
 

 

 

 

NONLINEAR FRICTION IDENTIFICATION OF A LINEAR                         

VOICE COIL DC MOTOR 

 

 

 

by 

 

Mohannad Hashem Takrouri 

 

A Thesis Presented to the Faculty of the  

American University of Sharjah 

College of Engineering  

in Partial Fulfillment  

of the Requirements  

for the Degree of 

 

Master of Science in  

Mechatronics Engineering 

 

 

 

 

 

 

 

 

 

 

 

Sharjah, United Arab Emirates 

 

June 2015 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

© 2015 Mohannad Hashem Takrouri. All rights reserved. 

 

 



Approval Signatures  
 

We, the undersigned, approve the Master’s Thesis of Mohannad Hashem Takrouri. 
 

Thesis Title: Nonlinear Friction Identification of A Linear Voice Coil DC Motor 

 

 

Signature        Date of Signature 
         (dd/mm/yyyy) 

 
___________________________     _______________ 

Dr. Rached Dhaouadi 

Professor,  

Department of Electrical Engineering       

Thesis Advisor 

 
___________________________     _______________ 

Dr. Lotfi Romdhane 

Professor, 

Department of Mechanical Engineering 

Thesis Committee Member 

  
___________________________     _______________ 

Dr. Imran Zualkernan 

Associate Professor, 

Department of Computer Science and Engineering      

Thesis Committee Member 

 
___________________________     _______________ 

Dr. Mamoun Abdel-Hafez  

Director,  

Mechatronics Engineering Graduate Program 

 
___________________________     _______________ 

Dr. Mohamed El-Tarhuni 

Associate Dean, College of Engineering 

 
___________________________     _______________ 

Dr. Leland Blank 

Dean, College of Engineering 

 
___________________________     _______________ 

Dr. Khaled Assaleh 

Director of Graduate Studies 

 



Acknowledgements 

 I would like to thank my research advisor, Dr. Rached Dhaouadi, for his 

continued support and encouragement. I am extremely thankful to him for sharing his 

expertise, and valuable guidance with me. 

 I would like also to thank the graduate committee and the mechatronics council 

members for their time and invaluable suggestions. 

 Finally, I am grateful to the American University of Sharjah for the scholarship 

which enabled me to undertake my Master’s degree at the university. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

“I dedicate this work  

To my parents  

And my brothers, 

Without whom none of my success would be possible.” 

 

 

 

 

 

 

 

 

 

 

 



6 
 

Abstract 

Friction is a nonlinear phenomenon that has a major effect on the performance 

of servomechanisms and positioning systems such as CNC machines, robot 

manipulators, printers and disk drives. For this reason, accurate knowledge of the 

system parameters and friction characteristics should be included in the system model 

in order to design high performance control systems. This research aims to develop an 

identification procedure for nonlinear friction in a linear positioning system. Three 

methods are used. The first method is based on the free-fall of an object released from 

rest and it is used to find the mass, Coulomb friction and viscous friction coefficient. 

The second method is based on the steady state response (SSR) of the velocity control 

loop using a PI controller and it is used to find the friction force characteristics by 

measuring the current at constant velocity. The friction-velocity relation is plotted at 

different velocity values and the Coulomb friction, viscous friction, and stiction friction 

coefficients are extracted from the graph itself. The third method is based on artificial 

neural networks (ANNs). ANNs represent a powerful data-driven, self-adaptive, and 

flexible computational tool, which has the ability to capture the nonlinear and complex 

characteristics of any physical process with a high degree of accuracy. In this research 

work, an adaptive linear neuron (ADALINE) network based on three different network 

structures is used to estimate the parameters of the system including the Coulomb 

friction and viscous friction coefficients. The training of the network is carried out in 

off-line and on-line modes. Finally, a comparison between these three methods is made 

to evaluate the advantages and disadvantages of each technique. An experimental setup 

with a linear voice coil DC motor and a high resolution position sensor is developed to 

test the different identification and control algorithms. The setup is interfaced with a 

dSPACE 1103 Controller Board. The experimental results obtained show that the 

ADALINE network is able to estimate the system parameters with a percentage error 

of 4.71% for the mass, 24.63% for the viscous, and 62.29% and 14.86% for the 

Coulomb friction in the positive and negative directions of motion, respectively. 

Search Terms: Friction, Free-Fall, Velocity Control, ADALINE, Hardware, 

Software. 
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Chapter 1: Introduction 

1.1 Background 

Linear positioning systems are linear-motion actuators that are used in 

positioning applications where high speed, acceleration, or accuracy is required. The 

voice-coil-motor (VCM), which is shown in Figure 1, represents a typical electro-

dynamic actuator for positioning systems [1]. Some applications of VCMs include CNC 

machines, micro laser soldering systems [2], robot manipulators, and disk drives. 

 

Figure 1: XY Stage VCM [3]. 

1.2 Problem Statement 

Friction is a physical phenomenon that has a major effect on the performance 

of positioning systems. Friction may cause damage to the moving parts in contact [4]. 

To design high performance control systems, accurate knowledge of the system 

parameters and friction characteristics should be included in the system model. The 

complexity of the friction model depends on the accuracy of the system model for the 

given application.  

The friction modeling and identification process is very difficult and this is due 

to the fact that friction is a nonlinear phenomenon.  

1.3 Conventional Friction Models 

The effect of friction can be decreased by compensating for it. For this reason, 

different models were created to capture the essential properties of friction. The 

complexity of these models varies depending on the required performance [5]. 
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These models can be divided into two types: static and dynamic models. Static 

models describe the behavior between friction force and velocity at a steady state. Since 

the friction force can take an infinite number of possible values at zero velocity, friction 

models are characterized by a discontinuity at zero velocity, which affects the stability 

of the algorithms used for simulating the friction force [6]. 

Charles Augustin de Coulomb found that the friction force is opposite to the 

direction of velocity but independent of the magnitude of the velocity between two dry 

contacting surfaces at the contact point as shown in Figure 2(a). Coulomb friction is 

considered as the simplest model of friction [6]. Viscous friction is proportional to the 

velocity of the object as shown in Figure 2(b). When the relative tangential velocity 

between the two contacting surfaces approaches zero, another phenomenon called 

stiction friction occurs. The static friction coefficient is found to be higher than the 

kinetic friction and cannot be modeled using Coulomb friction [7]. Coulomb and 

stiction frictions are shown in Figure 2(c). When the Coulomb, stiction, and viscous 

frictions are taken into account, the corresponding relation between the friction force 

and the tangential velocity is as shown in Figure 2(d). 

To start the motion, a force called the break-away force is required to overcome 

the static friction. An intermittent motion known as a stick-slip motion results from the 

transition from the sticking to the sliding region [8]. At low velocities, friction decreases 

continuously with increasing velocity when entering the slipping phase as shown in 

Figure 2(e). This is called Stribeck friction as it was found by Richard Stribeck [9].  

The models’ equations in Figure 2 can be expressed as: 

1. Coulomb friction, Figure 2(a): 

 𝐹 =  𝐹𝑐 . 𝑠𝑖𝑔𝑛(𝑣) (1) 

where 𝐹𝑐 is the coulomb coefficient and 𝑣 is the velocity. 
 

2. Coulomb + viscous friction, Figure 2(b): 

 𝐹 =  𝐹𝑐 . 𝑠𝑖𝑔𝑛(𝑣) + 𝐹𝑣. 𝑣 (2) 

where 𝐹𝑣 is the viscous coefficient.  
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Figure 2: Friction force versus tangential velocity plot for static friction 

models. 

 

3. Coulomb + stiction friction, Figure 2(c): 

 𝐹 =  {

𝐹𝑐 . 𝑠𝑖𝑔𝑛(𝑣)                                     ,  𝑖𝑓 𝑣 ≠ 0

𝐹𝑒                             ,  𝑖𝑓 𝑣 = 0 𝑎𝑛𝑑 |𝐹𝑒| < 𝐹𝑠 

𝐹𝑠 . 𝑠𝑖𝑔𝑛(𝐹𝑒)             ,  𝑖𝑓 𝑣 = 0 𝑎𝑛𝑑 |𝐹𝑒| ≥ 𝐹𝑠 

 
(3) 

where 𝐹𝑒 is the external force and 𝐹𝑠 is the stiction force.  

4. Coulomb + viscous + stiction friction, Figure 2(d): 

 𝐹 =  {

𝐹𝑐 . 𝑠𝑖𝑔𝑛(𝑣) + 𝐹𝑣 .  𝑣                           ,  𝑖𝑓 𝑣 ≠ 0

𝐹𝑒                             ,  𝑖𝑓 𝑣 = 0 𝑎𝑛𝑑 |𝐹𝑒| < 𝐹𝑠 

𝐹𝑠 . 𝑠𝑖𝑔𝑛(𝐹𝑒)             ,  𝑖𝑓 𝑣 = 0 𝑎𝑛𝑑 |𝐹𝑒| ≥ 𝐹𝑠 

 (4) 

5. Coulomb + viscous + stiction friction with Stribeck effect, Figure 2(e): 

 𝐹 =  {
𝐹𝑐 + 𝐹𝑣 . 𝑣 + (𝐹𝑠 − 𝐹𝑐)𝑒

−|
𝑣
𝑣𝑠

|
2

         , 𝑖𝑓 𝑣 ≠ 0

𝐹𝑒                               , 𝑖𝑓 𝑣 = 0 𝑎𝑛𝑑 |𝐹𝑒| < 𝐹𝑠 

𝐹𝑠 . 𝑠𝑖𝑔𝑛(𝐹𝑒)             , 𝑖𝑓 𝑣 = 0 𝑎𝑛𝑑 |𝐹𝑒| ≥ 𝐹𝑠 

 (5) 

where 𝑣𝑠 is the Stribeck velocity. 
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These static models still cannot describe some of the phenomena at the 

microscopic level. For this reason, dynamic models have been proposed in the literature 

to model the friction more realistically in all motion stages. For example, the LuGre 

model can effectively describe stick-slip motion by capturing the Stribeck effect [6]. 

The idea in this model is to introduce a new state variable 𝑧 that determines the level of 

friction in addition to velocity as shown in Figure 3. The bristles behave like elastic 

springs. As the velocity at the microscopic level increases, the number of bristles in 

contact progressively decreases until the bodies in contact start sliding relative to each 

other. The state variable 𝑧 in Equation (6) represents the microscopic average bristle 

deflection of the contacting surfaces as shown in Figure 3. 

 

Figure 3: Bristle interpretation of friction [6]. 

The LuGre Model is given by [10]: 

 𝐹𝑓 =  𝜎0𝑧 + 𝜎1�̇� + 𝜎𝑣𝑣 (6) 

 
𝑔(𝑣) = 𝐹𝑐 + (𝐹𝑠 − 𝐹𝑐)𝑒

−|
𝑣
𝑣𝑠

|
2

 
(7) 

 𝑑𝑧

𝑑𝑡
= 𝑣 − 𝜎0

|𝑣|

𝑔(𝑣)
𝑧 

(8) 

where 𝐹𝑓 is the friction force, 𝑧 is the internal state modeling the microscopic average 

bristle deflection, 𝜎𝑣 is the viscous coefficient,  𝑣𝑠 is the Stribeck velocity, and (𝜎0, 𝜎1) 

are the stiffness and damping coefficients respectively. 

1.4 Literature Review 

Different methods to identify the friction parameters are used in the literature. 
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Some of these methods can be used to identify the parameters only while others can 

identify the parameters and compensate for them. Other methods are used to model the 

system as a black box and to compensate for the losses without knowing the exact value 

of the friction coefficients.  

In [10], an identification method to estimate the Coulomb and static friction 

coefficients for the relative position of the surfaces in contact is presented. The studied 

system is controlled by a position PI regulation, and by varying the controller’s gains, 

it can drive it to limit cycles. According to the authors, this can be used to estimate both 

of the required coefficients in a single measurement. However in [11], the friction force 

is measured at the steady state of the velocity control loop using velocity sensors only. 

Then, a linear approximation technique is used to represent the exponential curve for 

Stribeck friction by two lines. In [12], the same procedure as in [11] is used to model 

the stick-slip friction. According to the authors, the proposed model can distinguish the 

low and the high-velocity regimes which allow the friction compensator to tune only 

the parameters for each regime separately.  

In [13], a two-step identification method called the algebraic recursive 

identification method (ARIM) for a position-controlled servomechanism is proposed. 

According to the authors, the method can estimate the Coulomb friction coefficient and 

the constant disturbance affecting the servomechanism by first estimating the linear part 

of the servomechanism model. Then, it uses the estimates obtained from the first step 

to estimate both parameters.  

In [14], particle swarm optimization (PSO), genetic algorithm, and real-coded 

genetic algorithm-based optimization problems are used to evaluate the parameters of 

the nonlinear friction model of a DC brushless linear motor that is used to actuate a 

gantry stage. The friction model is based on the Hsieh–Pan model, which models static 

friction as a nonlinear spring module combined with a plastic module. A disturbance 

observer-based variable structure controller is used as the friction compensator. In [15], 

a two-state dynamic friction model with elastoplasticity has been introduced and is used 

for control. In this model, the bristles are assumed to deform elastoplastically unlike the 

LuGre model which considers the bristles as idealized elastic springs until breaking. 
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A nonlinear modeling and identification of a DC motor rotating in two 

directions is presented in [16]. The Coulomb friction and dead zone are integrated in 

the nonlinear model. The recursive least square method is used for the on-line 

identification of the linear and nonlinear system models. 

Some of the techniques use model-based friction compensation assuming that 

all of the friction parameters are known as in [17], while others use artificial neural 

networks (ANNs) for disturbance rejection as in [18] by modeling the whole system as 

a black box and using the ANN to compensate for the disturbance.  

ANNs can be used to estimate the system parameters using the adaptive linear 

neuron (ADALINE) network as in [19] and [20]. In [19], the ADALINE network is 

used to estimate the moment of inertia and the viscous damping coefficient for an 

induction motor while neglecting the Coulomb friction coefficient. Two methods are 

proposed to provide both coefficients on-line. The first one exploits the recursive form 

of the mechanical equation while the other one uses a sinusoidal form for the reference 

torque. According to the authors, the second method is more accurate. In [20], A PID 

controller is designed in a discrete-time domain using the mathematical model of the 

physical plant. The gains of the PID controller, which are functions of the uncertain and 

varying parameters of the plant, are identified on-line by an ADALINE neural network. 

The Coulomb friction coefficient is also neglected. 

1.5 Contribution 

The contribution of this research is the accurate estimation of the parameters for 

a linear voice coil DC motor including the Coulomb and viscous friction coefficients. 

