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Abstract 

Membrane distillation (MD) is a process in which the driving force for mass 

transfer is a temperature gradient rather than conventional gradients based on density, 

static pressure, chemical nature, affinity, or freezing point differences. A complete set of 

experimental data on air gap membrane distillation will be analyzed using the methods of 

statistical experimental design and will be correlated using an artificial neural network. 

The data involves a study of the effects of salt concentration (at pre-set conditions of feed 

temperature, coolant temperature, and flow rate) and membrane porosity on permeate 

flux for four inorganic salts (MgCl2, NaCl, Na2CO3, and Na2SO4) using three different 

commercial membranes (TF-200, TF-450 and TF-1000). The data will be used in 

performing a statistical analysis study in terms of hypothesis testing, where different 

hypotheses regarding the mean permeation flux of the three membranes will be tested. 

Several statistical techniques, i.e., F-test, Fisher LSD test, Bonferroni and Tukey’s test 

are applied. The F-test predicts that all membranes handle salts at their low concentration 

levels in a comparable manner with no significant differences in permeate fluxes, but 

significant differences result at higher concentrations. Two-level and three-level factorial 

experimental designs are then applied to investigate the influence of the main operating 

parameters on water permeation flux. The objective here is to gain an idea about the main 

effects of the involved factors and their interactions. Based on analysis of the 2
2
 and 3

2
 

factorial designs, membrane porosity is found to be the most influential factor with a 

direct relationship with the permeation flux. Interaction terms are found to be statistically 

insignificant. Finally, the experimental data are correlated using an artificial neural 

network (ANN). By using the ANN toolbox in MATLAB
©
, the permeate flux is 

correlated to salt concentration and membrane porosity for all salts and membranes. A 

good agreement between ANN predictions and the experimental data was obtained for 

NaCl, MgCl2, and Na2SO4, but not for Na2CO3.  

 

Search Terms: statistical analysis, hypothesis testing, factorial design, permeate flux 

model, artificial neural network.  
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Chapter 1: Introduction 

1.1 Problem Statement and Importance 

This thesis tackles the problem of modeling experimental data on membrane 

distillation (MD) of saline water using salts such as: NaCl, MgCl2, Na2SO4 or Na2CO3, 

and using three different commercial membranes (TF-200, TF-450 and TF-1000). The 

sets of data handled in this work have been published elsewhere [1] and are presented in 

Appendix A of this thesis. Each set of data represents, for a certain salt-membrane 

combination, the effect of salt concentration and membrane porosity on the permeate flux 

of distilled water across the membrane, holding all other process parameters (such as feed 

temperature, coolant temperature, and feed flow rate) at a pre-set level of values. Two 

different statistical approaches for modeling the data, one based on single-factor 

hypothesis testing and another based on two-level and three-level factorial designs are 

applied. Moreover, a third modeling approach based on an artificial neural network 

(ANN) is employed. The first approach is based on statistical hypothesis testing; effects 

of different levels (values) of a single input factor (e.g., membrane type or salt type) on 

permeate flux is investigated using the analysis of variance (ANOVA) methodology. In 

this analysis, the statistical significance of performance differences among different 

membranes (handling each salt separately) and different salts (handled by the same 

membrane) is clearly identified. An F-test, Fisher-LSD (least significant difference) test, 

Bonferroni-test, and Tukey-test for multiple comparison statistical significance testing are 

applied. The second approach is based on factorial design where a small portion of each 

set of data will be selected such that 2
2
, 2

3
, and 3

2
 factorial designs are obtained [2]. The 

exponent in these designs represents the number of factors considered in the experiment 

(e.g., salt concentration, membrane type, and membrane porosity), whereas the base 

represents the number of levels considered for each of the involved factors. In general, 2
k
 

factorial experiments study k factors, each at two levels.  These designs are then analyzed 

for the main and the interaction effects and ANOVA tables are generated for all possible 

combinations of salt concentration, membrane type and salt type.  In the third statistical 

approach, neural network design is implemented as a tool for correlating experimental 

MD data. In this design, the network consists of three groups: a layer of input nodes 
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connected to a layer of hidden nodes which is connected to the output. The nodes within 

each layer are connected to other nodes based on the connection weights. The selection is 

based on the higher connection weights between nodes. Random connection weights are 

started with. Then for a given set of inputs, the experimenter must design a set of desired 

outputs. In ANN designs, the experimental data should be divided into three subsets: 

training, validation and testing sets. The error objective function, which is the difference 

between the desired outputs and predicted outputs by the ANN, must be minimized to get 

the predicted response values as close as possible to the actual experimental data. 

Modeling MD experimental data is useful for studying process factors as well as 

implementing better process conditions at which distillation maintains its highest 

efficiency. Modeling, therefore, helps in identifying the most suitable membrane type  

and solute concentration level for the components to be distilled at pre-set operating 

conditions. Usually, in the design of experiments, statistical analysis is a major tool for 

inspection and initial screening of a huge number of factor combinations. The analysis 

involves describing, exploring, understanding, proving and finally predicting the model 

of data in hand.  

Statistical hypothesis testing is used to decide whether a proposed hypothesis is 

rejected or accepted. The effects of different levels (values) of a single input factor is 

investigated. The null hypothesis is first assumed where there is no effect of the factor on 

the response. Beyond a critical value, the null hypothesis is proven to be false at a certain 

chance of probability. This testing allows identifying whether the effect of a certain factor 

exists towards the response and helps in eliminating this factor in future experiments if 

found to be insignificant.  

The factorial design enables examination of interaction effects between the 

independent and dependent variables. It is not possible to obtain information about the 

different effects of one independent variable on a dependent variable for all levels of the 

other independent variables by running separate one-way analyses. Hence, factorial 

designs lead to a more powerful test through minimizing the error variance.   
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A neural network correlating tool is used to derive meaning from imprecise or 

complicated data. It can be used to detect trends that are too complex to be predicted by 

humans or other modeling techniques. The neural network, after training, can be 

considered as an "authority" after supplying it with a portion of data to analyze. It can be 

used later to provide projections using a new set of data. Therefore, ANNs have the 

ability to learn how to perform new tasks based on initial experience.  

1.2 Introduction 

Membrane distillation (MD) is a process in which the driving force of mass 

transfer is the temperature gradient that results in a vapor pressure difference across a 

micro-porous hydrophobic membrane. The hydrophobic nature of the membrane results 

in retention of liquid molecules and allows the passage of vapor molecules through the 

pores [3, 4]. 

Membrane distillation and conventional distillation both depend on vapor-liquid 

equilibrium as a starting point for separation. Additionally, phase change in both 

separation processes is achieved by acquiring the latent heat of vaporization [5]. 

MD benefits compared to other conventional separation processes arises from (1) 

operating at temperatures below the boiling point; (2) operating at low pressure compared 

to pressure-driven separation processes, resulting in reduced process and membrane 

costs; (3) eliminating corrosion troubles that could occur due to interactions between the 

process solutions and the membrane; (4) combining membrane processes with other 

separation process (hybrid system); (5) utilizing solar energy as an alternative energy 

source [5, 6]; (6) ability to produce ultrapure water from high feed concentration; (7) 

transporting only volatile solutes through the membrane and completely rejecting non-

volatile solutes [7]; (8) scaling up is easy and no additives are required [8]. 

Membrane distillation comes into four different configurations: direct contact 

membrane distillation (DCMD), air gap membrane distillation (AGMD), sweeping gas 

membrane distillation (SGMD), and vacuum membrane distillation (VMD) [4]. In 

DCMD, on both sides of the membrane, hot solution and cold permeate feed solutions are 

charged to evaporator and permeate sides, respectively. Each solution is in direct contact 

with the microporous hydrophobic membrane . At the feed-membrane surface of the hot 



18 
 

side, evaporation takes place and only vapor molecules pass through the membrane to the 

permeate side where condensation takes place inside the membrane [6]. AGMD employs 

an air gap between the membrane and condensation surface, where the vapor molecules 

must pass through membrane pores followed by the air gap, and lastly condensation takes 

place on a cold surface inside the membrane module. This configuration is characterized 

by a reduced heat loss; however, further mass transfer resistance results and, hence, less 

permeate flux. AGMD is better than DCMD in separating volatile substances from dilute 

solutions due to the barrier existing between the membrane and liquid permeate [4]. In 

SGMD, a cold inert gas is introduced at the permeate side to sweep then condense the 

vapor molecules outside the membrane module. In SGMD, the permeate flux is high 

compared to both DCMD and AGMD mainly due to less mass transfer resistance. 

However, the main disadvantage of the SGMD configuration is the requirement of an 

external condensation system [9]. In VMD, a pump creates a certain vacuum level in the 

membrane permeate side where the pressure applied is lower than the equilibrium vapor 

pressure of the diffusing material (water) at the prevailing temperature in permeate side. 

The heat loss by conduction is insignificant in this case and similar to SGMD, where 

condensation takes place outside the membrane cell [10]. 

Five operating parameters usually affect the performance of MD by directly 

impacting the permeate flux of water across the “normally” hydrophobic membrane. 

These parameters include: saline water (feed) temperature, coolant (permeate side) 

temperature, salt concentration in the feed, circulation rate of the feed, and air gap width 

(in AGMD). As feed temperature increases, permeate flux increases (other MD 

parameters are held constant) since the vapor pressure difference driving force becomes 

larger [10]. Based on the same argument, an inverse relation exists between coolant 

temperature and permeate flux. However, in AGMD, permeate flux was found to be 

independent of coolant temperature [4]. The salt concentration in the saline water feed 

has different effects on permeate flux depending on whether the solute is volatile or non-

volatile (see section 2.1.2 for an explanation of this phenomenon). Except for the case of 

SGMD configuration, a direct relation exists between the feed circulation rate and the 

permeate flux [4, 10]. An inverse relationship between air gap width and permeate flux 

exists [10, 11]. A decrease in gap width is equivalent to a decrease of mass and heat 
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transfer resistances, and thus enhanced driving force for permeate diffusion [10, 11]. 

Increasing feed circulation rate enhances water permeate flux because the heat transfer 

coefficient increases in the feed side of the membrane. Three membrane configurations 

(DCMD, AGMD, and VMD) exhibit a direct relationship between feed circulation rate 

and permeate flux, but SGMD has a negligible feed circulation effect on permeate flux 

[10]. Moreover, a reduction in concentration and temperature polarization causes an 

increase in permeate flux. 

Statistical analysis of experimental data is widely implemented in chemical 

research and the process industry. Factorial designs, in particular, are widely 

implemented in chemical processes but to a lesser extent on membrane distillation 

processes. For example, a factorial design experiment was conducted to predict 

evaporative flux in a study on concentrated fruit juices, where three major factors were 

analyzed [12]. Also, since polymeric membranes are currently in high demand, the 

preparation of those membranes is best investigated by factorial design experiments. The 

main effects of the factors affecting the response variable in a DCMD case were 

identified and found significant, whereas no interaction between the input factors was 

observed [13, 14]. It is worthwhile to mention that this thesis is written following a paper 

format; therefore, the detailed literature review on membrane distillation, factorial 

designs, and artificial neural networks is addressed in Chapters 2, 3 and 4, respectively. 

1.3 Research Methodology 

The experimental data of air gap membrane distillation that will be used in this 

work [1] (Appendix A) will be analyzed using two statistical approaches and a third 

based on an artificial neural network. In this section, the overall methodology of each 

approach will be outlined but the details of each methodology will be deferred to the 

respective chapter addressing each specific approach. 

The first statistical method used in treating the data is based on hypothesis testing. 

Different hypotheses regarding the mean permeation flux across the three membranes 

under different salt concentrations will be tested. The effects of different levels of single 

input factor on permeate flux are investigated using the analysis of variance (ANOVA) 

methodology. The objective is to gain an idea about the statistical significance of 
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performance differences among these membranes and salts. Statistical techniques, i.e., F-

test, Fisher-LSD (least significant difference) test, Bonferroni-test and Tukey-test for 

multiple comparison statistical significance testing are applied. The detailed single-factor 

hypothesis testing methodology is presented in section 2.2 

The second approach used in the analysis of the MD data is based on factorial 

designs; in this methodology, a small portion of each set of data is selected such that 2
k
 

factorial designs (experiments involving k factors, each studied at two levels) are 

obtained. These designs are then analyzed for the main and the interaction effects and 

ANOVA tables will be generated for all possible combinations of salt concentration, 

membrane type and salt type. The predicted permeate flux is then fitted to a 3-

dimensional response surface. Minitab 16® software has been used in these analyses, 

with manual computations to verify some of the results. 

Artificial neural network design is then used as a tool to correlate the 

experimental data of the MD unit. In this design, the data is divided into training, 

validation and testing sets. The error of the network for a single training iteration must be 

a minimum. Hence, the objective is to minimize the difference between the predicted and 

actual response to achieve the best results. Also, there must be well-defined input nodes 

and known direct connections so that the path of information is identified. The pathway 

of a node in a layer is selected based on the higher connection weights between nodes 

across the layers. The network calculates the output using an initial random connection 

weight. This process is repeated in each iteration and the calculated output from the 

neural network is compared with the desired output until the error is minimized. 

Obviously, the two outputs would not be expected to be equal initially, but finally the 

predicted response values should be as close as possible to the actual experimental data to 

obtain a good fitting. 

1.4 Thesis Organization 

This thesis is prepared following a paper format. The thesis as a whole is 

organized into five chapters. Chapter 1 is an introduction to the study, where the problem 

statement and significance of the research is defined. A description of the overall 
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methodology that has been implemented in this work is also summarized in this chapter. 

However, since three different approaches are used in the analysis of the selected data, 

the details of each methodology appears with that approach in its respective chapter, i.e.,  

Chapters 2, 3 and 4. Each of these chapters opens with a summary outline for the whole 

chapter and closes with a short conclusion. The literature sources cited in this thesis are 

presented and classified according to the chapter they belong to. 

Chapter 2 addresses the single factor approach for analyzing the data using 

hypothesis testing. A detailed literature review on membrane distillation is presented in 

this chapter. The methodology followed in the single-factor approach for data treatment 

is detailed and the data are analyzed. The results and discussions of applying the single-

factor approach constitute the core of this chapter. 

Chapter 3 handles the problem of analyzing MD data using the two-level and 

three-level factorial designs. In this chapter the literature pertinent to the use of factorial 

design in MD will be reviewed, the detailed methodology will be described, and the 

results will be presented and discussed. 

The ANN approach to correlate (fit) the MD set of data under study is presented 

in Chapter 4. The literature relevant to the use of ANN, as well as a description of the 

methodology of ANN, is presented in this chapter. The results are then presented and 

discussed. 

Chapter 5 concludes the thesis by summarizing its findings and providing 

recommendations for further extensions. 
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Chapter 2: Statistical Analysis of Air-Gap Membrane Distillation 

Experimental Data: I-Hypothesis Testing 

 

Membrane distillation (MD) is a process in which the driving force for mass 

transfer is a temperature gradient rather than conventional gradients based on density, 

static pressure, chemical nature, affinity, or freezing point differences. Using a porous 

hydrophobic membrane, MD comes into four different configurations: direct contact, air 

gap, sweeping gas, and vacuum membrane distillation. The current technical literature 

shows a growing interest in experimental investigation of MD processes. In this work, a 

complete set of experimental data on air gap membrane distillation that has been reported 

before will be analyzed using the methods of statistical experimental design. The 

experimental data involves a study of the effects of salt concentration (at pre-set 

conditions of different input parameters such as  feed temperature, coolant temperature, 

and feed flow rate) on permeate flux for three different inorganic salts (MgCl2, Na2SO4, 

and NaCl) using three different commercial membranes (TF-200, TF-450 and TF-1000) 

in an air gap distillation unit. Different sets of experimental data will be used in 

performing a statistical analysis study in terms of hypothesis testing, where different 

hypotheses regarding the mean permeation flux of the three membranes under different 

salt concentrations will be tested. The objective is to gain an idea about the statistical 

significance of performance differences among these membranes. Several statistical 

techniques, i.e., F-test, Fisher (least significant difference) LSD test, Bonferroni and 

Tukey’s test for multiple comparison statistical significance testing are applied. The F-

test predicts that all three membranes handle the three salts at their low salt concentration 

levels in a comparable manner with no significant differences in permeate fluxes, but 

handle the same salts differently at the higher level of salt concentrations. 

2.1 Introduction 

2.1.1 Membrane distillation configurations 

Membrane distillation (MD) is a process in which the driving force of mass 

transfer is the temperature gradient which results in a vapor pressure difference across a 

micro-porous hydrophobic membrane. In conventional separation processes, the driving 
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forces could be the result of density, static pressure, chemical nature, affinity, electric 

field or freezing point gradients or a combination of them [8]. The membrane selectivity 

in MD results from its hydrophobic nature which causes retention of liquid molecules 

that have strong dipole effects and allow only the passage of vapor molecules through the 

pores. As a result, the non-polar membrane is not wetted by the liquid due to the water's 

high surface tension [3,4]. 

Both membrane distillation and conventional distillation depends on vapor-liquid 

equilibrium as a starting point for separation. Additionally, phase change in both 

separation processes is achieved by acquiring the latent heat of vaporization [5]. MD 

benefits compared to other conventional separation processes arise from (1) operation at 

temperatures below the boiling point; (2) operation at low pressure compared to pressure-

driven separation processes, resulting in reduced costs for the process and membrane; (3) 

minimization of corrosion troubles that could occur due to interactions between process 

solutions and membranes; (4) probability of combining membrane processes with other 

separation process (hybrid system); (5) utilizing solar energy as an alternative energy 

source [5,6]; (6) ability to produce ultrapure water from high feed concentrations; (7) 

transporting only volatile solutes through the membrane while completely rejecting non-

volatile solutes [7], and (8) easy scale-up with no requirements of additives [8]. On the 

other hand, MD has some drawbacks such as (1) large heat loss by conduction; (2) small 

permeate flux due to many factors including polarization; (3) mass transfer resistance due 

to trapped air in the membrane which reduces permeate flux [9,10]; (4) low membrane 

lifetime; (5) membrane fouling [8], and (6) high energy consumption. 

As shown in Fig. 2.1 [4], there are four different configurations for MD: direct 

contact membrane distillation (DCMD), air gap membrane distillation (AGMD), 

sweeping gas membrane distillation (SGMD), and vacuum membrane distillation 

(VMD). 

