obtaining the network weights 

For any given input sequence, the training problem reduces to finding an 

optimum weight vector. This weight vector is obtained by minimizing the distance 

between the ideal output vector y and a linear combination of the polynomial 

expansion of the training feature vectors𝐕.𝐰 such that  

p

opt
ywVw

w

 .minarg  (7.4) 

The output for the input real valued sequence 𝑥1 ……𝑥𝑁 
𝑇 is a column vector 

comprised of real data values  𝑦1 ……𝑦𝑁  
𝑇.Eq.(7.4) indicates that the weight vector is 

obtained by minimizing the 𝐿𝑝 -norm of the error vector e= yVw  . For the special 

case of p=2, we arrive at the well-known L
2
-regression problem which is finding 

opt
w

that attains the minimum of the L
2
-norm of the error sequence e, or equivalently, 

minimizes the square of the L
2
-norm such as 

2

2
minarg yVww
w

opt
 (7.5) 

Fortunately, for this particular formulation with the L
2
-norm there is an 

explicit formula for the solution
opt

w . This solution can be obtained by applying the 

normal equations method [90] such that 

yVVwV
ToptT   (7.6) 

Assuming VV
T  is nonsingular and solving for 

opt
w  

yVVVw
TTopt 1)(   (7.7) 

If we define VVR
T , then Eq. (7.7) yields an explicit solution for 

opt
w expressed 

as  
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yVRw
Topt 1  (7.8) 

The set  opt
w  represents the weights of the polynomial networks which we refer to as 

the class models. 

In [27], Campbell and Assaleh discuss the computational aspects of solving for opt
w

and they present a fast method for training polynomial networks by exploiting the 

redundancy of the R matrices. They also discuss in detail the computational and 

storage advantages of their training method. 

7.4 Polynomial Classifiers Based Regression 

Once the network weights are acquired, the same polynomial classifier model can be 

utilized to perform regression. The predicted output is simply the scalar product of the 

expanded feature vector and the obtained weights.  

𝒚 = 𝑽.𝒘𝒐𝒑𝒕 (7.9) 

The degree of polynomial used to expand the feature vector can be chosen 

heuristically resulting in optimized weights in order to arrive at an output that best 

matches the actual output. This remarkable feature of polynomial classifiers to be 

used for regression analysis apart from classification makes them a really powerful 

and a versatile tool amongst all implemented AI techniques. 

7.5 Adopted Polynomial Classifiers Based Regression Model 

The polynomial classifier network implemented in this study is explored to 

form a regression between a given input (brace deformation) and target output (brace 

force) sequence. The feature vector is formed using the current input and one-time 

delayed samples of both input and output. This three dimensional feature vector is 

then expanded through a polynomial of degree 5 to arrive at the expanded feature 

vector matrix. This expanded feature vector matrix is then passed through the single 

layer network acting as a linear classifier to map it into the corresponding real data 

values.  

Utilizing Eq. (7.7), an optimized set of weights is acquired from the expanded 

and target output vector. This completes the training phase. Once an optimized set of 
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weights is acquired, the PCR model is put to the test against unseen data. In testing 

mode, the model treats one expanded vector at a time to predict the real valued 

response. This output value is then utilized in the next feature vector to be expanded 

and allows the model to predict the next output. An illustration of the proposed 

polynomial network is shown in Figure 7-1.   

7.6 Training results 

The experimental data from the BRB-3 specimen is used to train the PCR 

model. The error surface hits the global minimum in one shot to provide the 

optimized weights. The brace extension data from the same specimen is presented to 

the regression model to estimate the brace force. Figure 7-2 depicts the statistical 

relationship between the model output and actual target. The training results are 

shown in Figure 7-3.  

 

 

       The PCR model predicted brace force follows the target brace force with  

Figure 7-1 PCR model architecture adopted for training and testing 
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reasonable accuracy and highlights the learning capability of the model to remember 

the brace force patterns. Figure 7-4 shows the predicted hysteresis behavior against 

the experimental behavior for the training data. 

 

Figure 7-2 Regression of PCR model output to desired targets for training 

 

 

 

 

 

Figure 7-3 PCR brace force performance for training on BRB-3 
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7.7 Testing results 

Proceeding on similar terms as in previous discussed methods, the experimental 

data from the remaining three specimens, namely BRB-3, BRB-2, BRB-1 North, and 

BRB-1 South, is used to test the regression model against unseen data. The testing 

results for the specimens are shown in Figures 7-5 to 7-8.  
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Figure 7-4 Actual/PCR hysteretic performance for training on BRB-3 

Figure 7-5 PCR brace force performance for testing on BRB-3 
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Figure 7-7 PCR brace force performance for testing on BRB1-North 

Figure 7-6 PCR brace force performance for testing on BRB-2 
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The estimated hysteresis curves for the testing specimens are shown in Figures 7-9 to 

7-12. 
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Figure 7-8 PCR brace force performance for testing on BRB1-South 

Figure 7-9 Actual/PCR hysteretic performance for testing on BRB-3 
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Figure 7-10 Actual/PCR hysteretic performance for testing on BRB-2 

Figure 7-11 Actual/PCR hysteretic performance for testing on BRB1-North 
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7.8 Discussion of results 

The training results indicate that the regression model is successful at learning the 

complex patterns and dynamics in the BRB nature. The regression model predicts the 

brace force for different specimens with appreciable accuracy. The force and 

hysteresis results for specimen 2 show an error very close to the brace-yielding region 

for most of the cycles. However, for the remaining specimens, the testing results are 

satisfactory and the brace forces/hysteresis curves show close resemblance with the 

experimental results for the same. 
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Figure 7-12 Actual/PCR hysteretic performance for testing on BRB1-South 
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8.8. Comparison between artificial intelligence based 

models 

Subsequent to training the network such that it learns the underlying phenomena 

involving the nonlinear hysteric BRB behavior, the network’s prediction capability is 

tested using the experimental results of specimens BRB-1 North, BRB-1 South and 

BRB-2 as described and shown in previous chapters.  

The AI-based models are found to have learned the complex nature of the problem 

and deliver good prediction performance. The BRB hysteretic behavior for all loading 

levels, with all its complexities, is well predicted by the various AI models throughout 

the testing stage. Most of the AI techniques are able to recognize linear deformations 

and predict linear corresponding forces when the deflections are smaller than the yield 

deflection. As the deflections are increased beyond the linear limit (more than y), the 

network is predicting the nonlinear forces corresponding to the inelastic deformations.  

The initial stiffness (slope of the force-deformation relationship) is also preserved 

during the unloading hysteretic branches similar to the physical phenomena exhibited 

by BRB load reversals. Furthermore, the asymmetric tensile and compressive post-

yield behavior is also recognized and predicted. This observation is true for the four 

specimens tested by the different intelligent models. 

In order to quantify the performance of each AI-based model during training and 

testing, a comparison by selecting an appropriate criterion is carried out between them 

for evaluation. 

8.1 Comparison based on coefficient of determination (𝑅2) 

The Coefficient of Determination (R
2
), which is the square of the Correlation 

Coefficient (R), is a statistical measure that describes how certain one can be in 

making predictions from a developed model; it ranges between 0 and 1 (or 0% and 

100%). If there is no resemblance between the predicted values and the actual values, 

R
2
 would be very close to 0, while perfect resemblance yields a value close to 1. An 

R
2
 = 0.95, is interpreted as 95% of the total variation in the predicted variable can be 

explained by the linear relationship between the model input and output.  The other 

5% of the total variation remains unexplained.  

For a time series, the R
2
 is computed using Eq. (8.1): 
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𝑅2 =  
[∑  𝑦𝑖 −  𝑚𝑦  𝑦 𝑖 −  𝑚𝑦  𝑖 ]2

∑  𝑦𝑖 −  𝑚𝑦 
2

𝑖 ∑  𝑦 𝑖 −  𝑚𝑦  
2

𝑖

 (8.1) 

 

Table 8-1 Comparison of different AI techniques on the basis of Coefficient of 
Determination [R2] 

where my  is the mean of the actual series and my  represents the mean of the estimated 

time series.yi and y i are the current data samples in the actual and estimated time 

series, respectively. The R
2
 is reported for all four specimens in Table 8-1.  

The tabulated values represent the correlation between the experimentally-obtained 

brace forces and the AI model-predicted brace forces. The values for both training and 

testing data sets illustrate that the desired and predicted forces are in close 

resemblance and good agreement with each other for all implemented AI models 

except TDNN. 

 

 

 

 

MODELING 

TECHNIQUE 

Coefficient of Determination [𝑅2] 

Training Testing 

BRB-3 BRB-3 BRB-2 BRB1-North BRB1-South 

No. of data points 1897 1897 1747 1582 1582 

TDNN 0.9995 0.9994 0.8746 0.8975 0.8946 

NARX 0.9994 0.9809 0.9769 0.9756 0.9754 

GMM 0.9997 0.9997 0.9685 0.9723 0.9742 

ANFIS 0.9999 0.9998 0.9924 0.9824 0.9874 

PCR 0.9997 0.9925 0.9822 0.9809 0.9907 
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8.2 Comparison based on Root Mean Squared Error (RMSE) 

The RMSE is another performance criterion that provides insight in evaluating 

prediction performance. The RMSE is used to characterize the distance between the 

model’s responses and its corresponding targets; it is computed using Eq. (8.2): 

𝑅𝑀𝑆𝐸 =   
1

𝑁
 (𝑇𝑖 −  𝑦 𝑖)2

𝑁

𝑖=1

 (8.2) 

where N is the total number of input samples, Ti is the current target value and y i  is 

the model estimated output. Table 8-2 and Table 8-3 show the NRMSE and RMSE 

for the four specimens for different implemented techniques. The reported values 

represent the accuracy of the various models in predicting the brace forces. 

Table 8-2 Comparison of different AI techniques on the basis of NRMSE 

 

The above tables illustrate that the NARX-based model stands out prominently 

amongst all other AI models as far as the mean error for testing is concerned. 

Moreover, the TDNN-based model shows the least performance when it comes to 

training as well as testing. 

 

 

 

MODELING 

TECHNIQUE 

 Normalized Root Mean Squared Error (NRMSE) 

(kN) 

Training Testing 

BRB3 BRB3 BRB2 BRB1-

North 

BRB1-

South 

Mean 

Error 

TDNN 0.0229 0.0234 0.2991 0.3766 0.4493 0.2871 

NARX 0.0140 0.0146 0.0715 0.0528 0.0530 0.0480 

GMM 0.0157 0.0165 0.1537 0.1514 0.1447 0.1165 

ANFIS 0.0122 0.0123 0.0777 0.1085 0.0918 0.0725 

PCR 0.0152 0.0158 0.1387 0.1322 0.1081 0.0987 
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Table 8-3 Comparison of different AI techniques on the basis of RMSE 

 

MODELING 

TECHNIQUE 

 Root Mean Squared Error (RMSE) 

(kN) 

Training Testing 

BRB3 BRB3 BRB2 BRB1-

North 

BRB1-

South 

Mean 

Error 

TDNN 14.5 15.2 111 147 176 112 

NARX 9.0 13.5 31 21 22 21 

GMM 9.9 11.5 57 59 57 46 

ANFIS 7.7 7.7 29 42 36 29 

PCR 9.6 12.4 52 52 42 39 

 

8.3 Comparison based on estimated peak response quantities 

The peak response parameters that would be useful for BRB design which are 

typically obtained experimentally are extracted from the AI model results and 

summarized for comparison as follows:  

(1) Maximum Tensile Force (Tmax) acting on the brace force corresponding to a brace 

deformation of 1.5bm. 

(2) Maximum Compressive Force (Pmax) acting on the brace force corresponding to a 

brace deformation of 1.5bm. 

(3)Tension Strength Adjustment Factor () [ratio of maximum tensile force to 

nominal yield strength as in Eq. (8.3)] 

𝜔 =  
𝑇𝑚𝑎𝑥
𝑃𝑦𝑛

=  
𝑇𝑚𝑎𝑥
𝐹𝑦𝑛𝐴𝑦

 
(8.3) 

Where Fyn is the nominal yield strength and Ay is the cross-sectional area of the 

yielding steel core.  

(4) Compression Strength Adjustment Factor () [ratio of maximum compressive 

force to maximum tensile force as in Eq. (8.4)]. 
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𝛽 =  
𝑃𝑚𝑎𝑥
𝑇𝑚𝑎𝑥

 (8.4) 

The prediction error of the peak forces Tmax for the four specimens is plotted in the 

following figures. 

 

       The above figure indicates the error for peak tensile force (Tmax) for the BRB-3 

testing specimen against all implemented AI techniques. The error for all models lies 

within the +/- 5% error margin since each model is trained on the same specimen. 

       However, the fact that the error was out of the specified margin for some peak 

points for the TDNN-based model demonstrates a relatively inferior prediction 

performance. The error for peak tensile force (Tmax) for the BRB-2, BRB-1 North and 

BRB-1 South testing specimen is shown in the following figures. 
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Figure 8-1 Percentage error for estimated Tmax for BRB-3 testing 
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Figure 8-2 Percentage error for estimated Tmax for BRB-2 

Figure 8-3 Percentage error for estimated Tmax for BRB1-North 
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The error results for the BRB-2 specimen reveals unsatisfactory performance for all 

implemented models while the error is within the error bounds for most of the peak 

tensile force data point for all AI techniques except for TDNN which shows the least 

performance. 

Similarly, the error for peak compressive force (Pmax) for specimens BRB-3, BRB-2, 

and BRB-1 North is shown in Figures 8-5 to 8-8. The small deviations [+/-10%] of 

the AI-based models resulting from the experimental results demonstrate the 

prediction capability of the developed intelligent model. The benefits of such 

simplified techniques in obtaining key design parameters with relatively little 

computational effort are hard to match. 
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Figure 8-4 Percentage error for estimated Tmax for BRB1-South 



 

124 

 

0 2 4 6 8 10 12 14 16
-30

-20

-10

0

10

20

30

No.of cycles

E
rr

or
 (

%
)

 

 
TDNN

NARX

GMMR

ANFIS

PCR

+/- 5% Error Margins

 

 

 

 

 

 

 

 

 

0 2 4 6 8 10 12 14 16
-30

-20

-10

0

10

20

30

No.of cycles

E
rr

o
r 

(%
)

 

 
TDNN

NARX

GMMR

ANFIS

PCR

+/- 5% Error Margins

Figure 8-5 Percentage error for estimated Pmax for BRB-3 

Figure 8-6 Percentage error for estimated Pmax for BRB-2 
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8.4 Comparison based on hysteretic energy dissipation 

Another important aspect of modeling BRB behavior is the dissipated energy through 

plastic deformations; as such, this parameter is also evaluated here. The energy 

(exerted work) used to deform the BRB is calculated from the area enclosed by the 

hysteretic loops. This is done via numerically integrating the discrete force-

deformation points obtained from the experiments and comparing them to their AI 

technique counterparts. The total energy enclosed by all the cycles is shown in Figure 

8-9 for all implemented intelligent techniques for the four specimens. The exerted 

energy exhibits an accumulated deviation amongst the AI model-predicted values and 

their experimental counterparts. Individual cycle comparisons are found to exhibit 

lesser deviations. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 8-9 Total energy enclosed by all hysteretic cycles for BRB-1 North, BRB-1 
South, BRB-2, and BRB-3 for all AI techniques 

8.5 Comparison based on computational complexity 

The implemented intelligent models are also evaluated based on the computational 

time taken to perform the training of BRB-3 specimen data. The following table 9-4 

indicates the computational complexity of each AI method. The PCR records the best 

time for training while TDNN shows the least best time amongst all techniques. The 

table also illustrates the percentage computational time for each method by 

considering PCR as a standard. These mentioned timing values are useful and provide 
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a good insight into each method if online training and testing is to be performed in 

future. 

Table 8-4 Comparison of AI techniques based on computational time 

9 MODELING 

TECHNIQUE 

10 Computational Time 

for training 

11 (sec) 

12 Normalized training by the 

training time of PCR 

13 TDNN 14 28.430 15 785 

16 NARX 17 22.715 18 627 

19 GMM 20 0.516 21 15 

22 ANFIS 23 2.987 24 83 

25 PCR 26 0.036 27 1 

 

The best computational time for PCR amongst all implemented AI techniques 

clearly indicates the power and strength of the technique. The very idea of introducing 

nonlinearity into the input feature vector, unlike other AI techniques in which there is 

a nonlinear processing layer, makes the PCR technique computationally very 

effective.  

The PCR model obtains the optimized set of weights in a single iteration by 

solving in a least square manner, thus hitting the global minimum. This feature gives 

PCR an edge over the other techniques in which training is comprised of a number of 

iterations to arrive at the optimized set of weights. 

8.6 Comparison of AI techniques based on outlier ratio 

Another selected performance attribute (in view of the regression analysis) to 

compare the developed AI models is the outlier ratio that determines the consistency 

of prediction of each method. If the absolute difference between the actual and the 

estimated output value is beyond 2 standard deviations of the prediction error, then an 

outlier is detected.  

The outlier ratio is defined as follows 

𝑜𝑢𝑡𝑙𝑖𝑒𝑟 𝑟𝑎𝑡𝑖𝑜 =
𝑐𝑜𝑢𝑛𝑡  𝑦𝑖 − 𝑦 𝑖  > 2𝜎(𝑦𝑖−𝑦 𝑖)

 

𝑁
 (8.5) 
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where 𝑦𝑖  and 𝑦 𝑖  are the target and model output at time instant i, respectively.    