The parameter estimation is carried out by the implementation and training of an 

ADALINE network in both off-line and on-line modes using sinusoidal and chirp 

signals at different sampling times. Pulse width modulation (PWM) and hysteresis 

current control methods are used to generate the input signals. The estimated parameters 

from the ADALINE are compared with the estimated parameters from the free-fall 

method and the steady state response of the velocity control loop method. A voice coil 

DC motor setup is developed using a high resolution encoder interfaced to           

dSPACE 1103. 
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1.6 Thesis Organization 

This work is organized as follows. Chapter 1 gives a general introduction about 

friction and some of its conventional models. It also provides a literature review 

addressing the work that has been done in this field. Chapter 2 explains all the 

hardware/software components that are used in this research. The free-fall, the steady 

state response of velocity control and the ADALINE networks are explained in detail 

in Chapters 3 to 5, respectively. In each chapter, the mathematical model for each 

method is derived followed by the experimental results for the corresponding 

experiment. Finally, a comparison is made between the three methods in Chapter 6 with 

the conclusion of this research. 
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Chapter 2: Hardware/Software Setup 

2.1 Introduction 

In Chapter 1, the identification methods considered to characterize the linear 

DC motor were briefly explained. These methods require a setup that can measure both 

the motor velocity and the current. The setup therefore contains two parts: the software 

and the hardware part. In this chapter, all the hardware components used in this research 

to identify the linear motor parameters are explained along with some snapshots for the 

corresponding software. The encoder interface and calibration are explained in 

Appendix A. 

2.2 Overall System   

The overall system consists of a linear motor in a series with three coils 

connected to the H-Bridge. An analog encoder is mounted and calibrated. A current 

sensor is used for measuring the current and the hysteresis current control is 

implemented in the software.  MATLAB/Simulink and Control-Desk are the interface 

between the real-time hardware and the dSPACE 1103 controller board.  

Figure 4 shows the signals from and to the dSPACE 1103 controller board along 

with their corresponding hardware components. 

 

Figure 4: Controller board and input/output signals. 

The velocity control and the hysteresis current control are implemented in the 

software. An overall block diagram of the system is shown in Figure 5. 
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In the following chapters, the utilized methods are explained in detail. Each 

chapter represents a different identification method. The Matlab/Simulink models 

developed for each method are given in Appendix B. 

 

Figure 5: Overall system showing both controllers. 

2.3 Linear Voice Coil DC Motor 

The motor used in this research is a linear voice coil stage                                  

VCDS-051-089-01-13 as shown in Figure 6. 

 

Figure 6: Moticont© voice coil stage [3]. 
 

Most of the motor parameters are provided by the manufacturer and can be 

found in the datasheet [3]. Table 1 gives the parameters taken from the manufacturer’s 

datasheet. Some of the important parameters like friction coefficients are missing. This 

is due to the fact that each motor will have a slightly different surface roughness and 

thus a different friction. 
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Modifications are made to the system. Refer to Section 2.6 for the exact values 

of the resistance and the inductance. The mass after mounting the new encoder is larger 

than the value in Table 1. 

Table 1: Linear voice coil DC motor parameters obtained from the datasheet [3] 

N 26.2 𝑭 Continuous Force 

N/A 10.1 𝐾𝑓 Force Constant 

V/m/s 10.1 𝐾𝑏 Back EMF Constant 

mm 57.2 𝑆𝐿𝑖𝑚𝑡 Stroke 

gr 810 𝑀 Moving Mass 

kg 4.4 𝑀𝑡𝑜𝑡 Total Mass 

Ohm 6.0 𝑅𝑎 Coil Resistance 

H 0.0027 𝐿𝑎 Coil Inductance at 1000 Hz 

To be able to achieve the required performance for this linear positioning 

system, a mathematical model must be derived. The electrical/mechanical circuit for 

the linear DC motor is shown in Figure 7.  

 

 

Figure 7: Equivalent model of a linear DC motor. 

All the parameters shown in Figure 7 are listed below with their description, 

where: 

𝑉𝑎 is the motor armature voltage in (V) 

𝑅𝑎 is the armature coil resistance in (Ohm) 



25 
 

𝐿𝑎 is the armature coil inductance in (H) 

𝑖𝑎 is the armature current in (Amp) 

𝑒𝑚 is the back electromotive force in (volt) 

ν is the velocity of the motor (m/s) 

𝑀 is the mass of the moving part in (Kg) 

𝐹𝑚 is the Force developed by the motor in (N) 

𝐹𝑐 is the Coulomb friction in (N) 

𝐵 is the coefficient of viscous friction in (N/m/s) 

The governing equations for the linear DC motor are: 

 𝑉𝑎 =  𝑅𝑎𝑖𝑎 + 𝐿𝑎

𝑑𝑖𝑎

𝑑𝑡
+ 𝑒𝑚 (9) 

 𝑒𝑚 =  𝐾𝑏𝑣 (10) 

 𝑀
𝑑𝑣

𝑑𝑡
  =  𝐹𝑚 − 𝐹𝑐 . 𝑠𝑖𝑔𝑛(𝑣) −  𝐵𝑣 (11) 

 𝐹𝑚 =  𝐾𝑓𝑖𝑎 (12) 

where: 

𝐾𝑏 is the back EMF constant in (V/(m/ sec)) 

𝐾𝑓 is the motor force constant in (N/A) 

2.4 Controller Board  

The controller used to develop the identification algorithms is the dSPACE 1103 

PPC Controller Board from dSPACE© as shown in Figure 8. This controller has 

different analog-to-digital (ADC) converters, digital-to-analog (DAC) converters, 

PWM channels and seven encoder channels, one of which is dedicated to analog 

encoders. The ADC converters have the following characteristics [21]:  

 16-bit resolution 
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 ±10 V input voltage range 

 ± 5 mV offset error. 

 
Figure 8: dSPACE 1103 Controller Board. 

The maximum sampling frequency for the dSPACE 1103 Controller Board 

depends on the complexity of the Simulink model itself. For dSPACE 1103 to run in 

real-time, the time step, which is the reciprocal of the sampling frequency, should be 

enough to execute the whole Simulink model. If this condition is not met, dSPACE 

1103 may not run in real-time. 

Unlike the free-fall and the ADALINE methods, the velocity control method 

with hysteresis current control implemented in the software requires the highest 

sampling frequency. The maximum sampling frequency that is achieved based on the 

implemented Simulink model is 100 kHz. Below this value, it is not assured that 

dSPACE 1103 will run in real-time based on the implemented model. 

2.5 H-Bridge  

A high frequency full bridge driver is used to drive the DC motor as shown in 

Figure 9. The maximum input voltage for the motor is 15V and the maximum current 

is 2.6A. This H-Bridge can handle an 80V/2.5A peak and it can switch at frequencies 

up to 1 MHz. Other specifications can be found in [22]. 

2.6 Current Sensor and Hysteresis Current Control 

The internal circuit diagram of the current sensor used is shown in Figure 10. 

Based on the recommended connections shown in the same figure, the current sensor 

has a coil ratio of 1000 [23]. The output of this sensor is connected to a 270 Ω resistor 

and is connected to the dSPACE 1103 Controller Board through the ADC. All the 

dSPACE channels are scaled by a factor of 10. Then the output of the ADC used is 
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multiplied by the coil ratio and divided by the resistance value which is connected to 

the sensor. Figure 11 shows the Simulink model of the ADC and current measurement 

sub-system.  

 

Figure 9: H-Bridge (Intersil© HIP4081A [22]). 

 

 

Figure 10: Current sensor internal circuit diagram [23]. 

 

Figure 11: Simulink blocks for current measurement. 

A hysteresis current controller is implemented to control the motor current 

within a narrow band from its desired value by converting the input into a fast-switching 

source as shown in Figure 12.  
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Figure 12: Hysteresis Current Control. 

When the measured current exceeds the reference value with a certain threshold 

Δi, the voltage signal will become negative causing the measured current to decrease. 

When it reaches the same value but is still below the reference current, the voltage 

signal will become positive causing the measured current to increase. The measured 

current will stay around the reference value.     

Hysteresis current control has an instantaneous response; for this reason, the 

current control loop has approximately a unity gain. The digital current control is built 

in real-time using MATLAB/Simulink and Control-Desk with a sampling time of          

10 µs. 

It should be noted that the tolerance band Δi should be as small as possible. 

However, a small Δi leads to a high switching frequency. The dSPACE 1103 controller 

board can be used to sample at high frequencies but as the complexity of the built model 

in MATLAB/Simulink increases, the sampling frequency will decrease. Each block in 

Simulink needs time to execute. Based on the model created in this research, the total 

time should not exceed a sampling time of 10 µs.  

One possible solution is adding extra coils to the system to increase its electrical 

time constant. The electrical time constant before adding the three coils for the linear 

motor is: 

 𝜏𝑏𝑒𝑓𝑜𝑟𝑒 =
𝐿

𝑅
=

2.7 𝑚𝐻

6.0 𝛺
= 0.45 𝑚𝑠 (13) 
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In this research, three coils are added. The inductance 𝐿𝐶 for each coil is 2.7 mH 

and the DC resistance 𝑅𝐶 is 0.555Ω [24]. The electrical time constant after adding the 

three coils for the linear motor is found as follows: 

 𝜏𝑎𝑓𝑡𝑒𝑟 =
𝐿 + 3 ∗ 𝐿𝐶

𝑅 + 3 ∗ 𝑅𝐶
=

(2.7 + 3 ∗ 2.7) 𝑚𝐻

(6.0 + 3 ∗ 0.555) 𝛺
= 1.4 𝑚𝑠 (14) 

 The new time constant will allow for a smoother current wave form and a 

smaller switching frequency. In Figure 13, the current is measured using the current 

sensor block (which is the same as Figure 11) and is subtracted from the reference 

current inside the hysteresis current control block as shown in Figure 13. The difference 

is fed into the hysteresis block which switches based on the chosen ±Δi. Two pulse 

width modulation (PWM) signals are generated using two digital outputs. 

 

Figure 13: Hysteresis current control model. 

The stairs block in Figure 13 contains four step blocks as shown in Figure 14 

with different timings. It is capable of generating two square waves starting and ending 

at a certain time. Figure 15 shows an example of two square waves starting after 2 

seconds with an amplitude of 0.15 and a duration of 1 second. This block is useful when 

the amount of resulting force and/or velocity from the reference current is unknown. 

The usage of this block is recommended since the linear motor has a small range of 

motion so the block will generate this signal for one time which may save the motor 

from damage if a high force is generated. 
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Figure 14: The stairs block in Figure 13. 
 

 

Figure 15: An example of two square waves starting after 2 seconds. 

To check the hysteresis current control, three tests are made. These tests include 

changing the amplitude of the reference current and the hysteresis tolerance band Δi as 

shown in Figure 16, where the red line represents the reference current and the blue line 

represents the measured current. Figure 17 and Figure 18 are zoomed views for      

Figure 16 showing the response for a reference input current of 0.2A and 0.4A at a fixed 

hysteresis value and the response when the same reference current is used while 

changing the value of Δi respectively. 
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Figure 16: Hysteresis current control output at different references and 

tolerance bands. 

 

 

Figure 17: Hysteresis current control with different reference amplitudes         

(b and c from Figure 16). 

A zoomed view for Figure 18 is shown in Figure 19 where the green stars 

represent the samples. From Figure 19, the hysteresis tolerance band appears to be 

0.02A even though it is chosen as 0.01 and 0.001A. 
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Figure 18: Hysteresis current control with different tolerance bands                 

(a and b from Figure 16). 
 

 

Figure 19: A zoomed view of Figure 18. 

2.7 Interfacing and Calibration of the Analog Encoder 

Friction is dominant at the low velocity region as explained in Section 1.2. For 

the linear motor to be accurately controlled at a low velocity, a high resolution sensor 

must be used. The digital encoder which comes with the linear motor has a low 

resolution of 12.7 µm and if the sampling time TS is 10 ms, then the speed resolution 

will be: 
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 𝑆𝑝𝑑𝑟𝑒𝑠 =
𝑃𝑜𝑠𝑟𝑒𝑠

𝑇𝑠
=

12.7 µm

10 𝑚𝑠
= 1.27 𝑚𝑚/𝑠 (15) 

It is obvious from the speed resolution that it will not be enough especially if 

the required speed is in the range of 0.1 mm/s. Increasing the sampling time much more 

will not be helpful since the velocity controller will be very slow and if the free-fall test 

for example is used, a small number of samples will be representing the motion which 

is not good for curve fitting. 

To improve the speed accuracy, a new encoder with higher resolution is needed. 

The new encoder which has a resolution range from 0.1µm to 5 µm is attached to the 

setup as shown in Figure 20. According to the encoder datasheet, the exact value of the 

resolution depends on the counter used [25]. The metallic shield around the cable of the 

analog encoder is removed because the velocity measurement was affected by the 

position of the cable. 

 

Figure 20: VCM with and without the analog encoder. 

Appendix A explains the procedure used to mount, interface and calibrate the 

analog encoder. Based on the calculations made in the appendix, the new resolutions 

are:  
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 𝑃𝑜𝑠𝑟𝑒𝑠 =  
1000 µ𝑚

50 𝑐𝑦𝑐𝑙𝑒𝑠 ∗ 256 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛
= 0.078125 µm (16) 

 𝑆𝑝𝑑𝑟𝑒𝑠 =
𝑃𝑜𝑠𝑟𝑒𝑠

𝑇𝑠
=

0.078125 µm

10 𝑚𝑠
= 0.0078125 𝑚𝑚/𝑠 (17) 

From these two values, the resolution is improved by a factor of 162.56. It 

should be noted that, the achieved position resolution is higher than the resolution range 

found in the datasheet. This is explained by the fact that the encoder manufacturers 

assume that the encoder is calibrated and used with their own counters. However in this 

research, the encoder is interfaced with the dSPACE 1103 directly which is equipped 

with a 38-bit position counter. The dSPACE 1103 discriminates up to 256 positions per 

encoder line. Therefore, the counter allows measurement of up to 222 encoder lines [26]. 
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Chapter 3: Free-Fall Experiment 

3.1 Introduction 

This chapter presents the free-fall method to find the Coulomb and viscous 

friction coefficients. It is based on the free-fall motion of an object released from rest 

at a given height. By measuring both position and velocity and knowing the mass of the 

falling object, both Coulomb and viscous friction coefficients can be found by fitting 

the position or the velocity curves to their model equations as functions of the friction 

coefficients. 

The linear motor stage setup is configured in the vertical position as shown in 

Figure 21. The experiment is repeated many times for different initial positions. For 

each experiment, the position and velocity are measured using dSPACE. When the 

white rope is cut, the mass of the linear motor stage will fall down toward the origin of 

the base. The data is then saved and imported using Matlab. After that, the data can be 

processed and fitted to find the parameters. 

This method is done for both directions to study the effect of Coulomb friction 

for different initial conditions. Figure 21 shows the VCM falling toward the magnetic 

core of the motor which is considered as the negative direction of motion. Flipping the 

motor and falling away from the magnetic core is considered as the positive direction 

of motion. 

3.2 Equations of Motion 

The system can be represented as shown in Figure 22. The equations of motion 

are derived as follows: 

Let  𝑦 =  𝑥0 − 𝑥 , where y denotes the axis in the direction of motion for the falling 

mass.  
 

 
𝑑𝑥

𝑑𝑡
=  −

𝑑𝑦

𝑑𝑡
 (18) 

 
𝑑2𝑥

𝑑𝑡2
=  −

𝑑2𝑦

𝑑𝑡2
 (19) 

 𝑀
𝑑2𝑦

𝑑𝑡2
= 𝑀. 𝑔 − 𝐵

𝑑𝑦

𝑑𝑡
− 𝐹𝑐. 𝑠𝑖𝑔𝑛 (

𝑑𝑦

𝑑𝑡
) (20) 
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Figure 21: VCM in the vertical position showing the 

mass hanged by the white rope. 