In DCMD, hot solutions and cold permeate feed solutions are charged to the 

evaporator and permeate sides, respectively. Each solution is in direct contact with the 

micro-porous hydrophobic membrane. At the feed-membrane surface of the hot side, 

evaporation takes place and only vapor molecules pass through the membrane to the 

permeate side where condensation takes place inside the membrane [5,6,10]. DCMD is 
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the simplest configuration and can be easily set up in a laboratory. However, the heat loss 

by conduction due to poor conductivity of the membrane is the main drawback of this 

configuration.  

AGMD employs an air gap between the membrane and condensation surface, 

where the vapor molecules must pass through membrane pores, then through the air gap, 

and lastly condensation takes place on a cold surface inside the membrane module. The 

advantage of this configuration is the reduction in heat loss because of the air gap 

between the membrane and the condensation surface. However, that will cause further 

mass transfer resistance and less permeate flux. An additional advantage of AGMD over 

DCMD is the ability to separate volatile substances from dilute solutions due to the 

barrier between the membrane and liquid permeate [4].  

In SGMD configuration, a cold inert gas is introduced at the permeate side to 

sweep the vapor molecules so that condensation takes place outside the membrane 

module. Because the gas barrier is not stationary, the permeate flux is higher compared to 

both DCMD and AGMD mainly due to less mass transfer resistance. However, the main 

disadvantage of SGMD configuration is the requirement of an external condensation 

system [9]. SGMD configuration is effective in ammonia removal (up to 97%) from 

wastewater containing low levels of it (up to 100 mg/L). Increasing the sweep gas flow 

rate decreases the mass transfer boundary layer resistance and ammonia removal 

becomes more efficient [11].   

 

Fig. 2.1 Membrane Distillation Configurations [4] 

In the VMD configuration a pump is used to create a vacuum in the membrane 

permeate side and the pressure applied is lower than the equilibrium vapor pressure of the 

molecules to be separated from the feed. Similar to the SGMD, condensation takes place 

outside the membrane cell and heat loss by conduction is insignificant [10].  
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VMD is used to separate volatile compounds from water and is effective in 

distillation of sea water [15].  

2.1.2 Operating parameters in membrane distillation 

There are five important operating factors that affect the performance of 

membrane distillation: feed temperature, coolant temperature, feed concentration, feed 

circulation rate, and air gap width (in AGMD). The permeate flux increases as feed 

temperature increases. The increase in feed temperature causes an exponential increase in 

feed vapor pressure according to Antoine's equation; hence, the vapor pressure driving 

force becomes larger and the permeate flux increases (other MD parameters are held 

constant). The effect of the hot feed solution has a greater impact on the permeate flux 

[10]. 

Regarding the coolant temperature, generally, as permeate temperature increases, 

permeate flux decreases because the vapor-pressure difference becomes less. In AGMD, 

permeate flux is almost independent of permeate temperature because the overall heat 

transfer coefficient depends mainly on the air gap in the membrane module. However, in 

DCMD, permeate flux is increased by lowering permeate temperature [4]. 

For feed solutions containing non-volatile solutes, the vapor pressure decreases as 

inlet concentration increases. This is because the boiling point increases, thus the driving 

force becomes less, generating low permeate flux. On the other hand, in solutions 

containing volatile components, increasing the feed concentration increases the partial 

pressure of volatile components in the feed, which causes permeate flux to increase [4]. 

Increasing feed circulation rate enhances the permeate flux because the heat 

transfer coefficient increases in the feed side of the membrane. Moreover, a reduction in 

concentration and temperature polarization causes the increase in permeate flux. Three 

membrane configurations (DCMD, AGMD, VMD) exhibit a direct relationship between 

feed circulation rate and permeate flux, but SGMD has a negligible feed circulation effect 

on permeate flux [4,10]. 

Decreasing the air gap width in AGMD configurations causes an increase in 

temperature gradient across the sides of the gap and thus vapor pressure driving force 

increases resulting in an increase in the permeate flux [10,11]. 
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Experimental design is widely implemented in chemical research and process 

industry. Generally, however, more than a single factor is studied in what is called 

factorial designs. In these designs, main effects, as well as interaction effects between 

these factors, are usually of importance. The literature is very rich about the use of 

factorial design and analysis of experiments [13,14,17-23]. As an example, a factorial 

experimental design (two factors, each at five levels) was employed by M. A. Martin et 

al. [18] to study the effects coagulants and flocculant dosages at certain pH values in oily 

waste water treatment processes on two response variables: chemical oxygen demand 

(COD) and total organic carbon (TOC). Using the analysis of variance method 

(ANOVA), coagulant dosage was found to be the most influential factor on both 

responses for all pH conditions [17]. Moreover, response surface methodology and 

contour plots were implemented for each response variable. For the two factors, at 

coagulant and flocculants dosages at a certain pH condition, the contour curves showed a 

considerable curvature for TOC, indicating a significant interaction between the two 

factors at that pH.  

The impact of pH, temperature, and phytomass loading on the bio-sorption 

process of heavy metals removal (Fe
3+

 and Zn
2+

) from wastewater was studied using a 

factorial design approach [22]. Pareto charts for the effects on Fe
3+

 and Zn
2+ 

removal 

demonstrated main effects, 2-way interactions and 3-way interactions. Normal 

probability plots showed that the most influential factor was pH followed by temperature 

followed by T×pH interaction. 

The different sets of experimental membrane distillation data that will be used in 

this study are presented in Appendix A [1]. Statistical analysis of these sets of data is 

done using the general statistical linear model by means of the analysis of variance 

(ANOVA) method, Tukey’s method, Fisher’s LSD method, and Bonferroni’s method for 

finding simultaneous confidence intervals [2]. The objective is to gain an idea about the 

statistical significance of performance differences among these membranes. In this work, 

single-factor analysis is performed at different levels of the factor under study. The two 

factors separately considered are: salt type and membrane type.   
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2.2 Methodology  

The effects of different levels of single input factor on permeate flux is 

investigated using the analysis of variance (ANOVA) methodology. The aim is to 

determine if there exists a statistically significant difference between the different levels 

of input parameters and, if this is the case, statistical tests are done to find out the groups 

that differ and whether they significantly affect the mean response. This is a form of 

hypothesis testing that is usually used in preliminary stages to help guide consequent 

directions of research studies [2].  

The statement: 

 H0: µ1 = µ2 = …= µn         (2.1) 

is called the null hypothesis. It states the equality of all arithmetic means corresponding 

to treatment levels 1, 2...n. The null hypothesis is tested against what’s called the 

alternative hypothesis:  

H1: µi ≠ µj for at least one pair of i≠j.                         (2.2) 

The procedure for testing this hypothesis consists of taking a random sample, 

computing appropriate test statistics, and then rejecting or accepting the null hypothesis 

H0 based on the values found for the adopted test statistic parameters, such as the F- and 

the t-statistics. One way to report the results of a hypothesis test is to state that the null 

hypothesis is rejected or is not rejected at a specified value of type-I error, α.  The value 

of α represents the probability of rejecting H0 while it is true, and therefore, (1-α) 

represents the probability of accepting the null hypothesis while it is true.  The p-value is 

another statistical measure that is frequently used in hypothesis testing. The p-value is the 

probability that the test statistic will take on a value that is at least as extreme as the 

observed value of the statistic when the null hypothesis is true. Thus a p-value conveys 

much information about the weight of evidence against H0, and so decision makers can 

draw any conclusion at any specified level of significance. In other words, the p-value is 

the smallest level of significance that would lead to rejection of H0. These are basic 
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concepts in the design and analysis of experiments and any textbook on engineering 

statistics or experimental design can be consulted, e.g., [2]. Hypothesis testing based on 

the F-value is an important statistical methodology to screen out the effects of certain 

input parameters on certain response variables. The F-statistic value is the ratio of the 

mean square error of treatments to the mean square of total errors. The mean square 

value, in turn, is the ratio of the sum of squared deviations to the number of degrees of 

freedom associated with the respective sum of squares.  

For the experimental data of membrane distillation considered in this work [1], 

two cases are considered for studying the effect of different levels of a single factor on a 

suitable response variable, in this case the permeate flux. For a certain salt (MgCl2, NaCl 

or Na2SO4), the effect of membrane type on the mean flux is studied, and for a certain 

membrane, the effect of salt concentration on permeate flux is also studied. Taking into 

consideration three levels of salt concentration and three types of membranes, ANOVA is 

generated to determine if the treatment levels (salt type or membrane type) affect the 

mean flux as per the null hypothesis. If, at the specified value of type-I error (α), the null 

hypothesis is not rejected through calculating, for example, the F-statistic value, then it is 

concluded that there is no effect of membrane type on the permeate flux response. 

However, if the null hypothesis is rejected, then at least one membrane is having a 

significant effect on the response variable (flux) and it remains to find out how each 

membrane affects the response variable and which has the highest effect.  

At the specified value of type-I error, the value of F is calculated as shown in 

Table 2.1 and is compared to the critical value of F (Fcritical), which represents a 

benchmark for comparison, to determine the decision as to rejecting or accepting the null 

hypothesis. In general, the null hypothesis is rejected when the calculated test statistic 

exceeds the critical value of that test statistic. Thus, using the F-statistic, the null 

hypothesis is rejected when:    

F0 > Fα,a-1,N-a                                                  (2.3) 
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Table 2.1: ANOVA for the single factor experiment 

 

Source of Variation Sum of 

Squares 

Degrees of 

Freedom 

Mean Square F0 

Between treatments SSTreatments a-1 SSTreatments/a-1 MSTreatments/MSE 

 

Error  

 

SSE 

 

N-a 

 

SSE/N-a 

 

 

Total 

 

SST 

 

N-1 

  

 

The sum of squares of treatments, total and error are determined by Eqs. (2.4, 2.5, 

and 2.6), respectively.  

 
a

2

Treatments i.

i=1

SS  = 1/n y y../N        (2.4) 

a b
2

T ij

i=1 j=1

SS  = y -y../N                 (2.5) 

E T TreatmentsSS  = SS  - SS              (2.6) 

where: 

yi. : total of the observations under i
th
 treatment 

yij  : the (ij) observation 

y.. : grand total of all the observations 

Finding out which factor has a significant effect on the response is done by 

comparisons of means using both parametric and nonparametric methods in the analysis 

of variance by multiple range tests such as Tukey’s method and Fisher’s least significant 

difference (LSD) tests [2]. Tukey's test allows testing all pairwise mean comparisons H0: 

µi = µj, where any difference in arithmetic averages greater than Tα as given by Eq. (2.7) 

indicates a significant difference between the respective pair of means.  

  ET  q a,f MS / n       
                                          (2.7) 

where qα (a,f) is a parameter tabulated in Appendix VII of reference [2], where 

“a” stands for the number of levels in the treatment under consideration, and “f” stands 

for the number of degrees of freedom of errors. 
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Fisher’s least significant difference (LSD) method is similar to Tukey’s method in 

principle; the differences in response averages (permeate flux in this work) are compared 

to a corresponding LSD value that is represented in Eq. (2.9). This method uses the t-

statistic as calculated using Eq. (2.8) for testing H0: µi = µj  

 0 i j Et  = y . - y . / 2MS /n        (2.8) 

 /2,N a ELSD  t  2MS / n                                           (2.9) 

If │ i jy . - y .│ > LSD, it is concluded that the population means µi and µj are 

significantly different from each other.  

It is usual to get some variations in results from the tests mentioned earlier. 

Carmer and Swanson [24] concluded from their studies on a number of multiple 

comparison methods that the Fisher LSD method detects true differences in means if it is 

applied only after the F test in ANOVA and is significant at the 5%level of a type I error.  

Unfortunately, in the original experimental data no provisions were taken to 

replicate the experimental runs, and hence no data on the variance of the permeate fluxes 

were available. The standard deviation, therefore, is varied on a certain range that is 

believed to be representative of the measured responses, and replicates were generated by 

sampling from a normal distribution with a mean set at the measured experimental flux 

and the selected value of the standard deviation. This, furthermore, gives a means to 

study the effect of the variance on the hypothesis testing process. The analyses have been 

performed by the ANOVA. Moreover, the level of significance or type-I error (α) has 

been changed to study its effect on the final results using the probability distribution of 

the F-statistic.  

A confidence interval estimate of the i
th
 treatment mean may be easily 

determined. Assuming that the errors are normally distributed, each treatment average µj 

is distributed normally and independently around the grand arithmetic average with a 

variance of ζ
2
/n (i.e., a standard deviation of ζ/√n). Thus, if the variance is known, the 

normal distribution can be used to define the confidence interval. Using the mean square 
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error, MSE, as an estimator of the variance, the t-distribution is used to define the (1-α)% 

confidence interval for the i
th
 treatment mean as follows: 

i. /2,N-a E i i. /2,N-a Ey  - t MS /n μ y  + t MS /n       (2.10) 

Our interest here is in differences in treatments means. A (1-α)% confidence 

interval on the difference in any two treatments means, say µi - µj,would be: 

i. j. /2,N-a E i j i. j. /2,N-a Ey - y - t 2MS /n μ  - μ y - y  + t 2MS /n     (2.11) 

The confidence interval expressions given in Eqs. (2.10 and 2.11) give confidence 

intervals applicable for specific treatment means (Eq. (2.10)) or a mean difference of two 

specific treatments (Eq. (2.11)). These are called one-at-a-time confidence intervals. That 

is, the confidence level (1-α)% applies to only one particular estimate. However, in many 

problems, the experimenter is interested in calculating several confidence intervals, one 

for each of a number of means or differences between means. If there are r confidence 

intervals of interest, the probability that the r intervals will simultaneously be satisfied is 

at least 1 - rα. One approach to ensuring that the simultaneous confidence level is not too 

small is to replace α/2 in the one-at-a-time confidence interval (Eqs. (2.10 and 2.11)) with 

α/(2r), thus giving Eqs. (2.12 and 2.13). This is called the Bonferroni method [2], and it 

allows for constructing a set of r simultaneous confidence intervals on treatment means 

or differences in means for which the overall confidence level is at least (1-α)%.   

i. /2r,N-a E i i. /2r,N-a Ey  - t MS /n μ y  + t MS /n       (2.12)  

         i. j. /2r,N a E i j i. j. /2r,N a E  y  - y  - t  MS / n   -     y  - y  + t  MS / nµ µ         (2.13)  

2.3 Results and Discussion  

2.3.1 ANOVA sample calculation  

Consider the experimental data in Table 2.2 for membrane distillation of water + 

MgCl2 at a salt concentration of 4.76 g/L using the three indicated commercial 

membranes. This set of data is generated from the original set of experimental data 
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reported elsewhere [1] by sampling from a normal distribution with a mean equal to the 

measured flux and a standard deviation ζ = 0.2. In the following analysis α is set at 0.05 

and Ho and H1 are:  

Ho: µ1 = µ2 = µ3  (Null hypothesis) 

H1: µi ≠ µj for at least one pair of  means  (Alternative hypothesis) 

In this example, Treatment 1 is taken as TF-200, Treatment 2 as TF-450, and 

Treatment 3 as TF-1000. The entries in the ANOVA table are calculated as presented in 

the previous section using Eqs. (2.4 and 2.5). The total number of degrees of freedom is 

obtained by subtracting one from the total number of observations (30-1 = 29) and that of 

membrane type is obtained by subtracting one from the number of membranes (3-1=2). 

The degree of freedom associated with errors is obtained by the difference, i.e., 29-2 = 

27. The F-value is calculated as the ratio of the MSmembrane/MSError with degrees of 

freedom of 2 and 27, respectively. The critical value of F at the specified level of type-I 

error (α = 0.05) is extracted from the tables or the analytic F-distribution with parameters 

α = 0.05, df1 = 2, and df2 = 27. The corresponding p-value is the area to the right of the 

calculated F-value in the cumulative F-distribution.   

 

Table 2.2: A 10-observation sample generated by sampling from a normal distribution with mean (µ) 

set at the measured permeate flux of MgCl2 and a standard deviation σ = 0.2  

 

TF-200 TF-450 TF-1000 

 

2.962 3.459 3.630 

 

2.464 3.463 3.861 

 

2.904 3.359 3.664 

 

2.719 3.557 3.766 

 

3.007 3.195 4.008 

 

2.817 3.378 3.902 

 

3.460 3.592 3.735 

 

2.842 3.806 3.927 

 

3.395 3.587 3.908 

 

2.529 3.274 3.738 

Experimental Mean  2.882 3.438 3.790 



33 
 

Table 2.3: ANOVA for MgCl2 using three different membranes (α = 0.05 , σ = 0.2) 

Source of 

Variation SS df MS F p-value Fcrit 

Membranes type 4.158 2 2.079 41.005 6.57×10
-9

 3.354 

 

Errors 1.369 27 0.0507 

    

Total 5.527 29 

     

2.3.1.1 t-test and p-value 

Since Fcalculated  >> Fcritical, the null hypothesis H0 is rejected and the conclusion is 

that treatment means significantly differ; hence the membrane types significantly affect 

the mean flux when using MgCl2 salt at a concentration of 4.76g/l. The p-value at the 

specified level of α is extremely small, signifying highly significant differences of means.  

 

2.3.1.2 Tukey's test  

According to the previous section, two means will be judged significantly 

different if the absolute value of their sample differences is greater than Tα as calculated 

by Eq. (2.7).  

 qα (a,f) = q0.05 (3,27) = 3.505 (see Appendix VII of reference [2]) 

Tα =       
        

  
 = 0.25 

Therefore, any pair of treatment averages that differ in absolute value by more 

than 0.25 would imply that the corresponding µ's significantly differ.  

1.y  = 2.882     2.y  = 3.438      3.y   = 3.790 

1.y   - 2.y  = -0.556 * ; 1.y  - 3.y  = -0.908 *; 2.y  - 3.y  = -0.352 *   

A starred value (*) indicates a pair of means that significantly differ.  

Therefore, TF-200 results in a mean flux value that differs from the mean flux 

value using TF-450. Similarly, TF-200 results in a mean flux value that differs from the 
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mean flux value using TF-1000. Also, the TF-450 membrane results in a mean flux value 

that differs from the mean flux value using TF-1000. Therefore, we can conclude that: 

µ1≠µ2, µ1 ≠ µ3, µ2 ≠ µ3 

2.3.1.3 Fisher LSD method 

According to this method, two means differ significantly if the absolute value of 

their sample differences is greater than the LSD parameter as defined in Eq. (2.9). For 

this parameter, the value of the t-statistics tα/2,N-a is needed. Consulting tables for the t-

distribution gives t0.05/2,30-3 = t0.025,27 = 2.052.  