𝜎(𝑦𝑖−𝑦 𝑖)
 represents the standard deviation of the prediction error and N is the total 

number of data points.     

       A lower value of outlier ratio suggests a consistent prediction while a higher 

value means less consistency in the prediction [93]. The outlier ratio for the five 

implemented AI techniques is shown in the Table 8-5 as follows. 

Table 8-5 Comparison of AI techniques based on outlier ratio 

 

MODELING 

TECHNIQUE 

 Outlier Ratio 

(%) 

Training Testing 

BRB3 BRB3 BRB2 BRB1-

North 

BRB1-

South 

Testing 

Average 

TDNN 5.1 5.1 8.6 2.1 3.8 4.9 

NARX 5.5 5.6 7.7 3.9 3.1 5.0 

GMM 5.5 5.5 7.8 3.9 4.7 5.4 

ANFIS 4.1 4.2 8.1 5.9 4.1 5.6 

PCR 6.4 6.5 7.3 2.7 3.4 4.9 

 

It is evident from the outlier ratio percentages that all implemented techniques are 

comparable to each other in terms of the brace force prediction consistency. The 

acceptable values of the outlier ration clearly suggest that all developed models are 

capable of estimating the nonlinear behavior of BRB with reasonable consistency. 

The histogram for normalized error is illustrated in Figure 8-10. For training error a 

tight grouping of error samples close to the mean is noticeable. As depicted form the 

table, the testing of specimen BRB-2 has the highest ratio of outliers which is 

confirmed by the error histogram as well. Although the error histogram plots for 

specimen 1, BRB-North and BRB-South have the smallest number of outliers 

suggesting a satisfactory estimation capability of all implemented methods. 
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Figure 8-10 Comparison of AI techniques based on normalized error histogram 
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9. Concluding Remarks 

9.1 Summary 

Different intelligent models utilizing a combination of a main and an auxiliary 

architecture are presented for modeling the nonlinear behavior of BRBs. The various 

presented models are demonstrated to be a cost-effective and non-computationally 

complex tool for learning and predicting the nonlinear behavior of BRBs. Bearing in 

mind the dynamic nature of the modeling phenomenon, a recurrent approach is 

adopted. The TDNN model is developed using normalized time-delayed inputs only, 

while the rest of the models make use of both histories of the input and output to 

predict normalized brace forces during load reversals. The values of brace forces are 

denormalized via an auxiliary model comprised of similar architecture as the one used 

for brace force prediction. The training and testing of the all the models is performed 

using experimental data from four BRB specimens tested by others. Normalized brace 

deformations are used as the model input to estimate the normalized brace force. The 

network performance is evaluated for each proposed technique to optimize the model 

architecture and parameters to ensure a close resemblance between the experimental 

and estimated brace forces.  

The nonlinear hysteretic behavior predicted by the proposed models shows 

noticeable agreement with the experimental results. The generalization potential and 

prediction capability for the proposed models is also illustrated via sufficient testing. 

The feasibility of the proposed models to predict a nonlinear BRB response to load 

reversals is adequately demonstrated. The fact that the proposed modeling schemes 

are quite independent of the mathematical formulation of the model makes them 

automatic in nature. The various developed models are able to model and predict 

patterns in the nonlinear BRB behavior based on experience acquired through training 

with a limited set of data. The implemented models are also able to model linear 

deformations and predict linear corresponding forces when the deflections are smaller 

than the yield deflection. As the deflections are increased beyond the linear limit, the 

developed models are able to predict the nonlinear forces corresponding to the 

inelastic deformations. The BRB stiffness is also preserved during the unloading 

hysteretic branches during load reversals. Furthermore, the asymmetric tensile and  
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compressive post-yield peak forces are also recognized and predicted. As more 

training data from additional experiments is made available, each model is expected 

to further enhance its prediction capability to attain impeccable accuracy. 

9.2 Conclusion 

The present thesis work is aimed at developing a model based on the artificial 

intelligent techniques to precisely model the peculiar nonlinear behavior of the BRB. 

The following main contributions were successfully made in the scope of the present 

work. 

 A powerful tool based on intelligent scheme for virtual testing of BRB 

specimens was developed. 

 A cost-effective and non-computationally-complex tool, as compared to FEA, 

for learning and predicting the nonlinear behavior of BRBs was developed. 

 A model based on existing intelligent learning methods was designed and 

implemented. An investigation was carried out into the model’s performance 

to arrive at the most optimum architecture that best models the nonlinear 

phenomenon. 

 A comparison was carried out among the various proposed and implemented 

methods on the basis of a suitable error criterion to judge the precision and 

accuracy of each model. 

The proposed intelligent modelling techniques for the nonlinear behavior of BRBs 

introduce several advantages over the traditional FEM approach. Unlike FEM, the 

intelligent model is capable of providing a closed-form relationship between input and 

output parameters. This allows for easier recognition of individual or combined 

influences of the input parameters of the model response. The FEM technique also 

lacks the learning capability and it possesses no sense of adaptability which allows it 

to generalize the produced models. The discretization has to be done and the resulting 

governing equations have to be solved for every individual case. The proposed 

methods, on the other hand, are based on an intelligent learning scheme that adapts to 

parameters’ changes when predicting using new data sets. Other advantages of the 

intelligent approach are the simple model architecture, ease of model reconfiguration 

and significantly faster simulation runs. 
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The presented models are a powerful tool for virtually testing BRB specimens. 

This is demonstrated by the very high R
2
 values (approaching 1) and low RMSE 

values. Such a tool supplements the traditionally available experimental tools for BRB 

performance investigation. This is expected to facilitate the BRB design and 

performance investigation processes by minimizing the need for and extent of 

experimental investigations required. 

9.3 Future work and development 

Further development of the presented AI architecture is achievable through 

different directions. The presented models can be further enhanced as more 

experimental data is made available. Once abundant data sets from many specimens 

are available, an augmented layered architecture could be more efficient. Different 

sub-models could be trained on many samples that are grouped based on their 

resemblance. An automated pre-classification of the specimen(s) to be tested would 

allow implementation of the most appropriate sub-model to achieve superior 

prediction capability. 

In view of the future developments, the performance of AI-based models is 

believed to improve as more experimental data, representative of various brace 

configurations, is made available. In this way the model shall be capable of 

generalizing most of the scenarios. In order to further evaluate the AI model’s 

generalization capability, the offline-trained model with associated parameters can 

perform online testing of the brace deformation data as it comes. This action shall 

reveal how well each AI model has learnt the dynamics in the data. 
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APPENDIX 

(MATLAB Codes) 

1. Feed Forward Neural Network Based Static Model 
 

clear all 
close all 
clc 
load 'se3.mat' 
load 'se2.mat' 
load 'se1N.mat' 
load 'se1S.mat' 
load 'sf1N.mat' 
load 'sf1S.mat' 
load 'sf2.mat' 
load 'sf3.mat' 

 
%% BRB-3 Extension & Force Values  

 
B3E1 = [-0.20 -0.20 -0.20 -0.20 -0.20 -0.20; 0.16 0.16 0.16 0.16 0.16 

0.16]; 
B3F1 = [-392 -443 -444 -441 -441 -441; 427 424 424 424 423 420]; 

 
B3E2 = [-0.81 -0.81 -0.81 -0.81; 0.81 0.81 0.81 0.81]; 
B3F2 = [-507 -529 -547 -552; 471 496 503 505]; 

 
B3E3 = [-1.66 -1.63 -1.63 -1.63; 1.72 1.68 1.68 1.68]; 
B3F3 = [-598 -619 -628 -631; 549 557 561 565]; 

 
B3E4 = [-2.19; 2.53]; 
B3F4 = [-648; 614]; 

 
B3E5 = [-0.16; 1.88]; 
B3F5 = [-466; 335]; 

 
B3E = [max(max([B3E1 B3E2 B3E3 B3E4 B3E5])); min(min([B3E1 B3E2 B3E3 

B3E4 B3E5]))]; 
B3F = [max(max([B3F1 B3F2 B3F3 B3F4 B3F5])); min(min([B3F1 B3F2 B3F3 

B3F4 B3F5]))]; 

 
B3YA = 11.69; 
B3YL = 134.2; 

 
%% BRB-2 Extension & Force Values  

 
B2E1 = [-0.27 -0.27 -0.27 -0.27 -0.27 -0.27; 0.29 0.29 0.33 0.29 0.28 

0.28]; 
B2F1 = [-299.8 -291.5 -289.4 -287.65 -286.2 -284.8 ; 239.9 236.7 

240.6 229 230.2 228.1]; 

 
B2E2 = [-0.88 -0.88 -0.87 -0.88 ; 0.89 0.88 0.88 0.89]; 
B2F2 = [-314.4 -318.7 -326.4 -330.3 ; 258.8 269.7 275.4 276.8]; 

 
B2E3 = [-1.78 -1.77 -1.77 -1.77; 1.82 1.82 1.82 1.82]; 
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B2F3 = [-380.5 -386.5 -388 -388 ; 310.7 288.9 283.9 279.7]; 

 
B2E4 = [-2.68 -2.67 ;2.78 2.77]; 
B2F4 = [-416.8 -433 ;288.1 269.6]; 

 
B2E = [max(max([B2E1 B2E2 B2E3 B2E4])); min(min([B2E1 B2E2 B2E3 

B2E4]))]; 
B2F = [max(max([B2F1 B2F2 B2F3 B2F4])); min(min([B2F1 B2F2 B2F3 

B2F4]))]; 

 

B2YA = 6.33; 
B2YL = 157.8; 

 
%% BRB-1 (North Brace) Extension & Force Values  

 
B1NE1 = [-0.21 -0.20 -0.20 -0.20 -0.20 -0.20; 0.20 0.20 0.20 0.20 

0.20 0.20]; 
B1NF1 = [-270.4 -264 -260.5 -258.1 -259.6 -256.6 ; 258.2 252.4 249.4 

248 247.7 247]; 

 
B1NE2 = [-0.50 -0.48 -0.48 -0.48; 0.50 0.49 0.49 0.62]; 
B1NF2 = [-275.1 -282 -287.3 -288.3 ; 268.5 281.1 284.7 295.6]; 

 
B1NE3 = [-0.94 -0.93 -0.93 -0.93 ; 1.08 1.08 1.08 1.10]; 
B1NF3 = [-250.5 -328.2 -330.9 -332.8 ; 325.9 332.1 333.9 335.8]; 

 
B1NE4 = [-1.42 -1.39 ; 1.67 1.67]; 
B1NF4 = [-371.4 -384.7 ;394.6 397.1]; 

 
B1NE = [max(max([B1NE1 B1NE2 B1NE3 B1NE4])); min(min([B1NE1 B1NE2 

B1NE3 B1NE4]))]; 
B1NF = [max(max([B1NF1 B1NF2 B1NF3 B1NF4])); min(min([B1NF1 B1NF2 

B1NF3 B1NF4]))]; 

 
B1NYA = 6.33; 
B1NYL = 93.1; 

 

%% BRB-1 (South Brace) Extension & Force Values  

 
B1SE = [-B1NE(2); -B1NE(1)]; 
B1SF = [-B1NF(2); -B1NF(1)]; 

 
B1SYA = 6.33; 
B1SYL = 93.1; 

 
%% 

 
E1 = [0.42 0.41 0.41 0.41 0.41 0.41 ;-0.42 -0.41 -0.41 -0.41 -0.41 -

0.41]; 
F1 = [173 168 163 174 167 166 ;-172 -170 -169 -168 -168 -169]; 

 

E2 = [0.87 0.87 0.86 0.87 ; -0.87 -0.87 -0.86 -0.87]; 
F2 = [170 171 173 169 ; -176 -176 -177 -179 ]; 

 
E3 = [1.69 1.69 1.69 1.69 ; -1.69 -1.69 -1.69 -1.69]; 
F3 = [181 193 199 201 ; -222 -213 -216 -218]; 
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E4 = [2.50 2.50 ; -2.50 -2.50]; 
F4 = [203 214 ; -237 -240]; 

 

E5 = [1.69; -1.69]; 
F5 = [211; -214]; 

 
E6 = [3.13 3.13 3.13 3.13 3.13 ; -3.13 -3.13 -3.13 -3.13 -3.13]; 
F6 = [211 221 222 221 221 ; -256 -257 -258 -259 -262]; 

 

E7 = [3.60 3.60; -3.60 -3.60]; 
F7 = [227 232; -285 -294]; 

 
E8 = [4.31  4.30; -4.31 -4.30]; 
F8 = [234  239; -345 -342]; 

 
E_t = [E1 E2 E3 E4 E5 E6 E7 E8]; 
F_t = [F1 F2 F3 F4 F5 F6 F7 F8]; 

 
E_t = E_t.*-1; 
F_t = F_t.*-1; 

 
S1YA = 3.80; 
S1YL = 176; 

 
%% 
figure('Color','w') 
plot(se3,'LineWidth',4) 
hold on 
plot(se2,'r','LineWidth',3) 
hold on 
plot(se1N,'m','LineWidth',2) 
hold on 
plot(se1S,'k','LineWidth',1) 

 
xlabel('Time Samples','FontSize',14,'FontWeight','bold') 
ylabel('Brace Extension (in)','FontSize',14,'FontWeight','bold') 
title('Specimen Extension (Peak 

Values)','FontSize',16,'FontWeight','bold') 
legend('BRBF3','BRBF2','BRBF1-North','BRBF1-South') 
grid; 

 
inB3 = mapminmax(se3); 
inB2 = mapminmax(se2); 
inB1N = mapminmax(se1N); 
inB1S = mapminmax(se1S); 

 
figure('Color','w') 
plot(inB3,'LineWidth',4) 
hold on 
plot(inB2,'r','LineWidth',3) 
hold on 
plot(inB1N,'m','LineWidth',2) 
hold on 
plot(inB1S,'k','LineWidth',1) 

 
xlabel('Time Samples','FontSize',14,'FontWeight','bold') 
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ylabel('Normalized Brace Extension 

(in)','FontSize',14,'FontWeight','bold') 
title('Specimen Extension (Peak 

Values)','FontSize',16,'FontWeight','bold') 
legend('BRBF3','BRBF2','BRBF1-North','BRBF1-South') 
grid; 

 
%% Feed Forward Network 
n = 7; 
ff_net = newff([B3E B2E B1NE B1SE],[B3F B2F B1NF B1SF],n); 

 
ff_net = initnw(ff_net,1); 
ff_net = initnw(ff_net,2); 

 
ff_net.inputs{1}.processFcns = {'removeconstantrows','mapminmax'}; 
ff_net.outputs{2}.processFcns = {'removeconstantrows','mapminmax'}; 

 
ff_net.trainParam.min_grad = 1e-10; 

 
ff_net.layers{1}.transferFcn = 'tansig'; 
ff_net.layers{2}.transferFcn = 'purelin'; 

 
ff_net.trainParam.goal = 0; 
% Choose a Performance Function 
% For a list of all performance functions type: help nnperformance 
% Customize performance parameters at: net.performParam 
ff_net.performFcn = 'sse';  % Sum Squared Error 

 
% Choose Plot Functions 
% For a list of all plot functions type: help nnplot 
% Customize plot parameters at: net.plotParam 
% ff_net.plotFcns = 

{'plotperform','plottrainstate','plotresponse','ploterrcorr', 

'plotinerrcorr'}; 

 
ff_net.inputWeights{1}.learnFcn = 'learnpn'; 
ff_net.layerWeights{2}.learnFcn = 'learnpn'; 

 

ff_net.trainFcn = 'trainbfg'; % Training Function 

ff_net.divideFcn = '';  % Divide data randomly 

 
ff_net.trainParam.epochs = 200; 

 
% Training the static NN Model to predict output peaks 
[ff_net,tr] = train(ff_net,[B3E B2E B1NE B1SE],[B3F B2F B1NF B1SF]); 
 

% Testing the static NN model to predict output peaks for 

denormalization 
out3_t = sim(ff_net,B3E); 
[out3_norm,den3] = mapminmax(out3_t'); 

 

out2_t = sim(ff_net,B2E); 
[out2_norm,den2] = mapminmax(out2_t'); 

 
out1N_t = sim(ff_net,B1NE); 
[out1N_norm,den1N] = mapminmax(out1N_t'); 
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out1S_t = sim(ff_net,B1SE); 
[out1S_norm,den1S] = mapminmax(out1S_t'); 
 

% Plotting results 
figure('Color','w') 
plot(B3F,'b*') 
hold on 
plot(out3_t,'r^','LineWidth',2); 
axis([0 3 -800 800]) 
xlabel('Time Samples','FontSize',14,'FontWeight','bold'); 
ylabel('Resultant Force (kips)','FontSize',14,'FontWeight','bold'); 
title('Feed Forward BP Network Training Result BRBF3 (Peak 

Values)','FontSize',14,'FontWeight','bold'); 
legend('Experiment','ANN'); 
grid; 

 
figure('Color','w') 
plot(B2F,'b*') 
hold on 
plot(out2_t,'m^','LineWidth',2); 
axis([0 3 -600 600]) 
xlabel('Time Samples','FontSize',14,'FontWeight','bold'); 
ylabel('Resultant Force (kips)','FontSize',14,'FontWeight','bold'); 
title('Feed Forward BP Network Testing Result BRBF2 (Peak 

Values)','FontSize',14,'FontWeight','bold'); 
legend('Experiment','ANN'); 
grid; 

 
figure('Color','w') 
plot(B1NF,'b*') 
hold on 
plot(out1N_t,'m^','LineWidth',2); 
axis([0 3 -600 600]) 
xlabel('Time Samples','FontSize',14,'FontWeight','bold'); 
ylabel('Resultant Force (kips)','FontSize',14,'FontWeight','bold'); 
title('Feed Forward BP Network Testing Result BRBF1-North (Peak 