 

 

Figure 22: Schematic diagram of the VCM in the vertical position 

showing the initial conditions. 

Since the velocity is positive in the y direction, the sign function can be replaced 

by a positive sign. 
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 𝑀
𝑑2𝑦

𝑑𝑡2
= 𝑀. 𝑔 − 𝐵

𝑑𝑦

𝑑𝑡
− 𝐹𝑐. (+1) (21) 

Replace the coordinate system from y to x to get the general formula. 

 𝑀 (−
𝑑2𝑥

𝑑𝑡2
) = 𝑀. 𝑔 − 𝐵 (−

𝑑𝑥

𝑑𝑡
) − 𝐹𝑐 (22) 

Multiply by (-1) and rearrange Equation (22), 

 𝑀
𝑑2𝑥

𝑑𝑡2
+ 𝐵

𝑑𝑥

𝑑𝑡
= 𝐹𝑐 − 𝑀. 𝑔 (23) 

To solve Equation (23), the Laplace method can be used as follows: first, reduce the 

order of the system by replacing 
𝑑𝑥

𝑑𝑡
 with v and 

𝑑2𝑥

𝑑𝑡2  with 
𝑑𝑣

𝑑𝑡
 , 

 
𝑑𝑣

𝑑𝑡
+

𝐵

𝑀
𝑣 =

𝐹𝑐 − 𝑀. 𝑔

𝑀
 (24) 

Take the Laplace transform, 

 𝑠. 𝑉(𝑠) − 𝑉(0)  +
𝐵

𝑀
 . 𝑉(𝑠) = (

𝐹𝑐 − 𝑀. 𝑔

𝑀
) .

1

𝑠
 (25) 

Since the object is released from rest, the initial velocity is zero. 

 𝑉(𝑠). (𝑠 +
𝐵

𝑀
)  = (

𝐹𝑐 − 𝑀. 𝑔

𝑀
) .

1

𝑠
 (26) 

Equation (26) can be further simplified by dividing by (𝑠 +
𝐵

𝑀
)and doing partial-

fraction expansion. 

 𝑉(𝑠)  = (
𝐹𝑐 − 𝑀. 𝑔

𝑀
) . (

𝑀
𝐵
𝑠

−

𝑀
𝐵

𝑠 +
𝐵
𝑀

) (27) 

 𝑉(𝑠)  = (
𝐹𝑐 − 𝑀. 𝑔

𝐵
) . (

1

𝑠
−

1

𝑠 +
𝐵
𝑀

) (28) 

Taking the inverse Laplace transform, Equation (28) becomes: 
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 𝑉(𝑡)  = (
𝐹𝑐 − 𝑀. 𝑔

𝐵
) . (1 − 𝑒− 

𝐵
𝑀

 𝑡) (29) 

Since 𝑉(𝑡) =
𝑑𝑥

𝑑𝑡
 then 𝑉(𝑠) = 𝑠. 𝑋(𝑠) − 𝑋(0). Rearrange Equation (29) as follows: 

 𝑋(𝑠) =  
𝑉(𝑠) +  𝑋(0)

𝑠
 (30) 

To get the position equation, Equation (30) can be integrated as follows: 

 𝑋(𝑡)  =  (
𝐹𝑐 − 𝑀. 𝑔

𝐵
) . 𝑡 +  𝑀 (

𝐹𝑐 − 𝑀. 𝑔

𝐵2
) . (𝑒− 

𝐵
𝑀

 𝑡 − 1) + 𝑋(0) (31) 

Now, the equations of motion are found. The curve fitting toolbox in Matlab 

can be used for each equation as shown below:  

 𝑉(𝑡)  = 𝑎𝑣. (1 − 𝑒−𝑏 𝑡) (32) 

 𝑋(𝑡) = (𝑎𝑥. 𝑏). 𝑡 + 𝑎𝑥. (𝑒− 𝑏 𝑡 − 1) + 𝑋(0) (33) 

where 

𝑎𝑣 = (
𝐹𝑐 − 𝑀. 𝑔

𝐵
) 

𝑏 =
𝐵

𝑀
 

𝑎𝑥 = 𝑀 (
𝐹𝑐 − 𝑀. 𝑔

𝐵2
) 

𝑎𝑥 =
𝑎𝑣

𝐵
 

We have therefore two equations and three unknown parameters (𝑀, 𝐵, 𝐹𝑐). 

Hence, one of the parameters should be known to be used for solving the other two 

parameters. Fortunately, if Equation (31) is used instead of Equation (33) and by 

choosing a suitable range for the parameters, the toolbox can find the unknown 

parameters (𝑀, 𝐵, 𝐹𝑐 and 𝑋0) directly. 

In the following section, the mass is found by continuously increasing the input 

voltage until it overcomes the weight of the moving mass. By knowing the mass, the 

Coulomb and the viscous coefficients can now be found.  
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3.3 Procedure 

The following steps summarize the whole procedure: 

1. The motor should be in the vertical position at a certain height and zero velocity. 

2. To avoid vibrations at the beginning of the position and velocity curves, tie the 

moving mass with a rope. 

3. Once the setup is ready, start dSPACE and cut the rope using scissors. 

4. When the mass reaches the origin and stops, stop dSPACE and save the data. 

5. Open the data in Matlab and crop the data of the falling mass. 

6. In the curve fitting toolbox, import the time and the position data. 

7. Specify the shape of the equation similar to Equation (31). 

8. Specify the constraints. 

9. Record the parameters. 

10. Repeat the experiment from step 1 to 10 at different sampling times for both 

directions. 

11. Take the average value for each parameter.  

3.4 Finding the Mass of the Stage 

When the linear motor is in the vertical position, the weight can be found by 

applying a small input voltage that is enough to overcome the weight of the mass. If the 

input voltage is too high, the mass will move the whole stroke and hit the upper 

constraint. On the other hand, if the input voltage is too small, the mass will not move 

or it will move for a short distance. Hence, the input voltage should be continuously 

increasing with a small increment.  

With each voltage increment, the mass should be moved up to a different height. 

The optimal value of the input voltage is the one that allows the mass to move to any 

height and keep it in that position. The input voltage is found to be 7.08V. The weight 

of the moving mass 𝑃 is:  

 𝑃  =  𝑀 ∗ 𝑔 (34) 

where 𝑔 is the acceleration of gravity. The force generated by the motor 𝐹𝑚 is:  

 𝐹𝑚 =  𝐾𝑓 ∗ 𝑖𝑎 (35) 
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If the motor force equals the weight of the mass then the mass can be found 

from the following equations:  

 𝑃  =  𝐹𝑚 (36) 

 𝑀 ∗ 𝑔 =  𝐾𝑓 ∗ 𝑖𝑎 (37) 

 𝑀 =
𝐾𝑓 ∗ 𝑖𝑎

𝑔
 (38) 

 The motor is connected directly to a power supply in series with an ammeter. 

The voltage is increased continuously in small increments as explained. Once the mass 

is balanced, the critical value of the current is found. This value is found to be: 

𝑖𝑎 = 1.03 ± 0.01 𝐴 

The mass can be found from Equation (38) as: 

 𝑀 =
𝐾𝑓 ∗ 𝑖𝑎

𝑔
=

10.1 ∗ (1.03 ± 0.01)

9.81
= 1.06 ± 0.01 𝐾𝑔 (39) 

Since the mass is known now, both friction coefficients can be found using the 

curve fitting technique. 

3.5 Data Acquisition and Preprocessing 

In this method, both the position and the velocity are measured using the analog 

encoder. This experiment is repeated 36 times at different initial conditions. For half of 

the experiments, the mass falls toward the magnetic core (negative direction) while for 

the other half, the mass falls away from the magnetic core (positive direction). 

For both directions, 6 tests are done at 10 ms, another 6 tests are done at 5 ms, 

and the last 6 tests are done at 1 ms sampling time. For each time, the moving mass of 

the motor is set at a different initial height and is released from rest. An example of the 

position and the velocity responses is shown in Figure 23. 

The data is selected from the time the mass starts falling until the time it hits the 

ground (the base of the motor). This data is cropped as shown in Figure 24. 
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Figure 23: Position and velocity from the positive direction of                             

motion sampled at 10 ms.  

 

Figure 24: Position and velocity from the positive direction of                             

motion sampled (chosen range). 

The data can be fitted using the Matlab Curve Fitting toolbox according to the 

corresponding equations which are derived in Section 3.2.  

The position curve is smoother than the velocity curve and with some initial tests, 

the position curves were found to give better fitting than the velocity curves. For this 

reason, the position equation will be used only to fit the parameters.  

Since the curve fitting method is based on some optimization techniques, it is 

recommended to specify some constraints on the fitting parameters. For example, the 
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initial condition is in the range of (0 to 0.060 m) since the maximum stroke for the 

motor does not exceed these two values. 

Writing the position equation as a function of 𝑎𝑥, 𝑏, and 𝑋(0) is easier than 

writing it as a function of the friction parameters. On the other hand, specifying the 

constraints on the fitting parameters is easier if it is related to the friction parameters. 

This actually helped in finding more realistic and accurate parameters. 

3.6 Defining the Constraints 

Using Equation (31) and substituting for the acceleration of gravity while 

keeping the mass and the initial condition as unknown parameters yields a better fitting. 

This is true if the constraints on the fitting parameters are chosen correctly. 

As mentioned before, the initial condition is in the range of (0 to 0.0599 m). The 

first sample from the cropped position curve can be used as a fixed initial condition. It 

is found that using it as a starting point for parameter instead of fixing it yields better 

results because sometimes when the mass at the very beginning starts falling, some 

disturbances could happen that affect the value of the initial conditions for both the 

position and the velocity curves. 

The viscous friction range can be specified based on the mechanical time 

constant and the mass. The mechanical time constant 𝑇𝑐 is found from the following 

relation: 

 𝑇𝑐 =
𝑀

𝐵
 (40) 

Since the mass is known, finding the mechanical time constant gives an 

approximate range for the viscous friction. Using the PID Tuner app in Matlab 2014b, 

the plant can be identified and the mechanical time constant along with the DC gain can 

be found. This app can be thought of as an easy way to find the time constant for the 

velocity curve for each test assuming that the input is a step of 1. The DC gain does not 

have any meaning in this experiment.  The time constant for each experiment for both 

directions are listed in Table 2 and Table 3. 
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Table 2: Mechanical time constants for the negative direction of                             

motion at different sampling times. 

Negative Direction  At TS = 10 ms At TS = 5 ms At TS = 1 ms 

Test 1 0.100 0.065 0.104 

Test 2 0.090 0.100 0.095 

Test 3 0.090 0.085 0.085 

Test 4 0.080 0.080 0.078 

Test 5 0.110 0.070 0.095 

Test 6 0.070 0.065 0.067 

 

Table 3: Mechanical time constants for the positive direction of                             

motion at different sampling times. 

Positive Direction  At TS = 10 ms At TS = 5 ms At TS = 1 ms 

Test 1 0.120 0.090 0.122 

Test 2 0.120 0.090 0.096 

Test 3 0.100 0.090 0.080 

Test 4 0.080 0.090 0.084 

Test 5 0.070 0.045 0.060 

Test 6 0.050 0.100 0.038 

The parameters’ average values for both directions of motion at the three 

sampling times are shown in Table 4. The average time constant with the standard 

deviation (SD) for each direction is shown in Table 5. 

Table 4: Average mechanical time constant and standard deviation SD for both 

directions of motion at different sampling times. 

 
At TS = 10 ms At TS = 5 ms At TS = 1 ms 

Average time 

constant [s] 
SD 

Average time 

constant [s] 
SD 

Average time 

constant [s] 
SD 

Negative 

direction 
0.090 0.014 0.078 0.014 0.087 0.013 

Positive 

direction 
0.090 0.028 0.084 0.020 0.080 0.029 
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Table 5: Average mechanical time constant and standard deviation for both 

directions of motion. 

 Average time constant [s] Standard deviation 

Negative Direction 0.085 0.014 

Positive Direction 0.085 0.025 

The expected viscous friction can be found using Equation (40) as shown in 

Equation (41). 

 𝐵 =
𝑀

𝑇𝑐
=

1.060

0.085
= 12 𝑁. 𝑠/𝑚 (41) 

The range for the viscous friction can now be chosen as 10 to 15 N.s/m. The 

Coulomb friction is expected to be in the range of 0 to 2 N. This can be validated by 

taking the position at different time steps and solving Equation (31) since the range of 

each parameter is approximately known. Figure 25 shows an example of taking the 

position value at 0.05 seconds. The Matlab script used to find an approximate value for 

the Coulomb coefficient is shown in Figure 26. It will be seen that the Coulomb 

coefficient for all the experiments will not exceed the chosen range. 

The friction parameters are next found using the curve fitting toolbox in Matlab 

using the nonlinear least squares method. The Trust-Region and Levenberg-Marquardt 

algorithms are the available algorithms in the toolbox. The first algorithm is used 

because it handles bond constraints unlike the second algorithm. 

 

Figure 25: An example of a random sample showing the position and its 

corresponding time. 
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Figure 26: The Matlab script used to find an approximate value for the Coulomb 

coefficient. 

3.7 Experimental Results 

By following the previous procedure and taking into account the constraints, the 

fitting can now be done. Figure 27, Figure 28, and Figure 29 show the fitting for some 

experiments at a sampling time of 10, 5 and 1 ms, respectively.  

 

Figure 27: Position fitting experiment at 10 ms. 

The difference between the number of samples affects the smoothness of the 

fitted curves as shown in Figure 30. 
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Figure 28: Position fitting experiment at 5 ms. 

 

 

Figure 29: Position fitting experiment at 1 ms. 

 

For each curve fitting, the output is an equation (similar to Equation (31)) with 

the fitted parameters as given by the Matlab script in Figure 31. The fitting parameters 

for the negative direction of motion are listed in Table 6. X0 represents the initial 

position for each test, which is the first sample of the cropped position data while X0_fit 

is the initial condition which is found by the curve fitting toolbox. The average values 

and the standard deviations SD for the parameters are listed in Table 7. The fitting 

parameters for the positive direction of motion are listed in Table 8 and the average 

values with the standard deviations SD for the parameters are listed in Table 9. 
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Figure 30: Sampling time effect on smoothness of the fitted curves. 

 

 

Figure 31: An example of the fitting results at 5 ms. 

  

The time constant is found for each experiment using Equation (40) based on 

the values of the viscous friction and the mass which are found from the fitting. The 

results are listed in Table 10. The average values and the standard deviations for the 

time constants are listed in Table 11. 

The final average values for the parameters for both directions of motion are 

listed in Table 12. 
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Table 6: Fitting parameters for the negative direction of motion. 