The LSD value becomes: 2.052 2 0.051/10  = 0.21  

Any pair of treatment averages that differ in absolute value by more than 0.21 

would imply that the corresponding µ's significantly differ. For this specific case, 

therefore, both Tukey’s method and Fisher LSD yield the same results.  

2.3.1.4 Bonferroni method 

With r = 3 and tα/2r,N-a = t0.008,27 = 2.864, Eqs. ( 2.12 and 2.13) give:  

2.774 ≤ µ1 ≤ 2.990 

3.330 ≤ µ2 ≤ 3.546 

3.682 ≤ µ3 ≤ 3.890  

 

2.3.2 Effect of membrane type  

In this section, permeate flux data for each level of salt concentration, using the 

three different membranes, were tested using the standard F-test, Tukey’s test, Fisher’s 

LSD test, and finally the Bonferroni’s confidence interval test. Membrane type, therefore, 

is treated as a qualitative factor at three levels, as shown in Tables 2.4-2.8. Therefore, µ1, 

µ2, and µ3 refer to the mean permeate flux of the salt under study using TF-200 

(treatment 1), TF-450 (treatment 2), and TF-1000 (treatment 3). The effect of the 

variance of the measured data, as well as the level of type-I error (the so-called α value) 
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are also investigated as they represent important factors in the decision-making process 

related to the choice of process variables and membrane type.  

For typical values of standard deviation (ζ) and type-I error (α) of 0.2 g/l and 

0.05, respectively, all different tests converge to the same conclusion of the presence of 

significant differences between all membranes for the different salts. The tests also agree 

in predicting insignificant differences between the three membranes in handling NaCl salt 

at its 58.44 g/l concentration level. The relative significance of the different membranes 

in any specific case for any salt is associated with the corresponding F-statistic value (or 

the corresponding p-value); the higher the F-statistic value (or consequently the lower the 

p-value) the higher the significance of that factor (membrane type). For example, for 

MgCl2 at 4.76 g/l with ζ = 0.2 g/l and α = 0.05, the value of the F-statistics for the case of 

the three membranes is 41.0, which is much higher than the F-value for MgCl2 at 95.2 g/l 

under the same conditions, which is 7.4 (Table 2.4). This shows that the effect of 

membrane type on permeate flux is much more important in the case of low salt 

concentrations of MgCl2.  Interestingly, the opposite result is indicated for NaCl salt as 

shown in Table 2.4 for the results based on F values. The (1- α)% confidence intervals for 

the mean permeate flux for each membrane, calculated using the Bonferroni method, are 

comparable and consistent with the hypothesis testing methods. 

The results in Tables 2.5 and 2.6 represent the effect of having higher levels of 

variance in the measured data on the hypothesis testing process (ζ = 0.4 and ζ = 0.6). It is 

interesting to note the dramatic effect that uncertainty in the measured data may have on 

the decision-making process related to the choice of a suitable membrane. For example, 

all statistical tests point to insignificant differences between the three membranes for the 

three salts at higher concentrations. This emphasizes the serious effect that uncertainty in 

the measured data may have on the decision-making process. Actually, this clearly shows 

how important it is to make the necessary replication in membrane distillation 

experimentation. The effect of type-I error (α-value) on membrane type selection and 

hypothesis testing is presented in Table 2.7. As the α-value gets smaller, the hypothesis 

testing becomes more stringent. The overall decision as to the effect of membrane type is 
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dictated more, however, by the uncertainty of the reported experimental data as seen by 

comparing the results in Tables 2.5 and 2.7.     
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Table 2.4: Results of membrane effect at three concentration levels (σ = 0.2 , α = 0.05)  

H
o
: µ1 = µ2 = µ3 , Treatment 1: TF-200 , Treatment 2: TF-450 , Treatment 3: TF-1000 

  MgCl2   Na2SO4   NaCl  

 Level 1 Level 2  Level 3 Level 1 Level 2 Level 3 Level 1 Level 2 Level 3 

 4.76g/l 38.08g/l 95.21 g/l 4.26g/l 56.81g/l 142.04g/l 5.84g/l 58.44 g/l 180g/l 

P-value 6.75*10
-9

 1.44*10
-6

 0.00279 1.78*10
-8

 1.06*10
-5

 6.44*10
-5

 0.0688 5.17*10
-10

 1.39*10
-7

 

F-Value 41.006 23.063 7.372 37.132 18.028 14.091 2.960 52.301 29.968 

F-test  Reject Ho Reject Ho Reject Ho Reject Ho Reject Ho Reject Ho Reject Ho Accept Ho Reject Ho 

Tukey’s Tα 0.250 0.254 0.266 0.211 0.211 0.189 0.254 0.254 0.228 

Tukey test µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 ≠ µ3 

 

µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 ≠ µ3 

 

µ1 = µ2 

µ1 ≠ µ3 

µ2 ≠ µ3 

 

µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 = µ3 

 

µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 = µ3 

 

µ1 ≠ µ2 

µ1 ≠ µ2 

µ2 ≠ µ3 

 

µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 ≠ µ3 

 

µ1 = µ2 = µ3 µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 = µ3 

 

LSD 0.207 0.211 0.220 0.211 0.211 0.189 0.211 0.240 0.189 

LSD test µ1 ≠ µ2 

µ1 ≠ µ3 

µ2≠ µ3 

 

µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 ≠ µ3 

 

µ1 ≠ µ3 

µ2 ≠ µ3 

µ1 = µ2 

 

µ2 = µ3 

µ1 ≠ µ2 

µ1 ≠ µ3 

 

µ2 = µ3 

µ1 ≠ µ2 

µ1 ≠ µ3 

 

µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 ≠ µ3 

 

µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 ≠ µ3 

 

µ1 = µ2 = µ3 µ1 ≠ µ2 

µ2 = µ3 

µ1 ≠ µ3 

 

Bonferroni 

interval 

2.774≤ 
µ1≤2.990 

 

3.330≤ 

µ2≤3.546 

 

3.682≤ 

µ3≤3.898 

 

2.535≤ 
µ1≤2.755 

 

2.987≤ 

µ2≤3.207 

 

3.230≤ 

µ3≤3.450 

 

2.155≤ 
µ1≤2.990 

 

2.774≤ 

µ2≤2.990 

 

2.774≤ 

µ3≤2.990 

 

2.681≤ 
µ1≤2.901 

 

3.378≤ 

µ2≤3.598 

 

3.486≤ 

µ3≤3.706 

 

2.716≤ 
µ1≤2.936 

 

3.209≤ 

µ2≤3.429 

 

3.259≤ 

µ3≤3.479 

 

2.313≤ 
µ1≤2.509 

 

2.577≤ 

µ2≤2.773 

 

2.829≤ 

µ3≤3.025 

 

2.709≤ 
µ1≤2.929 

 

3.410≤ 

µ2≤3.630 

 

3.745≤ 

µ3≤3.965 

 

2.543≤ 
µ1≤2.673 

 

2.716≤ 

µ2≤2.936 

 

2.769≤ 

µ3≤2.989 

 

0.969≤ 
µ1≤1.165 

 

1.702≤ 

µ2≤1.898 

 

1.625≤ 

µ3≤1.821 
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Table 2.5: Results of membrane effect at three concentration levels (σ = 0.4, α = 0.05) 

  MgCl2   Na2SO4   NaCl  

 Level 1 Level 2  Level 3 Level 1 Level 2 Level 3 Level 1 Level 2 Level 3 

 4.76g/L 38.08g/L 95.21 g/L 4.26g/L 56.81g/L 142.04g/L 5.84g/L 58.44 g/L 180g/L 

P-Value 0.000150 0.144 0.0594 0.00281 0.0150 0.0747 2.23*10-6 0.384 0.00142 

F-Value 12.420 2.082 3.141 7.362 4.924 2.860 21.896 0.991 8.444 

F-test Reject Ho Accept Ho Accept Ho Reject Ho Reject Ho Accept Ho Reject Ho Accept Ho Reject Ho 

Tukey’s Tα 0.481 0.509 0.398    0.417 0.438 0.482 

Tukey test µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 = µ3 

 

µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 = µ3 

 

µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 = µ3 

 

µ1 = µ2 = µ3 µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 = µ3 

 

LSD 0.399 0.421 0.329 0.402 0.421 0.421 0.345 0.421 0.399 

LSD test µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 = µ3 

 

µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ2 = µ3 

µ1 ≠ µ2 

µ1 ≠ µ3 

 

µ2 = µ3 

µ1 ≠ µ2 

µ1 ≠ µ3 

 

µ1 = µ2 = µ3 µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 = µ3 

 

µ1 = µ2 = µ3 µ1 ≠ µ2 

µ2 = µ3 

µ1 ≠ µ3 

 

Bonferroni 

interval 

2.674≤ 

µ1≤3.090 

 

3.230≤ 
µ2≤3.646 

 

3.582≤ 

µ3≤3.998 

 

2.310≤ 

µ1≤2.748 

 

2.572≤ 
µ2≤3.010 

 

2.712≤ 

µ3≤3.150 

 

2.099≤ 

µ1≤2.441 

 

2.052≤ 
µ2≤2.394 

 

2.377≤ 

µ3≤2.719 

 

2.582≤ 

µ1≤3.000 

 

3.279≤ 
µ2≤3.697 

 

3.387≤ 

µ3≤3.805 

 

2.607≤ 

µ1≤3.045 

 

3.100≤ 
µ2≤3.538 

 

3.150≤ 

µ3≤3.588 

 

2.192≤ 

µ1≤2.630 

 

2.456≤ 
µ2≤2.894 

 

2.708≤ 

µ3≤3.146 

 

2.639≤ 

µ1≤2.999 

 

3.340≤ 
µ2≤3.700 

 

3.675≤ 

µ3≤4.035 

 

2.464≤ 

µ1≤2.842 

 

2.637≤ 
µ2≤3.015 

 

2.690≤ 

µ3≤3.068 

 

0.859≤ 

µ1≤1.275 

 

1.592≤ 
µ2≤2.008 

 

1.515≤ 

µ3≤1.931 
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Table 2.6: Results of membrane effect at three concentration levels (σ = 0.6, α = 0.05) 

  MgCl2   Na2SO4   NaCl  

 Level 1 Level 2  Level 3 Level 1 Level 2 Level 3 Level 1 Level 2 Level 3 

 4.76g/L 38.08g/L 95.21 g/L 4.26g/L 56.81g/L 142.04g/L 5.84g/L 58.44 g/L 180g/L 

P-Value 0.0219 0.356 0.818 0.0195 0.105 0.192 0.00754 0.533 0.152 

F-Value 4.416 1.072 0.202 4.570 2.456 1.753 5.890 0.644 2.019 

F-test Reject Ho Accept Ho Accept Ho Reject Ho Accept Ho Accept Ho Reject Ho Accept Ho Accept Ho 

Tukey’s Tα 0.684 0.763 0.763 0.632 0.632 0.566 0.763 0.763 0.684 

Tukey test µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 

LSD 0.566 0.632 0.632 0.632 0.632 0.566 0.632 0.632 0.566 

LSD test µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 = µ3 

µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 = µ3 

µ1 = µ2 = µ3 µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 = µ3 

Bonferroni 

interval 

2.587≤ 

µ1≤3.177 

 

3.143≤ 

µ2≤3.733 

 
3.495≤ 

µ3≤4.085 

 

2.200≤ 

µ1≤2.858 

 

2.462≤ 

µ2≤3.120 

 
2.602≤ 

µ3≤3.260 

 

1.941≤ 

µ1≤2.599 

 

1.894≤ 

µ2≤2.552 

 
2.219≤ 

µ3≤2.877 

 

2.462≤ 

µ1≤3.120 

 

3.159≤ 

µ2≤3.817 

 
3.267≤ 

µ3≤3.925 

 

2.497≤ 

µ1≤3.155 

 

2.99 ≤ 

µ2≤3.648 

 
3.040≤ 

µ3≤3.698 

 

2.116≤ 

µ1≤2.706 

 

2.380≤ 

µ2≤2.970 

 
2.632≤ 

µ3≤3.222 

 

2.490≤ 

µ1≤3.148 

 

3.191≤ 

µ2≤3.849 

 
3.526≤ 

µ3≤4.184 

 

2.324≤ 

µ1≤2.982 

 

2.497≤ 

µ2≤3.155 

 
2.550≤ 

µ3≤3.208 

 

0.792≤ 

µ1≤1.362 

 

1.505≤ 

µ2≤2.095 

 
1.428≤ 

µ3≤2.018 
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Table 2.7: Results of membrane effect at three concentration levels (σ = 0.4, α = 0.01) 

  MgCl2   Na2SO4   NaCl  

 Level 1 Level 2  Level 3 Level 1 Level 2 Level 3 Level 1 Level 2 Level 3 

 4.76g/L 38.08g/L 95.21 g/L 4.26g/L 56.81g/L 142.04g/L 5.84g/L 58.44 g/L 180g/L 

P-Value 0.000150 0.356 0.0594 0.00281 0.0150 0.0747 2.23 

*10-6 

0.384 0.00142 

F-Value 12.420 1.072 3.141 7.362 4.924 2.860 21.896 0.991 8.444 

F-test Reject Ho Accept Ho Accept Ho Reject Ho Accept Ho Accept Ho Reject Ho Accept Ho Reject Ho 

Tukey’s Tα 0.617 0.979 0.510 0.622 0.653 0.653 0.534 0.562 0.612 

Tukey test µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 = µ3 

 

µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 = µ3 

 

µ1 = µ2 = µ3 µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 = µ3 

 

LSD 0.538 0.853 0.445 0.543 0.569 0.569 0.466 0.490 0.539 

LSD test µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 = µ3 

 

µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 = µ3 

 

µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 = µ3 

 

µ1 = µ2 = µ3 µ1 ≠ µ2 

µ1 ≠ µ3 

µ2 = µ3 

 

Bonferroni 

interval 

2.562≤ 

µ1≤3.202 

 

3.118≤ 
µ2≤3.758 

 

3.470≤ 

µ3≤4.110 

2.021≤ 

µ1≤3.037 

 

2.283≤ 
µ2≤3.299 

 

2.423≤ 

µ3≤3.439 

2.005≤ 

µ1≤2.535 

 

1.958≤ 
µ2≤2.488 

 

2.283≤ 

µ3≤2.813 

 

2.468≤ 

µ1≤3.114 

 

3.165≤ 
µ2≤3.811 

 

3.293≤ 

µ3≤3.919 

 

2.487≤ 

µ1≤3.165 

 

2.980≤ 
µ2≤3.658 

 

3.030≤ 

µ3≤3.708 

 

2.072≤ 

µ1≤2.750 

 

2.336≤ 
µ2≤3.014 

 

2.588≤ 

µ3≤3.266 

 

2.542≤ 

µ1≤3.096 

 

3.243≤ 
µ2≤3.797 

 

3.598≤ 

µ3≤4.132 

 

2.361≤ 

µ1≤2.945 

 

2.534≤ 
µ2≤3.118 

 

2.587≤ 

µ3≤3.171 

 

0.746≤ 

µ1≤1.388 

 

1.479≤ 
µ2≤2.121 

 

1.402≤ 

µ3≤2.040 
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2.3.3 Effect of salt type 

In this section, the permeate flux data for each membrane handling the three 

different salts, each at the same concentration level, were investigated using the standard 

F-test, Tukey’s test, Fisher’s LSD test, and Bonferroni’s confidence interval test. The 

objective is to statistically test for significant differences in the performance of a certain 

type of membrane in handing the three different salts, each at the same concentration 

level. Salt type at a certain concentration, therefore, is treated as a qualitative factor at 

three levels, as shown in Tables 2.8-2.11. Therefore, µ1, µ2, and µ3 refer to the mean 

permeate flux of the membrane type under study using MgCl2 (treatment 1), Na2SO4 

(treatment 2), and NaCl (treatment 3). The effect of the variance of the measured data, as 

well as the level of type-I error (α-value) are also investigated as they represent important 

factors in the decision-making process pertinant to the choice of the process variables and 

membrane type.  

For typical values of standard deviation (ζ) and type-I error (α) of 0.2 g/l and 

0.05, respectively, the three tests (F, Tukey, and Fisher LSD) indicate that TF-200 

membranes generally handle the three different salts at their low and high concentration 

levels in a comparable manner with no statistical difference. Based on these tests, the 

issue of membrane type at low concentration of salt is insignificant in terms of permeate 

flux performance. However, an exception to this is the prediction made by the F-test at 

the higher level of salts as indicated in Table 2.8 for the TF-200 membrane, where 

significant differences are predicted. Regarding the TF-450 membrane, the results in 

Table 2.8 show that the three tests predict no differences in handling the three salts at the 

lower level of concentration, but there is a significant difference at the higher level of salt 

concentration. The first two salts, however, even at the higher level of concentration, 

appear to be handled equivalently by the TF-450 membrane. For the TF-1000 membrane, 

both the F-test and Turkey’s test predict no differences among the three salts at their 

lower level of salt concentration. The LSD method, however, predicts a difference 

between Na2SO4 and NaCl even at their lower salt concentration levels. At the higher salt 

concentration level, the analysis in Table 2.8 shows that TF-1000 handles salts MgCl2 

(treatment 1) and Na2SO4 (treatment 2) in a comparable manner in terms of permeate flux 

(µ1 = µ2), but handles NaCl (treatment 3) in a significantly different manner than both 
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MgCl2 and Na2SO4 (µ1 ≠ µ3; µ2 ≠ µ3). It is to be noted that that the F-test predicts that all 

three membranes handle the three salts at their lower salt concentration levels in a 

comparable manner with no significant differences in permeate fluxes (µ1 = µ3 = µ3) but 

handle the same salts differently at the higher level of salt concentrations (i.e., µ1 ≠ µ2 ≠ 

µ3). The relative significance/insignificance of the same membrane handling the three 

different salts in any specific case of salt concentration is associated with the 

corresponding F-statistic value (or the associated p-value). The (1- α)% confidence 

intervals for the mean of permeate flux for each salt at the indicated salt concentration 

level, calculated using Bonferroni method, are comparable and consistent with the 

hypothesis testing methods. 