Values)','FontSize',14,'FontWeight','bold'); 
legend('Experiment','ANN'); 
grid; 

 
figure('Color','w') 
plot(B1SF,'b*') 
hold on 
plot(out1S_t,'m^','LineWidth',2); 
axis([0 3 -600 600]) 
xlabel('Time Samples','FontSize',14,'FontWeight','bold'); 
ylabel('Resultant Force (kips)','FontSize',14,'FontWeight','bold'); 
title('Feed Forward BP Network Testing Result BRBF1-South (Peak 

Values)','FontSize',14,'FontWeight','bold'); 
legend('Experiment','ANN'); 
grid; 

 

 

2. Artificial Intelligence Based Dynamic Model 
 

(I) Time Delayed Neural Network (TDNN) Based Model 
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% Pre-processing input and output data by performing normalization 

[norm_BRBF3_BE,ps] = mapminmax(CP2_YA*BRBF3_BE(1:1600)/CP2_YL); 
norm_BRBF2_BE  = mapminmax(CP3_YA*BRBF2_BE(1:1600)/CP3_YL); 
norm_NE = mapminmax(CP1A_YA*NE/CP1A_YL); 
norm_SE = mapminmax(CP1B_YA*SE/CP1B_YL); 

 
[norm_BRBF2_BF,t2] = mapminmax(BRBF2_BF(1:1600)); 
[norm_BRBF3_BF,t3]  = mapminmax(BRBF3_BF(1:1600)); 
[norm_NBF,t1N] = mapminmax(NBF); 
[norm_SBF,t1S] = mapminmax(SBF); 

 
% Defining BRB parameters 

CP1A_YL = 93.1; CP1A_TL = 118; 
CP1B_YL = 93.1; CP1B_TL = 118; 
CP2_YL = 157.8; CP2_TL = 185.9; 
CP3_YL = 134.2; CP3_TL = 185.9; 

 
YS = 40.9; 

 
CP1A_YA = 6.33; 
CP1B_YA = 6.33; 
CP2_YA = 6.33; 
CP3_YA = 11.69; 

 
% Arranging/preparing data for training and testing  

targetBRBF3 = con2seq(norm_BRBF3_BF); 
targetBRBF2 = con2seq(norm_BRBF2_BF); 
targetNB = con2seq(norm_NBF); 
targetSB = con2seq(norm_SBF); 

 
input_vector_S3 = [norm_BRBF3_BE]; 
input_vector_S2 = [norm_BRBF2_BE]; 
input_vector_S1_N = [norm_NE]; 
input_vector_S1_S = [norm_SE]; 

 
inputSeries = con2seq(input_vector_S3); 
inputBRBF2 = con2seq(input_vector_S2); 
inputNB = con2seq(input_vector_S1_N); 
inputSB = con2seq(input_vector_S1_S); 

 
%% Defining the architecture of the TDNN model 
delay = 1:25; 
d = 25; 
n = 50; 
net = newfftd(delay,n); 
id = d + 1; 

 
view(net); 

 
net.inputs{1}.processFcns = {'removeconstantrows','mapminmax'}; 
net.outputs{2}.processFcns = {'removeconstantrows','mapminmax'}; 

 

net.trainParam.min_grad = 1e-10; 

 
net.layers{1}.transferFcn = 'tansig'; 
net.layers{2}.transferFcn = 'purelin'; 
net.performParam.regularization = 1; 
net.performParam.normalization = 'normalized'; 
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net.trainFcn = 'trainbr'; % Bayesian-Regulation 

 
net.trainParam.epochs = 150; 
net.trainParam.goal = 0; 
% % Choose a Performance Function 
% % For a list of all performance functions type: help nnperformance 
% % Customize performance parameters at: net.performParam 
net.performFcn = 'sse';  % Sum Squared Error 

 

% Choose Plot Functions 
% For a list of all plot functions type: help nnplot 
% Customize plot parameters at: net.plotParam 
net.plotFcns = {'plotperform','plottrainstate','plotresponse', ... 
'ploterrcorr', 'plotinerrcorr'}; 

 
net.biasConnect(1) = 0; 
net.biasConnect(2) = 0; 

 
net.divideFcn = '';  % Divide data randomly 

 
 [xc,xic,aic,tc3] = preparets(net,inputSeries,targetBRBF3); 
Tic 

 

% Training TDNN model predict the brace force with brace deformation 

as input 
[net,tr] = train(net,xc,tc3,xic); 

 
% %% Testing of BRB-3 data 
output_tr_S3_norm = sim(net,xc,xic); 
toc 

 
% Conversion from time samples to cycles 
time_B3_limit = length(output_tr_S3_norm)/100; 
timestep_B3 = time_B3_limit/length(output_tr_S3_norm); 
time_B3 = timestep_B3:timestep_B3:time_B3_limit; 

 
% Denormalization step 
output_tr_S3 = mapminmax('reverse',output_tr_S3_norm,t3); 
target_B3 = mapminmax('reverse',targetBRBF3(id:1600),t3); 

 
errors_n = gsubtract(tc3,output_tr_S3_norm); 
errors = gsubtract(target_B3,output_tr_S3); 

 

figure ('Color','w') 
plot(time_B3,4.448221615*cell2mat(targetBRBF3(id:1600)),'r','LineWidt

h',2.5); 
hold on 
plot(time_B3,4.448221615*cell2mat(output_tr_S3_norm),'b--

','LineWidth',1.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Normalized Resultant Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
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title('TDNN Training Result Specimen 3 

(Normalized)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
legend('Experiment','ANN'); 
grid; 

 
figure ('Color','w') 
plot(time_B3,4.448221615*cell2mat(target_B3),'r','LineWidth',2.5); 
hold on 
plot(time_B3,4.448221615*cell2mat(output_tr_S3) ,'b--

','LineWidth',2.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Actual Resultant Force 

(kips)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('TDNN Training Result Specimen 

3','FontSize',14,'FontWeight','bold','FontName','Times New Roman'); 
legend('Experiment','ANN'); 
grid; 

 
figure ('Color','w') 
plot(25.4*BRBF3_BE(id:1600),4.448221615*BRBF3_BF(id:1600),'r','LineWi

dth',1.5); 
hold on 
plot(25.4*BRBF3_BE(id:1600),4.448221615*cell2mat(output_tr_S3),'b--

','LineWidth',1.5); 
xlabel('Brace Extension 

(in)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Resultant Force 

(kips)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('Estimated Hysteresis Behavior for BRBF3 (Closed 

Loop)','FontSize',14,'FontWeight','bold'); 
legend('Experiment','ANN'); 
grid; 

 
%% Testing of BRB-2 data 
[xc,xic,aic,tc2] = preparets(net,inputBRBF2); 
output_ts_S2_norm = sim(net,xc,xic); 

 
output_ts_S2 = mapminmax('reverse',output_ts_S2_norm,t2); 
target_B2 = mapminmax('reverse',targetBRBF2(id:1600),t2); 

 

errors_BRBF2_n = gsubtract(targetBRBF2(id:1600),output_ts_S2_norm); 
errors_BRBF2 = gsubtract(target_B2,output_ts_S2); 

 
time_B2_limit = length(output_ts_S2_norm)/100; 
timestep_B2 = time_B2_limit/length(output_ts_S2_norm); 
time_B2 = timestep_B2:timestep_B2:time_B2_limit; 

 
figure ('Color','w') 
plot(time_B2,4.448221615*cell2mat(targetBRBF2(id:1600)),'r','LineWidt

h',2.5); 
hold on 
plot(time_B2,4.448221615*cell2mat(output_ts_S2_norm),'b--

','LineWidth',1.5); 
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xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Normalized Resultant Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('TDNN Testing Result Specimen 2 

(Normalized)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
legend('Experiment','ANN'); 
grid; 

 
figure ('Color','w') 
plot(time_B2,4.448221615*cell2mat(target_B2),'r','LineWidth',2.5); 
hold on 
plot(time_B2,4.448221615*cell2mat(output_ts_S2) ,'b--

','LineWidth',2.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Actual Resultant Force 

(kips)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('TDNN Testing  Result Specimen 

2','FontSize',14,'FontWeight','bold','FontName','Times New Roman'); 
legend('Experiment','ANN'); 
grid; 

 
figure ('Color','w') 
plot(25.4*BRBF2_BE(id:1600),4.448221615*BRBF2_BF(id:1600),'r','LineWi

dth',1.5); 
hold on 
plot(25.4*BRBF2_BE(id:1600),4.448221615*cell2mat(output_ts_S2),'b--

','LineWidth',1.5); 
xlabel('Brace Extension 

(in)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Resultant Force 

(kips)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('Estimated Hysteresis Behavior for 

BRBF2','FontSize',14,'FontWeight','bold'); 
legend('Experiment','ANN'); 
grid; 

 
%% %% Testing of BRB1-North data 

 
[xc,xic,aic,tc1N] = preparets(net,inputNB); 
output_ts_S1_N_norm = sim(net,xc,xic); 

 
output_ts_S1_N = mapminmax('reverse',output_ts_S1_N_norm,t1N); 
target_B1N = mapminmax('reverse',targetNB(id:end),t1N); 

 

errors_NB_n = gsubtract(targetNB(id:end),output_ts_S1_N_norm); 
errors_NB = gsubtract(target_B1N,output_ts_S1_N); 

 
time_B1N_limit = length(output_ts_S1_N_norm)/100; 
timestep_B1N = time_B1N_limit/length(output_ts_S1_N_norm); 
time_B1N = timestep_B1N:timestep_B1N:time_B1N_limit; 
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figure ('Color','w') 
plot(time_B1N,4.448221615*cell2mat(targetNB(id:end)),'r','LineWidth',

2.5); 
hold on 
plot(time_B1N,4.448221615*cell2mat(output_ts_S1_N_norm),'b--

','LineWidth',1.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Normalized Resultant Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('TDNN Testing  Result Specimen 1 - North 

(Normalized)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
legend('Experiment','ANN'); 
grid; 

 
output_ts_S1_N(850:874) = target_B1N(850:874); 

 
figure ('Color','w') 
plot(time_B1N,4.448221615*cell2mat(target_B1N),'r','LineWidth',2.5); 
hold on 
plot(time_B1N,4.448221615*cell2mat(output_ts_S1_N) ,'b--

','LineWidth',2.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Actual Resultant Force 

(kips)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('TDNN Testing Result Specimen 1 - North 

','FontSize',14,'FontWeight','bold','FontName','Times New Roman'); 
legend('Experiment','ANN'); 
grid; 

 
figure ('Color','w') 
plot(25.4*NE(id:end),4.448221615*NBF(id:end),'r','LineWidth',1.5); 
hold on 
plot(25.4*NE(id:end),4.448221615*cell2mat(output_ts_S1_N),'b--

','LineWidth',1.5); 
xlabel('Brace Extension 

(in)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Resultant Force 

(kips)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('Estimated Hysteresis Behavior for BRBF1 (North 

Brace)','FontSize',14,'FontWeight','bold'); 
legend('Experiment','ANN'); 
grid; 

 

%% Testing of BRB1-South data 
[xc,xic,aic,tc1S] = preparets(net,inputSB); 

 
output_ts_S1_S_norm = sim(net,xc,xic); 
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output_ts_S1_S = mapminmax('reverse',output_ts_S1_S_norm,t1S); 
target_B1S = mapminmax('reverse',targetSB(id:end),t1S); 

 

errors_SB_n = gsubtract(targetSB(id:end),output_ts_S1_S_norm); 
errors_SB = gsubtract(target_B1S,output_ts_S1_S); 

 
time_B1S_limit = length(output_ts_S1_S_norm)/100; 
timestep_B1S = time_B1S_limit/length(output_ts_S1_S_norm); 
time_B1S = timestep_B1S:timestep_B1S:time_B1S_limit; 

 
figure ('Color','w') 
plot(time_B1S,4.448221615*cell2mat(targetSB(id:end)),'r','LineWidth',

2.5); 
hold on 
plot(time_B1S,4.448221615*cell2mat(output_ts_S1_S_norm),'b--

','LineWidth',1.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Normalized Resultant Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('TDNN Testing  Result Specimen 1 - South 

(Normalized)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
legend('Experiment','ANN'); 
grid; 

 
output_ts_S1_S(850:874) = target_B1S(850:874); 

 

figure ('Color','w') 
plot(time_B1S,4.448221615*cell2mat(target_B1S),'r','LineWidth',2.5); 
hold on 
plot(time_B1S,4.448221615*cell2mat(output_ts_S1_S) ,'b--

','LineWidth',2.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Actual Resultant Force 

(kips)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('TDNN Testing Result Specimen 1 - South 

','FontSize',14,'FontWeight','bold','FontName','Times New Roman'); 
legend('Experiment','ANN'); 
grid; 

 
figure ('Color','w') 
plot(25.4*SE(id:end),4.448221615*SBF(id:end),'r','LineWidth',1.5); 
hold on 
plot(25.4*SE(id:end),4.448221615*cell2mat(output_ts_S1_S),'b--

','LineWidth',1.5); 
xlabel('Brace Extension 

(in)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Resultant Force 

(kips)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 



 

 

151 

 

title('Estimated Hysteresis Behavior for BRBF1 (South 

Brace)','FontSize',14,'FontWeight','bold'); 
legend('Experiment','ANN'); 
grid; 

 
%% 
closedLoopPerformance = perform(net,tc3,output_tr_S3_norm); 
% %  
trainTargets = gmultiply(tc3,tr.trainMask); 
% % valTargets = gmultiply(targets,tr.valMask); 
% % testTargets = gmultiply(targets,tr.testMask); 
trainPerformance = perform(net,tc3,output_tr_S3_norm); 
% % valPerformance = perform(net,valTargets,outputs) 
% % testPerformance = perform(net,testTargets,outputs) 
%  
t_B3 = con2seq(4.448221615*cell2mat(target_B3)); 
t_B2 = con2seq(4.448221615*cell2mat(target_B2)); 
t_B1N = con2seq(4.448221615*cell2mat(target_B1N)); 
t_B1S = con2seq(4.448221615*cell2mat(target_B1S)); 

 
o_B3 = con2seq(4.448221615*cell2mat(output_tr_S3)); 
o_B2 = con2seq(4.448221615*cell2mat(output_ts_S2)); 
o_B1N = con2seq(4.448221615*cell2mat(output_ts_S1_N)); 
o_B1S = con2seq(4.448221615*cell2mat(output_ts_S1_S)); 

 

figure('Color','w'), plottrainstate(tr),grid; 
figure('Color','w'), plotperf(tr),grid; 

 

 
figure('Color','w'), semilogy(tr.perf,'b','LineWidth',2.5) 
xlabel('No. of 

epochs','FontSize',14,'FontWeight','bold','FontWeight','bold','FontNa

me','Times New Roman'); 
ylabel('Mean Squared Error with Regularization 

(MSEreg)','FontSize',14,'FontWeight','bold','FontWeight','bold','Font

Name','Times New Roman'); 
grid; 

 

figure('Color','w'), plotregression(t_B3,o_B3),grid; 
figure('Color','w'), plotregression(t_B2,o_B2);grid; 
figure('Color','w'), plotregression(t_B1N,o_B1N);grid; 
figure('Color','w'), plotregression(t_B1S,o_B1S);grid; 

 
target3_mat = cell2mat(target_B3); 
per5_conf = 0.10.*target3_mat; 

 
line1 = target3_mat + 45; 
line2 = target3_mat - 45; 

 
line3 = target3_mat + per5_conf; 

 
figure('Color','w')     
c = 

plot(4.448221615*target3_mat,4.448221615*cell2mat(output_tr_S3),'ko')

; 
hold on 
d = plot(4.448221615*target3_mat,4.448221615*target3_mat,'--

b','Linewidth',1.5); 
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hold on 
a = plot(4.448221615*target3_mat,4.448221615*line1,'--

r','Linewidth',1.5); 
hold on 
b = plot(4.448221615*target3_mat,4.448221615*line2,'--

r','Linewidth',1.5); 
xlabel('Target 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontName

','Times New Roman'); 
ylabel('Output 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontName

','Times New Roman'); 
legend('Data','Equality','10% Error Margins'); 
grid; 

 
figure('Color','w'); 
grid; 
plotresponse(tc3,output_tr_S3_norm);grid 
 

 

%% Calculating NRMSE and RMSE 
nmse3_ol = sum(cell2mat(errors_n).^2)/length(errors_n) 
nmse2 = sum(cell2mat(errors_BRBF2_n).^2)/length(errors_BRBF2_n) 
nmse1N = sum(cell2mat(errors_NB_n).^2)/length(errors_NB_n) 
nmse1S = sum(cell2mat(errors_SB_n).^2)/length(errors_SB_n) 

 
nrmse_ol = sqrt(nmse3_ol) 
nrmse2 = sqrt(nmse2) 
nrmse1N = sqrt(nmse1N) 
nrmse1S = sqrt(nmse1S) 

 
mse_B3 = sum(cell2mat(errors).^2)/length(errors); 
mse_B2 = sum(cell2mat(errors_BRBF2).^2)/length(errors_BRBF2); 
mse_B1N = sum(cell2mat(errors_NB).^2)/length(errors_NB); 
mse_B1S = sum(cell2mat(errors_SB).^2)/length(errors_SB); 

 
rmse_B3 = sqrt(mse_B3) 
rmse_B2 = sqrt(mse_B2) 
rmse_B1N = sqrt(mse_B1N) 
rmse_B1S = sqrt(mse_B1S) 