No. 
TS  

[ms] 

X0 

 [m] 

X0_fit  

[m] 

B  

[N.s/m] 

Fc  

[N] 

M 

[Kg] 
RMSE 

T1 10 0.042 0.042 11.899 1.353 1.083 1.673e-4 

T2 10 0.030 0.031 12.569 0.732 1.070 2.563e-4 

T3 10 0.034 0.033 12.137 1.226 1.078 1.767e-4 

T4 10 0.029 0.029 12.077 1.297 1.078 2.667e-4 

T5 10 0.049 0.049 11.630 0.640 1.092 3.647e-4 

T6 10 0.021 0.022 13.978 0.475 0.984 4.150e-4 

T7 5 0.051 0.051 11.738 1.407 1.086 2.480e-4 

T8 5 0.039 0.039 11.288 0.783 1.077 1.850e-4 

T9 5 0.028 0.028 12.369 1.052 1.073 8.204e-5 

T10 5 0.024 0.024 12.683 0.778 1.065 9.483e-5 

T11 5 0.019 0.019 13.329 0.581 1.034 1.813e-4 

T12 5 0.015 0.015 13.335 0.583 1.033 9.273e-5 

T13 1 0.048 0.048 11.004 0.548 1.100 2.255e-4 

T14 1 0.034 0.034 11.304 0.377 1.100 1.999e-4 

T15 1 0.028 0.028 12.159 0.660 1.050 1.337e-4 

T16 1 0.023 0.024 11.736 0.285 1.100 8.421e-5 

T17 1 0.034 0.035 11.013 0.344 1.100 1.525e-4 

T18 1 0.017 0.018 13.485 0.457 1.027 9.716e-5 

 

Table 7: Average values and standard deviations SD for the parameters at 

different sampling times. 

Sampling Time 

TS [ms] 

Negative Direction 

B [N.s/m] Fc [N] M [Kg] 

Average SD Average SD Average SD 

10 12.382 0.841 0.954 0.381 1.064 0.040 

5 12.457 0.834 0.864 0.317 1.061 0.022 

1 11.783 0.945 0.445 0.139 1.079 0.033 

 



49 
 

Table 8: Fitting parameters for the positive direction of motion. 

No. 
TS  

[ms] 

X0  

[m] 

X0_fit 

 [m] 

B  

[N.s/m] 

Fc 

 [N] 

M 

[Kg] 
RMSE 

T1 10 0.055 0.056 11.043 0.467 1.098 5.252e-4 

T2 10 0.053 0.053 11.795 1.358 1.085 2.971e-4 

T3 10 0.039 0.040 11.971 0.556 1.018 5.526e-4 

T4 10 0.029 0.028 11.664 1.616 1.085 3.792e-4 

T5 10 0.018 0.018 11.923 0.549 1.022 3.703e-4 

T6 10 0.012 0.012 11.933 0.546 0.976 2.565e-4 

T7 5 0.053 0.053 11.026 0.444 1.100 1.764e-4 

T8 5 0.032 0.032 11.218 0.631 1.054 1.714e-4 

T9 5 0.031 0.031 11.984 0.880 1.074 1.398e-4 

T10 5 0.020 0.020 11.478 0.387 1.078 7.120e-5 

T11 5 0.012 0.012 11.761 0.586 1.026 5.103e-5 

T12 5 0.040 0.040 10.878 0.587 1.100 1.668e-4 

T13 1 0.052 0.053 12.048 0.587 1.098 5.338e-4 

T14 1 0.034 0.035 11.972 0.390 1.100 2.599e-4 

T15 1 0.023 0.024 13.107 0.230 0.981 3.228e-4 

T16 1 0.027 0.027 12.315 0.424 1.042 2.340e-4 

T17 1 0.014 0.014 13.130 0.251 0.979 1.053e-4 

T18 1 0.006 0.006 13.073 0.473 0.996 2.464e-4 

 

Table 9: Average values and standard deviations SD for the parameters at 

different sampling times. 

Sampling Time 

TS [ms] 

Positive Direction 

B [N.s/m] Fc [N] M [Kg] 

Average SD Average SD Average SD 

10 11.721 0.351 0.849 0.502 1.047 0.049 

5 11.391 0.430 0.586 0.172 1.072 0.029 

1 12.607 0.556 0.393 0.135 1.033 0.056 
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Table 10: Mechanical time constant for each experiment 

No. TS [ms] 

Negative direction of motion  Positive direction of motion 

Time constant [s] Time constant [s] 

T1 10 0.091 0.099 

T2 10 0.085 0.092 

T3 10 0.089 0.085 

T4 10 0.089 0.093 

T5 10 0.094 0.086 

T6 10 0.070 0.082 

T7 5 0.092 0.100 

T8 5 0.095 0.094 

T9 5 0.087 0.090 

T10 5 0.084 0.094 

T11 5 0.078 0.087 

T12 5 0.077 0.101 

T13 1 0.100 0.091 

T14 1 0.097 0.092 

T15 1 0.086 0.075 

T16 1 0.094 0.085 

T17 1 0.100 0.075 

T18 1 0.076 0.076 

 

 

Table 11: Average mechanical time with SD at different sampling times  

 

At TS = 10 ms At TS = 5 ms At TS = 1 ms 

Average time 

constant [s] 
SD 

Average time 

constant [s] 
SD 

Average time 

constant [s] 
SD 

Negative 

direction 
0.086 0.008 0.085 0.007 0.092 0.009 

Positive 

direction 
0.089 0.006 0.094 0.005 0.082 0.008 
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Table 12: Final values for both directions of motion 

 

B  

[N.s/m] 

Fc  

[N] 

M  

[Kg] 

Time constant 

[s] 

Average  SD Average  SD Average  SD Average SD 

Neg.  

Dir. 
12.207  0.878 0.754 0.361 1.068 0.032 0.088 0.008 

Pos. 

Dir. 
11.907  0.679 0.609 0.354 1.051 0.047 0.088 0.008 

Both 

Dir. 
12.057 0.788 0.682 0.360 1.059 0.040 0.088 0.008 

 

3.8 Summary 

In this chapter, the mass, viscous friction, and Coulomb friction are found at 

three different sampling times for both directions. From the parameters’ average values, 

the mass is almost the same as the one found using the mass levitation method. The 

viscous coefficient seems to be constant at different sampling times unlike the Coulomb 

coefficient. The viscous coefficient is almost the same for both directions. The 

Coulomb coefficient seems to be larger in the negative direction of motion. 
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Chapter 4: Steady State Response (SSR) of the Velocity Control Loop 

Using a PI Controller  

4.1 Introduction 

In this method, the total friction force is found as a function of the velocity in 

steady state. This relation can be found by measuring both the velocity and the current. 

Since the current is proportional to the motor force, the friction force can be related to 

the measured velocity by multiplying the measured current by the motor force constant. 

The friction characteristics can be derived as explained in the following section.  

4.2 Mathematical Model 

The friction/velocity relation can be found from the following equations: 

 𝑀�̇�  =  𝐹𝑚 −  𝐹𝑐 . 𝑠𝑖𝑔𝑛(𝑣) −  𝐵𝑣 (42) 

 
𝐹𝑚 =  𝐾𝑓 𝑖𝑎 

(43) 

Assume the Coulomb friction to be zero, then: 

 (𝑀𝑠 + 𝐵 )𝑣(𝑠) = 𝐾𝑓 𝑖𝑎(𝑠) (44) 

Current and velocity are the input and the output for this system, respectively. 

The transfer function will be: 

 𝐺(𝑠) =
𝑣(𝑠)

𝑖𝑎(𝑠)
=

𝐾𝑓

(𝑀𝑠 + 𝐵 )
 (45) 

The Coulomb friction can be considered as a disturbance to the system. If a PI 

controller is used, the motor can reach the desired velocity with a zero steady state error. 

Figure 32 shows the velocity control loop with an inner force/current control loop. 

Equations (42) and (43) are used to find the total friction. In steady state, the velocity 

is constant and Equation (42) becomes: 

 0  =  𝐹𝑚𝑠𝑠
−  𝐹𝑐 . 𝑠𝑖𝑔𝑛(𝑣𝑠𝑠) −  𝐵. 𝑣𝑠𝑠 (46) 

The total friction force will be a function of the measured current. 

 𝐾𝑓 . 𝑖𝑎𝑠𝑠
=  𝐹𝑐 . 𝑠𝑖𝑔𝑛(𝑣𝑠𝑠) +  𝐵. 𝑣𝑠𝑠 (47) 
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Figure 32: Velocity control system 

By repeating this experiment for different velocity values, the friction force as 

a function of the velocity can be plotted. The friction coefficients are next extracted 

from the graph using nonlinear curve fitting. 

4.3 Data Acquisition and Preprocessing 

In this method, the total friction force is found as a function of velocity. Since 

the current is proportional to the motor force, the friction force can be related to the 

measured velocity in steady state. Multiplying the measured current with the motor 

force constant and taking the average value for this portion at this specific velocity 

yields a point in the friction/velocity relation. By repeating this experiment for different 

velocity values, the friction force as a function of the velocity can be plotted. The 

friction coefficients can be extracted next from the graph. 

The total number of experiments is 42. Half of them are for the positive direction 

and the other half are for the negative direction. Table 13 shows the reference velocities 

in the range of 0.1 to 20 mm/s with their corresponding controller gains.  

Figure 33 shows an example experiment with a reference velocity of 10 mm/s. 

Figure 34 shows the chosen range to find the average value of the steady state current. 

The average values for the actual velocity, the actual current, and the reference current 

are listed in Table 14. 

Table 15 shows the reference velocities in the range of -20 to -0.1 mm/s that are 

used with the corresponding controller gains.  

 

 



54 
 

Table 13: PI controller gains for positive reference velocity 

Test No. Ref. Velocity mm/s P I 

1 20 5.0 100.0 

2 15 5.0 100.0 

3 10 10.0 150.0 

4 9 10.0 150.0 

5 8 10.0 150.0 

6 7 10.0 150.0 

7 6 10.0 150.0 

8 5 9.0 150.0 

9 4 9.0 150.0 

10 3 9.0 150.0 

11 2 9.0 150.0 

12 1 12.0 200.0 

13 0.9 12.0 200.0 

14 0.8 12.0 200.0 

15 0.7 12.0 200.0 

16 0.6 12.0 200.0 

17 0.5 12.0 210.0 

18 0.4 12.5 220.0 

19 0.3 13.0 230.0 

20 0.2 13.5 240.0 

21 0.1 14.0 250.0 

 

 
Figure 33: SSR method with a reference velocity of 10 mm/s 
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Figure 34: The chosen range for a reference velocity of 10 mm/s 

Table 14: Average velocity and current values for the positive reference 

velocities 

Test 

No. 

Ref. velocity 

mm/s 

Act. velocity  

(avg.) mm/s 

Ref. current 

(avg.) A 

Act. current 

(avg.) A 

1 20.000 19.664 0.109 0.107 

2 15.000 14.711 0.109 0.107 

3 10.000 9.924 0.100 0.098 

4 9.000 8.935 0.099 0.098 

5 8.000 7.937 0.101 0.010 

6 7.000 6.946 0.100 0.098 

7 6.000 6.066 0.094 0.092 

8 5.000 4.963 0.094 0.093 

9 4.000 3.957 0.092 0.091 

10 3.000 2.975 0.091 0.089 

11 2.000 1.983 0.088 0.087 

12 1.000 0.986 0.079 0.077 

13 0.900 0.895 0.079 0.077 

14 0.800 0.801 0.076 0.074 

15 0.700 0.702 0.078 0.077 

16 0.600 0.594 0.080 0.079 

17 0.500 0.500 0.080 0.079 

18 0.400 0.400 0.083 0.082 

19 0.300 0.299 0.088 0.086 

20 0.200 0.202 0.087 0.086 

21 0.100 0.097 0.083 0.082 
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Table 15: PI controller gains for negative reference velocity 

Test No. Ref. velocity mm/s P I 

22 -20 5.0 60.0 

23 -15 10.0 200.0 

24 -10 10.0 200.0 

25 -9 10.0 200.0 

26 -8 10.0 275.0 

27 -7 11.0 325.0 

28 -6 11.0 350.0 

29 -5 11.0 350.0 

30 -4 11.0 350.0 

31 -3 11.0 350.0 

32 -2 11.0 350.0 

33 -1 11.5 350.0 

34 -0.9 11.5 350.0 

35 -0.8 11.5 350.0 

36 -0.7 11.5 350.0 

37 -0.6 11.0 350.0 

38 -0.5 11.5 360.0 

39 -0.4 12.0 370.0 

40 -0.3 12.5 380.0 

41 -0.2 13.0 350.0 

42 -0.1 13.5 400.0 
 

Figure 35 shows an example of an experiment with a reference velocity of             

-0.1 mm/s. Figure 36 shows the chosen range to find the average value of the steady 

state current.  

The average values for the actual velocity, the actual current, and the reference 

current are listed in Table 16. 
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Figure 35: SSR method with a reference velocity of -0.1 mm/s 

 

 

Figure 36: The chosen range for a reference velocity of -0.1 mm/s 

4.4 Friction Force Characteristics 

From Table 14 and Table 16, the friction force at each velocity reference can be 

found. The friction force equals the measured/reference current multiplied by the motor 

force constant. The friction force obtained from the reference current versus the 

measured velocity is shown in Figure 37. Figure 38 is a zoomed view of Figure 37 in 

the range of -6 to 6 mm/s. 
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Table 16: Average velocity and current values for the negative reference 

velocities 

Test 

No. 

Ref. velocity 

mm/s 

Act. velocity 

(avg.) mm/s 

Ref. current 

(avg.) A 

Act. current 

(avg.) A 

22 -20.000 -19.128 -0.132 -0.132 

23 -15.000 -14.930 -0.129 -0.129 

24 -10.000 -9.967 -0.127 -0.127 

25 -9.000 -8.988 -0.123 -0.123 

26 -8.000 -7.984 -0.129 -0.129 

27 -7.000 -7.000 -0.133 -0.133 

28 -6.000 -5.944 -0.110 -0.110 

29 -5.000 -5.018 -0.116 -0.116 

30 -4.000 -4.005 -0.112 -0.112 

31 -3.000 -2.998 -0.115 -0.115 

32 -2.000 -1.982 -0.112 -0.112 

33 -1.000 -0.990 -0.109 -0.109 

34 -0.900 -0.890 -0.112 -0.112 

35 -0.800 -0.803 -0.117 -0.117 

36 -0.700 -0.702 -0.118 -0.118 

37 -0.600 -0.591 -0.115 -0.115 

38 -0.500 -0.497 -0.107 -0.107 

39 -0.400 -0.392 -0.108 -0.108 

40 -0.300 -0.294 -0.096 -0.096 

41 -0.200 -0.195 -0.089 -0.090 

42 -0.100 -0.094 -0.073 -0.074 

 

 The friction force obtained from the measured current versus the measured 

velocity is shown in Figure 39. Figure 40 is a zoomed view for Figure 39 in the range 

of -6 to 6 mm/s. 

Figure 37 and Figure 39 are plotted on top of each other to compare the 

reference and the actual currents as shown in Figure 41. Since the two curves are very 

close to each other, this proves that the current and the velocity control loops are 

working fine. 
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Figure 37: Friction as a function of velocity obtained from the reference current 

 

 

Figure 38: Friction as a function of velocity obtained from the reference current 

(zoomed curve). 

From Figure 41, it can be seen that using either the reference current or the 

actual current gives almost the same result. This shows that the implemented hysteresis 

current control loop and the velocity control loop are working fine. 
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Figure 39: Friction as a function of velocity obtained from the measured 

current 

 

 

Figure 40: Friction as a function of velocity obtained from the measured 

current (zoomed curve).  