The effect of having higher levels of variance in the measured data on the 

hypothesis testing process is presented in Tables 2.9 and 2.10. The effect is not as severe 

as it is for the previous case of the effect of the membrane type. Increasing the standard 

deviation from 0.2 g/l (approximately one standard deviation) to 0.4 and 0.6 g/l, turns 

most rejected hypotheses in Table 2.8 to accepted ones in Tables 2.9 and 2.10. For 

example, the TF-1000 membrane reveals a significant difference in handling NaCl from 

the other two salts at the higher level of salt concentration as shown in Table 2.8, but this 

difference is not detected when the standard deviation was increased as in Tables 2.9 and 

2.10. This, again, emphasizes the importance of carefully executing membrane 

distillation measurements so as to minimize the experimental uncertainty or variability of 

the data. The effect of type-I error (α-value) on membrane type selection and hypothesis 

testing is presented in Table 2.11. As the α-value gets smaller, the hypothesis testing 

becomes more stringent but the overall decision-making as to the effect of the membrane 

type is dictated more by the uncertainty of the reported experimental data as seen by 

comparing the results in Tables 2.9 and 2.11.     
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Table 2.8: Results of salt type at two concentration levels (σ = 0.2, α = 0.05)  

H
o
: µ1 = µ2 = µ3 , Treatment 1: MgCl2 , Treatment 2: NaCl , Treatment 3: Na2SO4 

 

 

  

              TF-200               TF-450             TF-1000  

 Level 1 Level 2  Level 1 Level 2 Level 1 Level 2 

 4.95g/L 57.45g/L 4.95g/L 57.45g/L 4.95g/L 57.45g/L 

P-Value 0.432 0.0133 0.229 4.139*10-8 0.451 5.987*10-6 

F-Value 0.867 5.092 1.556 34.059 0.870 19.401 

F-test Accept Ho Reject Ho Accept Ho Reject Ho Accept Ho Reject Ho 

Tukey’s Tα 0.254 0.228 0.191 0.195 0.194 0.189 

Tukey test µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 

µ1 ≠ µ3 

µ2 ≠ µ3 

 

µ1 = µ2 = µ3 µ1 = µ2 

µ1 ≠ µ3 

µ2 ≠ µ3 

 

LSD 0.211 0.189 0.158 0.162 0.161 0.156 

LSD test µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 

µ1 ≠ µ3 

µ2 ≠ µ3 

 

µ1 = µ2 

µ1 ≠ µ3 

µ2 ≠ µ3 

 

µ1 = µ2 

µ1 ≠ µ3 

µ2 ≠ µ3 

 

Bonferroni 

interval 

2.733≤ µ1≤3.031 

 

2.679≤ µ2≤3.968 

 

2.642≤ µ3≤2.940 

 

2.396≤ µ1≤2.662 

 

2.520≤ µ2≤2.786 

 

2.693≤ µ3≤2.959 

 

3.326≤ µ1≤3.550 

 

3.408≤ µ2≤3.632 

 

3.396≤ µ3≤3.600 

 

2.677≤ µ1≤2.905 

 

2.712 ≤ µ2≤2.940 

 

3.205≤ µ3≤3.433 

 

3.696≤ µ1≤3.904 

 

3.741≤ µ2≤3.969 

 

3.482≤ µ3≤3.710 

 

2.820 ≤ µ1≤3.042 

 

2.768≤ µ2≤2.990 

 

3.258 ≤ µ3≤3.480 
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Table 2.9: Results of salt type at two concentration levels (σ = 0.4 α = 0.05) 

 

 

 

 

  

               TF-200               TF-450             TF-1000  

 Level 1 Level 2  Level 1 Level 2 Level 1 Level 2 

 4.95g/L 57.45g/L 4.95g/L 57.45g/L 4.95g/L 57.45g/L 

P-Value 0.479 0.0417 0.657 0.0218 0.315 0.00991 

F-Value 0.757 3.581 0.426 4.421 1.208 5.502 

F-test Accept Ho Reject Ho Accept Ho Reject Ho Accept Ho Reject Ho 

Tukey’s Tα 0.480 0.462 0.485 0.485 0.421 0.461 

Tukey test µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 

µ1 ≠ µ3 

µ2 ≠ µ3 

 

µ1 = µ2 = µ3 µ1 = µ2 = µ3 

LSD 0.397 0.382 0.402 0.401 0.348 0.381 

LSD test µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 

µ1 ≠ µ3 

µ2 ≠ µ3 

 

µ1 = µ2 = µ3 µ1 = µ2 = µ3 

Bonferroni 

interval 

2.601≤ µ1≤3.163 

 
2.538≤ µ2≤3.100 

 

2.510≤ µ3≤3.072 

 

2.259≤ µ1≤2.799 

 
2.383≤ µ2≤2.923 

 

2.556≤ µ3≤3.096 

 

3.154≤ µ1≤3.722 

 
3.236≤ µ2≤3.804 

 

3.204≤ µ3≤3.772 

 

2.507≤ µ1≤3.075 

 
2.542≤ µ2≤3.110 

 

3.035≤ µ3≤3.603 

 

3.544≤ µ1≤4.036 

 
3.609≤ µ2≤4.101 

 

3.350≤ µ3≤3.842 

 

2.661≤ µ1≤3.201 

 
2.609≤ µ2≤3.149 

 

3.099≤ µ3≤3.639 
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Table 2.10: Results of salt type at two concentration levels (σ = 0.6 α = 0.05) 

 

 

 

 

 

 

 

 

 

 

  

               TF-200               TF-450             TF-1000  

 Level 1 Level 2  Level 1 Level 2 Level 1 Level 2 

 4.95g/L 57.45g/L 4.95g/L 57.45g/L 4.95g/L 57.45g/L 

P-Value 0.646 0.118 0.209 0.436 0.0192 0.418 

F-Value 0.444 2.319 1.660 0.857 4.590 0.902 

F-test Accept Ho Accept Ho Accept Ho Accept Ho Reject Ho Accept Ho 

Tukey’s Tα 0.763 0.502 0.603 0.622 0.524 0.616 

Tukey test µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 

LSD 0.632 0.416 0.499 0.515 0.434 0.510 

LSD test µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 

Bonferroni 

interval 

2.435≤ µ1≤3.329 

 

2.372≤ µ2≤3.266 

 

2.344≤ µ3≤3.238 

 

2.235≤ µ1≤2.823 

 

2.359≤ µ2≤2.947 

 

2.532≤ µ3≤3.120 

 

3.085≤ µ1≤3.791 

 

3.167≤ µ2≤3.873 

 

3.135≤ µ3≤3.841 

 

2.427≤ µ1≤3.155 

 

2.462 ≤ µ2≤3.190 

 

2.955≤ µ3≤3.683 

 

3.483≤ µ1≤4.097 

 

3.548≤ µ2≤4.162 

 

3.289≤ µ3≤3.903 

 

2.571≤ µ1≤3.291 

 

2.519≤ µ2≤3.239 

 

3.009≤ µ3≤3.729 
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Table 2.11: Results of salt type at two concentration levels (σ = 0.4 α = 0.01) 

 

               TF-200               TF-450              TF-1000  

 Level 1 Level 2  Level 1 Level 2 Level 1 Level 2 

 4.95g/L 57.45g/L 4.95g/L 57.45g/L 4.95g/L 57.45g/L 

P-Value 0.479 0.0417 0.657 0.0218 0.315 0.00991 

F-Value 0.766 3.581 0.426 4.421 1.208 5.502 

F-test Accept H
o
 Accept H

o
 Accept H

o
 Accept H

o
 Accept H

o
 Reject H

o
 

Tukey’s Tα 0.615 0.592 0.623 0.621 0.539 0.591 

Tukey test µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 

LSD 0.536 0.516 0.543 0.542 0.470 0.515 

LSD test µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 µ1 = µ2 = µ3 

Bonferroni 

interval 

2.503≤ µ1≤3.261 

 

2.440≤ µ2≤3.198 

 

2.412≤ µ3≤3.170 

 

2.164≤ µ1≤2.894 

 

2.288≤ µ2≤3.018 

 

2.461≤ µ3≤3.191 

 

3.054≤ µ1≤3.822 

 

3.136≤ µ2≤3.904 

 

3.104≤ µ3≤3.872 

 

2.408≤ µ1≤3.174 

 

2.443 ≤ µ2≤3.209 

 

2.936≤ µ3≤3.702 

 

3.457≤ µ1≤4.123 

 

3.522≤ µ2≤4.188 

 

3.263≤ µ3≤3.929 

 

2.567≤ µ1≤3.295 

 

2.515≤ µ2≤3.243 

 

3.005≤ µ3≤3.733 
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2.4 Conclusion 

A complete set of experimental data on air gap membrane distillation has been 

analyzed using the methods of statistical experimental design. The experimental data 

involves a study of the effects of salt concentration (at pre-set conditions of different 

input parameters such as  feed temperature, coolant temperature, and feed flow rate) on 

permeate flux for three different inorganic salts (MgCl2, Na2SO4, and NaCl) using three 

different commercial membranes (TF-200, TF-450 and TF-1000) in an air gap distillation 

unit. Several statistical techniques, i.e., F-test, Fisher LSD (least significant difference) 

test, Bonferroni test, and Tukey’s test for multiple comparison statistical significance 

testing were applied. All different tests converge to the same conclusion of the presence 

of significant differences between all membranes for the different salts. The effect of 

membrane type on permeate flux is found much more important in the case of low salt 

concentration of MgCl2, but the opposite result is indicated for NaCl. The TF-200 

membrane handles the three different salts at their low and high concentration levels in a 

comparable manner with no statistical difference. The uncertainty in the measured data 

proved to have dramatic effects on the statistically-based decision-making process related 

to the choice of a suitable membrane for handling certain salts.   
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Chapter 3: The Use of Factorial Design in the Analysis of Air-Gap 

Membrane Distillation Data 

A complete set of experimental data on air gap membrane distillation that has 

been reported before is analyzed using the methods of factorial experimental design. A 

two- and three-level factorial experimental design was applied to investigate the 

influence of the main operating parameters on permeation flux of water during membrane 

distillation (MD) of saline waters. The experimental data involves a study of the effects 

of salt concentration (at pre-set conditions of different input parameters such as  feed 

temperature, coolant temperature, and feed flow rate) on permeate flux for four different 

inorganic salts (MgCl2, NaCl, Na2CO3 and Na2SO4) using three different commercial 

membranes (TF-200, TF-450 and TF-1000) in an air gap distillation unit. Different sets 

of experimental data are used in performing two- and three-level factorial experimental 

designs. The objective is to gain an idea about the main effects of the involved factors 

and their interactions. The factorial models were obtained from experimental design to 

study involved interactions among the considered parameters (salt concentration in the 

feed stream, membrane type/porosity, and salt type) and validated statistically by analysis 

of variance (ANOVA). Based on analysis of the 2
2
 and 3

2
 factorial designs considered in 

this work, membrane porosity is found to be the most influential factor with a direct 

relationship with the permeation flux. Interaction terms are found to be statistically 

insignificant. The predicted responses were compared with the experimental ones. In 

general, the predicted values were in reasonable agreement with the experimental data, 

thus confirming the good prediction ability of the models.  When salt type  is treated as a 

third factor (factor C) besides salt concentration (A) and membrane porosity (B), some 

binary and ternary interactions were found significant for some salts.  

3.1    Introduction  

Several experiments in areas of engineering, medicine, and advanced industries 

are designed by involving the study of two or more factors on the response variable rather 

than the individual effect of a single factor as was advanced in Chapter 2. Full factorial 

design includes studying the effect of each factor (at some pre-set levels) on the response 

variable(s) in the experiment. Usually, two levels of each of k factors are considered in 
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the experimental study, which results in what’s called a 2
k
 factorial design. In the case of 

an experimental study where two levels are selected for each of two factors, the single-

replicated factorial design involves four combinations of treatments (runs). 

Factorial designs have several advantages over the one-factor-at-a-time 

experimental approach [2]. They have higher efficiency compared to the one-factor-at-a-

time-experiments in the sense that the number of experimental runs required for the same 

accuracy of effects is less. Factorial designs are also necessary when interactions between 

factors are significant to avoid misleading conclusions related to the main effects of the 

involved factors. Finally, factorial designs result in conclusions that are valid for a wide 

range of experimental conditions to estimate the effects of a factor at several levels of the 

other factors. 

Factorial experimental design is widely implemented in a variety of applied 

research areas. As an example, a factorial experimental design with two factors and five 

levels of each was employed by Martin et al. [18] to study the effects of coagulant and 

flocculant dosages at certain pH value in oily waste water treatment processes on two 

response variables: chemical oxygen demand (COD) and soluble total organic carbon 

(TOC). Using the analysis of variance method (ANOVA), coagulant dosage was found to 

be the most influential factor on both responses for all pH conditions [17]. Moreover, 

response surface methodology contour plots were implemented for each response 

variable. For the two factors, coagulant and flocculant dosages, at a certain pH condition, 

showed contour curves with a considerable curvature for TOC, indicating a significant 

interaction between the two factors at that pH. 

A factorial experiment was also designed in the filtration of oily water processes 

to study the removal of contaminants in batch and continuous systems [19]. Three levels 

(low, medium, and high) of two factors (packing density and flow rate) on two response 

variables (COD and turbidity) were employed in this study. Pareto charts were presented 

to describe the effect of each. 

Factorial experimental designs were also performed in the treatment of 

wastewater containing anionic polyacrylamide (APAM) in ultrafiltration processes [20]. 
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Effects of four factors at two levels each (pH, total dissolved solids (TDS), concentration 

of APAM and trans-membrane pressures), on flux reduction were investigated. In this 2
4
 

factorial experiment, the effect and trend of each factor was clearly investigated and plots 

for the main effects of each factor at different levels were generated. 

The effects of agitation speed and catalyst concentration on fatty acid methyl ester 

(FAME) concentration in the process of producing biodiesel from different animal fats 

were investigated by conducting a full factorial design experiment [21]. The main effects 

of agitation speed and FAME concentration were found significant, whereas interaction 

between the two factors was found to have a negligible effect on the response. Residual 

and normal probability plots were generated and validity for the regression model was 

established. The response surface plot for the regression model was presented and the 

best operating conditions for the process were determined. 

In another factorial experimental study to investigate the impact of pH, 

temperature, and phytomass loading weight on bio-sorption processes of heavy metal 

removal (Fe
3+

 and Zn
2+

) from wastewater,  the F-test and the corresponding p-value 

indicated statistically significant tests. Pareto charts for the effects on Fe
3+

 and Zn
2+ 

removal showed significant main effects, two-way and three-way interactions. Normal 

probability plots showed that the most influential factor was pH followed by temperature 

followed by T×pH  interaction [22]. 

Factorial design was also applied to the synthesis of silicate under three operating 

parameters: temperature, dilution ratio and amine type affecting the average crystal size 

of the silicalite crystals. In this 2
3
 full factorial design, the analysis of variance showed 

that the most influential effect was the main effect of temperature and the most influential 

interaction effect was that between the dilution ratio and amine type. A direct relation 

exists between temperature and average crystal size whereas an inverse relation exists 

between dilution ratio and average crystal size. The regression model was obtained based 

on the experimental data and then validated by residual plots. The experimental and fitted 

values were in a good agreement [25].  
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In another implementation of factorial designs, Velicˇkovic et al. [26] employed a 

3
3
 full factorial design for the optimization of sodium hydroxide-catalyzed synthesis of 

fatty acid ethyl esters (FAEE) from sunflower oil and ethanol. The effects of three 

factors: temperature, ethanol-to-oil ratio and catalyst loading affecting the FAEE 

production were studied. The ANOVA showed that the main effect of each factor, the 

binary interaction between temperature and ethanol-to-oil ratio, and the binary interaction 

between temperature and ethanol-to-oil ratio were significant at the 95% confidence 

level. The experimental data were then fitted to a second-order polynomial equation that 

relates the operating parameters to FAEE purity. A good agreement between the 

experimental and predicted values was obtained [26].  

Factorial experimental designs were also performed as a 2
4
 design  by Chowdhury 

et al. [27] where the goal was to investigate the hydrogen generation potential using an 

Eosin Y-sensitized TiO2/Pt catalyst beneath a visible solar beam in the occurrence of 

triethanolamine (TEOA) acting as an electron donor. Results based on ANOVA showed 

that visible light irradiation time is the most significant factor (a positive effect) followed 

by platinum content in the catalyst (a negative effect). In addition, the interaction 

between these two factors has a significant influence on hydrogen generation. The Eosin 

Y concentration and TEOA concentration had moderate positive effects on the response 

with a negligible interaction effect between them.  

The factorial design approach has also been used in the investigation of 

biosorption of chromium from water solutions. In order to meet the specifications 

concerning the amount of heavy metals contained in the solutions to be discharged, the 

removal of  Cr
3+

 and Cr
6+

 was studied. Carmona et al. [28] studied the effect of pH, 

temperature, and metal concentration in a 2
3
 factorial design. By the ANOVA, it was 

concluded that the most significant effect was the interaction between solution pH and 

metal concentration for Cr
3+

 biosorption. The most significant effect regarding Cr
3+

 

uptake was ascribed to the interaction between metal concentration and pH. For Cr
6+

, the 

most significant effect was ascribed to metal concentration. The main effect of metal 

concentration was the most significant one in the Cr
6+

 removal efficiency. The analysis 

was done based on the F-test and Student’s t-test.  
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In the study of boron removal from aqueous solutions, in which cerium oxide was 

the adsorbent used, a full 2
3
 factorial design has been considered. The amount of 

adsorbed boron was affected by three parameters: temperature, particle type and initial 

boron solution pH. It was concluded that all effects were significant where the effect 

order was temperature > temperature×particle type interaction > pH×particle type-

temperature interaction at a 90% confidence level. The regression equation was obtained 

at different confidence levels for comparison [29].  

A factorial design has also been employed in zinc removal from aqueous solutions 

using synthesized hydroxyapatite [30]. A 2
4
 factorial design has been used in which the 

effects of four experimental factors on the amount of zinc removed were studied. These 

factors included initial zinc concentration in solution, adsorbent dosage, calcium to 

phosphate (Ca/P) molar ratio and calcination temperature of hydroxyapatite, each at two 

levels, It was concluded that zinc concentration, Ca/P molar ratio and calcination 

temperature had negative effects on zinc adsorption, while adsorbent dosage had a 

positive effect. According to the ANOVA, adsorbent dosage and calcination temperature 

are the only significant factors in zinc adsorption. 