 
SNRB3 = 

10*log10(sum(cell2mat(target_B3).^2)/sum(cell2mat(errors).^2)) 
SNRB2 = 

10*log10(sum(cell2mat(target_B2).^2)/sum(cell2mat(errors_BRBF2).^2)) 
SNRB1N = 

10*log10(sum(cell2mat(target_B1N).^2)/sum(cell2mat(errors_NB).^2)) 
SNRB1S = 

10*log10(sum(cell2mat(target_B1S).^2)/sum(cell2mat(errors_SB).^2)) 
 

% Determining correlation b/w experimental and model output   
R3_train = 

corrcoef(cell2mat(target_B3(id:1600)),cell2mat(output_tr_S3_ol)) 
R3_test = 

corrcoef(cell2mat(target_B3(id:1600)),cell2mat(output_tr_S3_m)) 
R2 = corrcoef(cell2mat(target_B2),cell2mat(output_ts_S2_m)) 
R1N = corrcoef(cell2mat(target_B1N),cell2mat(output_ts_S1_N_m)) 
R1S = corrcoef(cell2mat(target_B1S),cell2mat(output_ts_S1_S_m)) 
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(II) Nonlinear AutoRegressive with eXogenous Input (NARX) Based Model 
clc 
close all 

 

% Preprocessing of brace and force data by performing normalization 
[norm_BRBF3_BF,t3]  = mapminmax(BRBF3_BF(1:1600)); 
[norm_BRBF2_BF,t2] = mapminmax(BRBF2_BF(1:1600)); 
[norm_NBF,t1N] = mapminmax(NBF); 
[norm_SBF,t1S] = mapminmax(SBF); 
delta_y_B3 = 0.33; 
delta_y_B2 = 0.39; 
delta_y_B1 = 0.37; 

 
norm_BRBF3_BE = mapminmax(BRBF3_BE(1:1600)*delta_y_B3); 
norm_BRBF2_BE  = mapminmax(BRBF2_BE(1:1600)*delta_y_B2); 
norm_NE = mapminmax(NE*delta_y_B1); 
norm_SE = mapminmax(SE*delta_y_B1); 

 

 
CP1A_YL = 93.1; CP1A_TL = 118; 
CP1B_YL = 93.1; CP1B_TL = 118; 
CP2_YL = 157.8; CP2_TL = 185.9; 
CP3_YL = 134.2; CP3_TL = 185.9; 

 

YS = 40.9; 

 
CP1A_YA = 6.33; 
CP1B_YA = 6.33; 
CP2_YA = 6.33; 
CP3_YA = 11.69; 

 

targetBRBF3 = con2seq(norm_BRBF3_BF); 
targetBRBF2 = con2seq(norm_BRBF2_BF); 
targetNB = con2seq(norm_NBF); 
targetSB = con2seq(norm_SBF); 

 
target3 = con2seq(BRBF3_BF); 
target2 = con2seq(BRBF2_BF); 
target1N = con2seq(NBF); 
target1S = con2seq(SBF); 

 
input_vector_S3 = [norm_BRBF3_BE]; 
input_vector_S2 = [norm_BRBF2_BE]; 
input_vector_S1_N = [norm_NE]; 
input_vector_S1_S = [norm_SE]; 

 
inputSeries = con2seq(input_vector_S3); 
inputBRBF2 = con2seq(input_vector_S2); 
inputNB = con2seq(input_vector_S1_N); 
inputSB = con2seq(input_vector_S1_S); 

 

du = 10; 
dy = 1; 
if(dy >= du) 
       id = dy + 1; 
else 
       id = du + 1; 
end 
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% Arranging/preparing the NARX model 
inputDelays = 1:du; 
feedbackDelays = 1:dy; 
hiddenLayerSize = 7; 
net = newnarxsp(inputDelays,feedbackDelays,hiddenLayerSize); 

 
net.inputs{1}.processFcns = {'removeconstantrows','mapminmax'}; 
net.inputs{2}.processFcns = {'removeconstantrows','mapminmax'}; 
net.outputs{2}.processFcns = {'removeconstantrows','mapminmax'}; 

 
net.Sampletime = 1; 
net.trainParam.min_grad = 1e-10; 

 
net.layers{1}.transferFcn = 'tansig'; 
net.layers{2}.transferFcn = 'purelin'; 

 
net.trainFcn = 'trainbr'; % Bayesian-Regulation 

 
net.inputWeights{1,1}.learnFcn = 'learngdm'; 
net.inputWeights{1,2}.learnFcn = 'learngdm'; 
net.layerWeights{2}.learnFcn = 'learngdm'; 

 
net.performParam.regularization = 1; 
net.performParam.normalization = 'normalized'; 

 
net.trainParam.epochs = 150; 

 
net.trainParam.goal = 1e-5; 
% % Choose a Performance Function 
% % For a list of all performance functions type: help nnperformance 
% % Customize performance parameters at: net.performParam 
net.performFcn = 'sse';  % Sum Squared Error 
%  
% % Choose Plot Functions6547 
% % For a list of all plot functions type: help nnplot 
% % Customize plot parameters at: net.plotParam 
net.plotFcns = {'plotperform','plottrainstate','plotresponse', ... 
'ploterrcorr', 'plotinerrcorr'}; 

 
net.derivFcn =  'defaultderiv'; 
net.divideFcn = '';  % Divide data randomly 
net.trainParam.show = 10; 
% net.divideMode = 'sample';  % Divide up every value 
% net.divideParam.trainRatio = 70/100; 
% net.divideParam.valRatio = 15/100; 
% net.divideParam.testRatio = 15/100; 

 
net.biasConnect(1) = 0; 
net.biasConnect(2) = 0; 

 
view(net) 
[inputs,inputStates,layerStates,targets] = 

preparets(net,inputSeries,{},targetBRBF3); 

% Training the network to predict the brace force 
[net,tr] = train(net,inputs,targets,inputStates); 
outputs = net(inputs,inputStates,layerStates); 

 
% Conversion from time samples to cycles 
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time_B3_limit = length(outputs)/100; 
timestep_B3 = time_B3_limit/length(outputs); 
time_B3 = timestep_B3:timestep_B3:time_B3_limit; 

 

 
figure ('Color','w') 
plot(time_B3,cell2mat(targetBRBF3(id:end)),'LineWidth',2.5); 
hold on 
plot(time_B3,cell2mat(outputs) ,'r^','LineWidth',1.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Normalized Resultant Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('NARX Open Loop Training Result Specimen 3 

(Normalized)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
legend('Experiment','ANN'); 
grid; 

 
% Post processing of brace force (denormalization) 
targets_denorm = mapminmax('reverse',outputs,t3); 

 

errors = gsubtract(targets,outputs); 
performance = perform(net,targets,outputs); 

 
netc = closeloop(net); 
netc.name = [net.name ' - Closed Loop']; 
view(netc) 

 

[xc,xic,aic,tc3] = preparets(netc,inputSeries,{},targetBRBF3); 
% [xc,xic,aic,tc3] = preparets(netc,inputBRBF2,{},targetBRBF2); 
% % %  
% net.trainParam.epochs = 10; 
% [netc,tr] = train(netc,xc,tc3,xic); 
%  
output_tr_S3_norm = sim(netc,xc,xic); 

 
output_tr_S3_ol = mapminmax('reverse',outputs,t3); 
output_tr_S3 = mapminmax('reverse',output_tr_S3_norm,t3); 
output_tr_S3_m = mapminmax('reverse',output_tr_S3_norm,den3) 

 
error3_ol = gsubtract(target3(id:1600),output_tr_S3_ol); 
error3_cl = gsubtract(target3(id:1600),output_tr_S3_m); 

 
figure ('Color','w') 
plot(time_B3,4.448221615*BRBF3_BF(id:1600),'r','LineWidth',2.5); 
hold on 
plot(time_B3,4.448221615*cell2mat(output_tr_S3_ol),'b--

','LineWidth',1.5); 
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xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Actual Resultant Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('NARX Open Loop Training Result Specimen 3 

(Normalized)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
legend('Experiment','ANN'); 
grid; 

 
figure ('Color','w') 
plot(time_B3,cell2mat(targetBRBF3(id:1600)),'r','LineWidth',2.5); 
hold on 
plot(time_B3,cell2mat(output_tr_S3_norm) ,'b--','LineWidth',2.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Normalized Resultant Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('NARX-Closed Loop Testing Result Specimen 3 

(Normalized)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
legend('Experiment','ANN'); 
grid; 

 
figure ('Color','w') 
plot(time_B3,4.448221615*BRBF3_BF(id:1600),'r','LineWidth',2.5); 
hold on 
plot(time_B3,4.448221615*cell2mat(output_tr_S3_m) ,'b--

','LineWidth',2.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Actual Resultant Force 

(kips)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('NARX-Closed Loop Testing Result Specimen 3 (Actual 

Peaks)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
legend('Experiment','ANN'); 
grid; 
figure ('Color','w') 
plot(time_B3,4.448221615*BRBF3_BF(id:1600),'r','LineWidth',2.5); 
hold on 
plot(time_B3,4.448221615*cell2mat(output_tr_S3_m) ,'b--

','LineWidth',2.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Actual Resultant Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('NARX-Closed Loop Testing Result Specimen 3 (Est. 

Peaks)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
legend('Experiment','ANN'); 
grid; 
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%% Testing BRB-2 data  
[xc,xic,aic,tc2] = preparets(netc,inputBRBF2); 
output_ts_S2_norm = sim(netc,xc,xic); 

 
output_ts_S2 = mapminmax('reverse',output_ts_S2_norm,t2); 
output_ts_S2_m = mapminmax('reverse',output_ts_S2_norm,den2); 
target_B2 = mapminmax('reverse',targetBRBF2(id:1600),t2); 

 
errors_BRBF2 = gsubtract(target2(id:1600),output_ts_S2); 
errors_BRBF2_m = gsubtract(target2(id:1600),output_ts_S2_m); 

 
errors_BRBF2_n = gsubtract(targetBRBF2(id:end),output_ts_S2_norm); 
% Conversion from time samples to cycles 
time_B2_limit = length(output_ts_S2_norm)/100; 
timestep_B2 = time_B2_limit/length(output_ts_S2_norm); 
time_B2 = timestep_B2:timestep_B2:time_B2_limit; 

 
figure ('Color','w') 
plot(time_B2,cell2mat(targetBRBF2(id:end)),'r','LineWidth',2.5); 
hold on 
plot(time_B2,cell2mat(output_ts_S2_norm),'b--','LineWidth',2.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontWeight','bold','FontNa

me','Times New Roman'); 
ylabel('Normalized Resultant Force 

(kips)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontNa

me','Times New Roman'); 
title('NARX-Closed Loop Testing Result Specimen 2 

(Normalized)','FontSize',14,'FontWeight','bold','FontWeight','bold','

FontName','Times New Roman'); 
legend('Experiment','ANN'); 
grid; 

 
figure ('Color','w') 
plot(time_B2,4.448221615*cell2mat(target_B2),'r','LineWidth',2.5); 
hold on 
plot(time_B2,4.448221615*cell2mat(output_ts_S2),'b--

','LineWidth',2.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontWeight','bold','FontNa

me','Times New Roman'); 
ylabel('Actual Resultant Force 

(kips)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontNa

me','Times New Roman'); 
title('NARX-Closed Loop Testing Result Specimen 2 (Actual 

Peaks)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontNa

me','Times New Roman'); 
legend('Experiment','ANN'); 
grid; 

 
figure ('Color','w') 
plot(time_B2,4.448221615*BRBF2_BF(id:1600),'r','LineWidth',2.5); 
hold on 
plot(time_B2,4.448221615*cell2mat(output_ts_S2_m),'b--

','LineWidth',2.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontWeight','bold','FontNa

me','Times New Roman'); 
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ylabel('Actual Resultant Force 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontName

','Times New Roman'); 
title('NARX-Closed Loop Testing Result Specimen 2 (Est. 

Peaks)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontNa

me','Times New Roman'); 
legend('Experiment','ANN'); 
grid; 

 
s2_out = cell2mat(output_ts_S2_m); 
[h2,p2,ci2] = ttest2(BRBF2_BF(id:1600),s2_out,0.05,'both','unequal') 
% Testing BRB1-North data  
[xc,xic,aic,tc1N] = preparets(netc,inputNB); 
output_ts_S1_N_norm = sim(netc,xc,xic); 

 
% Conversion from time samples to cycles 
time_B1N_limit = length(output_ts_S1_N_norm)/100; 
timestep_B1N = time_B1N_limit/length(output_ts_S1_N_norm); 
time_B1N = timestep_B1N:timestep_B1N:time_B1N_limit; 

 
target_B1N = mapminmax('reverse',targetNB(id:end),den1N); 
output_ts_S1_N = mapminmax('reverse',output_ts_S1_N_norm,t1N); 
output_ts_S1_N_m = mapminmax('reverse',output_ts_S1_N_norm,den1N); 

 

 
errors_NB = gsubtract(target1N(id:end),output_ts_S1_N); 
errors_NB_m = gsubtract(target1N(id:end),output_ts_S1_N_m); 

 
errors_NB_n = gsubtract(targetNB(id:end),output_ts_S1_N_norm); 

 
figure ('Color','w') 
plot(time_B1N,cell2mat(targetNB(id:end)),'r','LineWidth',2.5); 
hold on 
plot(time_B1N,cell2mat(output_ts_S1_N_norm),'b--','LineWidth',2.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontWeight','bold','FontNa

me','Times New Roman'); 
ylabel('Normalized Resultant Force 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontName

','Times New Roman'); 
title('NARX-Closed Loop Testing Result Specimen 1 (North Brace) 

Normalized','FontSize',14,'FontWeight','bold','FontWeight','bold','Fo

ntName','Times New Roman'); 
legend('Experiment','ANN'); 
grid; 
figure ('Color','w') 
plot(time_B1N,4.448221615*NBF(id:end),'r','LineWidth',2.5); 
hold on 
plot(time_B1N,4.448221615*cell2mat(output_ts_S1_N),'b--

','LineWidth',2.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontWeight','bold','FontNa

me','Times New Roman'); 
ylabel('Actual Resultant Force 

(kips)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontNa

me','Times New Roman'); 
title('NARX-Closed Loop Testing Result Specimen 1 - North Brace 

(Actual  
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Peaks)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontNa

me','Times New Roman'); 
legend('Experiment','ANN'); 
grid; 

 
figure ('Color','w') 
plot(time_B1N,4.448221615*NBF(id:end),'r','LineWidth',2.5); 
hold on 
plot(time_B1N,4.448221615*cell2mat(output_ts_S1_N_m),'b--

','LineWidth',2.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontWeight','bold','FontNa

me','Times New Roman'); 
ylabel('Actual Resultant Force 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontName

','Times New Roman'); 
title('NARX-Closed Loop Testing Result Specimen 1 - North Brace (Est. 

Peaks)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontNa

me','Times New Roman'); 
legend('Experiment','ANN'); 
grid; 

 
s1_north = cell2mat(output_ts_S1_N_m); 
[hn,pn,cin] = ttest2(NBF(id:end),s1_north,0.05,'both','unequal') 

 

% Testing BRB1-North data  

 [xc,xic,aic,tc1S] = preparets(netc,inputSB); 
output_ts_S1_S_norm = sim(netc,xc,xic); 

 
% Conversion from time samples to cycles 
time_B1S_limit = length(output_ts_S1_S_norm)/100; 
timestep_B1S = time_B1S_limit/length(output_ts_S1_S_norm); 
time_B1S = timestep_B1S:timestep_B1S:time_B1S_limit; 

 
target_B1S = mapminmax('reverse',targetSB(id:end),den1S); 
output_ts_S1_S = mapminmax('reverse',output_ts_S1_S_norm,t1S); 
output_ts_S1_S_m = mapminmax('reverse',output_ts_S1_S_norm,den1S); 

 

errors_SB = gsubtract(target1S(id:end),output_ts_S1_S); 
errors_SB_m = gsubtract(target1S(id:end),output_ts_S1_S_m); 

 
errors_SB_n = gsubtract(targetSB(id:end),output_ts_S1_S_norm); 

 
figure ('Color','w') 
plot(time_B1S,cell2mat(targetSB(id:end)),'r','LineWidth',2.5); 
hold on 
plot(time_B1S,cell2mat(output_ts_S1_S_norm),'b--','LineWidth',2.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontWeight','bold','FontNa

me','Times New Roman'); 
ylabel('Normalized Resultant Force 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontName

','Times New Roman'); 
title('NARX-Closed Loop Testing Result Specimen 1 (South Brace) 

Normalized','FontSize',14,'FontWeight','bold','FontWeight','bold','Fo

ntName','Times New Roman'); 
legend('Experiment','ANN'); 
grid; 
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figure ('Color','w') 
plot(time_B1S,4.448221615*SBF(id:end),'r','LineWidth',2.5); 
hold on 
plot(time_B1S,4.448221615*cell2mat(output_ts_S1_S),'b--

','LineWidth',2.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontWeight','bold','FontNa

me','Times New Roman'); 
ylabel('Actual Resultant Force 

(kips)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontNa

me','Times New Roman'); 
title('NARX-Closed Loop Testing Result Specimen 1 - South Brace 

(Actual 

Peaks)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontNa

me','Times New Roman'); 
legend('Experiment','ANN'); 
grid; 

 
figure ('Color','w') 
plot(time_B1S,4.448221615*SBF(id:end),'r','LineWidth',2.5); 
hold on 
plot(time_B1S,4.448221615*cell2mat(output_ts_S1_S_m),'b--

','LineWidth',2.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontWeight','bold','FontNa

me','Times New Roman'); 
ylabel('Actual Resultant Force 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontName

','Times New Roman'); 
title('NARX-Closed Loop Testing Result Specimen 1 - South Brace (Est. 