 

The friction parameters are next found using the curve fitting toolbox in Matlab 

using the nonlinear least squares method. Similar to the free-fall method, the Trust-

Region and Levenberg-Marquardt algorithms are the available algorithms in the 

toolbox. The first algorithm is used because it handles bond constraints unlike the 

second algorithm. 
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Figure 41: Friction as a function of the velocity based on the measured and the 

reference current average values.  

  The fitting is based on the actual force and actual velocity. The data is fitted 

using Equation (48) by assuming that both directions have the same friction parameters 

and the result is shown in Figure 42. The fitting results are listed in Table 17. 

 𝐹 =  𝑠𝑖𝑔𝑛(𝑣). [𝐹𝑐 + (𝐹𝑠 − 𝐹𝑐)𝑒
−|

𝑣
𝑣𝑠

|
2

] + 𝐵. 𝑣 (48) 

where 𝐹𝑠 is the stiction coefficient and 𝑣𝑠 is the Stribeck velocity.  

Table 17: Fitting result assuming both directions have the same friction 

parameters 

 
B 

[N.s/m] 

Fc 

[N] 

Fs 

[N] 

vs 

[m/s] 
RMSE 

Both directions 

of motion 
36.88 0.74 0.89 5e-4 0.2072 

 It can be seen from Figure 42 that the assumption of equal friction parameters 

for both directions of motion is not valid. Hence, Equation (48) should be used for each 

direction of motion separately as shown in Figure 43 and Figure 44. 
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Figure 42: Fitting result assuming both directions have the same friction 

parameters  

 

 

Figure 43: Fitting for the positive direction only 

From Table 18, it can be noticed that the viscous coefficient is different in each 

direction. Another way of finding the viscous friction is by finding the slope of the 

linear region as explained in Section 4.5. 
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Figure 44: Fitting for the negative direction only 

The fitting results for each direction of motion are listed in Table 18. 

Table 18: Fitting results for each direction of motion 

Direction of Motion 
B 

[N.s/m] 

Fc 

[N] 

Fs 

[N] 

vs 

[m/s] 
RMSE 

Negative  16.10 1.09 1.19 2e-4 0.1238 

Positive 24.43 0.74 0.868 5e-4 0.0569 

 

4.5 Curve Fitting for Viscous Friction Identification Only 

To get the viscous coefficient, the linear region for each direction of motion 

should be fitted separately. The slope of the linear line represents the viscous 

coefficient. Figure 45 and Figure 46 show the fitting for both directions in the range of                  

-20 to -2 mm/s for the negative direction of motion and 2 to 20 mm/s for the positive 

direction of motion, respectively. Equation (49) and Equation (50) represent the fitting 

equations for the negative and the positive directions of motion, respectively. 

 𝑓 = 12.57 ∗ 𝑣 − 1.129 (49) 

 𝑓 = 12.34 ∗ 𝑣 + 0.8745 (50) 

where 𝑓 is the friction force and 𝑣 is the velocity. 
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Figure 45: Linear fitting for the negative direction of motion  

 
Figure 46: Linear fitting for the positive direction of motion 

Table 19: RMSE values for the linear fitting of each direction of motion 

Direction of Motion RMSE 

Negative  0.0631 

Positive 0.0224 

Both fits can be plotted on the same figure as shown in Figure 47 using the 

fitting equations. 
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Figure 47: Linear fitting for both directions of motion 

The fitting equation for both directions of motion is now: 

 
𝑓 = {

12.34 ∗ 𝑣 + 0.8745, 𝑣 > 0

12.57 ∗ 𝑣 − 1.129  , 𝑣 < 0
 (51) 

The average viscous value and the standard deviation are found as: 

 
𝐵 = 12.46 ± 0.16 

𝑁. 𝑠

𝑚
 (52) 

4.6 Finding the Mass of the Stage 

The mass can be found in a separate experiment by increasing the reference 

input current while the motor is in the vertical position. With each current increment, 

the mass should be moved up to a different height. The optimal value of the input 

current is the one that allows the developed force to counter-act the weight of the stage 

so that the net force is zero. In this case, we can move the mass to any height and keep 

it in that position. Similar to the method in Chapter 3, the current is found to be in the 

range 1.02 to 1.04A and the average value is 1.03A and the standard deviation is 0.01A. 

The mass is found using Equation (38) in Chapter 3 as shown below. 

 
𝑀 =

𝐾𝑓 ∗ 𝑖𝑎

𝑔
=

10.1 ∗ (1.03 ± 0.01)

9.81
= 1.06 ± 0.01 𝐾𝑔 

(53) 
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4.7 Summary 

In this chapter, the mass, viscous, stiction, Stribeck velocity and Coulomb 

friction coefficients are found. The mass is found also using the mass levitation method. 

The friction coefficients are found by first fitting both directions of motion using one 

curve, then by fitting each direction of motion separately. Another method is used to 

find the viscous friction by fitting the linear part of each direction of motion alone. The 

viscous coefficient is found to be almost the same for both directions. The Coulomb 

coefficient seems to be larger in the negative direction of motion. This could be due the 

encoder’s cable which is moving with the stage.  
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Chapter 5: Adaptive Linear Neuron Network (ADALINE)  

5.1 Introduction 

The adaptive linear neuron network (ADALINE) is well-known in the artificial 

neural networks (ANNs) literature [27]. The ADALINE architecture is shown in   

Figure 48 where P is an input vector of length R, S is the number of neurons in the 

network and the activation function is linear. The training of the network is carried out 

in both off-line and on-line modes. The desired output should be provided since the 

network uses supervised learning. 

 

Figure 48: ADALINE architecture. 

The network output 𝑎 is related to the input p according to following equation: 

 
𝑎 = 𝑝𝑢𝑟𝑒𝑙𝑖𝑛(𝑤. 𝑝 + 𝑏) = 𝑤. 𝑝 + 𝑏 

(54) 

where 𝑤 and 𝑏 are the weight matrix and the bias vector, respectively. 

5.2 Mathematical Model 

For the linear motor used in this research, the electrical current is considered as 

the input for the system while the velocity is the output. The transfer function for the 

linear system (without Coulomb friction) can be found as follows: 

 

(𝑀. 𝑠 + 𝐵 )

𝐾𝑓
𝑣(𝑠)  = 𝑖𝑎(𝑠) (55) 
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 𝐺(𝑠) =
𝑣(𝑠)

𝑖𝑎(𝑠)
=

𝐾𝑓

(𝑀𝑠 + 𝐵 )
 (56) 

Equation (56) can be reshaped by dividing by the viscous friction coefficient 𝐵.  

 𝐺(𝑠) =
𝑣(𝑠)

𝑖𝑎(𝑠)
=

𝐾𝑚

(𝜏𝑚𝑠 + 1 )
 (57) 

where: 

𝐾𝑚 =
𝐾𝑓

𝐵
 

𝜏𝑚 =
𝑀

𝐵
 

For the ADALINE networks, the system should be discrete. The continuous 

transfer function is converted to the discrete domain using the zero order hold (ZOH) 

method as shown in Figure 49. 

 

Figure 49: Discretized transfer function G(s) of the linear motor. 

 
𝐺(𝑧) = (1 − 𝑧−1)ℤ {

𝐺(𝑠)

𝑠
} = (1 − 𝑧−1)ℤ {

𝐾𝑚

𝑠(𝜏𝑚𝑠 + 1 )
} 

(58) 

The partial fraction method is next used to find the discrete transfer function. 

 𝐺(𝑧) = (1 − 𝑧−1)ℤ {
𝐾𝑚

𝑠
+

−𝐾𝑚𝜏𝑚

(𝜏𝑚𝑠 + 1 )
} (59) 

 𝐺(𝑧) =
𝐾𝑚𝑧−1(1 − 𝑒

−𝑇
𝜏𝑚)

(1 − 𝑒
−𝑇
𝜏𝑚 . 𝑧−1)

 (60) 

where T is the sampling time. 
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 Let: 

w1 = e
−T
τm  

w2 = Km (1 − e
−T
τm) = Km(1 − w1) 

Then: 

 𝐺(𝑧) =
𝑤2𝑧−1

(1 − 𝑤1𝑧−1)
 (61) 

The mass and the viscous coefficient can be related to the weights 𝑤1 and 𝑤2.  

 𝐾𝑚 =
𝐾𝑓

𝐵
=

𝑤2

(1 − 𝑤1)
 (62) 

 𝜏𝑚 =
𝑀

𝐵
=

−𝑇

𝑙𝑛 (𝑤1)
 (63) 

The viscous coefficient can be found from Equation (62) as: 

 𝐵 = (
1 − 𝑤1

𝑤2
) 𝐾𝑓 (64) 

The mass can be found from Equation (63) as: 

 𝑀 =
−𝐵 𝑇

𝑙𝑛 (𝑤1)
=  

−𝐾𝑓 . (1 − 𝑤1). 𝑇

𝑤2. 𝑙𝑛 (𝑤1)
 (65) 

The ADALINE network can be implemented from the transfer function by 

finding the difference equation of the discrete system. 

 𝐺(𝑧) =
𝑣(𝑧)

𝑖𝑎(𝑧)
=

𝑤2𝑧−1

(1 − 𝑤1𝑧−1)
 (66) 

By doing cross multiplication, Equation (66) becomes: 

 (1 − 𝑤1𝑧−1)𝑣(𝑧) = 𝑤2𝑧−1  𝑖𝑎(𝑧) (67) 

The difference equation can now be found as: 

 𝑣(𝑘) = 𝑤1. 𝑣(𝑘 − 1) + 𝑤2. 𝑖𝑎(𝑘 − 1) (68) 
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This can be represented by an ADALINE network as shown in Figure 50. 

 

Figure 50: ADALINE implementation. 

If the coulomb friction is included as shown in Figure 51, the new system model 

will be: 

 

Figure 51: Motor discretized transfer function including Coulomb 

friction.  

 

 𝑣(s) =
𝐾𝑚

(𝜏𝑚s + 1 )
(ia(s) − ic(s)) (69) 

where 𝑖𝑐 represents the current loss due to Coulomb friction.  

The discretized relation between the inputs and the output is now: 

 𝑣(𝑘) = 𝑤1. 𝑣(𝑘 − 1) + 𝑤2. (𝑖𝑎(𝑘 − 1) − 𝑖𝑐(𝑘 − 1)) (70) 
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Equation (70) can be related to the Coulomb friction by replacing the current 

loss due to Coulomb friction with its value as shown in Equation (71). 

 𝑣(𝑘) = 𝑤1. 𝑣(𝑘 − 1) + 𝑤2. 𝑖𝑎(𝑘 − 1) − 𝑤2. (
𝐹𝑐

𝐾𝑓
𝑠𝑖𝑔𝑛(𝑣(𝑘−1))) (71) 

Let: 

 𝑤3 = −
𝑤2. 𝐹𝑐

𝐾𝑓
 (72) 

The Coulomb friction can be found as: 

 𝐹𝑐 = −
𝑤3. 𝐾𝑓

𝑤2
 (73) 

𝑠𝑖𝑔𝑛(𝑣(𝑘−1)) can be considered as another input for the network. The 

ADALINE network can be implemented as shown in Figure 52. 

 

Figure 52: ADALINE implementation including the Coulomb friction. 

A general form of the above implementation can be realized by introducing 

another weight for Coulomb friction 𝑤4. These two weights can model the Coulomb 

coefficient for the positive and the negative directions. This implementation is shown 

in Figure 53. 
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Figure 53: ADALINE implementation including the Coulomb                                      

friction for both directions. 
 

𝑆𝑝 and 𝑆𝑛 are nothing but selectors. For example, if the velocity is positive, then 

𝑆𝑝 equals 1 while 𝑆𝑛 equals zero. When the velocity is zero then both of them are zero. 

The relations are explained below. 

 𝑆𝑝 = {
1, 𝑠𝑖𝑔𝑛(𝑣(𝑘−1)) > 0

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 (74) 

 𝑆𝑛 = {
−1, 𝑠𝑖𝑔𝑛(𝑣(𝑘−1)) < 0

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 (75) 

Equation (71) can be modified to separate the Coulomb friction based on the 

direction of motion as follows: 

 
𝑣(𝑘) = 𝑤1. 𝑣(𝑘 − 1) + 𝑤2. 𝑖𝑎(𝑘 − 1) − 𝑤3. 𝑠𝑖𝑔𝑛(𝑣+(𝑘 − 1))

− 𝑤4. 𝑠𝑖𝑔𝑛(𝑣−(𝑘 − 1)) 
(76) 

where 

 𝑤3 = −
𝑤2. 𝐹𝑐

+

𝐾𝑓
 (77) 

 
𝑤4 = −

𝑤2. 𝐹𝑐
−

𝐾𝑓
 

(78) 

The Coulomb friction for both directions of motion can be found as: 
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 𝐹𝑐
+ = −

𝑤3. 𝐾𝑓

𝑤2
 (79) 

 
𝐹𝑐

− = −
𝑤4. 𝐾𝑓

𝑤2
 

(80) 

ADALINE network training using a gradient descent algorithm is performed to 

update the weights: 

 𝑊𝑖(𝑘 + 1) = 𝑊𝑖(𝑘) − 𝛼.
𝜕𝑒2(𝑘)

𝜕𝑊𝑖
 (81) 

where 𝛼 is the learning rate and 𝑒(𝑘) is the difference between the measured velocity 

𝑣(𝑘) and the estimated velocity 𝑣(𝑘) using the gradient descent algorithm. The general 

ADALINE training implementation based on Equation (76) is shown in Figure 54. 

 

Figure 54: ADALINE training implementation including the Coulomb                                      

friction for both directions. 

Using Equation (81), the gradient of the squared error with respect to the 

weight vector is found and the updated weights are: 

 𝑊1(𝑘 + 1) = 𝑊1(𝑘) − 𝛼.
𝜕𝑒2(𝑘)

𝜕𝑊1
= 𝑊1(𝑘) + 2𝛼.  e.  𝑣(𝑘 − 1) (82) 

 𝑊2(𝑘 + 1) = 𝑊2(𝑘) − 𝛼.
𝜕𝑒2(𝑘)

𝜕𝑊2
= 𝑊2(𝑘) + 2𝛼.  e. 𝑖𝑎(𝑘 − 1) (83) 

 𝑊3(𝑘 + 1) = 𝑊3(𝑘) − 𝛼.
𝜕𝑒2(𝑘)

𝜕𝑊3
= 𝑊3(𝑘) + 2𝛼.  e. 𝑠𝑖𝑔𝑛(𝑣(𝑘 − 1)) (84) 

If the Coulomb friction is neglected then the first two weights are used. For 

the general ADALINE implementation, the third and the forth weights are: 
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 𝑊3(𝑘 + 1) = 𝑊3(𝑘) − 𝛼.
𝜕𝑒2(𝑘)

𝜕𝑊3
= 𝑊3(𝑘) + 2𝛼.  e. 𝑠𝑖𝑔𝑛(𝑣+(𝑘 − 1)) (85) 

 𝑊4(𝑘 + 1) = 𝑊4(𝑘) − 𝛼.
𝜕𝑒2(𝑘)

𝜕𝑊4
= 𝑊4(𝑘) + 2𝛼.  e. 𝑠𝑖𝑔𝑛(𝑣−(𝑘 − 1)) (86) 

5.3 Least Squares Method 

The gradient descent (GD) method, which is used to train the ADALINE 

network, depends on the number of samples and the learning rate. If the number of 

samples is small, the GD may not reach the optimal weights. On the other hand, if the 

number of samples is high enough but the learning rate is too small, it may also not 

reach the optimal weights. In this case, the whole input vector should be presented again 

to the network until it is well trained.  