In membrane distillation processes, optimization of the operating conditions is of 

extreme importance for improving the processes. Factorial experimental design, 

therefore, finds growing interest in this evolving area of research. For example, 

Onsekizoglu et al. [23] used a two-level factorial design to study the effect of three major 

factor parameters, i.e., osmotic agent concentration of CaCl2, flow rate, and temperature 

difference (∆T) between the osmotic agent and the feed, on two response variables: 

evaporative flux (J) and soluble solid content (SSC). Results using ANOVA showed 

significant effects of CaCl2 concentration on evaporative flux and significant interaction 

between CaCl2 concentration and ∆T. It was  concluded  that the most influential effect 

on both response variables was the main effect of CaCl2 concentration. Polymeric 

membranes, which are considered as a potential substitute for some commercial micro-

porous membranes [13,14], are currently in demand due to their special characteristics in 

MD processes. Factorial experimental design has been employed in the preparation 

processes of those membranes, where the main effects of the factors involved in the 
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synthesis processes on certain response variables were investigated for their relative 

significance. Investigations of the effects on pure water permeation flux, permeate flux, 

and salt rejection coefficient were done by the analysis of variance (ANOVA) [13]. The 

factors studied include: copolymer and additive concentration, solvent evaporation time, 

and coagulation bath temperature. From the results of this study [13], the main effects of 

the three factors formed a direct proportionality with the salt rejection coefficient and an 

indirect proportionality with the permeate flux. Moreover, the main effect of 

Polyethylene Glycol (PEG) additive formed an indirect proportionality towards the three 

responses. The interaction between the factors in the regression model were omitted and 

not considered in the analysis. 

In this chapter, the same sets of experimental data that were used in Chapter 2 

(and presented in Appendix A) in a single-factor statistical analysis study will be used in 

performing statistical analyses based on the factorial design approach, that is, studying 

more than one factor for their main effects as well as for interactions between these 

factors. Towards this objective: (a) permeate flux data for each salt, at two levels of salt 

concentrations (low (-) and high (+)) and two levels of membrane porosity (low (-) and 

high (+)) will be used in a 2
2
 factorial design experiment,  (b) permeate flux data for each 

salt, at three levels of salt concentrations (low (0), medium (1) and high (2)) and three 

levels of membrane porosity (low (0), medium (1) and high (2)) will be used in a 3
2
 

factorial design experiment, and (c)  permeate flux data for two salts, each at two levels 

of salt concentration, for two levels of membrane porosity be used in a 2
3
 factorial design 

experiment. The data will be analyzed for the main effects of the involved parameters and 

their corresponding interaction effects. The F-test in combination with the ANOVA 

method will also be applied to these different cases. 

3.2    Methodology 

3.2.1     The 2
k
 and 3

k
 factorial designs 

Several experiments involve the study of more than one factor at different levels 

of each of these factors. In each complete trial of the experiment, investigation of all 

possible combinations of the levels of the factors is implemented. For experiments with k 
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factors, each studied at two levels, the total number of experimental observations in a full 

single replicate of the experiment involves 2
k
 measurements. The change in (average) 

response produced by a change in the (average) level of the factor is called the main 

effect of that factor. For example, while studying an experiment of two factors (A and B) 

at two levels (low and high), the main effect of A is the difference between the average 

response value at the low level of factor A (yA-)  and the average response at the high 

level of factor A (yA+). Interaction between different factors occurs when the difference 

in response between the levels of one factor is dependent on levels of the other factors. 

Thus, in a 2
2
 factorial experiment, the magnitude of interaction between factors A and B 

is the average difference in the two effects of A at the low level and high levels of B. The 

interaction effect can be analyzed graphically by plotting the response data against factor 

A for example for both levels of factor B, as shown in Fig. 3.1 for a 2
2
 design. Parallel 

lines indicate an absence of interaction (Fig. 3.1-a), whereas un-parallel lines indicate the 

presence of interaction between the two factors (Fig. 3.1-b).  

 

 

  

 

 

(a)                                                            (b) 

Fig. 3.1 Factorial Design without (a) and with Interaction (b) [2] 

Another way to illustrate the interaction when the response variables are 

quantitative is provided by the associated regression model, which is, for a two-factorial 

experiment, written as:  

0 1 1 2 2 12 1 2y = β + β x + β x + β x x + ε    (3.1) 

where y is the response and the β's are parameters related to the respective effects. 

Specifically, values of βi and βij equal half of the main effect of factor (i) and half of the 

interaction effect of factors i and j (i×j), respectively  [2]. The magnitude of any specific 
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β signifies the respective effect; the higher the value of β, the more significant the 

corresponding effect. Response surface plot is usually generated by plotting y versus the 

involved factors. Significant interaction between factors causes a twist in the response 

surface plot, and, thus, curved contour lines (curves for a constant y-value). These basic 

concepts can be reviewed in any fundamental textbook in experimental design [2].   

When each of the k factors is studied at three levels, classified as low, 

intermediate and high, a 3
k
 factorial design is obtained. Different notations could be used 

to express the levels: one way is to present the levels by digits -1 (low), 0 (intermediate), 

and 1 (high). In the 3
k
 design, each treatment combination is denoted by k digits. For 

example, considering two factors, the combination would be of two digits, where the first 

digit refers to the A level and the second digit refers to B level, i.e., 1,0 denotes the 

treatment combination corresponding to A at the high level and B at the intermediate 

level. The geometry of the 3
2 

design in Fig. 3.2 shows the treatment combinations using 

this notation.  

 

 

 

 

Fig. 3.2 Treatment Combinations of the 3
2 

Factorial Design 

In the 3
2
 design, the regression model which relates the response variable to the 

factors’ levels assumes the form indicated in Eq. (3.2). The adequacy of the predicted 

model must be checked by a tool called residual analysis. Residuals, or errors, refer to the 

deviation of the measured observation from the corresponding model predicted one 

according to Eq.  (3.3).  

2 2

0 1 1 2 2 12 1 2 11 1 22 2y = β + β x + β x + β x x + β x + β x +ε                                           (3.2)    

eij = yij -   ij                                                                                                          (3.3) 
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In generating ANOVA tables, three assumptions are usually utilized: normality, constant 

variance, and independence. To check the normality assumption, the normality plot of 

residuals is used. If the normality assumption is satisfied, then a normal plot for the 

residuals will be obtained which will show all residuals on a straight line. To check for 

the assumption of constant variance, the plot of residuals versus fitted response values is 

used. If no pattern is observed from the plot, then the assumption of constant variance is 

satisfied. Finally, to check for the independence assumption, a plot of residuals versus run 

order is used. The latter assumption is satisfied if the plot does not reveal any pattern. It is 

to be noted here that these assumptions were forcefully satisfied as was discussed in 

Chapter 2. That is, since the data were not replicated in the original study, replicates of 

the data were generated by sampling from a normal distribution with constant mean 

(which is set at the measured observation) and a constant standard deviation.      

3.2.2    Response surface and contour plot methodology 

This technique is a combination of mathematical and statistical techniques that are 

helpful for modeling experimental data where the response variable is influenced by the 

factors of the experiment. The objective usually, is to optimize the response. In a two-

factor experiment, the response variable (y) is a function of x1 and x2 as:  

  1 2y  f x ,  x                                                                                              (3.4)                                                            

where ε represents the error in the response.  

Suppose the expected surface is denoted by E(y) = Ƞ, then the surface is represented as:  

   1 2E y f x ,  x                                                                                           (3.5) 

In a factorial design of k factors, prior to plotting the response surface, the relationship 

between the response variable as function of the independent variables must be expected. 

For some designs, the model is a linear function of the factors and it is considered a first-

order model as follows: 

0 1 1 2 2 k  ky   x  x  ....  x                                                                                 (3.6) 
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In the presence of interaction, a higher degree polynomial should be used and the model 

is represented as a second-order model as in Eq. (3.7) for the k-factor design. Curvature 

in the system is observed in the 3D surface plot for this model.  

2

0

1 1

k k

i i ii i ij i j

i i

y x x x x    
 

                                             (3.7)                                  

 

 

 

 

 

                                                    

(a)                                                              (b) 

Fig. 3.3 Contour Plots without (a) and with Interaction (b) [2] 

The graphical representation of the model is of great importance. The 3-D 

response surface with its y dependence on factors expressed as x1 and x2 in a 2-factor 

experimental design has direct impact on contour plots, which are representations of lines 

of constant response in the x1-x2 plane. When the response surface is a plane in the 

absence of interaction effects, the contour plot contains parallel lines as shown in Fig. 

3.3-a. However, when the plane is twisted as a result of significant interaction, curvature 

in the contour lines are obtained as shown in Fig. 3.3-b. 

In all factorial designs considered here, i.e., 2
k
 and 3

k
, the methodology followed 

incorporates the following tasks: 1) computation of all involved main effects of the 

factors and their interactions; 2) constructing of all involved ANOVA tables for all 

experimental designs extracted from the base data set, and 3) generating of the governing 

regression model and the corresponding response surface and contour plots. These three 

tasks are directly interrelated and actually derived from the same contrast corresponding 

to the effect under study. Consider, for example the 2
2
 factorial design indicated in Table 

3.3, with two factors, A = salt concentration, g/l at a low level (-1) of 6.0 g/l and a high 

level (+1) of 100 g/l, and B = membrane porosity at a low level (-1) of 0.20 µm and a 
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high level (+1) of  1.0 µm. Table 3.3 shows the response variable, y (i.e., the permeation 

rate of water across the membrane) at the corresponding four combination of factors A 

and B. For a certain effect “j”, such as j = A, j = B or the interaction effect j = A×B, the 

corresponding contrast is defined as: 

i=4

j ij i

i=1

C  = Sign y  (3.8) 

where Signij represents the sign in the column corresponding to effect “j”, and yi is the 

corresponding response value. For example, based on the data in Table 3.3:  

A iA iC  = Sign y  = -2.804 + 2.005 - 3.694 + 3.525= -0.968   (3.9) 

The main effect of the corresponding factor (Ej) is: 

 k

j jE  = C / 2 /2  (3.10) 

Hence, the effect of factor A is: 

EA = CA/(2
2
/2) = -0.484 (3.11) 

The negative sign indicates an inverse effect of factor A, i.e., as factor A increases in 

value, the response tends to decrease. The regression coefficients that go with the 

regression model Eq. (3.1), for such a 2
2
 factorial design, are half of the corresponding 

effect (the leading term, β0, however, is the grand arithmetic average of all observations 

in the study). For example: 

j jβ  = E /2  (3.12)  

ANOVA is based on partitioning the overall sum of squared deviations into an individual 

sum of squares associated with each source of variability. For example, for a 2
2
 factorial 

design experiment: 

T A B AB ErrorSS  = SS  + SS  + SS  + SS         (3.13) 
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For a 2
k
 single replicate factorial experiment, each SSj term on the right-hand side of Eq. 

(3.13) is related to the corresponding contrast, Cj according to Eq. (3.14):  

2 k

j jSS  = C /2          (3.14) 

The total sum of squares, SST, can be calculated using the defining equation below: 

 
k2

2

T i

i=1

SS  = y -y           (3.15) 

The number of degrees of freedom associated with each factor in a factorial experiment 

equals the number of levels associated with that factor minus 1 and the number of 

degrees of freedom associated two factor interaction, like A×B, equals the product of the 

degrees of freedom of the involved factors. The mean sum of squared deviations (MS) is 

simply the sum of squares divided by the corresponding degrees of freedom.  The ratio of 

a certain mean of squares, MSi (with degrees of freedom νi) to another MSj (with degrees 

of freedom νj) is known to be distributed as an F-distribution with degrees of freedom νi 

and νj 

i i ji, j, ,MS / MS  F  
j               (3.16) 

Thus, for each factorial experiment, an ANOVA table, such as Table 3.1, can be 

constructed.  

Table 3.1: ANOVA for the two-factor model, one observation per cell 

Source of 

Variation 

Sum of Squares Degrees of 

Freedom 

Mean Square F-values 

Rows (A) SSA a-1 MSA= SSA/a-1 MSA/MSError 

Columns (B) SSB b-1 MSB= SSB/b-1 MSB/MSError 

Errors SSError: Eq. (3.13) (a-1)(b-1) MSError  

Total SST ab-1   
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3.3 Results and Discussion 

3.3.1   The 2
2
 factorial designs 

For the 2
2
 factorial design, a subset of four data points were selected for each salt; 

the two factors selected are: A = salt concentration level in g/l and B = membrane 

porosity in µm, each at two levels (low and high). Tables 3.2-3.5 present the design 

matrix, calculated contrasts, main effects and interaction, the regression model, and the 

full ANOVA table. It is worth mentioning that for a 2
2
 factorial experiment (actually for a 

2
k
 experiment in general) with no replications, there remains no degree of freedom to 

estimate the experimental error. When the two factor interaction is statistically 

insignificant, the error is already confounded with that interaction effect. The analysis of 

variance (ANOVA) in the following tables is based on the F-test where the null 

hypothesis is rejected if the test statistic is greater than or equal to Fcritical which is  

Fα,numerator degrees of freedom, denominator degrees of freedom; otherwise the null hypothesis is accepted. 

As an example, Table 3.2 shows that the F ratio of factor B is MSB/MSE = 14.63 << 

F0.05,1,1 = 161.45 and the calculated p-value is 0.163 > α. Hence, the null hypothesis (no 

effect of membrane porosity on permeate flux) is accepted with strong evidence. It is 

noticed from the results in these tables that, for NaCl, Na2SO4 and Na2CO3, the absolute 

main effect of factor A (salt concentration level) is always smaller than the absolute main 

effect of factor B (membrane porosity). This is also verified in the ANOVA table as 

reflected by the calculated p-values; i.e., p-values for factor A are greater than those for 

factor B (Tables 3.2-3.5). This indicates that the porosity of the membrane is more 

important than salt concentration level using the three salts mentioned earlier. However, 

concentration level is found to be of greater significance compared to membrane porosity 

using MgCl2. Moreover, for all salts considered, the effect of A is negative, whereas that 

of B is positive, indicating that the permeate flux is inversely proportional to salt 

concentration and directly proportional to membrane porosity, both of which are 

physically expected. Fig. 3.4 presents a bar chart for all effects involved in the 2
2
 factorial 

experiments under study. Results in this figure show that the concentration level of the 

salt affect permeation rate following this order: MgCl2 ˃  NaCl ˃ Na2SO4 ˃ Na2CO3. This 

is evidently not explainable in terms of salt molar masses, which go in this order for these 

salts, respectively: molar mass of Na2SO4 ˃  Na2CO3 ˃ MgCl2 ˃ NaCl. However, 
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considering the cation stoichiometry of the salts, MgCl2 and  NaCl salts are sorted in the 

first  group having cation stoichiometry of 1. On the other hand, Na2SO4 and Na2CO3 are 

sorted in the second group having cation stoichiometry of 2. It can be said that within 

each group permeability increases with the molar mass of the solute. Fig. 3.4 also shows 

that the effect of membrane porosity on permeation rate follows this order: NaCl ˃ 

Na2SO4 ˃ MgCl2 ˃ Na2CO3. However, the effect of membrane porosity in the three cases 

of Na2SO4, Na2CO3, and MgCl2 are comparable to each other. 

Using only 4 experimental points in a 2
2
 factorial design, the predictive capability 

of the resulting statistical model is shown in Figs. 3.5-3.8. For the four salts, excellent 

agreement between experimental observations of the permeate flux and the predicted 

ones is observed. Actually, the model works more satisfactorily using NaCl compared to 

MgCl2, Na2SO4 and Na2CO3 for the membrane not used in the factorial experiment data 

base, that is the TF-450 membrane where the porosity is 0.45 µm. It is worthwhile to 

mention that both independent variables in the resulting statistical model are coded 

(scaled) such that the low-level values correspond to -1 and the high-level values 

correspond to +1. Therefore, the scaled value for the 0.45 µm porosity becomes -0.375.  