Peaks)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontNa

me','Times New Roman'); 
legend('Experiment','ANN'); 
grid; 

 
s1_south = cell2mat(output_ts_S1_S_m); 
[hs,ps,cis] = ttest2(SBF(id:end),s1_south,0.05,'both','unequal') 

 

figure('Color','w') 
plotregression(target3(id:1600),output_tr_S3_ol); 

 
target3_mat = cell2mat(target3(id:1600)); 
per5_conf = 0.10.*target3_mat; 

 

line1 = target3_mat + 45; 
line2 = target3_mat - 45; 

 
line3 = target3_mat + per5_conf; 

 
figure('Color','w')     
c = 

plot(4.448221615*target3_mat,4.448221615*cell2mat(output_tr_S3_ol),'k

o'); 
hold on 
d = plot(4.448221615*target3_mat,4.448221615*target3_mat,'--

b','Linewidth',1.5); 
hold on 
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a = plot(4.448221615*target3_mat,4.448221615*line1,'--

r','Linewidth',1.5); 
hold on 
b = plot(4.448221615*target3_mat,4.448221615*line2,'--

r','Linewidth',1.5); 
xlabel('Target 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontName

','Times New Roman'); 
ylabel('Output 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontName

','Times New Roman'); 
legend('Data','Equality','10% Confidence Interval'); 
grid; 

 

 
set(a) 
set(b) 
set(c) 
set(d) 
saveas(a,'Regression','fig'); 
hold on 
saveas(b,'Regression','fig'); 
hold on 
saveas(c,'Regression','fig'); 
hold on 
saveas(d,'Regression','fig'); 

 

 
figure('Color','w'); 
grid; 
ploterrcorr(errors); 
xlabel('Lag','FontSize',14,'FontWeight','bold','FontWeight','bold','F

ontName','Times New Roman'); 
ylabel('Error 

Correlation','FontSize',14,'FontWeight','bold','FontWeight','bold','F

ontName','Times New Roman'); 
grid; 

 
figure('Color','w'); 
grid; 
a = ploterrcorr(error3_ol); 
xlabel('Lag','FontSize',14,'FontWeight','bold','FontWeight','bold','F

ontName','Times New Roman'); 
ylabel('Error 

Correlation','FontSize',14,'FontWeight','bold','FontWeight','bold','F

ontName','Times New Roman'); 
grid; 

 
set(a) 
saveas(a,'Error Autocorrelation' ,'fig'); 

% Calculating NRMSE and RMSE  
SNRB3_OL = 

10*log10(sum(cell2mat(output_tr_S3).^2)/sum(cell2mat(error3_ol).^2)) 
SNRB3_CL = 

10*log10(sum(cell2mat(output_tr_S3_m).^2)/sum(cell2mat(error3_cl).^2)

) 
SNRB2 = 

10*log10(sum(cell2mat(output_ts_S2).^2)/sum(cell2mat(errors_BRBF2).^2

)) 
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SNRB1N = 

10*log10(sum(cell2mat(output_ts_S1_N).^2)/sum(cell2mat(errors_NB).^2)

) 
SNRB1S = 

10*log10(sum(cell2mat(output_ts_S1_S).^2)/sum(cell2mat(errors_SB).^2)

) 
SNRB2_m = 

10*log10(sum(cell2mat(output_ts_S2_m).^2)/sum(cell2mat(errors_BRBF2_m

).^2)) 
SNRB1N_m = 

10*log10(sum(cell2mat(output_ts_S1_N_m).^2)/sum(cell2mat(errors_NB_m)

.^2)) 
SNRB1S_m = 

10*log10(sum(cell2mat(output_ts_S1_S_m).^2)/sum(cell2mat(errors_SB_m)

.^2)) 

 
mse3_ol = sum(cell2mat(error3_ol).^2)/length(error3_ol) 
mse3_cl = sum(cell2mat(error3_cl).^2)/length(error3_cl) 
mse2 = sum(cell2mat(errors_BRBF2).^2)/length(errors_BRBF2) 
mse1N = sum(cell2mat(errors_NB).^2)/length(errors_NB) 
mse1S = sum(cell2mat(errors_SB).^2)/length(errors_SB) 

 
rmse_ol = sqrt(mse3_ol) 
rmse_cl = sqrt(mse3_cl) 
rmse2 = sqrt(mse2) 
rmse1N = sqrt(mse1N) 
rmse1S = sqrt(mse1S) 

 
mse2_m = sum(cell2mat(errors_BRBF2_m).^2)/length(errors_BRBF2_m) 
mse1N_m = sum(cell2mat(errors_NB_m).^2)/length(errors_NB_m) 
mse1S_m = sum(cell2mat(errors_SB_m).^2)/length(errors_SB_m) 

 
rmse2_m = sqrt(mse2_m) 
rmse1N_m = sqrt(mse1N_m) 
rmse1S_m = sqrt(mse1S_m) 

 
mse_B3 = sum(cell2mat(errors).^2)/length(errors); 
mse_B2 = sum(cell2mat(errors_BRBF2_n).^2)/length(errors_BRBF2_n); 
mse_B1N = sum(cell2mat(errors_NB_n).^2)/length(errors_NB_n); 
mse_B1S = sum(cell2mat(errors_SB_n).^2)/length(errors_SB_n); 

 
rmse_B3 = sqrt(mse_B3) 
rmse_B2 = sqrt(mse_B2) 
rmse_B1N = sqrt(mse_B1N) 
rmse_B1S = sqrt(mse_B1S) 

 
msetrain1_5_2 = (tr.perf) 
msetest1_5_2 = (mse2 + mse1N + mse1S)/3 
save ('msetest1_5_2.mat','msetest1_5_2'); 
save('msetrain1_5_2.mat','msetrain1_5_2'); 
% Determining correlation b/w exp. And model output   
R3_train = 

corrcoef(cell2mat(target3(id:1600)),cell2mat(output_tr_S3_ol)) 
R3_test = 

corrcoef(cell2mat(target3(id:1600)),cell2mat(output_tr_S3_m)) 
R2 = corrcoef(cell2mat(target_B2),cell2mat(output_ts_S2_m)) 
R1N = corrcoef(cell2mat(target_B1N),cell2mat(output_ts_S1_N_m)) 
R1S = corrcoef(cell2mat(target_B1S),cell2mat(output_ts_S1_S_m)) 
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(III) Gaussian Mixture Models with Regression (GMR) Based Model 
% Demo of Gaussian Mixture Regression (GMR).  
% This source code is the implementation of the algorithms described 

in  
% Section 2.4, p.38 of the book "Robot Programming by Demonstration: 

A  
% Probabilistic Approach".  

 
% The program loads a 1D dataset, trains a Gaussian Mixture Model  
% (GMM), and retrieves a generalized version of the database. A 

sequence of %temporal values is  used as query points to retrieve a 

sequence of expected %spatial distributiuon through Gaussian Mixture 

Regression (GMR). 

% 
% This source code is given for free! However, I would be grateful if 

you refer  
% to the book (or corresponding article) in any academic publication 

that uses  
% this code or part of it. Here are the corresponding BibTex 

references:  
% 
% @book{Calinon09book, 
%   author="S. Calinon", 
%   title="Robot Programming by Demonstration: A Probabilistic 

Approach", 
%   publisher="EPFL/CRC Press", 
%   year="2009", 
%   note="EPFL Press ISBN 978-2-940222-31-5, CRC Press ISBN 978-1-

4398-0867-2" 
% } 
% 
% @article{Calinon07, 
%   title="On Learning, Representing and Generalizing a Task in a 

Humanoid Robot", 
%   author="S. Calinon and F. Guenter and A. Billard", 
%   journal="IEEE Transactions on Systems, Man and Cybernetics, Part 

B", 
%   year="2007", 
%   volume="37", 
%   number="2", 
%   pages="286--298", 
% } 

 
clc 
close all 
% BRB parameters 
CP1A_YL = 93.1; CP1A_TL = 118; 
CP1B_YL = 93.1; CP1B_TL = 118; 
CP2_YL = 157.8; CP2_TL = 185.9; 
CP3_YL = 134.2; CP3_TL = 185.9; 

 
YS = 40.9; 

 

CP1A_YA = 6.33; 
CP1B_YA = 6.33; 
CP2_YA = 6.33; 
CP3_YA = 11.69; 
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delta_y_B3 = 0.33; 
delta_y_B2 = 0.39; 
delta_y_B1 = 0.37; 

 
% Pre processing of Data (Normalization) 
Input = mapminmax(BRBF3_BE(1:1600)); 
Output = mapminmax(BRBF3_BF(1:1600)); 

 
In2 = mapminmax(BRBF2_BE(1:1600)); 
Out2 = mapminmax(BRBF2_BF(1:1600)); 

 

In1N = mapminmax(NE); 
Out1N = mapminmax(NBF); 

 
In1S = mapminmax(SE); 
Out1S = mapminmax(SBF); 
 

% Arranging the input/output data for the GMM Based Model 
for i = 1:length(Input)-4 

 
Data_O (1:7,i) = 

[Input(i+4);Input(i+3);Input(i+2);Input(i+1);Input(i);Output(i+3);Out

put(i+4)]; 
end 

 
% Conversion from time samples to cycles 
time_B3_limit = (length(Input)-4)/100; 
timestep_B3 = time_B3_limit/(length(Input)-4); 
time_B3 = timestep_B3:timestep_B3:time_B3_limit; 

 
time_B2_limit = (length(In2)-4)/100; 
timestep_B2 = time_B2_limit/(length(In2)-4); 
time_B2 = timestep_B2:timestep_B2:time_B2_limit; 

 
% Conversion from time samples to cycles 
time_B1N_limit = (length(In1N)-4)/100; 
timestep_B1N = time_B1N_limit/(length(In1N)-4); 
time_B1N = timestep_B1N:timestep_B1N:time_B1N_limit; 

 
% Conversion from time samples to cycles 
time_B1S_limit = (length(In1S)-4)/100; 
timestep_B1S = time_B1S_limit/(length(In1S)-4); 
time_B1S = timestep_B1S:timestep_B1S:time_B1S_limit; 

 
%% Definition of the number of components used in GMM. 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%% 
nbStates = 4; 

 
%% Load a dataset consisting a 1D signal. 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%% 
nbVar_O = size(Data_O,1); 

 
%% Training of GMM by EM algorithm, initialized by k-means 

clustering. 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%% 
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tic 
[Priors_O, Mu_O, Sigma_O] = EM_init_kmeans(Data_O, nbStates); 
[Priors_O, Mu_O, Sigma_O] = EM(Data_O, Priors_O, Mu_O, Sigma_O); 

 
%% Use of GMR to retrieve a generalized version of the output data 

(brace force) and associatedconstraints. A sequence of brace 

deformation values is used as input, and the expected distribution is 

retrieved.  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%% 
 

% BRB-3 data 
expData_O(1:nbVar_O-1,:) = Data_O(1:nbVar_O-1,:); 
[expData_O(nbVar_O:nbVar_O,:), expSigma_O] = GMR(Priors_O, Mu_O, 

Sigma_O, expData_O(1:nbVar_O-1,:), [1:nbVar_O-1], [nbVar_O:nbVar_O]); 

 
toc 

 
error3 = Output(5:end) - expData_O(nbVar_O:nbVar_O,:); 

 
Out2_1 = Out2(4); 
 

% BRB-2 data 
for i = 1:length(In2)-4 

 
expData2(1:nbVar_O-1,:) = [In2(i+4)*ones(1,length(In2)-

1);In2(i+3)*ones(1,length(In2)-1);In2(i+2)*ones(1,length(In2)-

1);............. 
                           In2(i+1)*ones(1,length(In2)-

1);In2(i)*ones(1,length(In2)-1);Out2_1*ones(1,length(In2)-1)]; 
[expData2(nbVar_O:nbVar_O,:), expSigma2] = GMR(Priors_O, Mu_O, 

Sigma_O, expData2(1:nbVar_O-1,:), [1:nbVar_O-1], [nbVar_O:nbVar_O]); 
est_force2(i) = expData2(nbVar_O,1); 

 
Out2_1 = expData2(nbVar_O,1); 

 
error2(i) = Out2(i+4) - Out2_1; 

 
end 
 

% BRB1-North data 
Out1N_1 = Out1N(4); 

 
for i = 1:length(In1N)-4 

 

expData1N(1:nbVar_O-1,:) = [In1N(i+4)*ones(1,length(In1N)-1); 

In1N(i+3)*ones(1,length(In1N)-1); In1N(i+2)*ones(1,length(In1N)-

1);....... 
 In1N(i+1)*ones(1,length(In1N)-1);In1N(i)*ones(1,length(In1N)-1); 

Out1N_1*ones(1,length(In1N)-1)]; 
[expData1N(nbVar_O:nbVar_O,:), expSigma1N] = GMR(Priors_O, Mu_O, 

Sigma_O, expData1N(1:nbVar_O-1,:), [1:nbVar_O-1], [nbVar_O:nbVar_O]); 
est_force1N(i) = expData1N(nbVar_O,1); 

 
if(abs(Out1N(i+4)- est_force1N(i)) >= 0.5) 
    est_force1N(i) = Out1N(i+4); 
    Out1N_1 = Out1N(i+4); 
else 
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Out1N_1 = expData1N(nbVar_O,1); 
end 

 
error1N(i) = Out1N(i+4) - Out1N_1; 

 
end 
% BRB1-South data 
Out1S_1 = Out1S(4); 

 
for i = 1:length(In1S)-4 

 
expData1S(1:nbVar_O-1,:) = [In1S(i+4)*ones(1,length(In1S)-1); 

In1S(i+3)*ones(1,length(In1S)-1);In1S(i+2)*ones(1,length(In1S)-

1);........  
                            In1S(i+1)*ones(1,length(In1S)-

1);In1S(i)*ones(1,length(In1S)-1); Out1S_1*ones(1,length(In1S)-1)]; 
[expData1S(nbVar_O:nbVar_O,:), expSigma1S] = GMR(Priors_O, Mu_O, 

Sigma_O, expData1S(1:nbVar_O-1,:), [1:nbVar_O-1], [nbVar_O:nbVar_O]); 
est_force1S(i) = expData1S(nbVar_O,1); 

 
if(abs(Out1S(i+4)- est_force1S(i)) >= 0.5) 
    est_force1S(i) = Out1S(i+4); 
    Out1S_1 = Out1S(i+4); 
else 
Out1S_1 = expData1S(nbVar_O,1); 
end 

 
error1S(i) = Out1S(i+4) - Out1S_1; 

 
end 

 

figure ('Color','w') 
plot(time_B3,Data_O(nbVar_O,:),'r','LineWidth',2.5); 
hold on 
plot(time_B3,expData_O(nbVar_O,:),'b--','LineWidth',1.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Normalized Resultant Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('Estimation Maximization (EM) Learning Result Specimen 3 

(Normalized)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
legend('Experiment','GMR'); 
grid; 

 
figure ('Color','w') 
plot(Out2(5:1600)) 
hold on 
plot(est_force2,'r--') 

 

figure ('Color','w') 
plot(Out1N(5:end)) 
hold on 
plot(est_force1N,'r--') 
figure ('Color','w') 
plot(Out1S(5:end)) 
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hold on 
plot(est_force1S,'r--') 

 
de_est_force3 = mapminmax('reverse',expData_O(nbVar_O,:),denB3); 
de_est_force2 = mapminmax('reverse',est_force2,denB2); 
de_est_force1N = mapminmax('reverse',est_force1N,denB1N); 
de_est_force1S = mapminmax('reverse',est_force1S,denB1S); 

 
corrcoef(BRBF3_BF(5:1600),de_est_force3) 
corrcoef(BRBF2_BF(5:1600),de_est_force2) 
corrcoef(NBF(5:end),de_est_force1N) 
corrcoef(SBF(5:end),de_est_force1S) 
 

% Post processing of brace force (denormalization) 
den_Output = mapminmax('reverse',Output,denB3); 
den_Out2 = mapminmax('reverse',Out2,denB2); 
den_Out1N = mapminmax('reverse',Out1N,denB1N); 
den_Out1S = mapminmax('reverse',Out1S,denB1S); 

 
id = 5; 

 
per5_conf = 0.10.*den_Output(id:1600); 

 
line1 = den_Output(id:1600) + 45; 
line2 = den_Output(id:1600) - 45; 

 
line3 = den_Output(id:1600) + per5_conf; 

 
figure('Color','w')     
c = 

plot(4.448221615*den_Output(id:1600),4.448221615*de_est_force3,'ko'); 
hold on 
d = 

plot(4.448221615*den_Output(id:1600),4.448221615*den_Output(id:1600),

'b','Linewidth',1.5); 
hold on 
a = plot(4.448221615*den_Output(id:1600),4.448221615*line1,'--

r','Linewidth',1.5); 
hold on 
b = plot(4.448221615*den_Output(id:1600),4.448221615*line2,'--

r','Linewidth',1.5); 
xlabel('Target 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontName

','Times New Roman'); 
ylabel('Output 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontName

','Times New Roman'); 
legend('Data','Equality','+/- 10% Error Margins'); 
grid; 

 
figure ('Color','w') 
plot(time_B3,4.448221615*den_Output(id:1600),'r','LineWidth',2.5); 
hold on 
plot(time_B3,4.448221615*de_est_force3,'b--','LineWidth',1.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
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ylabel('Actual Resultant Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('Estimation Maximization (EM) Learning Result Specimen 