Similarly, if the learning rate is too large, the network output may fail to 

converge. On the other hand, if the learning rate is too small, the network may need a 

very long time to converge. Since the purpose of this research is to identify the 

parameters of the linear DC motor, the least squares (LS) method is used for the           

off-line training of the ADALINE network in addition to the gradient descent algorithm. 

The regression model for the velocity is based on Equation (68) as shown in           

Equation (87).  

 𝑣(𝑘) = 𝑤1. 𝑣(𝑘 − 1) + 𝑤2. 𝑖𝑎(𝑘 − 1) + 𝜀(𝑘) (87) 

where 𝜺 is the random error with zero mean and normal distribution. If N data are 

collected, Equation (87) can be written in matrix form as in Equation (88). 

 

[

𝑣(1)
𝑣(2)

⋮
𝑣(𝑁)

] = [

𝑣(0)
𝑣(1)

⋮
𝑣(𝑁 − 1)

𝑖𝑎(0)
𝑖𝑎(1)

⋮
𝑖𝑎(𝑁 − 1)

] . [
𝑤1

𝑤2
] + [

𝜀(1)
𝜀(2)

⋮
𝜀(𝑁)

] (88) 

This can be written as: 

 𝑦 = 𝑥. 𝑊 + 𝜀 (89) 

where 𝑦 represents the output vector, 𝑥 represents the input matrix while 𝑊 represents 

the weight vector. If 𝑦 and 𝑥 are known, 𝑊 can be estimated by minimizing 𝜀 and 

solving Equation (89) as follows: 
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 �̂� = (𝑥𝑇 . 𝑥)−1. 𝑥𝑇 . 𝑦 
(90) 

where 𝑥𝑇represents the transpose of the input.  

 The regression model can now be estimated as: 

 �̂� = 𝑥. �̂� (91) 

It can be seen that this method is much better since it does not depend on any 

parameter or vector other than the input and the output which are already available. 

5.4 Data Acquisition and Preprocessing 

The motor current and velocity are the input signals used to train the ADALINE 

network. The current can be a sinusoidal or chirp signal at different amplitudes or 

frequencies. The data are sampled at three different sampling times (10 ms, 5 ms, and 

1 ms). Two methods are used to generate the training data: the first one is the PWM 

while the second one is the hysteresis current control.  

For all the previous combinations, three identification models are used using 

either the least squares method or the gradient descent method. Figure 55 shows all the 

combinations that are used for estimating the parameters of the system. The total 

number of combinations is 372.  

To automate the identification procedure, a Matlab code is written to process 

the data. The user has to choose the parameters from the main file only. The sinusoidal 

inputs with all their combinations can be run at once. The code will save the workspace 

for each combination separately with an ID related to the chosen parameters. Moreover, 

the code can save all the generated figures in a folder. The friction parameters along 

with their weights and IDs are saved to a sheet (Excel format) and a text file.  

5.5 Off-Line Identification Experimental Results 

In this section, off-line identification is done using sinusoidal and chirp signals 

as explained in the following subsections. 

5.5.1 ADALINE network training with a sinusoidal signal. 

In this section, six different frequencies are used at three different sampling 

times. In Table 20, the input voltage and its frequency, the motor current, and the type 
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Figure 55: The different combinations used for identification. 
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Table 20: PWM tests at different frequencies 

Test 

No. 

Input Voltage 

V 

Input Frequency 

Hz 

Motor Current 

A 

Velocity 

Type 

1 2.125 0.5 0.15 Type 1 

2 2.125 1.0 0.15 Type 1 

3 2.125 1.8 0.15 Type 2 

4 2.125 2.0 0.15 Type 2 

5 2.125 4.0 0.15 Type 2~3 

6 2.125 8.0 0.15 Type 3 

are listed. This table is related to the PWM method where the input to the system is 

voltage and the measured signals are the current and the velocity. For all the 

experiments, the amplitude is fixed at 2.125 v which corresponds to 0.15 A while the 

frequency changes. 

Based on the input voltage frequency and amplitude, the shape of the velocity 

response is different. For example, if the frequency is too small at a certain amplitude 

or the amplitude is small at a certain frequency then the velocity response is not 

sinusoidal as shown in Figure 56. Throughout this research, this type of response will 

be referred to as Type 1. 

 

Figure 56: Test No.1 at a sampling time of 5 ms showing the Dead-Zone. 

The characteristic of this response is the dead-zone which happens when the 

input is not enough to overcome the friction. Once the input is high enough, the motor 

starts moving. 
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Type 3 is the type when the velocity response is sinusoidal as shown in        

Figure 57. Type 2 falls between Type 1 and 3. In this type and unlike Type 1, the 

velocity response crosses zero once each cycle. On the other hand, it is not purely 

sinusoidal since there is a change in the slope around the zero crossing as shown in 

Figure 58.  

 

Figure 57: Test No. 6 at a sampling time of 5 ms (Type 3) 

 

Figure 58: Test No. 3 at a sampling time of 5 ms (Type 2). 

For the hysteresis current control, the same amplitudes and frequencies are used. 

But unlike the PWM method, the input is current. The optimum hysteresis tolerance 

band Δi was found to be 0.02. It is noticed that with smaller values of Δi, the motor 
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current becomes biased to one side. Table 21 lists the input amplitudes and frequencies 

for the hysteresis current control.  

Table 21: Hysteresis tests at different frequencies (Δi = 0.02 A) 

Test 

No. 

Input Current 

A 

Input Frequency 

Hz 
Velocity Type 

1 0.15 0.5 Type 1 

2 0.15 1.0 Type 1 

3 0.15 1.8 Type 2 

4 0.15 2.0 Type 2 

5 0.15 4.0 Type 2~3 

6 0.15 8.0 Type 3 

Since the linear motor has a limited range of motion (55.9 mm), the input 

voltage or current should be adequately selected to keep the motion within the limits. 

Otherwise the motor may hit the constraints and this could be dangerous for both the 

user and/or the motor. 

A comparison is made between the GD and LS methods. As an example, the 

chosen data is No. 6 and it is based on the hysteresis current control with Δi = 0.02A. 

The sampling time is 1 ms and the number of parameters to be found is 3 (mass, viscous, 

and Coulomb). Figure 59 contains the reference and the actual current (top) while the 

bottom plot shows the actual velocity (red). These signals are used as the training data 

for the ADALINE network. 

The data is divided into three sets: 60% of the data for training, 20% for 

validation, and the rest for testing. The training set is used to train the network by 

updating the network weights in each iteration. The validation set uses the training 

weights to check the performance in each iteration. After training, the testing set uses 

the final weights to check the performance. 

Figure 60 to Figure 66 show the results obtained with the GD method after                   

(1 and 100) iterations using a learning rate of 0.25 and the results obtained with the 

least squares method. 
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Figure 59: An example based on the hysteresis current control method.  

 

Figure 60: Estimated velocity using GD method versus the actual velocity 

trained after 1 iteration. 

 

Figure 61: The weights vector after 1 iteration. 
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Figure 62: Velocity obtained from the GD method after 100 iterations versus the 

actual velocity. 
 

 

Figure 63: Mean Squared Error (MSE) after 100 iterations. 

The difference can be seen when the number of samples is not large enough for 

the training as in Figure 60. Figure 66 shows the velocity obtained from the LS method 

versus the actual velocity. 

Table 22 lists the weights and the performance for the previous tests. SSE is the 

sum of the squared errors of the predicted equation. 
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Figure 64: The weights vector after 100 iterations. 

 

Figure 65: The corresponding identified parameters after 100 iterations. 

Figure 67 to Figure 70 show a comparison between the PWM and the hysteresis 

current control at the three sampling times using the least squares method. Tests 1 to 6 

(fixed amplitude and variable frequency) are used. In the following example, these tests 

are based on the four parameters model. 

 The values for the viscous, mass, and Coulomb parameters are listed in         

Table 23, Table 24, and Table 25 for all the combinations when the voltage reference 

or current reference amplitude is fixed and the frequency is changed. 
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Figure 66: Velocity obtained from the LS method versus the actual velocity. 

Table 22: Hysteresis Test No.6 with Δi = 0.02A and Ts = 1 ms 

Method MSE SSE w1 w2 w3 

GD, 1 

iteration 
8.46e-06 0.0254 0.67064 0.05882 0.005498 

GD, 100 

iterations 
1.73e-07 0.000583 0.97029 0.01083 -0.000107 

LS 1.55e-07 0.0031 0.98388 0.01001 -0.000460 

 

 

Figure 67: (a) Mass obtained using the four parameters model in the range of 

(0.5 to 8 Hz). (b) Zoomed in the range of (0.5 to 1 Hz). (c) Zoomed in the 

range of (1 to 8 Hz). 
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Figure 68: (a) Viscous friction coefficient obtained using the four parameters 

model in the range of (0.5 to 8 Hz). (b) Zoomed in the range of (0.5 to 1 Hz). 

(c) Zoomed in the range of (1 to 8 Hz). 

  

 

Figure 69: (a) Coulomb friction for positive direction obtained using the four 

parameters model in the range of (0.5 to 8 Hz). (b) Zoomed in the range of           

(0.5 to 1 Hz). (c) Zoomed in the range of (1 to 8 Hz). 

5.5.2 ADALINE network training with a chirp signal. 

 It can be seen from the previous section that all the variables like the sampling 

time and the input frequency have effects on the identified parameters. 
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Figure 70: (a) Coulomb friction for negative direction obtained using the four 

parameters model in the range of (0.5 to 8 Hz). (b) Zoomed in the range of           

(0.5 to 1 Hz). (c) Zoomed in the range of (1 to 8 Hz). 

In this section, two chirp signals are used to train the ADALINE network. The 

frequency is selected to be in the range of (0.1 to 10 Hz). The first signal is based on 

the PWM method while the other is based on the hysteresis current control method. 

Both signals are sampled at a sampling time of 1 ms. For each signal, the data is tested 

on the full range, then separate tests are done based on the type of velocity by choosing 

the appropriate time range. Table 26 and Table 27 list all the chirp signals.  

Test No. 1 which is shown in Figure 71 contains the three velocity types.           

Figure 72, Figure 73, and Figure 74 are zoomed views of Figure 71 at three different 

time periods. 

The ADALINE network is trained using the gradient descent method with a 

learning rate of 0.25 for (1,000 and 10,000 iterations) and using the least squares 

method. As was concluded in the previous section, fitting the data with Type 1 gives 

incorrect values especially for the mass. Type 2 also gives incorrect values but those 

values are relatively close to the expected mass. When the whole data is fitted which 

includes all the types, it is found that the Coulomb friction in the negative direction of 

motion is less than the one in the positive direction. Choosing the data when the velocity 

is a pure sinusoidal signal gives the best results.
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Table 23: Viscous coefficient for fixed voltage reference or current reference amplitude and variable frequencies 

B [N.s/m] 2 Parameters model 3 Parameters model 4 Parameters model 

Test No. Ts 10 ms Ts 5 ms Ts 1 ms Ts 10 ms Ts 5 ms Ts 1 ms Ts 10 ms Ts 5 ms Ts 1 ms 

1 
PWM 19.60 20.14 19.91 17.80 18.58 18.08 17.99 18.66 18.21 

HYS 18.24 -1.46 18.56 15.34 8.48 23.65 15.34 8.80 23.73 

2 
PWM 17.90 18.13 17.76 12.55 12.62 12.01 12.41 12.46 11.95 

HYS 18.48 18.46 18.01 13.04 13.34 12.37 13.04 13.33 12.37 

3 
PWM 16.88 16.84 16.94 11.17 10.74 9.94 11.07 10.68 9.82 

HYS 17.74 18.58 17.86 10.62 11.34 10.23 10.62 11.34 10.23 

4 
PWM 16.68 16.93 16.32 11.00 11.01 9.51 10.94 10.76 9.44 

HYS 17.66 18.83 17.15 11.18 11.12 9.59 11.18 11.12 9.59 

5 
PWM 21.78 18.86 18.08 15.14 10.79 9.02 15.46 10.71 8.90 

HYS 25.48 22.80 22.89 16.48 12.32 9.75 16.43 12.30 9.74 

6 
PWM 41.08 30.10 27.27 39.07 22.51 12.85 38.32 21.65 12.95 

HYS 42.88 38.40 42.59 36.22 20.35 16.27 36.20 20.21 16.27 
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Table 24: Mass for fixed voltage reference or current reference amplitude and variable frequencies 

M [Kg] 2 Parameters model 3 Parameters model 4 Parameters model 

Test No. Ts 10 ms Ts 5 ms Ts 1 ms Ts 10 ms Ts 5 ms Ts 1 ms Ts 10 ms Ts 5 ms Ts 1 ms 

1 
PWM -6.564 -6.735 -7.852 -6.460 -6.632 -7.586 -6.096 -6.142 -7.319 

HYS -13.49 -60.02 -12.80 -12.44 -62.70 -14.18 -12.44 -62.29 -14.14 

2 
PWM 1.760 2.422 2.618 1.085 1.680 1.909 0.913 1.306 1.696 

HYS 1.023 1.048 1.124 0.609 0.627 0.650 0.609 0.627 0.650 

3 
PWM 0.738 0.932 1.051 0.648 0.822 0.896 0.628 0.784 0.842 

HYS 0.860 0.868 0.886 0.741 0.735 0.717 0.741 0.735 0.717 

4 
PWM 0.768 0.965 1.004 0.709 0.894 0.900 0.682 0.837 0.864 

HYS 0.844 0.874 0.856 0.779 0.762 0.733 0.779 0.762 0.733 

5 
PWM 0.878 0.996 1.021 0.882 0.977 0.993 0.873 0.962 0.978 

HYS 1.006 0.987 0.991 1.013 0.969 0.926 1.013 0.969 0.926 

6 
PWM 0.900 1.018 1.065 0.911 1.030 1.052 0.910 1.025 1.044 

HYS 1.060 1.042 1.058 1.084 1.042 1.001 1.084 1.042 1.001 
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Table 25: Coulomb coefficient for fixed voltage reference or current reference amplitude and variable frequencies 

Fc [N] 3 Parameters model 4 Parameters model 

Test No. 
Ts 10 ms Ts 5 ms Ts 1 ms Ts 10 ms Ts 5 ms Ts 1 ms 

Fc Fc Fc Fc- Fc+ Fc- Fc+ Fc- Fc+ 

1 
PWM 0.122 0.105 0.124 0.219 0.005 0.229 -0.027 0.212 0.020 

HYS 0.204 -0.739 -0.353 0.209 0.200 -0.668 -0.835 -0.321 -0.369 

2 
PWM 0.373 0.389 0.410 0.484 0.277 0.549 0.244 0.536 0.292 

HYS 0.362 0.344 0.387 0.362 0.361 0.338 0.350 0.385 0.388 

3 
PWM 0.389 0.419 0.482 0.477 0.313 0.537 0.307 0.629 0.352 

HYS 0.431 0.423 0.462 0.434 0.427 0.423 0.422 0.463 0.461 

4 
PWM 0.384 0.399 0.467 0.495 0.279 0.575 0.254 0.600 0.342 

HYS 0.383 0.432 0.457 0.384 0.381 0.432 0.433 0.456 0.458 

5 
PWM 0.339 0.432 0.487 0.420 0.223 0.584 0.287 0.639 0.346 

HYS 0.300 0.373 0.467 0.292 0.311 0.382 0.365 0.471 0.464 

6 
PWM 0.062 0.246 0.469 0.188 -0.023 0.401 0.144 0.603 0.329 

HYS 0.115 0.329 0.465 0.114 0.117 0.347 0.317 0.469 0.460 
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Table 26: Chirp signals using the PWM method at Ts = 1 ms 

No. Input Voltage [V] Time range [sec] Type of Velocity 

1 2.25 0 to 200 All types 

1.A 2.25 6 to 26 Type 1 

1.B 2.25 40 to 60 Type 2 

1.C 2.25 180 to 200 Type 3 

 

Table 27: Chirp signals using the hysteresis method at Ts = 1 ms 

No. Input Current [A] Time range [sec] Type of Velocity 

2 0.15 0 to 200 All types 

2.A 0.15 6 to 26 Type 1 

2.B 0.15 40 to 60 Type 2 

2.C 0.15 180 to 200 Type 3 

 

 

Figure 71: Test 1 showing the input and the outputs. 
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Figure 72: Test 1.A (from 6 to 26 sec) showing type 1 velocity (dead-zone). 