 

Fig. 3.4 Main Effects of Factors and Their Interaction in a 2
2
 Factorial Experiment for the 

AGMD Experimental Data 
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Fig. 3.5 Permeate Flux (Predicted and Experimental) Versus NaCl Concentration Levels   

for TF-200, TF-450, TF-1000 

 

 

 

 

 

 

 

 

 

Fig. 3.6 Permeate Flux (Predicted and Experimental) Versus MgCl2 Concentration Levels 

for TF-200, TF-450, TF-1000 
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Fig. 3.7 Permeate Flux (Predicted and Experimental) Versus Na2SO4 Concentration Levels 

for TF-200, TF-450, TF-1000 

 

 

 

 

 

 

 

 

 

 

Fig.  3.8 Permeate Flux (Predicted and Experimental) Versus Na2CO3 Concentration Levels 

for TF-200, TF-450, TF-1000 
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Table 3.2: Analysis of NaCl data as a 2
2
 factorial design 

Factors     Low level (-)  High level (+) 

A = salt concentration, g/l   6.0 g/l                100 g/l 

B = membrane porosity, µm  0.20 µm   1.0 µm 

Treatment 

combination 
A B AB y 

Contrast 

A×y 

Contrast 

B×y 

Contrast 

(A×B)×y 

[1] - - + 2.804 -2.804 -2.804 2.804 

a + - - 2.005 2.005 -2.005 -2.005 

b - + - 3.694 -3.694 3.694 -3.694 

ab + + + 3.525 3.525 3.525 3.525 

Effects -0.4840 1.2050 0.3150  

Regression 

Model 
3.0070 - 0.242 x1 + 0.6025 x2 + 0.1575 x1x2 

ANOVA 

Source of 

Variation 

Sum of Squares 

(SS) 

Degrees of 

freedom (DF) 

Mean Squares 

(MS) 
F-value p-value 

A 0.23426 1 0.23426 
2.36 0.367 

B 1.45202 1 1.45202 
14.63 0.163 

AB + Error 0.09923 1 0.09923   

Total 1.78551 3 
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Table 3.3:  Analysis of MgCl2 data as a 2
2
 factorial design 

 

Factors     Low level (-)  High level (+) 

A = salt concentration, g/l                 6.0 g/l                 90 g/l 

B = membrane porosity, µm  0.2µm   1.0 µm 

Treatment 

combination 
A B AB 

Response, 

y 

Contrast 

A×y 

Contrast 

B×y 

Contrast 

(A×B)×y 

[1] - - + 2.888 -2.888 -2.888 2.888 

a + - - 2.342 2.342 -2.342 -2.342 

b - + - 3.648 -3.648 3.648 -3.648 

ab + + + 2.556 2.556 2.556 2.556 

Effects -0.8190 0.4870 -0.2730  

Regression Model 2.8585- 0.4095x1 + 0.2435x2 - 0.1365x1x2 

ANOVA 

Source of Variation 
Sum of Squares 

(SS) 

Degrees of freedom 

(DF) 

Mean 

Squares 

(MS) 

F-value p-value 

A 0.67076 1 0.67076 8.99 
0.205 

B 0.23717 1 0.23717 3.18 
0.325 

AB+error 0.07453 1 0.07453   

Total 0.98246 3    
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Table 3.4: Analysis of Na2SO4 data as a 2
2
 factorial design 

 
Factors     Low level (-)  High level (+) 

A = salt concentration, g/l                6.0 g/l                100 g/l 

B = membrane porosity, µm  0.2 µm   1.0 µm 

Treatment 
combination 

A B AB 
Response, 
y 

Contrast 
A×y 

Contrast 
B×y 

Contrast 
(A×B)×y 

[1] - - + 2.853 -2.853 -2.853 2.853 

a + - - 2.600 2.600 -2.600 -2.600 

b - + - 3.566 -3.566 3.566 -3.566 

ab + + + 3.059 3.059 3.059 3.059 

Effects -0.380 0.586 -0.127  

Regression 
Model 

3.020 - 0.190x1 + 0.293x2 - 0.063x1x2 

ANOVA 

Source of 

Variation 

Sum of Squares 

(SS) 

Degrees of 

freedom (DF) 

Mean Squares 

(MS) 
F-value p-value 

A 
0.1444 

1 
0.1444 8.95 0.205 

B 
0.3434 

1 
0.3434 21.29 0.136 

AB + Error 
0.0161 

1 0.0161   

Total 
0.5039 

3    
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Table 3.5: Analysis of Na2CO3 data as a 2
2
 factorial design 

 
Factors     Low level (-)  High level (+) 

A = salt concentration, g/l                5.29 g/l               21.19 g/l 

B = membrane porosity, µm  1.0 µm   0.20 µm 

Treatment 

combination 
A B AB 

Response, 

y 

Contrast 

A×y 

Contrast 

B×y 

Contrast 

(A×B)×y 

[1] - - + 2.838 -2.838 -2.838 2.838 

a + - - 2.712 2.712 -2.712 -2.712 

b - + - 3.302 -3.302 3.302 -3.302 

ab + + + 3.090 3.090 3.090 3.090 

Effects -0.169 0.421 -0.043     

Regression 

Model 
2.986 - 0.0845 x1 + 0.211 x2 - 0.0215 x1x2 

ANOVA 

Source of 

Variation 

Sum of Squares 

(SS) 

Degrees of 

freedom (DF) 

Mean Squares 

(MS) 
F-value p-value 

A 0.0286 1 0.0286 15.459 
0.159 

B 0.177 1 0.177 95.676 
0.065 

AB+error 0.00185 1 0.00185   

Total 0.20745 3    
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3.3.2   The 3
2
 factorial designs 

In the 3
2
 factorial design, nine experimental observations for the response variable 

at three levels (low, intermediate, and high) of each of two factors are used in the analysis 

(Tables 3.6-3.9). Three-level factorial designs are usually invoked when a highly nonlinear 

relationship exists between the response variable and its independent variables.  However, 

in section 3.3.1 a factorial design of 2
2
 was found adequate to represent the functional 

relationship between the response variable (permeate flux) and its independent variables 

(salt concentration and membrane porosity). Therefore, the case of a 3
2
 factorial design is 

expected to yield the same general conclusions with improved predictions for the main 

effects and the interactions, which are easily verified by the results in Tables 3.6-3.9. As in 

the previous case of the 2
2
 factorial design, the absolute main effects of salt concentration 

are less than the absolute main effects of membrane porosity for all salts except MgCl2. 

This is also proven from the pareto charts (Fig. 3.11). Membrane porosity is considered to 

be a significant factor for the cases of NaCl, MgCl2 and Na2SO4 salts (Tables 3.6-3.8). 

However, for Na2CO3, membrane porosity is shown not to be significant (Table 3.9, Fig. 

3.11d) where FB =1.43 < Fα,1,5 = 6.61and the p-value = 0.285 > 0.05. As for the interaction 

effects, Tables 3.6-3.9 show that those effects are insignificant at the 95% confidence 

intervals for the four salts, where it is highest using NaCl. Again, in all regression models 

presented in Tables 3.6-3.9, all independent variables are scaled such that the lowest level 

corresponds to -1, the intermediate level corresponds to 0, and the highest level 

corresponds to +1.    
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Table 3.6: Analysis of NaCl data as a 3
2
 factorial design 

 
Factors    Low (-1)   Intermediate (0)        High (+1) 

A = salt concentration, g/l  6.0 g/l             58.0 g/l                      100 g/l 

B = membrane porosity, µm 0.2 µm  0.45 µm          1.0 µm 

Treatment combination Response, y 

-1,-1 2.804 

-1,0 3.279 

-1,1 3.694 

 0,-1 2.362 

0,0 2.822 

0,1 3.600 

1,-1 2.005 

1,0 2.452 

1,1 3.525 

Effects 

A B AB 

-0.6606 1.0917 0.2009 

Regression Model 

2.9995 - 0.3303x1 + 0.5459x2 + 0.1005 x1x2 

ANOVA 

Source of 

Variation 

Sum of 

Squares (SS) 

Degrees of 

freedom (DF) 
Mean Squares (MS) F-value 

p-

value 

A 0.64268 1 0.64268 72.41 0.000 

B 1.86796 1 1.86796 210.45 0.000 

AB 0.04244 1 0.04244 4.78 0.080 

Error 0.04438 5 0.00888   

Total 2.59476 8    
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Table 3.7: Analysis of MgCl2 data as a 3
2
 factorial design 

 

Factors    Low (-1)             Intermediate (0)    High (+1) 

A = salt concentration, g/l  6.0 g/l              58.0g/l     90 g/l 

B = membrane porosity, µm 0.2 µm             0.45 µm    1.0 µm 

Treatment combination Response, y 

-1,-1 2.888 

-1,0 3.476 

-1,1 3.648 

 0,-1 2.550 

0,0 2.780 

0,1 2.972 

1,-1 2.342 

1,0 2.351 

1,1 2.556 

Effects 

A B AB 

-0.9490 0.4520 -0.2242 

Regression Model 

2.9051 - 0.4745x1 + 0.2260x2 - 0.1121x1x2 

ANOVA 

Source of 

Variation 

Sum of 

Squares (SS) 

Degrees of freedom 

(DF) 

Mean 

Squares 

(MS) 

F-value p-value 

A 1.34631 1 1.34631 77.82 0.000 

B 0.31791 1 0.31791 18.38 0.008 

AB 0.05364 1 0.05364 3.10 0.139 

Error 0.08650 5 0.01730   

Total 1.80436 8    
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Table 3.8: Analysis of Na2SO4 data as a 3
2
 factorial design 

 

 

Factors    Low (-1)             Intermediate (0)      High (+1) 

A = salt concentration, g/l               6.0 g/l              58.0 g/l                  100 g/l 

B = membrane porosity, µm 0.2 µm               0.45 µm       1.0 µm 

Treatment combination Response, y 

-1,-1 2.853 

-1,0 3.534 

-1,1 3.566 

 0,-1 2.713 

0,0 3.227 

0,1 3.285 

1,-1 2.600 

1,0 2.979 

1,1 3.059 

Effects 

A B AB 

-0.4509 0.5030 -0.1004 

Regression Model 

3.1299 - 0.2255x1+ 0.2515 x2 - 0.0502 x1x2 

ANOVA 

Source of 

Variation 

Sum of 

Squares (SS) 

Degrees of freedom 

(DF) 

Mean Squares 

(MS) 
F-value p-value 

A 0.29941 1 0.29941 6.22 0.055 

B 0.39653 1 0.39653 8.24 0.035 

AB 0.01060 1 0.01060 0.22 0.659 

Error 0.24060 5 0.04812   

Total 0.95254 3    
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Table 3.9: Analysis of Na2CO3 data as a 3
2
 factorial design 

Factors    Low (-1)           Intermediate (0)    High (+1) 

A = salt concentration, g/l  5.29 g/l           10.59 g/l               21.19 g/l 

B = membrane porosity, µm 0.2 µm           0.45 µm    1.0 µm 

Treatment combination 

 

Response, y 

-1,-1 2.838 

-1,0 3.498 

-1,1 3.302 

 0,-1 3.068 

0,0 3.342 

0,1 3.290 

1,-1 2.712 

1,0 3.302 

1,1 3.090 

Effects 

A B AB 

-0.19788 0.25732 -0.02272 

Regression Model   

3.16558 - 0.09894 x1 + 0.12866 x2 - 0.01136 x1x2 

ANOVA 

Source of 

Variation 

Sum of Squares 

(SS) 

Degrees of 

freedom (DF) 

Mean Squares 

(MS) 
F-value p-value 

A 0.059133 1 0.059133 0.83 0.403 

B 0.106007 1 0.106007 1.43 0.285 

AB 0.000560 1 0.000560 0.01 0.933 

Error 0.356647 5 0.071329   

Total 0.522348 3    
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3.3.3   The 2
3
 factorial designs 

In the 2
3
 factorial design, three factors of interest, each at two levels (low (-1) and 

high (+1)) are considered. The three factors considered here are: salt concentration (A), 

membrane porosity (B) and salt type (C). The two levels considered for each of these 

factors are included in the upper part of each of Tables 3.10-3.11. Each of these tables 

includes the design matrix with all involved effects (main effects, two-factor interactions, 

and three-factor effects), the associated regression model, and the associated ANOVA. 

Considering  MgCl2 to represent the low-level and  NaCl to represent the high level of the 

salt type factor, the results in Table 3.10 show a significant (inverse) effect of the salt 

concentration in the feed (factor A), a significant (direct) effect of the membrane porosity 

(factor B), and a marginal effect of the salt type (factor C) on the permeate flux. The 

implication of these results is that the type of salt (between MgCl2 and NaCl) handled by 

a certain membrane is of marginal importance, whereas the salt concentration and 

membrane porosity are of major importance in the selection of an appropriate membrane.  

It is interesting to note that the interaction A×B is negligible relative to A×C,  B×C, and  

A×B×C. The high value of the three-factor interaction is believed to result from the 

significant B×C interaction, which is of the same order of magnitude as those of the main 

effect. High value of the B×C interaction implies an effect of porosity that is highly 

dependent on the salt type. This result, in view of the fact that the salt type determines its 

size, becomes expected. The ANOVA table appearing in the lower part of Table 3.10 

verifies, at a confidence level of 95%, the above findings about the significance of the 

main and interaction effects. The regression model resulting from the usage of 8 

experimental observations in this 2
3
 factorial design (out of all reported sets of data for 

the two salts) is also represented in Table 3.10. The model is capable of representing the 

whole body of experimental data for NaCl and MgCl2 (Figs. 3.5 and 3.6, respectively). 

The agreement between the predicted and experimental results, even for the membrane 

(TF-450) not included in the analysis is excellent. This reflects a linear relationship 

between the permeate flux and the other factors, thus accurate interpolation and 

extrapolation.   

By taking into account Na2SO4 to represent the low-level and Na2CO3 to represent 

the high level of the salt type factor, the main effect of each factor and the three-way 
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interaction effect are found to be significant. However, the ANOVA table in the lower 

part of Table 3.11, at a confidence level of 95%, shows that the A×C interaction is 

insignificant. Also, the B×C interaction is found to be insignificant despite the statistical 

significance of B and C’s main effects. The regression model of the 2
3
 factorial design is 

also presented in the same table. The model is capable of predicting the permeate flux 

response for Na2SO4 and Na2CO3 (Figs. 3.7 and 3.8). Even for the TF-450 membrane, 

which is not included in the factorial experiment data base, the model works quite 

satisfactorily.  

 

 

 

 

 

 

 

 

 

 

  



75 
 

 

Table 3.10: Analysis of membrane distillation data as a 2
3
 factorial design (MgCl2 - NaCl) 

Factors     Low (-1)   High (1) 

A = salt concentration, g/l                6.0 g/l   90.0 g/l 
B = membrane porosity, µm  0.20 µm   1.0 µm 

C = Salt type    MgCl2   NaCl 

Run A B C y A×y B×y C×y 
(A×B)

×y 

(A×C)

×y 

(B×C)

×y 

(A×B×

C)×y 

[1] - - - 2.888 -2.888 -2.888 -2.888 2.888 2.888 2.888 -2.888 

a + - - 2.342 2.342 -2.342 -2.342 -2.342 -2.342 2.342 2.342 

b - + - 3.648 -3.648 3.648 -3.648 -3.648 3.648 -3.648 3.648 

ab + + - 2.556 2.556 2.556 -2.556 2.556 -2.556 -2.556 -2.556 

c - - + 2.804 -2.804 -2.804 2.804 2.804 -2.804 -2.804 2.804 

ac + - + 2.090 2.090 -2.090 2.090 -2.090 2.090 -2.090 -2.090 

bc - + + 3.694 -3.694 3.694 3.694 -3.694 -3.694 3.694 -3.694 

abc + + + 3.543 3.543 3.543 3.543 3.543 3.543 3.543 3.543 

Effects 

A B C AB AC BC ABC 

-0.6258 0.82925 0.17425 0.00425 0.19325 0.34225 0.27725 

       Regression Model 

 

2.9456 - 0.3129x1 + 0.4146x2 + 0.0871x3 + 0.0021x1x2 + 0.0966x1x3 + 0.1711x2x3 + 0.1386x1x2x3 

ANOVA 

Source of 

Variation 

Sum of Squares 

(SS) 

Degrees of 

freedom (DF) 

Mean Squares 

(MS) 
F-value p-value 

A 0.78313 1 0.78313 
21681.34 0.0043 

B 1.37531 1 1.37531 
38076.14 0.0033 

C 0.06073 1 0.06073 
1681.34 0.0155 

AC 0.07469 1 0.07469 
2067.829 0.0140 

BC 0.23427 1 0.23427 
6485.88 0.0079 

ABC 0.15374 1 0.15374 
4256.368 0.0098 

AB+error 3.612E-05 1 3.612E-05 
  

Total 2.681896 7    
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Table 3.11: Analysis of membrane distillation data as a 2
3
 factorial design (Na2SO4 - Na2CO3) 

Factors     Low (-1)   High (1) 

A = salt concentration, g/l                5.29 g/l   21.19 g/l 

B = membrane porosity, µm  0.20 µm   1.0 µm 

C = Salt type    Na2SO4               Na2CO3 

Run A B C y A×y B×y C×y 
(A×B)

×y 

(A×C)

×y 

(B×C)

×y 

(A×B×

C)×y 

[1] - - - 2.855 -2.855 -2.855 -2.855 2.855 2.855 2.855 -2.855 

a + - - 2.812 2.812 -2.812 -2.812 -2.812 -2.812 2.812 2.812 

b - + - 3.570 -3.570 3.570 -3.570 -3.570 3.570 -3.570 3.570 

ab + + - 3.484 3.484 3.484 -3.484 3.484 -3.484 -3.484 -3.484 

c - - + 2.838 -2.838 -2.838 2.838 2.838 -2.838 -2.838 2.838 

ac + - + 2.712 2.712 -2.712 2.712 -2.712 2.712 -2.712 -2.712 

bc - + + 3.302 -3.302 3.302 3.302 -3.302 -3.302 3.302 -3.302 

abc + + + 3.090 3.090 3.090 3.090 3.090 3.090 3.090 3.090 

Effects 

A B C AB AC BC ABC 

-0.11675 0.55725 -0.19475 -0.03225 -0.05225 -0.13625 -0.01075 

       Regression Model 

 

3.082875-0.05838x1 + 0.27863x2 - 0.09737x3 - 0.01613x1x2 -0.02613 x1x3-0.06812 x2x3 -0.00538 x1x2x3 

 

ANOVA 

Source of 
Variation 

Sum of Squares 
(SS) 

Degrees of 
freedom (DF) 

Mean Squares 
(MS) 

F-value p-value 

A 
0.00170 

1 
0.00170 170 0.049 

B 
0.03882 

1 
0.03882 3882 0.010 

C 
0.00474 

1 
0.00474 474 0.029 

AC 
0.00013 

1 
0.00013 13 0.172 

BC 
0.00034 

1 
0.00034 34 0.108 

ABC 
0.00232 

1 
0.00232 232 0.042 

AB+error 
0.00001 

1 
0.00001  

 

Total 
0.04807 

 
7    
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 (a) NaCl 

 

 

 

 

 

 

 

 

 

 

 

(b) MgCl2 

 

Fig. 3.9 3D Surface Plots 
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(c) Na2SO4 

 

 

 

 

 

 

 

 

 

 

(d) Na2CO3 

Fig. 3.9 3D Surface Plots (Continued) 
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        (a) NaCl 

 

 

 

 

 

 

 

 

 

 

(b) MgCl2 

 

Fig. 3.10 Contour Plots 
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(c) Na2SO4 

 

 

 

 

 

 

 

 

 

 

 

(d) Na2CO3 

 

Fig. 3.10 Contour Plots (Continued) 
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(a) NaCl 

 

 

 

 

 

 

 

 

 

 

(b) MgCl2 

 

Fig. 3.11 Pareto Charts 
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(c) Na2SO4 

 

 

 

 

 

 

 

 

 

 

(d) Na2CO3 

 

Fig. 3.11 Pareto Charts (Continued) 
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(a) NaCl  

 

 

 

 

 

 

 

 

 

 

 

(b) MgCl2  

 

Fig. 3.12 Normal Probability Plots 
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(c) Na2SO4 

 

 

 

 

 

 

 

 

 

                                 

 

(d) Na2CO3 

 

Fig. 3.12 Normal Probability Plots (Continued) 
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(a) NaCl 

 

 

 

 

 

 

 

 

 

 

 

(b) MgCl2 

 

Fig. 3.13 Residuals Versus Fitted Values 
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(c) Na2SO4 

 

 

 

 

 

 

 

 

 

 

 

(d) Na2CO3 

 

Fig. 3.13 Residuals Versus Fitted Values (Continued) 
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3.3.4 Summary of results 

 

Table 3.12: Predicted flux response for the four salts in coded units at 2 levels of each factor 

Salt Regression model 

NaCl 3.0070 - 0.242 x1 + 0.6025 x2 + 0.1575 x1x2 

MgCl2 2.8585- 0.4095x1 + 0.2435x2 - 0.1365x1x2 

Na2CO3 2.986 - 0.0845 x1 + 0.211 x2 - 0.0215 x1x2 

Na2SO4 3.0760 - 0.1335x1 + 0.3495x2 - 0.0070x1x2 

 

Table 3.13: Predicted flux response for the four salts in coded units at 3 levels of  each factor 

Salt Regression model 

NaCl 2.9995 - 0.3303x1 + 0.5459x2 + 0.1005 x1x2 

MgCl2 2.9051 - 0.4745x1 + 0.2260x2 - 0.1121x1x2 

Na2CO3 3.16558 - 0.09894 x1 + 0.12866 x2 - 0.01136 x1x2 

Na2SO4 3.1299 - 0.2255x1+ 0.2515 x2 - 0.0502 x1x2 
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Table 3.14: Predicted flux response for 2
3
 design 

 Regression model 

MgCl2, 

NaCl 

2.945625 - 0.31288x1 + 0.414625x2 + 0.087125x3 + 0.002125x1x2 + 

0.096625x1x3 + 0.171125x2x3 + 0.138625x1x2x3 

MgCl2, 

Na2SO4 

 

 2.9491 - 0.29x1 + 0.2716x2 + 0.0906x3 - 0.097x1x2 + 0.1199x1x3 + 

0.028125x2x3 + 0.0399x1x2x3 

 

MgCl2, 

Na2CO3 

 

3.1575 - 0.0655x1 + 0.309x2 - 0.04225x3 - 0.027x1x2 + 0.00275x1x3 - 

0.04825 x2x3 - 0.00425x1x2x3 
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3.4 Conclusion 

Factorial design allows identification of the most important parameters affecting 

the permeate flux response in air gap membrane distillation (AGMD) processes. A 

complete set of experimental data on AGMD is analyzed using the methods of factorial 

experimental design. A two-level (2
2
 and 2

3
) and three-level (3

2
) factorial experimental 

design was applied to investigate the influence of the main operating parameters on 

permeation flux of water during membrane distillation of saline solutions.  