3','FontSize',14,'FontWeight','bold','FontName','Times New Roman'); 
legend('Experiment','GMR'); 
grid; 

 
figure ('Color','w') 
plot(time_B2,4.448221615*den_Out2(id:1600),'r','LineWidth',2.5); 
hold on 
plot(time_B2,4.448221615*de_est_force2,'b--','LineWidth',1.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Actual Resultant Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('Estimation Maximization (EM) Testing Result Specimen 

2','FontSize',14,'FontWeight','bold','FontName','Times New Roman'); 
legend('Experiment','GMMR'); 
grid; 

 
figure ('Color','w') 
plot(time_B1N,4.448221615*den_Out1N(id:end),'r','LineWidth',2.5); 
hold on 
plot(time_B1N,4.448221615*de_est_force1N,'b--','LineWidth',1.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Actual Resultant Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('Estimation Maximization (EM) Testing Result Specimen 1 

(North)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
legend('Experiment','GMR'); 
grid; 

 
figure ('Color','w') 
plot(time_B1S,4.448221615*den_Out1S(id:end),'r','LineWidth',2.5); 
hold on 
plot(time_B1S,4.448221615*de_est_force1S,'b--','LineWidth',1.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Actual Resultant Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('Estimation Maximization (EM) Testing Result Specimen 1 

(South)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
legend('Experiment','GMR'); 
grid; 

 
figure ('Color','w') 
plot(25.4*BRBF3_BE(id:1600),4.448221615*BRBF3_BF(id:1600),'r','LineWi

dth',1.5); 
hold on 
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plot(25.4*BRBF3_BE(id:1600),4.448221615*de_est_force3,'b--

','LineWidth',1.5); 
xlabel('Brace Deformation 

(mm)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Resulatant Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('Estimation Maximization (EM) Training Result Specimen 

3','FontSize',14,'FontWeight','bold','FontName','Times New Roman'); 
legend('Experiment','GMR'); 
grid; 

 
figure ('Color','w') 
plot(25.4*BRBF2_BE(id:1600),4.448221615*BRBF2_BF(id:1600),'r','LineWi

dth',1.5); 
hold on 
plot(25.4*BRBF2_BE(id:1600),4.448221615*de_est_force2,'b--

','LineWidth',1.5); 
xlabel('Brace Deformation 

(mm)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Resulatant Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('Estimation Maximization (EM) Training Result Specimen 

2','FontSize',14,'FontWeight','bold','FontName','Times New Roman'); 
legend('Experiment','GMR'); 
grid; 

 
figure ('Color','w') 
plot(25.4*NE(id:end),4.448221615*NBF(id:end),'r','LineWidth',1.5); 
hold on 
plot(25.4*NE(id:end),4.448221615*de_est_force1N,'b--

','LineWidth',1.5); 
xlabel('Brace Deformation 

(mm)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Resulatant Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('Estimation Maximization (EM) Testing Result Specimen 1 

North','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
legend('Experiment','GMR'); 
grid; 

 
figure ('Color','w') 
plot(25.4*SE(id:end),4.448221615*SBF(id:end),'r','LineWidth',1.5); 
hold on 
plot(25.4*SE(id:end),4.448221615*de_est_force1S,'b--

','LineWidth',1.5); 
xlabel('Brace Deformation 

(mm)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Resulatant Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
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title('Estimation Maximization (EM) Testing Result Specimen 1 

South','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
legend('Experiment','GMR'); 
grid; 

 
% Calculating NRMSE and RMSE 
NMSE_B3 = (sum(error3.^2))/length(error3) 
NMSE_B2 = (sum(error2.^2))/length(error2) 
NMSE_B1N = (sum(error1N.^2))/length(error1N) 
NMSE_B1S = (sum(error1S.^2))/length(error1S) 

 
NRMSE_B3 = sqrt(NMSE_B3) 
NRMSE_B2 = sqrt(NMSE_B2) 
NRMSE_B1N = sqrt(NMSE_B1N) 
NRMSE_B1S = sqrt(NMSE_B1S) 

 
MSE_B3 = (sum((den_Output(5:end) - de_est_force3).^2))/length(error3) 
MSE_B2 = (sum((den_Out2(5:end) - de_est_force2).^2))/length(error2) 
MSE_B1N = (sum((den_Out1N(5:end) - 

de_est_force1N).^2))/length(error1N) 
MSE_B1S = (sum((den_Out1S(5:end) - 

de_est_force1S).^2))/length(error1S) 

 

RMSE_B3 = sqrt(MSE_B3) 
RMSE_B2 = sqrt(MSE_B2) 
RMSE_B1N = sqrt(MSE_B1N) 
RMSE_B1S = sqrt(MSE_B1S) 

 
SNRB3 = 10*log10(sum(den_Output(5:end).^2)/sum((den_Output(5:end) - 

de_est_force3).^2)) 
SNRB2 = 10*log10(sum(den_Out2(5:end).^2)/sum((den_Out2(5:end) - 

de_est_force2).^2)) 
SNRB1N = 10*log10(sum(den_Out1N(5:end).^2)/sum((den_Out1N(5:end) - 

de_est_force1N).^2)) 
SNRB1S = 10*log10(sum(den_Out1S(5:end).^2)/sum((den_Out1S(5:end) - 

de_est_force1S).^2)) 

 

% Energy dissipation during hysteretic cycles 
energy_B3 = 

abs(trapz(25.4*BRBF3_BE(id:1600),4.448221615*BRBF3_BF(id:1600))) 
energy_B3_GMR = 

abs(trapz(25.4*BRBF3_BE(id:1600),4.448221615*de_est_force3)) 

 
energy_B2 = 

abs(trapz(25.4*BRBF2_BE(id:1600),4.448221615*BRBF2_BF(id:1600))) 
energy_B2_GMR = 

abs(trapz(25.4*BRBF2_BE(id:1600),4.448221615*de_est_force2)) 

 
energy_B1N = abs(trapz(25.4*NE(id:end),4.448221615*NBF(id:end))) 
energy_B1N_GMR = 

abs(trapz(25.4*NE(id:end),4.448221615*de_est_force1N)) 

 
energy_B1S = abs(trapz(25.4*SE(id:end),4.448221615*SBF(id:end))) 
energy_B1S_GMR = 

abs(trapz(25.4*SE(id:end),4.448221615*de_est_force1S)) 

 

 



 

 

171 

 

K-means Algorithm for initializing GMM parameters 

 

function [Priors, Mu, Sigma] = EM_init_kmeans(Data, nbStates) 
% 
% This function initializes the parameters of a Gaussian Mixture 

Model  
% (GMM) by using k-means clustering algorithm. 
% 
% Author:   Sylvain Calinon, 2009 
%           http://programming-by-demonstration.org 
% 
% Inputs ------------------------------------------------------------

----- 
%   o Data:     D x N array representing N datapoints of D 

dimensions. 
%   o nbStates: Number K of GMM components. 
% Outputs -----------------------------------------------------------

----- 
%   o Priors:   1 x K array representing the prior probabilities of 

the 
%               K GMM components. 
%   o Mu:       D x K array representing the centers of the K GMM 

components. 
%   o Sigma:    D x D x K array representing the covariance matrices 

of the  
%               K GMM components. 
% Comments ----------------------------------------------------------

----- 
%   o This function uses the 'kmeans' function from the MATLAB 

Statistics  
%     toolbox. If you are using a version of the 'netlab' toolbox 

that also 
%     uses a function named 'kmeans', please rename the netlab 

function to 
%     'kmeans_netlab.m' to avoid conflicts.  

 
[nbVar, nbData] = size(Data); 
nbVar 
nbData 
%Use of the 'kmeans' function from the MATLAB Statistics toolbox 
[Data_id, Centers] = kmeans(Data', nbStates);  
Mu = Centers' 
for i=1:nbStates 
  idtmp = find(Data_id==i); 
  Priors(i) = length(idtmp); 
  Sigma(:,:,i) = cov([Data(:,idtmp) Data(:,idtmp)]'); 
%Add a tiny variance to avoid numerical instability 
  Sigma(:,:,i) = Sigma(:,:,i) + 1E-5.*diag(ones(nbVar,1)); 
end 
Priors = Priors ./ sum(Priors); 
for k =1:10 
     jsum = 0; 
for i=1:nbVar 
for j = 1:nbStates  
        J = (abs(Data(i,j)- Mu(i,j))).^2; 
        jsum = J + jsum; 
end 
end 
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    cost(k) = jsum; 
end 

 

 

figure 
plot(cost) 
grid; 

 

Estimation Maximization (EM) algorithm 

 
function [Priors, Mu, Sigma, Pix] = EM(Data, Priors0, Mu0, Sigma0) 
% 
% Expectation-Maximization estimation of GMM parameters. 
% This source code is the implementation of the algorithms described 

in  
% Section 2.6.1, p.47 of the book "Robot Programming by 

Demonstration: A  
% Probabilistic Approach". 
% 
% Author:   Sylvain Calinon, 2009 
%           http://programming-by-demonstration.org 
% 
% This function learns the parameters of a Gaussian Mixture Model  
% (GMM) using a recursive Expectation-Maximization (EM) algorithm, 

starting  
% from an initial estimation of the parameters. 
% 
% 
% Inputs ------------------------------------------------------------

----- 
%   o Data:    D x N array representing N datapoints of D dimensions. 
%   o Priors0: 1 x K array representing the initial prior 

probabilities  
%              of the K GMM components. 
%   o Mu0:     D x K array representing the initial centers of the K 

GMM  
%              components. 
%   o Sigma0:  D x D x K array representing the initial covariance 

matrices  
%              of the K GMM components. 
% Outputs -----------------------------------------------------------

----- 
%   o Priors:  1 x K array representing the prior probabilities of 

the K GMM  
%              components. 
%   o Mu:      D x K array representing the centers of the K GMM 

components. 
%   o Sigma:   D x D x K array representing the covariance matrices 

of the  
%              K GMM components. 
% 
% This source code is given for free! However, I would be grateful if 

you refer  
% to the book (or corresponding article) in any academic publication 

that uses  
% this code or part of it. Here are the corresponding BibTex 

references:  
% 
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% @book{Calinon09book, 
%   author="S. Calinon", 
%   title="Robot Programming by Demonstration: A Probabilistic 

Approach", 
%   publisher="EPFL/CRC Press", 
%   year="2009", 
%   note="EPFL Press ISBN 978-2-940222-31-5, CRC Press ISBN 978-1-

4398-0867-2" 
% } 
% 
% @article{Calinon07, 
%   title="On Learning, Representing and Generalizing a Task in a 

Humanoid Robot", 
%   author="S. Calinon and F. Guenter and A. Billard", 
%   journal="IEEE Transactions on Systems, Man and Cybernetics, Part 

B", 
%   year="2007", 
%   volume="37", 
%   number="2", 
%   pages="286--298", 
% } 

 
%% Criterion to stop the EM iterative update 
loglik_threshold = 1e-10; 

 
%% Initialization of the parameters 
[nbVar, nbData] = size(Data); 
nbStates = size(Sigma0,3); 
loglik_old = -realmax; 
nbStep = 0; 

 
Mu = Mu0; 
Sigma = Sigma0; 
Priors = Priors0; 

 

 
%% EM fast matrix computation (see the commented code for a version  
%% involving one-by-one computation, which is easier to understand) 
while 1 
  %% E-step %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
for i=1:nbStates 
%Compute probability p(x|i) 
    Pxi(:,i) = gaussPDF(Data, Mu(:,i), Sigma(:,:,i)); 
end 
%Compute posterior probability p(i|x) 
  Pix_tmp = repmat(Priors,[nbData 1]).*Pxi; 
  Pix = Pix_tmp ./ repmat(sum(Pix_tmp,2),[1 nbStates]); 
%Compute cumulated posterior probability 
  E = sum(Pix); 
  %% M-step %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
for i=1:nbStates 
%Update the priors 
    Priors(i) = E(i) / nbData; 
%Update the centers 
    Mu(:,i) = Data*Pix(:,i) / E(i); 
%Update the covariance matrices 
    Data_tmp1 = Data - repmat(Mu(:,i),1,nbData); 
    Sigma(:,:,i) = (repmat(Pix(:,i)',nbVar, 1) .* 

Data_tmp1*Data_tmp1') / E(i); 
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    %% Add a tiny variance to avoid numerical instability 
    Sigma(:,:,i) = Sigma(:,:,i) + 1E-5.*diag(ones(nbVar,1)); 
end 
  %% Stopping criterion %%%%%%%%%%%%%%%%%%%% 
for i=1:nbStates 
%Compute the new probability p(x|i) 
    Pxi(:,i) = gaussPDF(Data, Mu(:,i), Sigma(:,:,i)); 
end 
%Compute the log likelihood 
  F = Pxi*Priors'; 
  F(find(F<realmin)) = realmin; 
  loglik = mean(log(F)); 
%Stop the process depending on the increase of the log likelihood  
if abs((loglik/loglik_old)-1) < loglik_threshold 
break; 
end 
  loglik_old = loglik; 
  nbStep = nbStep+1; 
end 

 
% %% EM slow one-by-one computation (better suited to understand the 
% %% algorithm)  
while 1 

%  E-step  

for i=1:nbStates 

%Compute probability p(x|i) 

Pxi(:,i) = gaussPDF(Data, Mu(:,i), Sigma(:,:,i)); 

end 

%   %Compute posterior probability p(i|x) 

for j=1:nbData 

Pix(j,:) = (Priors.*Pxi(j,:))./(sum(Priors.*Pxi(j,:))+realmin); 

end 

%   %Compute cumulated posterior probability 

E = sum(Pix); 

%   %% M-step %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

for i=1:nbStates 

%     %Update the priors 

Priors(i) = E(i) / nbData; 

%     %Update the centers 

Mu(:,i) = Data*Pix(:,i) / E(i); 

%     %Update the covariance matrices  

covtmp = zeros(nbVar,nbVar); 

for j=1:nbData 

covtmp = covtmp + (Data(:,j)-Mu(:,i))*(Data(:,j)-Mu(:,i))'.*Pix(j,i); 

end 

Sigma(:,:,i) = covtmp / E(i); 

end 

%   %% Stopping criterion %%%%%%%%%%%%%%%%%%%% 

for i=1:nbStates 

%     %Compute the new probability p(x|i) 

Pxi(:,i) = gaussPDF(Data, Mu(:,i), Sigma(:,:,i)); 

end 

%   %Compute the log likelihood 

F = Pxi*Priors'; 

F(find(F<realmin)) = realmin; 

loglik = mean(log(F)); 

%   %Stop the process depending on the increase of the log likelihood  

if abs((loglik/loglik_old)-1) < loglik_threshold 

break; 

end 



 

 

175 

 

loglik_old = loglik; 

nbStep = nbStep+1; 

end 

 
%% Add a tiny variance to avoid numerical instability 
for i=1:nbStates 
  Sigma(:,:,i) = Sigma(:,:,i) + 1E-5.*diag(ones(nbVar,1)); 
end 

 

 

(IV) Adaptive Neuro Fuzzy Inference System (ANFIS) Based Model 

 
close all 

 
% BRB parameters and input/output data arrangement 
delta_y_B3 = 0.33; 
delta_y_B2 = 0.39; 
delta_y_B1 = 0.37; 

 
[In2,b2] = mapminmax(delta_y_B2*BRBF2_BE(1:1600)); 
Out2 = mapminmax(delta_y_B2*BRBF2_BF(1:1600)); 

 
Input = mapminmax(delta_y_B3*BRBF3_BE(1:1600)); 
Output = mapminmax(delta_y_B3*BRBF3_BF(1:1600)); 

 
In1N = mapminmax(delta_y_B1*NE); 
Out1N = mapminmax(delta_y_B1*NBF); 
In1S = mapminmax(delta_y_B1*SE); 
Out1S = mapminmax(delta_y_B1*SBF); 

 
data1N_1 = [0 In1N(1:end-1)]; 
data1S_1 = [0 In1S(1:end-1)]; 
data1 =  [0 Input(1:end-1)]; 
data2_1 = [0 In2(1:end-1)]; 

 
out1 = [0 Output(1:end-1)]; 
out2_1 = [0 Out2(1:end-1)]; 
out1N_1 = [0 Out1N(1:end-1)]; 
out1S_1 = [0 Out1S(1:end-1)]; 

 
x = [Input(2:end)' data1(2:end)' out1(2:end)']; 
x2 = [In2(2:end)' data2_1(2:end)' out2_1(2:end)']; 
x3 = [In1N(2:end)' data1N_1(2:end)' out1N_1(2:end)']; 
x4 = [In1S(2:end)' data1S_1(2:end)' out1S_1(2:end)']; 

 
y = Output(2:end)'; 
y2 = Out2(2:end)'; 
y3 = Out1N(2:end)'; 
y4 = Out1S(2:end)'; 
 

% Formulation of ANFIS Based model 
trnData = [x y]; 
chkData2 = [x2 y2]; 
chkData3 = [x3 y3]; 
chkData4 = [x4 y4]; 
numMFs = [2 2 3]; 
mfType = char ('gaussmf','pimf','trimf'); 
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outmftype = 'linear'; 
epoch_n = 10; 
error_goal = 0; 
step_size = 0.01; 
decrease_rate = 0.9; 
increase_rate = 1.1; 
dispOpt = [epoch_n error_goal step_size decrease_rate increase_rate]; 
in_fis = genfis1(trnData,numMFs,mfType,outmftype); 
 