 

 

Figure 73: Test 1.B (from 40 to 45 sec) showing type 2 velocity. 

The two parameters model gives a large value for viscous coefficient (2 or 3 

times the expected value). For this reason and since it does not model Coulomb friction, 

it will not be included in the comparison. Table 28,  

Table 29, and Table 30 list the identification results for the viscous coefficient, 

the mass, and the Coulomb friction respectively based on the velocity of Type 3 using 

the 3 and 4 parameters models. 
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Figure 74: Test 1.C (from 180 to 185 sec) showing type 3 velocity. 

 

Table 28: Viscous coefficient based on Type 3 velocity at Ts = 1 ms 

Algorithm Method 
3 Parameters model 4 Parameters model 

B [N.sec/m] B [N.sec/m] 

Least Squares 
PWM  8.37 8.41 

HYS 11.94 11.94 

Gradient Descent 

(1,000 iterations) 

PWM 13.37 13.20 

HYS  13.73 13.71 

Gradient Descent 

(10,000 iterations) 

PWM 13.37 13.20 

HYS  13.73 13.72 
 

Table 29: Mass based on Type 3 velocity at Ts = 1 ms 

Algorithm Method 
3 Parameters model 4 Parameters model 

M [Kg] M [Kg] 

Least Squares 
PWM  1.05 1.05 

HYS 0.99 0.99 

Gradient Descent 

(1,000 iterations) 

PWM 1.01 1.01 

HYS  0.96 0.96 

Gradient Descent 

(10,000 iterations) 

PWM 1.01 1.01 

HYS  0.96 0.96 
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Table 30: Coulomb friction based on Type 3 velocity at Ts = 1 ms 

Algorithm Method 
3 Parameters model 4 Parameters model 

Fc [N] Fc+ [N] Fc- [N] 

Least Squares 
PWM  0.618 0.509 0.724 

HYS 0.442 0.445 0.440 

Gradient Descent 

(1,000 iterations) 

PWM 0.686 0.418 0.692 

HYS  0.381 0.444 0.382 

Gradient Descent 

(10,000 iterations) 

PWM 0.686 0.418 0.692 

HYS  0.381 0.444 0.382 

 

The GD training after 1,000 and 10,000 iterations gives exactly the same value. 

This can be seen in Figure 75 and Figure 76. It can be seen that after 40 iterations, the 

mean squared error reaches a local minimum and remains constant. In the following 

section, the system is identified using on-line training where the network is trained 

sample by sample as the data is measured in real-time. 

 

Figure 75: Mean squared error after 10,0000 iterations for the PWM method using 

4 parameters model. 

5.6 On-Line Identification 

In this section, the system is identified on-line based on the PWM method at a 

sampling time of 1 ms. The user has the option to choose the model structure                      

(3 or 4 parameters) before starting the identification process.  
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Figure 76: Mean squared error after 10,0000 iterations for the hysteresis method 

using 4 parameters model. 

Once the model is built and started, the user can monitor all the identified 

parameters in real-time and change the learning rate. 

In the following experiment, the initial weights were chosen based on the off-

line training while the learning rate was chosen as 0.05. A sinusoidal input voltage is 

used with an amplitude of 5 V and a frequency of 10 Hz. Next, the linear motor is run 

and the parameters are monitored on-line. An additional mass with a value of 0.51 Kg 

is then added to the moving mass of the linear motor and again the transient of the 

identified parameters is recorded until they stabilize. Finally, the extra mass is removed 

to check if the identified system parameters will come back to their state before adding 

the mass. This experiment is shown in Figure 77 where the mass is added at ta = 31 

seconds and removed at tr = 160 seconds. During the on-line training, the velocity and 

motor current are measured so that they can be used for validating the on-line 

identification using the least squares method.    

This experiment is analyzed by taking data in three different ranges (before, 

during, and after removing the mass) and then off-line identification in each range is 

performed using the least squares method. Figure 78 shows the chosen ranges for 

method comparison. 
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Figure 77: Adding an extra mass and observing the response of the system. 

 

 

Figure 78: The chosen ranges for comparison. 
 

The results show that the identification algorithm is able to adapt to the 

parameters quickly within a convergence time of Tc = 1.4897s. In Figure 79, Figure 80, 

and Figure 81, the actual velocity along with the estimated velocity from the ADALINE 

network obtained using the on-line GD training and the off-line LS training are 

compared for the three different ranges. 

It can be seen that when the extra mass is introduced to the system, the velocity 

decreases but keeps its sinusoidal shape as shown in Figure 80. The velocity will return 

to its initial value when the mass is removed as shown in Figure 81. 
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Figure 79: Velocity before adding the mass (actual and estimated). 

 

 

Figure 80: Velocity during the presence of the mass (actual and estimated). 

The mean squared error (MSE) and sum squared error (SSE) are found for both 

estimates with respect to the measured velocity. The results are listed in Table 31. 

For each range, the on-line value of any parameter is taken as the average of 

that parameter in the chosen range. The on-line GD values are considered as the 

experimental value, while the LS values are considered as the reference values. The 

percentage error is found according to Equation (92). 
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Figure 81: Velocity after removing the mass (actual and estimated). 

Table 31: MSE and SSE for both estimates velocities  

 

Measured and GD on-line 

velocity 

Measured and LS off-line 

velocity 

MSE SSE MSE SSE 

Before adding the mass 4.658e-07 0.009 8.324e-07 0.016 

During the presence         

of the mass 
3.800e-07 0.008 5.696e-07 0.014 

After removing the 

mass 
4.550e-07 0.009 8.453e-07 0.017 

 

 

% 𝐸𝑟𝑟𝑜𝑟 = |
𝑒𝑥𝑝. 𝑣𝑎𝑙𝑢𝑒 − 𝑟𝑒𝑓. 𝑣𝑎𝑙𝑢𝑒

𝑟𝑒𝑓. 𝑣𝑎𝑙𝑢𝑒
| ∗ 100% 

(92) 

The motor parameters obtained on-line and off-line with their percentage error 

are listed in the following three tables, where Table 32, Table 33, and Table 34 contain 

the parameters before adding the mass, during the presence of the mass, and after 

removing the mass, respectively.  
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Table 32: Motor parameters obtained on-line and off-line before adding the mass. 

 Off-line Least  

Squares Method 

On-line Gradient  

Descent Method 
% Error 

B [N.s/m] 8.7244 9.0906 4.20 % 

M [Kg] 1.0095 1.0091 0.04 % 

Fc+ [N] 0.2546 0.2332 8.04 % 

Fc- [N] 0.8716 0.8499 2.49 % 

Table 33: Motor parameters obtained on-line and off-line during the presence of 

the additional mass. 

 Off-line Least  

Squares Method 

On-line Gradient  

Descent Method 
% Error 

B [N.s/m] 11.9984 13.0143 8.47 % 

M [Kg] 1.4638 1.4625 0.09 % 

Fc+ [N] 0.0520 0.0102 80.38 % 

Fc- [N] 0.7379 0.6981 5.39 % 

Table 34: Motor parameters obtained on-line and off-line after removing the 

mass. 

 Off-line Least  

Squares Method 

On-line Gradient  

Descent Method 
% Error 

B [N.s/m] 8.0892 8.5975 6.28 % 

M [Kg] 0.9862 0.9856 0.06 % 

Fc+ [N] 0.1629 0.1316 19.21 % 

Fc- [N] 0.8735 0.8454 3.22 % 

 

The percentage error is less than 10% before adding the mass. During the 

presence of the mass the percentage error increased to almost double for the mass, 

viscous coefficient, and the Coulomb friction in the negative direction of motion. For 

the Coulomb friction in the positive direction, the percentage error is large. When the 

mass is removed, the percentage error is reduced for all the parameters including the 

Coulomb friction in the positive direction of motion. This could be due to the small 

learning rate. 
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5.7 Comparative Analysis 

The advantages of using the free-fall method are:  

 An encoder with a curve fitting toolbox is enough to find the mass, viscous, and 

Coulomb friction based on the equation of motion.  

 There is no need for a power supply to actuate the linear motor since the mass of 

the linear motor stage is placed manually to a certain height. 

 Since there is no power supply, there is no need to measure the motor current or 

even have a current sensor at all. 

 While the motor is in the vertical position, the moving mass of the linear motor can 

be found separately. This helps in knowing an approximate value of the moving 

mass which is useful for determining the upper and lower limits for each parameter 

in the curve fitting toolbox. To find the mass, the motor is connected directly to a 

power supply in series with an ammeter. By applying a small input voltage that is 

enough to overcome the weight of the mass, the mass can be levitated at any 

position. The motor current is next measured and used to find the mass. 

 Doing the free-fall method in both directions can reveal whether the Coulomb 

friction is constant or different in each direction. In this research, it is found that the 

Coulomb friction in the negative direction of motion is larger than the Coulomb 

friction in the positive direction of motion. 

The disadvantages of the free-fall method are:  

 The linear motor should be placed vertically and this might not be possible for some 

setups if they are fixed or if a rotary motor is used. 

 The sampling time should be chosen carefully. While large sampling times 

correspond to better velocity resolution, small sampling times correspond to a larger 

number of samples. Having a large number of samples is suitable for curve fitting, 

especially if the range of motion for the mass is small. For instance, in this case it 

is less than 6 cm and the maximum time that the mass takes to fall is about 0.12 

seconds. 

 To get better fitting results, the fitting equation should contain the parameters 

themselves and the approximate upper and lower limits for each parameter should 

be known. As an example, the mass is found as explained in the fourth advantage 
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while the mechanical time constant is found by fitting the velocity curve. Next, the 

mass and the mechanical time constant are used to find the viscous coefficient. 

 The whole procedure should be done many times in both directions of motion to 

find the average values. In this research, the free-fall method is done 36 times in 

both directions at different initial positions and sampling times. 

 This method is based on a model that includes viscous, Coulomb friction, and mass 

only. 

The second method, which is the SSR velocity control loop using a PI controller, 

has the following advantages: 

 At each velocity reference, the total friction is found from the measured or the 

reference current and the motor force constant. Knowing the total friction at a 

certain velocity reference and by repeating the experiment for different reference 

velocities in both directions of motion allows us to plot the friction versus velocity. 

 Using the curve fitting toolbox and based on the chosen friction model, the friction 

as a function of velocity is found and the friction parameters are extracted from the 

fitting results. 

 From the friction/velocity curve itself, the difference between the positive and 

negative directions of motion is obvious. The fitting is done first for both directions 

of motion at the same time and next for each direction separately. The fitting results 

are improved significantly when the fitting is done for each direction alone. 

 The stiction friction and Stribeck velocity are found. 

 The viscous coefficient is found separately by fitting the linear region of each 

direction of motion since the coefficient is the slope of a linear equation. 

The disadvantages of the SSR method are: 

 A hysteresis current controller that is fast enough should be implemented. In this 

research, the hysteresis current controller is implemented in software using a     

dSPACE 1103 controller board. The tolerance band Δi for the hysteresis current 

control should be as small as possible. However, a very small Δi leads to a high 

switching frequency which may not be possible to achieve using the available 

controller board. The optimum hysteresis tolerance band Δi was found to be 0.02A. 

It is noticed that with smaller values of Δi, the motor current becomes biased to one 
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side. 

 The velocity PI controller should be well tuned to reach the steady state. As the 

value of the reference velocity is decreasing, the friction is becoming more 

dominant. This requires tuning the PI controller to reach the desired velocity as fast 

as possible since the time is important and the linear motor has a limited range of 

motion.  

 A high resolution encoder is needed especially at the low velocity range. 

 Since the hysteresis current control is implemented using a dSPACE board at a very 

small sampling time, the velocity should not be measured using the same sampling 

time. Otherwise, the velocity resolution will be very small and will not be enough 

to control the motor in the low velocity region. To solve this problem, the velocity 

control loop is implemented as a subsystem that is triggered at 10 ms while the 

hysteresis current control loop is running 1000 times faster. 

 It is found that doing the experiments for both directions of motion at once gives a 

good result for one of the directions only. This can be related to the fact that the 

friction is different in each direction which requires different tuned PI gains to reach 

the steady state in the limited time before hitting the setup constraints. 

 The whole procedure should be done many times at least in one direction of motion 

to be able to see the general characteristic of friction. In this research, this method 

is done 42 times in both directions of motion. 

 The mass is found separately using the mass levitation method by placing the setup 

in the vertical position.  

For the ADALINE network training, different factors are studied to optimize 

the training data. For example, the amplitude and frequency of the input signal should 

be suitable for the linear motor to run in the range of motion without hitting the 

constraints and by avoiding the dead zone effect which leads to incorrect and sometimes 

unrealistic identified parameters (e.g. negative mass). Type 2 refers to a velocity profile 

with a nonlinear slope at the zero-crossing. In this type, the parameters will be incorrect 

(e.g. half of the expected mass).  

The sampling time should be chosen carefully. If it is large, the velocity 

resolution will be good. On the other hand, it should be smaller than the input signal 

frequency to sample the input signal smoothly. Also, it should be small to allow for a 
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large number of samples. Finally, it should be small to reveal whether the velocity has 

a change in the slope near the zero crossing or not. Sometimes, if the sampling time is 

large, the velocity seems to be purely sinusoidal. Once the sampling time is decreased, 

a Type 2 profile can be seen near the zero-crossing. The sampling time is optimized 

between these factors and chosen as 1 ms. 

Different models are studied. The first model is used to identify the mass and 

viscous coefficient only. This model is omitted from the final comparison because: 

 The viscous coefficient is large compared to the expected one.  