In the 2
2
 design, it was found that the absolute main effect of membrane porosity 

on permeate flux is greater than the absolute main effect of salt concentration for NaCl, 

Na2SO4 and Na2CO3. Results show that the effect of salt concentration level on 

permeation rate follows this order: MgCl2 ˃  NaCl ˃ Na2SO4 ˃ Na2CO3. By sorting the 

salts into two groups based on the cation stoichiometry, it is concluded that permeability 

increases with the solute molar mass. The effect of membrane porosity on permeation 

rate follows this order: NaCl ˃ Na2SO4 ˃ MgCl2 ˃ Na2CO3. In the 3
2
 design, the absolute 

main effect of salt concentration is less than the absolute main effect of membrane 

porosity for all salts except MgCl2. Membrane porosity is a significant factor using all 

salts except Na2CO3. Both salt concentration level and membrane porosity show 

significance using NaCl and MgCl2. Negligible interaction effects are observed for the 

four salts, where they are highest using NaCl. In the 2
3
 factorial design, considering 

MgCl2 and NaCl to represent the low and high levels of the salt type factor, respectively, 

both salt concentration and membrane porosity are important in the selection of an 

appropriate membrane. The results also show the high dependence of membrane porosity 

on the salt type from the significant B×C interaction. The main effects as well as the 

interaction effects are significant. However, considering Na2SO4 to represent the low-

level and Na2CO3 to represent the high level of the salt type factor, only main effects are 

significant in addition to the three-way interaction. In the two-level and three-level 

factorial experimental design considered, predicted permeate flux values show an 

excellent agreement with the experimental observations for the four salts at a confidence 

level of 95%. Factorial design is able to predict the permeation rate quite satisfactorily 

even for the membrane not included in the experimental data base. 
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Chapter 4: Correlation of Air-Gap Membrane Distillation Data Using 

Artificial Neural Networks 

A complete set of experimental data on air gap membrane distillation that has 

been reported before is correlated using an artificial neural network (ANN). The 

permeate flux is correlated to salt concentration and membrane porosity using four 

inorganic salts (MgCl2, NaCl, Na2CO3 and Na2SO4) and three commercial membranes 

(TF-200, TF-450 and TF-1000). A feed-forward neural network, that accepts information 

in only one direction from two inputs to one output through a hidden layer of size 10, will 

be considered. The experimental observations are divided into three subsets, i.e., training, 

validation, and testing. In the training phase, the experimental data is trained by (trainlm) 

which updates weight and bias states according to Levenberg-Marquardt optimization. 

Based on the predicted models of permeation flux, ANN proves to be a good correlative 

tool for the case of permeate flux values in the presence of NaCl, MgCl2 and Na2SO4, but 

a poor fitting is observed using the Na2CO3 set of data.  

4.1 Introduction and Literature Review 

ANNs are represented as a collection of neurons (processing elements) which are 

arranged in layers with known direct connections between neurons so that the path of 

information is identified (Fig. 4.1). These connections usually have different values, that 

is some connections are more important than others. The connection values are called 

weights and are represented in Fig. 4.2 by the thickness of the arrow. When a node is 

connected to different input nodes, it can decide which is more important to it based on 

the connection weight. For example, if node C is linked to the input nodes A and B, and 

node B has a larger connection weight, then node C decides to select node B as shown in 

Fig. 4.2.   

Feed-forward networks are the most famous category of ANNs [31]. In this 

special type of network, the information flows frontward from the input layer to the 

output layer. Between the input and output layers, there exists at least one hidden layer 

that consists of a number of neurons. The neurons in the hidden layer can map any input 

to any output precisely through the transfer functions. The number of neurons in input 
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and output layers is the number of independent and dependent variables, correspondingly. 

The nodes are designed to take average of the nodes going into them. Each node is given 

a transfer function to judge its inputs called f(x), which is sometimes considered a log-

sigmoid transfer function (Eq. (4.1)), tan-sigmoid transfer function, pure linear transfer 

function and others [32].  

 
1

 
1 x

f x
e 




                                                                                                 (4.1) 

  

 

 

 

 

 

 

Fig. 4.1 Neural Network Architecture [38] 

 

 

 

 

 

 

 

Fig. 4.2 Input Node Selection Based on the Connection Weight Value [38] 

Therefore, four main steps are involved in ANN modeling: (1) assembling the 

independent and dependent variables as input and output data, respectively; (2) choosing 

the network design; (3) training the network, and finally testing the network by 

simulating a new set of input data. After dividing the data into training, validation and 

testing sets, the network must be designed, which involves the choice of the number of 

layers and number of neurons in each layer. In the hidden layer, too many hidden neurons 

cause overfitting whereas and too few cause insufficiency in solving the problem. The 
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overfitting problem has been solved using a third validation data set in order to improve 

the learning stage of the model. The iterations are stopped when the error (difference 

between experimental and predicted values) reaches a minimum value [31].  

The applications of artificial neural networks are numerous. Extensive literature 

has described the use of artificial neural networks in a range of applications such as 

experimental data fitting [33] and process modeling and process control [34]. ANNs 

provide reasonable empirical models of nonlinear processes in general. In comparison to 

empirical, state-space, or  regression models, ANN usage as correlative models has some 

advantages: (1) representing complex nonlinear processes better than empirical models; 

(2) being more flexible and robust towards noise; and (3) accepting non-numeric input 

data such as high and low levels of a factor, colors, or week day [33].  

Artificial neural network modeling has been implemented in chemical processes. 

As an example, characterization of a non-isothermal thermoplastic membrane has been 

done through biaxial deformation by the bubble inflation technique with the aid of neural 

networks [35].  In this study, the membrane behavior under the effects of both applied 

stress and temperature is described using neural networks. The artificial neural network 

(ANN) used in this characterization was comprised of an input layer, one hidden layer 

and an output layer. The simulated data were used to train the ANN while experimental 

data were used for testing purposes. The data was trained by the back-propagation 

algorithm. Optimization technique was implemented by the usage of the Levenberg-

Marquard algorithm, which is better than the gradient descent method but requires more 

memory [35]. ANN models were also applied to predict the performance of 

microfiltration systems in water treatment [31]. Experiments were conducted in order to 

study the effects of some operating parameters on membrane performance. The predicted 

output was transmembrane pressure (TMP) based on five input variables. The results of 

ANN models were claimed to show an outstanding similarity between the predicted and 

experimental values. In this work, the neural network toolbox in Matlab 7.0 has been 

used for modeling, where two hidden layers, one input layer and one output layer were 

employed. In the hidden layers, a number of neurons were determined by trial-and-error.                                              
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The learning rate, which is the training parameter that is responsible for 

controlling the size of weight and bias changes through the learning phase, was set to 0.2 

and the transfer function used was the sigmoid function. The permeate flux and rejection 

as functions of pressure, temperature, solute concentration, and superficial flow velocity 

were also modeled using ANN [36]. The model was applied to the separation of ethyl 

alcohol from water and of acetic acid from water by reverse osmosis (RO). The aim of 

this study was to develop the model with an easier and faster method as compared to 

experimental polynomial correlations or else by a mass transfer model equations. 

Tolerance was specified until the value of the mean square error reached 10
-5

. 

4.2 Methodology 

The behavior of an ANN depends on the connection weights and on the transfer 

function between inputs and outputs. The inputs to the hidden and output layers are 

calculated by performing a weighted sum on the received outputs from previous layers. 

ANNs include a form of 'learning rules'. For example, the delta learning rule is employed 

by the backpropagational neural network. Learning occurs in each cycle (epoch) through 

a feedforward network and a backward error propagation algorithm. Initially, a random 

connection weight is started with; then, for a given set of inputs, the experimenter must 

design a set of desired outputs. Using the random weights, the network calculates the 

outputs. Then the output calculated from the neural network is compared with the desired 

outputs. Obviously, initially the two outputs would not be expected to be equal [37]. The 

difference, which is called the network error, is calculated as shown in Eq. (4.2): 

Error = Desired output value - Calculated Output value by neural networks                (4.2) 

The connection weights are then adjusted in order to minimize errors. This is 

where the back-propagation comes in. The output nodes tell the hidden nodes they are 

connected to about the error and decide on how to adjust the connection weights between 

them. The new connection weights are calculated based on the old connection weights, 

the node input values, the error and the learning weights. With the weights adjusted, the 

hidden nodes calculate their own error. Then, these nodes with their newly calculated 

errors push the errors back through the hidden nodes and adjust the weights behind them. 



94 
 

This goes on until all weights have been adjusted and all nodes have been assigned an 

error. After all weights have been updated, the network tries the original input again and 

tries to calculate the output. The process is repeated until a pre-set tolerance is reached as 

shown in Fig. 4.3. The neural network repeats the above procedure for each different 

input set.  

  

 

 

 

 

 

Fig. 4.3 Whole Process of the ANN after Adjusting the Connection Weight Every Time [38] 

A continuous, differentiable function is the sigmoid equation that is used as a 

transfer function between neurons. Eq. (4.1) is shown in Fig. 4.4. 

 

 

 

 

Fig. 4.4 The Sigmoid Function 

Single Input Neuron 

For the case when one input affects the output (Fig. 4.5), then the output is 

computed using the transfer function as: 

Ο=ζ(εω)                                                                                                       (4.3) 

where ε is the input to the neuron, ω is the weight of connection, ζ is the transfer 

function and Ο is the output. If a bias term (Ɵ) is included, then Eq.  (4.3) becomes:  

0
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Ο=ζ(εω+Ɵ)                                                                                                  (4.4) 

The bias neurons help in the learning phase of an ANN. They have an output of 

one. Sometimes, the value could be set to another. Bias values allow the networks to 

produce an output of zero even if the input is a non-zero value.  

 

 

Fig. 4.5 Single Input Neuron [38] 

Realistically, there could be several inputs to the neuron as shown in Fig. 4.6, 

where the output is computed as shown in Eq. (4.5).  

 

 

 

         Fig. 4.6 Multiple Input Neuron [38] 

 

Ο=ζ(ε1ω1+ε2ω2+ε3ω3+Ɵ)                                                                                   (4.5)         

A layer is a collection of several neurons and the network is the collection of the 

multiple layers formed as shown in Fig.4.7.  

 

 

 

 

 

Fig. 4.7 ANN of 2 Inputs(left), Hidden Layer(3 parallel nodes), and 1 Output(right) [38] 

The layers are denoted as I, J, and K which stands for input, hidden and output 

layers, respectively.  
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The error calculation 

Given a set of training data points tk and output layer Οk , the error is written as:  

   
 

  
         

 
                                                                                         (4.6) 

The error of the network for a single training iteration is denoted by E. It is 

desired to calculate 
  

    
, the rate of change of error with respect to given connective 

weight, so that it is minimized. Two cases are considered: when the node is an output 

layer (Eq. (4.7)) and when it is a hidden layer (Eq. (4.9)).  

 Case 1: 

Output layer node: 

The derivative is computed as: 
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=                                                                                                              (4.7) 

  =           (1-                                                                                                   (4.8) 

where Wjk is the connection weight between the j
th
 and k

th
 nodes, Ok is the output 

of  the k
th 

node, tk is the target value in the k
th
 node, and Oj is the output of j

th
 node [38]. 

 Case 2: 
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Hidden layer node: 

The derivative is computed as: 
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  =                                                                                                                         (4.10) 

If the bias term (   is incorporated into the equation, then: 

  

  
 = 1                                                                                                                          (4.11) 

This holds for any layer (l ) the experimenter is concerned with. Substitutions into 

the previous equations give:  

  
  

  
 = δl                                                                                                                         (4.12) 
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(because the Ol  is replacing the output from the previous layer). 

In summary, to develop the back-propagation algorithm [39]: 

1- Run the network forward with the input data to get the network output.  

2- For each output node, compute    using Eq. (4.8).  

3- For each hidden node, compute    using Eq. (4.10). 

4- Update the weights and biases as follows:  

W + ∆W               W 

Ɵ + ∆Ɵ              Ɵ  
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4.3 Results and Discussion 

Output data represent permeate flux "g/m
2
.sec" and input data represent the 

combination of salt concentration level of each salt "g/L" and membrane porosity "µm" 

records. The architecture of the network was formulated with 10 hidden layers using a 

feedforward neural network. Fig. 4.8 shows the architecture of the network implemented 

in this work using MATLAB
©
. Experimental data sets were divided into three subsets, 

i.e., training, validation, and testing. Approximately two thirds of the data for each of the 

four salts considered in this study were used for training. The training function used is 

(trainlm), which updates weight and bias states according to Levenberg-Marquardt 

optimization. It is considered as the fastest backpropagation algorithm on MATLAB
©
 and 

is the most widely employed type in ANNs [32]. Next, the sum of squared errors of 

prediction (SSE), also known as the residual sum of squares (RSS), was used as a 

measure  of the difference between the data and model prediction. SSE measures the 

variance in the data set which is not explained by correlation. If the correlation is good, 

then a smaller SSE value is obtained. Regression plots were created in order to have an 

idea about the validity of the network. In Fig. 4.9, the relation between network outputs 

and targets is presented. The coefficient of determination (R
2
) value indicates how well 

the regression line (predicted by ANN) approximates the experimental data points.  

 

 

 

           

 Fig. 4.8 The Feed-Forward Neural Network of the Permeate Flux Response 

The dashed line represents the case of perfect result (R=1), where an exact linear 

relationship exists between the outputs and targets. The solid line represents the best fit 

regression. A good fit was obtained for the permeate flux values for distillation of NaCl, 

MgCl2 and Na2SO4 solutions (Figs. 4.9a, b and c, respectively). Poor fitting is observed 

while using Na2CO3 set of data (Fig. 4.9d).  
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(a) NaCl 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(b) MgCl2 

 

Fig. 4.9 Regression Plots by Fitting Experimental  Flux Data to a Neural Network using Trainlm 



101 
 

 

 

 

 

 

 

 

 

 

 

 

 

       (c) Na2SO4 

 

 

 

 

 

 

 

 

       

      

 

 

   (d) Na2CO3 

Fig. 4.9 Regression Plots by Fitting Experimental  Flux Data to a Neural Network using Trainlm 

(Continued)  
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Fig. 4.10 Neural Network Performance 

(a) NaCl, (b) MgCl2, (c) Na2SO4, (d) Na2CO3 
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4.4  Conclusion 

The permeate flux data for water using four inorganic salts and three types of 

commercial membranes were correlated using an ANN. For the case of permeate flux 

values in the presence of NaCl and MgCl2 and Na2SO4, the ANN proved to be a good 

correlative (interpolation) tool. On the other hand, a poor fitting was obtained for 

Na2CO3.  
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Chapter 5: Conclusions and Recommendations 

The experimental data of air gap membrane distillation units has been analyzed 

using the methods of statistical experimental design and artificial neural networks. The 

effect of salt concentration and membrane porosity on permeate flux for four different 

inorganic salts (MgCl2, NaCl, Na2CO3 and Na2SO4) using three different commercial 

membranes (TF-200, TF-450 and TF-1000) in an air gap distillation unit has been 

analyzed. Using the F-test, Fisher LSD test, Bonferroni test, and Tukey’s test for multiple 

comparison statistical significance testing, results obtained indicate the presence of 

significant differences between all membranes for the different salts. However, 

membrane type’s effect on permeate flux is found much more significant in the case of 

low salt concentration of MgCl2, but the opposite result is indicated for NaCl. At low and 

high concentration levels of the different salts, TF-200 membrane handles all salts in a 

comparable manner with no statistical difference. The uncertainty in the measured data 

proved to have dramatic effects on the statistically-based decision-making process related 

to the choice of a suitable membrane for handling certain salts.  

Analysis of the data using 2
2
 and 3

2
 factorial design indicated that the absolute 

main effect of salt concentration is always smaller than the absolute main effect of 

membrane porosity for NaCl, Na2CO3 and Na2SO4. Only when using MgCl2, salt 

concentration was found to be of greater significance compared to membrane porosity. 