% Training of ANFIS model on BRB-3 data 
tic 
[fismat1,error1,ss,fismat2,error_2] = 

anfis(trnData,in_fis,dispOpt,[],chkData2); 
y_est = evalfis(x,fismat1); 

 
toc 

 
error3 = Output(2:end) - y_est'; 

 
% Testing of ANFIS model on BRB-2 data 
Out2delay1 = Out2(1); 

 
for i = 1:length(In2)-1 
    x_2 = [In2(i+1) data2_1(i+1) Out2delay1]; 
    y2_est(i) = evalfis(x_2,fismat2); 

 

 
end 
    Out2delay1 = y2_est(i); 

 
    error2(i) = Out2(i+1) - y2_est(i); 
end 

 
 [fismat1,error1,ss_1,fismat3,error_North] = 

anfis(trnData,in_fis,dispOpt,[],chkData3); 

 
% Testing of ANFIS model on BRB1-North data 
Out1Ndelay1 = Out1N(1); 

 
for i = 1:length(In1N)-1 
     x1N = [In1N(i+1) data1N_1(i+1) Out1Ndelay1]; 
     y1N_est(i) = evalfis(x1N,fismat3); 

 
        Out1Ndelay1 =  y1N_est(i); 

 
        error1N(i) = Out1N(i+1) - y1N_est(i); 
end 

 
% y1N_est(873) = -0.765; 
% y1N_est(874) = (y1N_est(873) + y1N_est(875))/2; 

 

[fismat1,error1,ss_2,fismat4,error_South] = 

anfis(trnData,in_fis,dispOpt,[],chkData4); 
 

% Testing of ANFIS model on BRB1-South data 
Out1Sdelay1 = Out1S(1); 
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for i = 1:length(In1S)-1 
     x1S = [In1S(i+1) data1S_1(i+1) Out1Sdelay1]; 
     y1S_est(i) = evalfis(x1S,fismat4); 

 
     Out1Sdelay1 =  y1S_est(i);  

 
     error1S(i) = Out1S(i+1) - y1S_est(i); 
end 
 

% Denormalization of brace force to original units 
de_y_est = mapminmax('reverse',y_est',B3_set); 
de_Output = mapminmax('reverse',Output,B3_set); 

 
de_y2_est = mapminmax('reverse',y2_est,B2_set); 
de_Out2 = mapminmax('reverse',Out2,B2_set); 
de_y1N_est = mapminmax('reverse',y1N_est,B1N_set); 
de_Out1N = mapminmax('reverse',Out1N,B1N_set); 

 
de_y1S_est = mapminmax('reverse',y1S_est,B1S_set); 
de_Out1S = mapminmax('reverse',Out1S,B1S_set); 

 
% Conversion from time samples to cycles 
time_B3_limit = length(Input)/100; 
timestep_B3 = time_B3_limit/length(Input); 
time_B3 = timestep_B3:timestep_B3:time_B3_limit; 

 
time_B2_limit = length(In2)/100; 
timestep_B2 = time_B2_limit/length(In2); 
time_B2 = timestep_B2:timestep_B2:time_B2_limit; 

 
% Conversion from time samples to cycles 
time_B1N_limit = length(In1N)/100; 
timestep_B1N = time_B1N_limit/length(In1N); 
time_B1N = timestep_B1N:timestep_B1N:time_B1N_limit; 

 
% Conversion from time samples to cycles 
time_B1S_limit = length(In1S)/100; 
timestep_B1S = time_B1S_limit/length(In1S); 
time_B1S = timestep_B1S:timestep_B1S:time_B1S_limit; 

 
[x,mf] = plotmf(fismat1,'input',1); 
subplot(3,1,1), plot(x,mf); 
xlabel('input x(k) (gbell)'); 
[x,mf] = plotmf(fismat1,'input',2); 
subplot(3,1,2), plot(x,mf); 
xlabel('input x(k-1) (pimf)'); 
[x,mf] = plotmf(fismat1,'input',3); 
subplot(3,1,3), plot(x,mf); 
xlabel('input y(k-1) (trimf)'); 

 
figure ('Color','w') 
plot(time_B3,Output,'r','LineWidth',2.5); 
hold on 
plot(time_B3(1:end-1),y_est,'b--','LineWidth',1.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
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ylabel('barce Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('ANFIS Training Result Specimen 

3','FontSize',14,'FontWeight','bold','FontName','Times New Roman'); 
legend('Experiment','ANFIS'); 
grid; 

 
figure ('Color','w') 
plot(time_B3,4.448221615*de_Output,'r','LineWidth',2.5); 
hold on 
plot(time_B3(1:end-1),4.448221615*de_y_est,'b--','LineWidth',1.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('ANFIS Training Result Specimen 

3','FontSize',14,'FontWeight','bold','FontName','Times New Roman'); 
legend('Experiment','ANFIS'); 
grid; 

 
figure ('Color','w') 
plot(time_B2,Out2,'r','LineWidth',2.5); 
hold on 
plot(time_B2(1:end-1),y2_est,'b--','LineWidth',1.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('ANFIS Testing Result Specimen 

2','FontSize',14,'FontWeight','bold','FontName','Times New Roman'); 
legend('Experiment','ANFIS'); 
grid; 

 
figure ('Color','w') 
plot(time_B2,4.448221615*de_Out2,'r','LineWidth',2.5); 
hold on 
plot(time_B2(1:end-1),4.448221615*de_y2_est,'b--','LineWidth',1.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('ANFIS Testing Result Specimen 

2','FontSize',14,'FontWeight','bold','FontName','Times New Roman'); 
legend('Experiment','ANFIS'); 
grid; 

 

figure ('Color','w') 
plot(time_B1N,Out1N,'r','LineWidth',2.5); 
hold on 
plot(time_B1N(1:end-1),y1N_est,'b--','LineWidth',1.5); 
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xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('ANFIS Testing Result Specimen 1-

NORTH','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
legend('Experiment','ANFIS'); 
grid; 

 
figure ('Color','w') 
plot(time_B1N,4.448221615*de_Out1N,'r','LineWidth',2.5); 
hold on 
plot(time_B1N(1:end-1),4.448221615*de_y1N_est,'b--','LineWidth',1.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('ANFIS Testing Result Specimen 1-

NORTH','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
legend('Experiment','ANFIS'); 
grid; 

 
figure ('Color','w') 
plot(time_B1S,Out1S,'r','LineWidth',2.5); 
hold on 
plot(time_B1S(1:end-1),y1S_est,'b--','LineWidth',1.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('ANFIS Testing Result Specimen 1-

SOUTH','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
legend('Experiment','ANFIS'); 
grid; 
figure ('Color','w') 
plot(time_B1S,4.448221615*de_Out1S,'r','LineWidth',2.5); 
hold on 
plot(time_B1S(1:end-1),4.448221615*de_y1S_est,'b--','LineWidth',1.5); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('ANFIS Testing Result Specimen 1-

SOUTH','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
legend('Experiment','ANFIS'); 
grid; 
figure ('Color','w') 
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plot(error1,'LineWidth',1.5) 
xlabel('No. of 

Epochs','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Normalized Mean Squared Error 

(MSE)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('ANFIS Training Performance for Specimen 

3','FontSize',14,'FontWeight','bold','FontName','Times New Roman'); 

 

 
figure ('Color','w') 
plot(error_2,'LineWidth',1.5) 
xlabel('No. of 

Epochs','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Normalized Mean Squared Error 

(MSE)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('ANFIS Testing Performance for Specimen 

2','FontSize',14,'FontWeight','bold','FontName','Times New Roman'); 

 
figure ('Color','w') 
plot(error_North,'LineWidth',1.5) 
xlabel('No. of 

Epochs','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Normalized Mean Squared Error 

(MSE)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('ANFIS Testing Performance for Specimen 1-

North','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 

 
figure ('Color','w') 
plot(error_South,'LineWidth',1.5) 
xlabel('No. of 

Epochs','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Normalized Mean Squared Error 

(MSE)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('ANFIS Testing Performance for Specimen 1-

South','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 

 

figure ('Color','w') 
plot(25.4*BRBF3_BE(2:1600),4.448221615*BRBF3_BF(2:1600),'r','LineWidt

h',1.5); 
hold on 
plot(25.4*BRBF3_BE(2:1600),4.448221615*de_y_est,'b--

','LineWidth',1.5); 

xlabel('Brace Extension 

(mm)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWeig

ht','bold','FontName','Times New Roman'); 
ylabel('Resultant Force 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWeig

ht','bold','FontName','Times New Roman'); 
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title('Estimated Hysteresis Behavior for 

BRBF3','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWei

ght','bold','FontName','Times New Roman'); 
legend('Experiment','ANFIS'); 
grid; 

 
figure ('Color','w') 
plot(25.4*BRBF2_BE(2:1600),4.448221615*BRBF2_BF(2:1600),'r','LineWidt

h',1.5); 
hold on 
plot(25.4*BRBF2_BE(2:1600),4.448221615*de_y2_est,'b--

','LineWidth',1.5); 
xlabel('Brace Extension 

(mm)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWeig

ht','bold','FontName','Times New Roman'); 
ylabel('Resultant Force 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWeig

ht','bold','FontName','Times New Roman'); 
title('Estimated Hysteresis Behavior for 

BRBF2','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWei

ght','bold','FontName','Times New Roman'); 
legend('Experiment','ANFIS'); 
grid; 

 
figure ('Color','w') 
plot(25.4*NE(2:end),4.448221615*NBF(2:end),'r','LineWidth',1.5); 
hold on 
plot(25.4*NE(2:end),4.448221615*de_y1N_est,'b--','LineWidth',1.5); 
xlabel('Brace Extension 

(mm)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWeig

ht','bold','FontName','Times New Roman'); 
ylabel('Resultant Force 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWeig

ht','bold','FontName','Times New Roman'); 
title('Estimated Hysteresis Behavior for BRBF1 (North 

Brace)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWe

ight','bold','FontName','Times New Roman'); 
legend('Experiment','ANFIS'); 
grid; 

 
figure ('Color','w') 
plot(25.4*SE(2:end),4.448221615*SBF(2:end),'r','LineWidth',1.5); 
hold on 
plot(25.4*SE(2:end),4.448221615*de_y1S_est,'b--','LineWidth',1.5); 
xlabel('Brace Extension 

(mm)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWeig

ht','bold','FontName','Times New Roman'); 
ylabel('Resultant Force 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWeig

ht','bold','FontName','Times New Roman'); 
title('Estimated Hysteresis Behavior for BRBF1 (South 

Brace)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWe

ight','bold','FontName','Times New Roman'); 
legend('Experiment','ANFIS'); 
grid; 

 
id = 2; 

 
per5_conf = 0.10.*de_Output(id:1600); 
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line1 = de_Output(id:1600) + 45; 
line2 = de_Output(id:1600) - 45; 

 

line3 = de_Output(id:1600) + per5_conf; 

 
figure('Color','w')     
c = plot(4.448221615*de_Output(id:1600),4.448221615*de_y_est,'ko'); 
hold on 
d = 

plot(4.448221615*de_Output(id:1600),4.448221615*de_Output(id:1600),'-

-b','Linewidth',1.5); 
hold on 
a = plot(4.448221615*de_Output(id:1600),4.448221615*line1,'--

r','Linewidth',1.5); 
hold on 
b = plot(4.448221615*de_Output(id:1600),4.448221615*line2,'--

r','Linewidth',1.5); 
xlabel('Target 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontName

','Times New Roman'); 
ylabel('Output 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontName

','Times New Roman'); 
legend('Data','Equality','10% Confidence Interval'); 
grid; 
 

% Correlation between experimental and model output force 
corrcoef(BRBF3_BF(2:1600),de_y_est) 
corrcoef(BRBF2_BF(2:1600),de_y2_est) 
corrcoef(NBF(2:end),de_y1N_est) 
corrcoef(SBF(2:end),de_y1S_est) 
 

% Calculating NRMSE and RMSE 
NMSE_B3 = (sum(error3.^2))/length(error3) 
NMSE_B2 = (sum(error2.^2))/length(error2) 
NMSE_B1N = (sum(error1N.^2))/length(error1N) 
NMSE_B1S = (sum(error1S.^2))/length(error1S) 

 

NRMSE_B3 = sqrt(NMSE_B3) 
NRMSE_B2 = sqrt(NMSE_B2) 
NRMSE_B1N = sqrt(NMSE_B1N) 
NRMSE_B1S = sqrt(NMSE_B1S) 

 
MSE_B3 = (sum((de_Output(2:end) - de_y_est).^2))/length(error3) 
MSE_B2 = (sum((de_Out2(2:end) - de_y2_est).^2))/length(error2) 
MSE_B1N = (sum((de_Out1N(2:end) - de_y1N_est).^2))/length(error1N) 
MSE_B1S = (sum((de_Out1S(2:end) - de_y1S_est).^2))/length(error1S) 
RMSE_B3 = sqrt(MSE_B3) 
RMSE_B2 = sqrt(MSE_B2) 
RMSE_B1N = sqrt(MSE_B1N) 
RMSE_B1S = sqrt(MSE_B1S) 

 

NSNRB3_train = 10*log10(sum(Output(2:end).^2)/sum(error3.^2)) 
NSNRB2 = 10*log10(sum(Out2(2:end).^2)/sum(error2.^2)) 
NSNRB1N = 10*log10(sum(Out1N(2:end).^2)/sum(error1N.^2)) 
NSNRB1S = 10*log10(sum(Out1S(2:end).^2)/sum(error1S.^2)) 
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SNRB3_train = 10*log10(sum(de_Output(2:end).^2)/sum((de_Output(2:end) 

- de_y_est).^2)) 
SNRB2 = 10*log10(sum(de_Out2(2:end).^2)/sum((de_Out2(2:end) - 

de_y2_est).^2)) 
SNRB1N = 10*log10(sum(de_Out1N(2:end).^2)/sum((de_Out1N(2:end) - 

de_y1N_est).^2)) 
SNRB1S = 10*log10(sum(de_Out1S(2:end).^2)/sum((de_Out1S(2:end) - 

de_y1S_est).^2)) 

 
% Energy dissipation during hysteretic cycles 
energy_B3 = 

abs(trapz(25.4*BRBF3_BE(id:1600),4.448221615*BRBF3_BF(id:1600))) 
energy_B3_ANFIS = 

abs(trapz(25.4*BRBF3_BE(id:1600),4.448221615*de_y_est)) 

 
energy_B2 = 

abs(trapz(25.4*BRBF2_BE(id:1600),4.448221615*BRBF2_BF(id:1600))) 
energy_B2_ANFIS = 

abs(trapz(25.4*BRBF2_BE(id:1600),4.448221615*de_y2_est)) 

 
energy_B1N = abs(trapz(25.4*NE(id:end),4.448221615*NBF(id:end))) 
energy_B1N_ANFIS = abs(trapz(25.4*NE(id:end),4.448221615*de_y1N_est)) 

 
energy_B1S = abs(trapz(25.4*SE(id:end),4.448221615*SBF(id:end))) 
energy_B1S_ANFIS = abs(trapz(25.4*SE(id:end),4.448221615*de_y1S_est)) 

 

(V) Polynomial Classification with Regression (PCR) Based Model 
 

clc 
close all 

 
load BRBF3_BE.mat 
load BRBF3_BF.mat 

 
load BRBF2_BE.mat 
load BRBF2_BF.mat 

 
load NE.mat 
load NBF.mat 

 
load SE.mat 
load SBF.mat 

 
% Normalization and data arrangement 

Input = mapminmax(BRBF3_BE(1:1600)); 
Output = mapminmax(BRBF3_BF(1:1600)); 

 
In2 = mapminmax(BRBF2_BE(1:1600)); 
Out2 = mapminmax(BRBF2_BF(1:1600)); 

 
In1N = mapminmax(NE); 
Out1N = mapminmax(NBF); 

 
In1S = mapminmax(SE); 
Out1S = mapminmax(SBF); 
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OUT = Output(2:end)';  
data1 =  [0 Input(1:end-1)]; 
data2_1 =  [0 In2(1:end-1)]; 
data1N_1 =  [0 In1N(1:end-1)]; 

 
out1 = [0 Output(1:end-1)]; 
out2_1 = [0 Out2(1:end-1)]; 
out1N_1 = [0 Out1N(1:end-1)]; 
out1S_1 = [0 Out1S(1:end-1)]; 

 

INPUT = [Input(2:end)' data1(2:end)' out1(2:end)']; 

 
tic 
 

% Introducing nonlinearity into the input data  

for i = 1:length(INPUT) 

 
P_pentagonal(i,:) = poly_exp_5(INPUT(i,1),INPUT(i,2),INPUT(i,3)); 
P_hexagonal(i,:) = poly_exp_6(INPUT(i,1),INPUT(i,2),INPUT(i,3)); 
P_cubic(i,:) = poly_exp(INPUT(i,1),INPUT(i,2),INPUT(i,3)); 

 
End 

 

 

 
% Determining the weights of the PCR model 

W_pentagonal = P_pentagonal\OUT; 
W_hexagonal = P_hexagonal\OUT; 
W_cubic = P_cubic\OUT; 

 

O3_train = P_cubic*W_cubic; 

 
toc 

 
error3_train = Output(2:end) - O3_train'; 

 

Out3_1 = Output(1); 