 The Coulomb friction cannot be found using this model.  

The second model is used to find the mass, viscous friction, and Coulomb 

friction. The Coulomb friction is assumed to be the same in both directions of motion. 

The third model allows for modeling the Coulomb friction separately for each direction 

of motion. 

Based on the factors mentioned before, two chirp signals (PWM and HYS) are 

used in the range of (0.1 to 10 Hz) and sampled at 1 ms. In this frequency range, the 

velocity of the motor has the three profile types. The obtained results confirm the results 

obtained using the sinusoidal input signals.  

The input signal to the linear motor is generated using the pulse width 

modulation (PWM) and hysteresis current control (HYS) methods. The factors 

discussed in the previous paragraphs are all tested using both methods. It is found that 

for the four parameters model, the Coulomb frictions in both directions are close to 

each other using the HYS method. However, using the PWM, the Coulomb friction is 

larger for the negative direction as expected from the free-fall and the velocity control 

methods. 

The ADALINE network is implemented based on the discretized transfer 

function of the linear motor. For training the ADALINE network off-line, two 

algorithms are used. The first method is the gradient descent (GD) while the second 

method is the least squares (LS).  

The advantages of the GD method are: 

 If the learning rate is small enough, it is proved that the GD will converge. 
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 It can be used for on-line training. 

The disadvantages of the GD method are: 

 If the learning rate is too small, it will take a long time to converge while if the 

learning rate it too large, the network may diverge. 

 Since the GD method depends on the learning rate, sometimes it is preferred to train 

the network where the same input and output vectors are presented to the network 

for many iterations until the mean squared error is converged.  

With the LS method, the solution is obtained by solving one matrix equation to 

get the weight vector directly. It does not depend on a learning rate. This can be 

extremely useful to know the range of the expected network weights or to verify that 

the GD training is working or to use the weights as the initial weights for the on-line 

training. 

The on-line training is implemented by starting from the initial weights obtained 

from the off-line training. The learning rate is selected to compromise between the 

learning speed of the network and the variations of the identified parameters. If the 

learning rate is large, the parameters will converge to certain values but they will keep 

oscillating around these values. Decreasing the learning rate makes the network slower 

in terms of learning but more robust. 

To verify if the ADALINE network is working fine, a known additional mass 

of 0.51 Kg is added while the motor is moving. The system adapts to the system change 

and all the parameters are updated quickly. Then the added mass is removed and the 

system returns to almost the same state as before adding the mass. This experiment is 

next analyzed by taking data from three different ranges (before, during, and after 

removing the mass) and then the results obtained in each range using the on-line 

gradient descent are compared to those obtained with the least squares method. 

Table 35 summarizes all the obtained results. Stiction and Stribeck velocity are 

found using the SSR of the velocity control loop only. For this reason, they are not 

shown in Table 35. The free-fall method is considered as the reference for all other 

methods. Fitting the viscous coefficient using the linear fit only reduces the percentage 

error by a factor of 20.5 times. 
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For the 3 parameters model, the reference Coulomb friction used is the average 

value between the positive and the negative Coulomb values obtained from the free-fall 

method.  

It can be noticed that the PWM method has less error in identifying the mass 

compared to hysteresis current control. For this reason, the results related to hysteresis 

current control are not shown in Table 35. 
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Table 35: Comparing the results obtained from all methods 

 

Method 

M 

[Kg] 

B 

[N.s/m] 

Fc+  

[N] 

Fc-  

[N] 

Average % Error Average % Error Average % Error Average % Error 

Free-fall (36 tests) 1.06 0.00 % 12.06 0.00 % 0.61 0.00 % 0.74 0.00 % 

Mass levitation 1.06 0.00 % - - - - - - 

SSR velocity control 

 (42 tests) 

- - 20.26 67.99 % 0.75 22.95 % 1.09 47.30 % 

- - 
12.46 

(linear fit) 
3.32 % - - - - 

Off-line GD,3 Para 

10,000 iter,        
PWM 1.01 4.71 % 13.37 10.86 % 0.69 2.98 % 

The reference Fc is the 

average value for both 

directions. 

Fc = 0.67 N 
Off-line LS, 3 Para PWM 1.05 0.94 % 8.37 30.60 % 0.62 7.46 % 

Off-line GD,4 Para 

10,000 iter,      
PWM 1.01 4.71 % 13.20 9.45 % 0.42 31.15 % 0.69 6.76 % 

Off-line LS,4 Para PWM 1.05 0.94 % 8.41 30.26 % 0.51 16.39 % 0.72 2.70 % 

On-line GD PWM 1.01 4.71 % 9.09 24.63 % 0.23 62.29 % 0.85 14.86 % 
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Chapter 6: Conclusion and Future Work 

6.1 Conclusion 

The aim of this thesis is to develop neural network-based identification 

algorithms to estimate the parameters of a linear voice coil DC motor including the 

Coulomb and viscous friction coefficients. A voice coil DC motor setup is developed 

using a high resolution encoder interfaced to dSPACE 1103 to validate the developed 

algorithms. 

Parameter estimation is carried out by the implementation and training of an 

ADALINE network in both off-line and on-line modes using sinusoidal and chirp 

signals at different sampling times. Pulse width modulation (PWM) and hysteresis 

current control methods are used to generate the input signals. Gradient descent and 

least squares methods are used to train the ADALINE network. The estimated 

parameters from the ADALINE network are next compared with the estimated 

parameters from the standard free-fall method and the steady state response of the 

velocity control loop method. 

The free-fall method is relatively easy to implement in terms of hardware 

components and gives good results, but based on the implemented model, it fails to 

capture the stiction friction or Stribeck velocity, for example, and cannot adapt to any 

change in the system. 

The SSR velocity control loop using a PI controller is difficult to implement 

compared to the other two methods. This method also cannot adapt for the changes in 

the system. On the other hand, the stiction friction and Stribeck velocity can be 

extracted from the friction/velocity graph. 

The ADALINE network method is based on the discretized transfer function of 

the linear motor, and can be easily used for rotary motors. Similar to the free-fall and 

based on the derived model, it fails to capture the stiction friction or Stribeck velocity. 

On the other hand, it can be easily trained off-line using the LS method for example 

and implemented on-line using the GD method which allows the network to adapt to 

system parameter variation. 
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The experimental results obtained show that the ADALINE network provides a 

good estimate of the system parameters. The mass is found to be 1.01 Kg with an 

accuracy of 0.05 Kg. The viscous coefficient is found to be 9.09 N.s/m with an accuracy 

of 2.24 N.s/m. Finally, the Coulomb friction is found to be 0.23 N with an accuracy of 

0.14 N for the positive direction and 0.85 N with an accuracy of 0.13 N for the negative 

direction of motion. This confirms that the on-line ADALINE network can provide 

accurate results of the system parameters, which may be used for adaptive control and 

friction compensation. 

6.2 Future Work 

Future research work may focus on the following topics: 

 Using an adaptive PI controller for the SSR of the velocity control loop which will 

make it easier for doing a larger number of experiments which is good for the fitting. 

 Using an adaptive learning rate algorithm for the ADALINE network training which 

will make the learning process faster. 

 Compensating for the friction by using the identified Coulomb friction for on-line 

friction compensation to improve the system performance. 
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Appendix A: Interfacing and Calibration of the Analog Encoder 

The output signals of the analog encoder have 2 volts peak-to-peak and are 

shifted by the reference voltage which is half of the encoder supply (𝑉𝑐𝑐). Figure 82 

shows the encoder output signal. 

 
𝑉𝑟𝑒𝑓 =

𝑉𝑐𝑐

2
= 2.5 𝑉 

(93) 

 

Figure 82: Encoder output signals. 

The analog encoder channel in dSPACE 1103 accepts 1 volt peak-to-peak 

sinusoidal signals. The reference voltage can vary from (0-2.5 V) but it should be 

connected to dSPACE 1103.  

To reduce the gain for both input signals, two operational amplifiers are used. 

The amplifiers should be very fast to avoid any delay in the output that may affect the 

accuracy of the encoder. For this reason, two high speed and low distortion voltage 

operational amplifiers are used similar to the one shown in Figure 83. 

The circuit diagram for the amplifier is shown in Figure 84. If the amplifiers are 

used to divide the channels by two, the reference signal will be also divided by two and 

it will become 1.25V. These signals can be shifted to zero using the same amplifiers 

but with different resistor ratios so the common mode voltage will become 0V. 
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Figure 83: LM6171 operational amplifier. 

 

Figure 84: The circuit diagram for both amplifiers. 

The output voltage for the amplifier can be expressed in terms of the resistors’ 

values as follows: 

 𝑉𝑜 =
1 +

𝑅2

𝑅1

1 +
𝑅3

𝑅4

 . 𝑉2 − 
𝑅2

𝑅1
 . 𝑉1 (94) 

Let 

𝐶12 =
𝑅2

𝑅1
 

𝐶34 =
𝑅3

𝑅4
 

The equation can be re-written as: 

 𝑉𝑜 =
1 + 𝐶12

1 + 𝐶34
 . 𝑉2 −  𝐶12 . 𝑉1 (95) 

A 

B 
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The required output should be divided by 2 and then shifted by 1.25V as shown 

below: 

 
𝑉𝑜 =

1

2
 𝑉2 −  

1

4
 𝑉1 

(96) 

Comparing both equations, the ratios can be found as: 

 𝐶12 =  
1

4
 =

𝑅2

𝑅1
 (97) 

 
1 + 𝐶12

1 + 𝐶34
=  

1

2
 (98) 

Then:  

𝐶34 = 1.5 

Next, we find the relation between the resistors as follows: 

 𝑅1 = 4 𝑅2 (99) 

 𝑅3 = 1.5 𝑅4 (100) 

Choosing the values for 𝑅2and 𝑅4 as 2.5 𝐾𝛺 and 10 𝐾𝛺 respectively, the other 

two resistors can be found as: 

𝑅1 = 4 ∗ 2.5 𝐾𝛺 = 10 𝐾𝛺 

𝑅3 = 1.5 ∗ 10 𝐾𝛺 = 15 𝐾𝛺 

If these values are used for both amplifiers, the output will be as shown in          

Figure 85 which is now compatible with dSPACE 1103.   

The resolution of the encoder is not available in the datasheet. According to the 

manufacturer, the resolution depends on the counter used. In dSPACE 1103, both 

analog channels are divided into 256-fold subdivisions. 

To find the resolution of the encoder, different methods are tried. One of these 

methods is reading the incremental encoder and the analog encoder at the same time 

and trying to relate the ratio between their counts. If the motor stage is moved by hand, 

it will not give accurate results since this method uses the lower resolution encoder to 

calibrate the higher one. 



113 
 

 

Figure 85: The required output for interfacing with dSPACE. 

The second method is making a counter in MATLAB/Simulink. The motor 

stage is moved with a given distance and the number of cycles can be found by first 

transforming the sinusoidal signal into a digital signal and then counting the number of 

rising edges as shown in Figure 86. Since the counter counts for one channel only, 

moving the stage by hand will not be a good option and the analog-to-digital block that 

is used will cause a delay which eventually affect the accuracy of the counter.  

The third method which has been adopted is implemented by giving the motor 

a small value of duty cycle. This value will force the motor to move slowly in one 

direction until it reaches its maximum allowed range. During this time, both encoders 

generate the pulses with different resolutions. When the digital encoder reaches a 

predefined number, and for each predefined number of counts, a latch is used to save 

the instantaneous number of counts from the analog encoder as shown in Figure 87. 
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Figure 86: The second method. 

 

Figure 87: The third method. 

Each 1000 counts from the digital encoder represents 0.5 inch. The output of 

the four sample/hold blocks are shown in Figure 88. The y-axis represents the number 

of counts from the analog encoder. These values are listed in Table 36.  
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Figure 88: Outputs of the four sample/hold blocks. 

Table 36: Number of counts from the analog encoder. 

Analog 

Encoder 

Counts 

Ratio to 

get (1.0”) 

Analog Encoder 

Counts for 

(1.0”) 

No. of 

Cycles/inch 

(/256) 

No. of 

Cycles/mm 

(/25.4) 

162330 for 

(0.5”) 
*2.0 324660 1268.2031 49.9292 

324701 for 

(1.0”) 
*1.0 324701 1268.3632 49.9355 

487307 for 

(1.5”) 
*2/3 324870.333 1269.0286 49.9617 

649741 for 

(2.0”) 
*0.5 324870.5 1269.0254 49.9616 

In the manufacturer datasheet, the resolution range is given in µm. Relating the 

calculations to the Metric System, the number of cycles can be rounded to                          

50 cycles/mm, and the corresponding number of cycles in the English system is 1270 

cycles/inch. 

The position resolution is:  

 𝑃𝑜𝑠𝑟𝑒𝑠 =  
1000 µ𝑚

50 𝑐𝑦𝑐𝑙𝑒𝑠 ∗ 256 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛
= 0.078125 µm (101) 

The speed resolution with a sampling time 𝑇𝑠 = 10 𝑚𝑠 is: 

 
𝑆𝑝𝑑𝑟𝑒𝑠 =

𝑃𝑜𝑠𝑟𝑒𝑠

𝑇𝑠
=

0.078125 µm

10 𝑚𝑠
= 0.0078125 𝑚𝑚/𝑠 

(102) 
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From these two values, the resolution is improved by a factor of 162.56 times 

compared to the digital encoder. Figure 89 shows the output of both encoders in 

millimeters after multiplying both encoders with their corresponding position/counts 

ratio. 

 

Figure 89: Outputs of both encoders in millimeters. 
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Appendix B : Matlab/Simulink Snapshots 

i) Free-Fall Method 

The main system for measuring the speed and the position. 
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ii) Hysteresis Current Control 

The main system for generating the reference current is shown below. 

 

The current sensor block is shown below. 
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The hysteresis current control block is shown below. 
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iii)  Steady State Response (SSR) of the Velocity Control Loop Using a PI 

Controller 

The main system for this method is shown below which is running at 10 µs. The 

pulse generator (PG) block is used to trigger the speed control block each 10 ms since 

the mechanical response is relatively slow compared to the electrical response of the 

linear motor. This will also maintain the speed resolution as it was found in Appendix 

A at 10 ms. 

 

The current sensor block is shown below. 
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The hysteresis current control block is shown below. 

 

The speed control system is shown below. 
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iv)  ADALINE Off-Line Training Using PWM 

The main system for this method is shown below. 

 

The V2DC (voltage-to-duty cycle) block is shown below. 

 

The current sensor block is shown below. 
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The encoder block is shown below. 

 

The model parameters are shown in the following figure. 
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v) ADALINE Off-Line Training Using Hysteresis Current Control 

The main system for this method is shown below. 

 

The hysteresis current control block is shown below. 
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The current sensor block is shown below. 

 

The encoder block is shown below. 

 

The model parameters are shown in the following figure. 
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vi) ADALINE On-Line Training using PWM 

The main system for this method is shown below. 

 

The V2DC (voltage-to-duty cycle) block is shown below. 

 

The current sensor block is shown below. 
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The encoder block is shown below. 

 

The model parameters are shown in the following figure. 

 

The following is the embedded Matlab function code implemented for the on-

line training of the ADALINE network using the gradient descent method. 
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