The interaction effect is insignificant at a 95% confidence level. A 2
3
 factorial design has 

been also implemented with the (qualitative) salt type considered as a third factor. 

Considering NaCl and MgCl2 as the two levels of salt type, main effects, binary 

interaction between membrane porosity and salt type and the three-way interaction 

effects are found significant at a 95% confidence level. However, while considering 

Na2SO4 and Na2CO3 as two different levels of salt type,  the main effects of the three 

factors as well as the three-way interaction effect are considered significant. 

The prediction of permeate flux is also considered by using neural networks, 

where the predicted results are compared with the experimental data. Input data includes 

the salt concentration level of each salt and membrane porosity whereas output represents 



105 
 

permeate flux. Except Na2CO3, a very good fit is obtained.  The most important feature of 

ANNs is its capability to predict non-linear behavior.  

Since the AGMD experimental data used in this work involves a study at pre-set 

conditions of feed temperature, coolant temperature, and feed flow rate, it is 

recommended to include these three operating parameters as variable factors in an 

experimental study using the same commercial membranes so that factorial design 

analysis can be applied to investigate the interaction effects between these factors. It is 

also recommended to apply the statistical techniques used in this study to investigate real 

case saline water such as actual seawater and produced water employing the same 

commercial membranes.  
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Appendix A 

Experimental Data of Air-Gap Membrane Distillation Unit using the 

Four Salts 
 

Table A.1: Flux (g/m
2
.sec) experimental data for NaCl  

 

 

Porosity 

(µm) 

 

 

 

     

 5.84 11.68 23.27 

 

35.06 

 

58.44 

 

116.88 

 

150 

 

180 

0.20 2.819 2.659 2.589 2.356 2.653 2.129 1.645 1.067 

0.45 3.520 3.150 3.048 2.929 2.826 2.260 2.025 1.800 

1.00 3.855 3.676 3.590 2.882 2.879 2.246 1.956 1.723 

 

Table A.2: Flux (g/m
2
.sec) experimental data for MgCl2  

 

 

Porosity 

(µm) 

 

 

 

    

 
4.76 9.52 19.04 38.08 57.12 76.16 95.21 

0.20 2.882 2.905 2.793 2.645 2.529 2.522 2.270 

0.45 3.438 3.473 3.265 3.097 2.791 2.583 2.223 

1.00 3.790 3.571 3.324 3.340 2.931 2.687 2.548 

 

 

 

Concentration level (g/L) 

  

 

Concentration level (g/L) 
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Table A.3: Flux (g/m
2
.sec) experimental data for Na2SO4  

 

 

Porosity 

(µm) 

 

 

 

    

 
4.26 7.10 28.40 56.81 85.22 113.63 142.04 

0.20 2.791 2.833 2.793 2.826 2.672 2.591 2.411 

0.45 3.488 3.559 3.384 3.319 2.991 2.984 2.675 

1.00 3.596 3.468 3.532 3.369 3.087 2.850 2.927 

 

Table A.4: Flux (g/m
2
.sec) experimental data for Na2CO3  

 

 

Porosity (µm) 

 

 

Concentration 

level (g/L) 

   

 
5.29 10.59 21.19 

0.20 2.838 3.068 2.712 

0.45 3.498 3.342 3.302 

1.00 3.302 3.290 3.090 

  

 

Concentration level (g/L) 
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Appendix B 

Verification of the Regression Model for the Flux Response using the 

Four Salts (By hand) 

B.1    NaCl Salt 

Considering sodium chloride salt, the regression model is to be predicted by 

calculating the main effects of each factor as well as the interaction effect.  

 

  

 

 

 

 

Main effect of A = [(2.589+3.590)/2] - [(2.819+3.855)/2] = -0.2475 

Main effect of B = [(3.855+3.590)/2] - [(2.819+2.589)/2] = 1.0185 

AB interaction effect: 

At low level of B, A effect = 2.589-2.819 = -0.23 

At high level of B, A effect = 3.590-3.855 = -0.265 

AB = (-0.265-(-0.23)) / 2 = -0.0175  

Fig. B.1 Flux Response using NaCl 
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Since the lines of B- and B+ are almost parallel in Fig. B.2, this indicates the lack 

of significant interaction between A and B.  

 

 Estimating the coefficients of the regression model  

    = -0.2475/2 = -0.124 

   = 1.0185/2 = 0.509 

     = -0.0175/2 = -0.00875 

    = (3.855+3.590+2.819+2.589)/4 = 3.213 

Hence, for NaCl:  

yNaCl=  3.213 - 0.124 x1 + 0.509 x2 - 0.00875 x1x2 
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Fig. B.2 Permeate Flux Vs NaCl Concentration to Check for Interaction Effect 
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B.2    MgCl2 Salt 

 

 

  

 

 

 

 

Main effect of A = [(2.793+3.324)/2] - [(2.882+3.790)/2] = -0.2775 

Main effect of B = [(3.790+3.324)/2] - [(2.882+2.793)/2] = 0.7195 

AB interaction effect: 

At low level of B, A effect = 2.793-2.882 = -0.089 

At high level of B, A effect = 3.324-3.790 = -0.466 

AB = (-0.466-(-0.089)) / 2 = -0.1885  

Fig. B.3 Flux Response using MgCl2 
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Since the lines of B- and B+ are parallel, this indicates the lack of significant 

interaction between A and B.  

 Estimating the coefficients of the regression model  

    = -0.2775/2 = -0.139 

    = 0.7195/2 = 0.360 

     = -0.1885/2 = -0.0943 

   = (2.882+2.793+3.790+3.324)/4 = 3.198 

Hence, for MgCl2:  

y MgCl2=  3.198 - 0.139 x1 + 0.360 x2 - 0.0943 x1x2 
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B.3      Na2CO3 Salt 

 

 

 

 

 

 

 

Main effect of A = [(2.712+3.090)/2] - [(2.838+3.302)/2] = -0.169 

Main effect of B = [(3.302+3.090)/2] - [(2.838+2.712)/2] = 0.421 

AB interaction effect: 

At low level of B, A effect = 2.712-2.838 = -0.126 

At high level of B, A effect = 3.090-3.302 = -0.212 

AB = (-0.212-(-0.126)) / 2 = -0.043  
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Since the lines of B- and B+ are parallel, this indicates the lack of significant 

interaction between A and B.  

 Estimating the coefficients of the regression model  

   = -0.169/2 = -0.0845 

   = 0.421/2 = 0.211 

     = -0.043/2 = -0.0215 

    = (2.838+2.712+3.090+3.302)/4 = 2.986 

Hence, for Na2CO3:  

y Na2CO3 =  2.986 - 0.0845 x1 + 0.211 x2 - 0.0215 x1x2 
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B.4      Na2SO4 Salt  

 

 

  

 

 

 

Main effect of A = [(2.793+3.532)/2] - [(2.791+3.596)/2] = -0.031 

Main effect of B = [(3.596+3.532)/2] - [(2.791+2.793)/2] = 0.772 

AB interaction effect: 

At low level of B, A effect = 2.793-2.791 = 0.002 

At high level of B, A effect = 3.532-3.596 = -0.064 

AB = (-0.064-(0.002)) / 2 = -0.033  

 

 

 

 

 

 

 

 

 

Fig. B.7 Flux Response using 

Na2SO4 
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 Estimating the coefficients of the regression model  

 

   = -0.031/2 = -0.0155 

   = 0.772/2 = 0.386 

     = -0.033/2 = -0.0165 

    = (2.791+2.793+3.596+3.532)/4 = 3.178 

Hence, for Na2SO4:  

y Na2SO4 =  3.178 - 0.0155 x1 + 0.386 x2 - 0.0165 x1x2 
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Appendix C 

Neural network script files and outputs using MATLAB
© 

 

C.1  NaCl Salt (Script File) 

 
% Solving an Input-Output Fitting problem with a Neural Network 

                          % Using NaCl salt 

% t(Flux Values): output vector 

t = [2.819 2.659 2.589 2.356 1.645 1.067 3.855 3.676 3.590 2.882 1.956 

1.723 3.520 3.150 2.025 1.800 2.653 2.129 2.879 2.246 3.048 2.929 2.826 

2.260];  

% c(Salt Concentration Values): first input vector 

c = [5.84 11.68 23.27 35.06 150 180 5.84 11.68 23.27 35.06 150 180 5.84 

11.68 150 180 58.44 116.88 58.44 116.88 23.27 35.06 58.44 116.88];   

% p(Membrane Porosity Values): second input vector 

p = [0.2 0.2 0.2 0.2 0.2 0.2 1.0 1.0 1.0 1.0 1.0 1.0 0.45 0.45 0.45 

0.45 0.2 0.2 1.0 1.0 0.45 0.45 0.45 0.45];      

% I (Salt Concentration Values and Membrane Porosity Values): input 

matrix 

I= [c;p]; 

inputs = I; 

targets = t; 

% Create a Fitting Network 

hiddenLayerSize = 10; 

net = fitnet(hiddenLayerSize); 

% Choose Input and Output Pre/Post-Processing Functions 

net.inputs{1}.processFcns = {'lvqoutputs'}; 

net.outputs{2}.processFcns = {'lvqoutputs'}; 

% Setup Division of Data for Training, Validation, Testing 

% Divide targets into three sets using specified indices 

%from 1 to 16 for training %from 17 to 20 for validation %from 21 to 24 

for testing 

trainInd = 1:16; 

valInd = 17:20; 

testInd = 21:24; 

[trainIndI,valIndI,testIndI] = divideind(I,trainInd,valInd,testInd) 

[trainIndT,valIndT,testIndT] = divideind(t,trainInd,valInd,testInd) 

% Choose a Training Function 

net.trainFcn = 'trainlm';  % Levenberg-Marquardt  

% Choose a Performance Function 

net.performFcn = 'sse';  % Sum squared error 

% Train the Network 

[net,tr] = train(net,inputs,targets) 

% Test the Network 

outputs = net(inputs); 

errors = gsubtract(targets,outputs); 

performance = perform(net,targets,outputs) 

% Recalculate Training, Validation and Test Performance 

trainTargets = targets .* tr.trainMask{1}; 

valTargets = targets  .* tr.valMask{1}; 

testTargets = targets  .* tr.testMask{1}; 

trainPerformance = perform(net,trainTargets,outputs) 

valPerformance = perform(net,valTargets,outputs) 
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testPerformance = perform(net,testTargets,outputs) 

% View the Network 

view(net) 

% Plots 

figure, plotperform(tr) 

figure, plotregression(targets,outputs) 
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C.2  MgCl2 Salt (Script File) 
 

% Solving an Input-Output Fitting problem with a Neural Network 

                          % Using MgCl2 salt 

% t(Flux Values): output vector 

t = [2.882 2.905 2.793 2.522 2.270 3.790 3.571 3.324 2.687 2.548 3.348 

3.473 3.265 2.583 2.223 2.645 3.340 3.097 2.529 2.931 2.223];  

% c(Salt Concentration Values): first input vector 

c = [4.76 9.52 19.04 76.16 95.21 4.76 9.52 19.04 76.16 95.21 4.76 9.52 

19.04 76.16 95.21 38.08 38.08 38.08 57.12 57.12 57.12];   

% p(Membrane Porosity Values): second input vector 

p = [0.2 0.2 0.2 0.2 0.2 1.0 1.0 1.0 1.0 1.0 0.45 0.45 0.45 0.45 0.45 

0.2 1.0 0.45 0.2 1.0 0.45];      

% I (Salt Concentration Values and Membrane Porosity Values): input 

matrix 

I= [c;p]; 

inputs = I; 

targets = t; 

% Create a Fitting Network 

hiddenLayerSize = 10; 

net = fitnet(hiddenLayerSize); 

% Choose Input and Output Pre/Post-Processing Functions 

net.inputs{1}.processFcns = {'lvqoutputs'}; 

net.outputs{2}.processFcns = {'lvqoutputs'}; 

% Setup Division of Data for Training, Validation, Testing 

% Divide targets into three sets using specified indices 

%from 1 to 15 for training %from 16 to 18 for validation %from 19 to 21 

for testing 

trainInd = 1:15; 

valInd = 16:18; 

testInd = 19:21; 

[trainIndI,valIndI,testIndI] = divideind(I,trainInd,valInd,testInd) 

[trainIndT,valIndT,testIndT] = divideind(t,trainInd,valInd,testInd) 

% Choose a Training Function 

net.trainFcn = 'trainlm';  % Levenberg-Marquardt  

% Choose a Performance Function 

net.performFcn = 'sse';  % Sum squared error 

% Train the Network 

[net,tr] = train(net,inputs,targets) 

% Test the Network 

outputs = net(inputs); 

errors = gsubtract(targets,outputs); 

performance = perform(net,targets,outputs) 

% Recalculate Training, Validation and Test Performance 

trainTargets = targets .* tr.trainMask{1}; 

valTargets = targets  .* tr.valMask{1}; 

testTargets = targets  .* tr.testMask{1}; 

trainPerformance = perform(net,trainTargets,outputs) 

valPerformance = perform(net,valTargets,outputs) 

testPerformance = perform(net,testTargets,outputs) 

% View the Network 

view(net) 

% Plots 

figure, plotperform(tr) 

figure, plotregression(targets,outputs) 
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C.3  Na2CO3 Salt (Script File) 
% Solving an Input-Output Fitting problem with a Neural Network 

                        % Using Na2CO3 salt 

% t(Flux Values): output vector 

t = [2.838 2.712 3.302 3.090 3.498 3.302 3.068 3.290 3.342];  

% c(Salt Concentration Values): first input vector 

c = [5.29 21.19 5.29 21.19 5.29 21.19 10.59 10.59 10.59] ;   

% p(Membrane Porosity Values): second input vector 

p = [0.2 0.2 1.0 1.0 0.45 0.45 0.2 1.0 0.45];      

% I (Salt Concentration Values and Membrane Porosity Values): input 

matrix 

I= [c;p]; 

inputs = I; 

targets = t; 

% Create a Fitting Network 

hiddenLayerSize = 10; 

net = fitnet(hiddenLayerSize); 

% Choose Input and Output Pre/Post-Processing Functions 

net.inputs{1}.processFcns = {'lvqoutputs'}; 

net.outputs{2}.processFcns = {'lvqoutputs'}; 

% Setup Division of Data for Training, Validation, Testing 

% Divide targets into three sets using specified indices 

%from 1 to 4 for training %from 5 to 8 for validation %9th for testing 

trainInd = 1:4; 

valInd = 5:8; 

testInd = 9; 

[trainIndI,valIndI,testIndI] = divideind(I,trainInd,valInd,testInd) 

[trainIndT,valIndT,testIndT] = divideind(t,trainInd,valInd,testInd) 

% Choose a Training Function 

net.trainFcn = 'trainlm';  % Levenberg-Marquardt  

% Choose a Performance Function 

net.performFcn = 'sse';  % Sum squared error 

% Train the Network 

[net,tr] = train(net,inputs,targets) 

% Test the Network 

outputs = net(inputs); 

errors = gsubtract(targets,outputs); 

performance = perform(net,targets,outputs) 

% Recalculate Training, Validation and Test Performance 

trainTargets = targets .* tr.trainMask{1}; 

valTargets = targets  .* tr.valMask{1}; 

testTargets = targets  .* tr.testMask{1}; 

trainPerformance = perform(net,trainTargets,outputs) 

valPerformance = perform(net,valTargets,outputs) 

testPerformance = perform(net,testTargets,outputs) 

% View the Network 

view(net) 

% Plots 

figure, plotperform(tr) 

figure, plotregression(targets,outputs) 

 

 

 



124 
 

C.4  Na2SO4 Salt (Script File) 

 
% Solving an Input-Output Fitting problem with a Neural Network 

                         % Using Na2SO4 salt 

% t(Flux Values): output vector 

t = [2.791 2.833 2.793 2.591 2.411 3.596 3.468 3.532 2.850 2.927 3.488 

3.559 3.384 2.984 2.675 2.826 3.369 3.319 2.672 3.087 2.991];  

% c(Salt Concentration Values): first input vector 

c = [4.26 7.10 28.40 113.63 142.04 4.26 7.10 28.40 113.63 142.04 4.26 

7.10 28.40 113.63 142.04 56.81 56.81 56.81 85.22 85.22 85.22];   

% p(Membrane Porosity Values): second input vector 

p = [0.2 0.2 0.2 0.2 0.2 1.0 1.0 1.0 1.0 1.0 0.45 0.45 0.45 0.45 0.45 

0.2 1.0 0.45 0.2 1.0 0.45];      

% I (Salt Concentration Values and Membrane Porosity Values): input 

matrix 

I= [c;p]; 

inputs = I; 

targets = t; 

hiddenLayerSize = 10; % Create a Fitting Network 

net = fitnet(hiddenLayerSize); 

% Choose Input and Output Pre/Post-Processing Functions 

net.inputs{1}.processFcns = {'lvqoutputs'}; 

net.outputs{2}.processFcns = {'lvqoutputs'}; 

% Setup Division of Data for Training, Validation, Testing 

% Divide targets into three sets using specified indices 

%from 1 to 15 for training %from 16 to 18 for validation %from 19 to 21 

for testing 

trainInd = 1:15; 

valInd = 16:18; 

testInd = 19:21; 

[trainIndI,valIndI,testIndI] = divideind(I,trainInd,valInd,testInd) 

[trainIndT,valIndT,testIndT] = divideind(t,trainInd,valInd,testInd) 

% Choose a Training Function 

net.trainFcn = 'trainlm';  % Levenberg-Marquardt  

% Choose a Performance Function 

net.performFcn = 'sse';  % Sum squared error 

% Train the Network 

[net,tr] = train(net,inputs,targets) 

% Test the Network 

outputs = net(inputs); 

errors = gsubtract(targets,outputs); 

performance = perform(net,targets,outputs) 

% Recalculate Training, Validation and Test Performance 

trainTargets = targets .* tr.trainMask{1}; 

valTargets = targets  .* tr.valMask{1}; 

testTargets = targets  .* tr.testMask{1}; 

trainPerformance = perform(net,trainTargets,outputs) 

valPerformance = perform(net,valTargets,outputs) 

testPerformance = perform(net,testTargets,outputs) 

% View the Network 

view(net) 

% Plots 

figure, plotperform(tr) 

figure, plotregression(targets,outputs) 
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