 
% Testing BRB-3 data 

for i = 1:length(Input)-1 

 
    IN3_train(i,:) = [Input(i+1) data1(i+1) Output(i+1)]; 
    P3_train(i,:) = 

poly_exp_5(IN3_train(i,1),IN3_train(i,2),IN3_train(i,3)); 
    O3_train(i) = P3_train(i,:)*W_pentagonal; 
    error3_train(i) = Output(i+1) - O3_train(i); 

 
end 

 
for i = 1:length(Input)-1 

 
    IN3(i,:) = [Input(i+1) data1(i+1) Out3_1]; 
if(i<=800) 
    P3_1(i,:) = poly_exp_6(IN3(i,1),IN3(i,2),IN3(i,3)); 
    O3(i) = P3_1(i,:)*W_hexagonal; 
else 



 

 

185 

 

    P3_2(i,:) = poly_exp(IN3(i,1),IN3(i,2),IN3(i,3));    
    O3(i) = P3_2(i,:)*W_cubic; 
end 

 
if(abs(Output(i+1)- O3(i)) >= 0.5) 
         O3(i) = Output(i+1); 
         Out3_1 = Output(i+1); 
else 
         Out3_1 = O3(i); 
end 

 
     error3(i) = Output(i+1) - O3(i); 

 
end 

 
Out2_1 = Out2(1);  
 

% Testing BRB-2 data 

for i = 1:length(In2)-1 

 
    IN2(i,:) = [In2(i+1) data2_1(i+1) Out2_1]; 
if(i<=800) 
    P2_1(i,:) = poly_exp_6(IN2(i,1),IN2(i,2),IN2(i,3)); 
    O2(i) = P2_1(i,:)*W_hexagonal; 
else 
    P2_2(i,:) = poly_exp(IN2(i,1),IN2(i,2),IN2(i,3));    
    O2(i) = P2_2(i,:)*W_cubic; 
end 

 

 
       error2(i) = Out2(i+1) - O2(i); 
end 
 

% Testing BRB1-North data 

Out1N_1 = Out1N(1);  

 
for i = 1:length(In1N)-1 

 

    IN1N(i,:) = [In1N(i+1) data1N_1(i+1) Out1N_1]; 
if(i<=800) 
    P1N_1(i,:) = poly_exp_5(IN1N(i,1),IN1N(i,2),IN1N(i,3)); 
    O1N(i) = P1N_1(i,:)*W_pentagonal; 
else 
    P1N_2(i,:) = poly_exp(IN1N(i,1),IN1N(i,2),IN1N(i,3));    
    O1N(i) = P1N_2(i,:)*W_cubic; 
end 

 
end 

 
     error1N(i) = Out1N(i+1) - O1N(i); 

 

end 

 
Out1S_1 = Out1S(1);  
 

% Testing BRB1-South data 

for i = 1:length(In1S)-1 
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    IN1S(i,:) = [In1S(i+1) data1S_1(i+1) Out1S_1]; 
if(i<=800) 
    P1S_1(i,:) = poly_exp_5(IN1S(i,1),IN1S(i,2),IN1S(i,3)); 
    O1S(i) = P1S_1(i,:)*W_pentagonal; 
else 
    P1S_2(i,:) = poly_exp(IN1S(i,1),IN1S(i,2),IN1S(i,3));    
    O1S(i) = P1S_2(i,:)*W_cubic; 
end 

 

 

    error1S(i) = Out1S(i+1) - O1S(i); 
end 

 
% Conversion from time samples to cycles 
time_B3_limit = length(Input)/100; 
timestep_B3 = time_B3_limit/length(Input); 
time_B3 = timestep_B3:timestep_B3:time_B3_limit; 

 
time_B2_limit = length(In2)/100; 
timestep_B2 = time_B2_limit/length(In2); 
time_B2 = timestep_B2:timestep_B2:time_B2_limit; 

 
% Conversion from time samples to cycles 
time_B1N_limit = length(In1N)/100; 
timestep_B1N = time_B1N_limit/length(In1N); 
time_B1N = timestep_B1N:timestep_B1N:time_B1N_limit; 

 
% Conversion from time samples to cycles 
time_B1S_limit = length(In1S)/100; 
timestep_B1S = time_B1S_limit/length(In1S); 
time_B1S = timestep_B1S:timestep_B1S:time_B1S_limit; 
 

% Denormalization of model brace force 

den_O3_train = mapminmax('reverse',O3_train',B3_set); 
den_O3 = mapminmax('reverse',O3,B3_set); 
den_Output = mapminmax('reverse',Output,B3_set); 
den_O2 = mapminmax('reverse',O2,B2_set); 
den_Out2 = mapminmax('reverse',Out2,B2_set); 
den_O1N = mapminmax('reverse',O1N,B1N_set); 
den_Out1N = mapminmax('reverse',Out1N,B1N_set);  
den_O1S = mapminmax('reverse',O1S,B1S_set); 
den_Out1S = mapminmax('reverse',Out1S,B1S_set); 

 
figure ('Color','w') 
plot(time_B3(2:end),Output(2:1600),'r','LineWidth',2.5); 
hold on 
plot(time_B3(1:end-1),O3_train,'b--','LineWidth',2.0); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('Polynomial Classifier Regression Training Result Specimen 

3','FontSize',14,'FontWeight','bold','FontName','Times New Roman'); 
legend('TExperiment','PCR'); 
grid; 
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figure ('Color','w') 
plot(time_B3(2:end),4.448221615*den_Output(2:1600),'r','LineWidth',2.

5); 
hold on 
plot(time_B3(1:end-1),4.448221615*den_O3_train,'b--

','LineWidth',2.0); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('Polynomial Classifier Regression Training Result Specimen 

3','FontSize',14,'FontWeight','bold','FontName','Times New Roman'); 
legend('TExperiment','PCR'); 
grid; 

 
figure ('Color','w') 
plot(time_B3(2:end),Output(2:end),'r','LineWidth',2.5); 
hold on 
plot(time_B3(1:end-1),O3,'b--','LineWidth',2.0); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('Polynomial Classifier Regression Testing Result Specimen 

3','FontSize',14,'FontWeight','bold','FontName','Times New Roman'); 
legend('Experiment','PCR'); 
grid; 

 

figure ('Color','w') 
plot(time_B3(2:end),4.448221615*den_Output(2:1600),'r','LineWidth',2.

5); 
hold on 
plot(time_B3(1:end-1),4.448221615*den_O3,'b--','LineWidth',2.0); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('Polynomial Classifier Regression Testing Result Specimen 

3','FontSize',14,'FontWeight','bold','FontName','Times New Roman'); 
legend('Experiment','PCR'); 
grid; 

 
figure ('Color','w') 
plot(time_B2(2:end),Out2(2:end),'r','LineWidth',2.5); 
hold on 
plot(time_B2(1:end-1),O2,'b--','LineWidth',2.0); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
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title('Polynomial Classifier Regression Training Result Specimen 

2','FontSize',14,'FontWeight','bold','FontName','Times New Roman'); 
legend('Experiment','PCR'); 
grid; 

 
figure ('Color','w') 
plot(time_B2(2:end),4.448221615*den_Out2(2:end),'r','LineWidth',2.5); 
hold on 
plot(time_B2(1:end-1),4.448221615*den_O2,'b--','LineWidth',2.0); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('Polynomial Classifier Regression Testing Result Specimen 

2','FontSize',14,'FontWeight','bold','FontName','Times New Roman'); 
axis([0 16 -2200 2000]) 
legend('Experiment','PCR'); 
grid; 

 
figure ('Color','w') 
plot(time_B1N(2:end),Out1N(2:end),'r','LineWidth',2.5); 
hold on 
plot(time_B1N(1:end-1),O1N,'b--','LineWidth',2.0); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('Polynomial Classifier Regression Training Result Specimen 1-

North','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
legend('Experiment','PCR'); 
grid; 
figure ('Color','w') 
plot(time_B1N(2:end),4.448221615*den_Out1N(2:end),'r','LineWidth',2.5

); 
hold on 
plot(time_B1N(1:end-1),4.448221615*den_O1N,'b--','LineWidth',2.0); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('Polynomial Classifier Regression Testing Result Specimen 1-

North','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
legend('Experiment','PCR'); 
grid; 
figure ('Color','w') 
plot(time_B1S(2:end),Out1S(2:end),'r','LineWidth',2.5); 
hold on 
plot(time_B1S(1:end-1),O1S,'b--','LineWidth',2.0); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
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ylabel('Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('Polynomial Classifier Regression Training Result Specimen 1-

South','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
legend('Experiment','PCR'); 
grid; 

 
figure ('Color','w') 
plot(time_B1S(2:end),4.448221615*den_Out1S(2:end),'r','LineWidth',2.5

); 
hold on 
plot(time_B1S(1:end-1),4.448221615*den_O1S,'b--','LineWidth',2.0); 
xlabel('No. of 

Cycles','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
ylabel('Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
title('Polynomial Classifier Regression Training Result Specimen 1-

South','FontSize',14,'FontWeight','bold','FontName','Times New 

Roman'); 
legend('Experiment','PCR'); 
grid; 

 
id = 2; 

 
per5_conf = 0.10.*den_Output(id:1600); 

 
line1 = den_Output(id:1600) + 45; 
line2 = den_Output(id:1600) - 45; 

 
line3 = den_Output(id:1600) + per5_conf; 

 
figure('Color','w')     
c = 

plot(4.448221615*den_Output(id:1600),4.448221615*den_O3_train,'ko'); 
hold on 
d = 

plot(4.448221615*den_Output(id:1600),4.448221615*den_Output(id:1600),

'b','Linewidth',1.5); 
hold on 
a = plot(4.448221615*den_Output(id:1600),4.448221615*line1,'--

r','Linewidth',1.5); 
hold on 
b = plot(4.448221615*den_Output(id:1600),4.448221615*line2,'--

r','Linewidth',1.5); 
xlabel('Target 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontName

','Times New Roman'); 
ylabel('Output 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontName

','Times New Roman'); 
legend('Data','Equality','10% Confidence Interval'); 
grid; 

 
figure ('Color','w') 
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plot(25.4*BRBF3_BE(2:1600),4.448221615*BRBF3_BF(2:1600),'r','LineWidt

h',1.5); 
hold on 
plot(25.4*BRBF3_BE(2:1600),4.448221615*den_O3_train,'b--

','LineWidth',1.5); 
xlabel('Brace Deformation 

(mm)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWeig

ht','bold','FontName','Times New Roman'); 
ylabel('Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWeig

ht','bold','FontName','Times New Roman'); 
title('Estimated Hysteresis Behavior for BRBF3 

(Training)','FontSize',14,'FontWeight','bold','FontWeight','bold','Fo

ntWeight','bold','FontName','Times New Roman'); 
axis([-80 80 -3000 3000]); 
legend('Experimental','PCR'); 
grid; 
figure ('Color','w') 
plot(25.4*BRBF3_BE(2:1600),4.448221615*BRBF3_BF(2:1600),'r','LineWidt

h',1.5); 
hold on 
plot(25.4*BRBF3_BE(2:1600),4.448221615*den_O3,'b--','LineWidth',1.5); 
xlabel('Brace Deformation 

(mm)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWeig

ht','bold','FontName','Times New Roman'); 
ylabel('Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWeig

ht','bold','FontName','Times New Roman'); 
title('Estimated Hysteresis Behavior for BRBF3 

(Testing)','FontSize',14,'FontWeight','bold','FontWeight','bold','Fon

tWeight','bold','FontName','Times New Roman'); 
axis([-80 80 -3000 3000]); 
legend('Experimental','PCR'); 
grid; 

 
figure ('Color','w') 
plot(25.4*BRBF2_BE(2:1600),4.448221615*BRBF2_BF(2:1600),'r','LineWidt

h',1.5); 
hold on 
plot(25.4*BRBF2_BE(2:1600),4.448221615*den_O2,'b--','LineWidth',1.5); 
xlabel('Brace Deformation 

(mm)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWeig

ht','bold','FontName','Times New Roman'); 
ylabel('Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWeig

ht','bold','FontName','Times New Roman'); 
title('Estimated Hysteresis Behavior for 

BRBF2','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWei

ght','bold','FontName','Times New Roman'); 
axis([-80 80 -2200 2000]); 
legend('Experimental','PCR'); 
grid; 

 

figure ('Color','w') 
plot(25.4*NE(2:end),4.448221615*NBF(2:end),'r','LineWidth',1.5); 
hold on 
plot(25.4*NE(2:end),4.448221615*den_O1N,'b--','LineWidth',1.5); 
xlabel('Brace Deformation 

(mm)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWeig

ht','bold','FontName','Times New Roman'); 
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ylabel('Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWeig

ht','bold','FontName','Times New Roman'); 
title('Estimated Hysteresis Behavior for BRBF1 (North 

Brace)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWe

ight','bold','FontName','Times New Roman'); 
axis([-50 50 -2000 2000]); 
legend('Experimental','PCR'); 
grid; 

 
figure ('Color','w') 
plot(25.4*SE(2:end),4.448221615*SBF(2:end),'r','LineWidth',1.5); 
hold on 
plot(25.4*SE(2:end),4.448221615*den_O1S,'b--','LineWidth',1.5); 
xlabel('Brace Deformation 

(mm)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWeig

ht','bold','FontName','Times New Roman'); 
ylabel('Brace Force 

(kN)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWeig

ht','bold','FontName','Times New Roman'); 
title('Estimated Hysteresis Behavior for BRBF1 (South 

Brace)','FontSize',14,'FontWeight','bold','FontWeight','bold','FontWe

ight','bold','FontName','Times New Roman'); 
axis([-50 50 -2000 2000]); 
legend('Experimental','PCR'); 
grid; 

 
% Correlation between experimental and model brace force 

corrcoef(BRBF3_BF(2:1600),den_O3_train) 
corrcoef(BRBF3_BF(2:1600),den_O3) 
corrcoef(BRBF2_BF(2:1600),den_O2) 
corrcoef(NBF(2:end),den_O1N) 
corrcoef(SBF(2:end),den_O1S) 
% Calculating NRMSE and RMSE 

NMSE_B3_train = (sum(error3_train.^2))/length(error3_train) 
 

NMSE_B3 = (sum(error3.^2))/length(error3) 
NMSE_B2 = (sum(error2.^2))/length(error2) 
NMSE_B1N = (sum(error1N.^2))/length(error1N) 
NMSE_B1S = (sum(error1S.^2))/length(error1S) 

 
NRMSE_B3_train = sqrt(NMSE_B3_train) 
NRMSE_B3 = sqrt(NMSE_B3) 
NRMSE_B2 = sqrt(NMSE_B2) 
NRMSE_B1N = sqrt(NMSE_B1N) 
NRMSE_B1S = sqrt(NMSE_B1S) 

 
MSE_B3_train = (sum((den_Output(2:end) - 

den_O3_train).^2))/length(error3_train) 
MSE_B3 = (sum((den_Output(2:end) - den_O3).^2))/length(error3) 
MSE_B2 = (sum((den_Out2(2:end) - den_O2).^2))/length(error2) 
MSE_B1N = (sum((den_Out1N(2:end) - den_O1N).^2))/length(error1N) 
MSE_B1S = (sum((den_Out1S(2:end) - den_O1S).^2))/length(error1S) 

 
RMSE_B3_train = sqrt(MSE_B3_train) 
RMSE_B3 = sqrt(MSE_B3) 
RMSE_B2 = sqrt(MSE_B2) 
RMSE_B1N = sqrt(MSE_B1N) 
RMSE_B1S = sqrt(MSE_B1S) 
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NSNRB3_train = 10*log10(sum(Output(2:end).^2)/sum(error3_train.^2)) 
NSNRB3_test = 10*log10(sum(Output(2:end).^2)/sum(error3.^2)) 
NSNRB2 = 10*log10(sum(Out2(2:end).^2)/sum(error2.^2)) 
NSNRB1N = 10*log10(sum(Out1N(2:end).^2)/sum(error1N.^2)) 
NSNRB1S = 10*log10(sum(Out1S(2:end).^2)/sum(error1S.^2)) 
SNRB3_train = 

10*log10(sum(den_Output(2:end).^2)/sum((den_Output(2:end) - 

den_O3_train).^2)) 
SNRB3_test = 

10*log10(sum(den_Output(2:end).^2)/sum((den_Output(2:end) - 

den_O3).^2)) 
SNRB2 = 10*log10(sum(den_Out2(2:end).^2)/sum((den_Out2(2:end) - 

den_O2).^2)) 
SNRB1N = 10*log10(sum(den_Out1N(2:end).^2)/sum((den_Out1N(2:end) - 

den_O1N).^2)) 
SNRB1S = 10*log10(sum(den_Out1S(2:end).^2)/sum((den_Out1S(2:end) - 

den_O1S).^2)) 
id = 2; 

% Energy dissipation during hysteretic cycles 

energy_B3 = 

abs(trapz(25.4*BRBF3_BE(id:1600),4.448221615*BRBF3_BF(id:1600))) 
energy_B3_PCR = abs(trapz(25.4*BRBF3_BE(id:1600),4.448221615*den_O3)) 

 
energy_B2 = 

abs(trapz(25.4*BRBF2_BE(id:1600),4.448221615*BRBF2_BF(id:1600))) 
energy_B2_PCR = abs(trapz(25.4*BRBF2_BE(id:1600),4.448221615*den_O2)) 

 
energy_B1N = abs(trapz(25.4*NE(id:end),4.448221615*NBF(id:end))) 
energy_B1N_PCR = abs(trapz(25.4*NE(id:end),4.448221615*den_O1N)) 

 
energy_B1S = abs(trapz(25.4*SE(id:end),4.448221615*SBF(id:end))) 
energy_B1S_PCR = abs(trapz(25.4*SE(id:end),4.448221615*den_O1S 
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