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Abstract

Thermally driven V-shaped microelectromechanical systems (MEMS) actuators have

been used extensively in different fields of MEMS including RF MEMS applications.

For this reason, developing a dynamic model is of importance for understanding the

MEMS actuator dynamic behavior and for improving its transient response. Obtaining

such a model is challenging as multi-physics phenomena are involved in the actuation

mechanism. The complexities involved in modeling can be reduced by using macro-

modeling approaches. As such, a new mixed-level nonlinear electro-thermo-mechanical

dynamic macromodel for a thermally driven V-shaped MEMS actuator is proposed. The

proposed reduced-order macromodel is composed of a nonlinear circuit-level electro-

thermal macromodel and a nonlinear system-level thermo-mechanical macromodel ob-

tained by the application of the Galerkin method. The system dynamic behavior is

successfully reproduced using the proposed macromodel. The results obtained by the

macromodels are in good agreement with the finite element ANSYS simulations and are

computationally less expensive by far. Furthermore, the experimental static tip displace-

ments of the actuator for different actuation voltages are in very good agreement with

steady-state values of the actuator’s tip displacements obtained by the proposed macro-

model, and the maximum error obtained is less than 9%. Furthermore, a first-order

dynamic model, based on the ANSYS input voltage and output displacement data, is

developed in order to describe the displacement transient response of the MEMS actu-

ator. The results obtained from the first-order and the ANSYS models are in very good

agreement. The electro-thermo-mechanical macromodel and the first-order model are

then used in closed-loop form with conventional and adaptive proportional-integral-

derivative (PID) algorithms to speed up the displacement transient response of the ther-

mal MEMS actuator. Using SIMULINK, it is shown that the adaptive PID controller

outperforms the conventional PID controller by meeting all the design requirements.

Keywords: MEMS actuators; macromodeling; Galerkin method; adaptive control.
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Chapter 1: Introduction and Literature Review

Microelectromechanical Systems (MEMS) have the potential to benefit differ-

ent fields of technology including communications, unmanned aerial vehicles (UAVs),

and biomedicine. The key for having a smart MEMS technology is the ability to con-

trol these microsystems which enhances their performance and reliability. Therefore,

accurate modeling of components in MEMS is of importance in order to achieve suc-

cess in control. However, the modeling process of MEMS components is challenging

as it is associated with multi-physics phenomena. This study attempts to employ differ-

ent modeling techniques and simulations to develop a dynamic model for a thermally

driven V-shaped MEMS actuator used in RF applications. The dynamic model is then

used to improve the displacement transient response of the actuator.

The accurate modeling of thermal MEMS actuators (including the electrical,

thermal, and mechanical mechanisms) presents a difficult problem. Numerous models

have been proposed in the literature to represent either the general system dynamics

or some aspects of nonlinear thermal and mechanical effects. For V-shaped thermal

MEMS actuators, the majority of the reported electro-thermal models are static [1].

On the other hand, the proposed dynamic models are computationally expensive [2].

Furthermore, they do not take into account the temperature-dependency of the material

properties [3]. Additionally, heat convection has been ignored in the majority of the

proposed static and dynamic models for the V-shaped MEMS actuators. As for thermo-

mechanical modeling, quasi-static models have been proposed for U-shaped and V- and

Z-shaped thermal MEMS actuators. The proposed models are cascaded with dynamic

electro-thermal models to find the dynamic displacement of the actuators [3, 4]. More-

over, system identification techniques, based on finite element simulation of asymmetric

thermal MEMS actuators, have been investigated for determining a dynamic model [5],

and an analytical static model has been developed for V-shaped thermal MEMS actua-

tors [1].

Time-dependent finite element methods are usually computationally very in-

tensive, especially if multi-physics phenomena are involved in a system. Hence, it is

desirable to employ efficient methods for developing accurate reduced-order dynam-
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ical models which can capture the same information contained in the original partial

differential equations (PDE) yet in a form that can be employed for fast dynamical

simulations in the context of a circuit- or system-level simulation environment. These

reduced-order models are often referred to as macromodels [6, 7]. Macromodeling has

been used to model the response of a pressure sensor through measuring the pull-in time

of an electrostatically actuated microbeam by applying the Galerkin method [6]. The

model takes into consideration the effects of nonlinear squeeze-film damping for differ-

ent conditions. Furthermore, macromodeling of a fixed- fixed beam MEMS structure

has been reported using the Karhunen-Loeve/Galerkin method for nonlinear structural

dynamics and fluidic damping effect. On the other hand, the Arnoldi algorithm was im-

plemented for linear electro-thermal effect [8]. Additionally, a Krylov subspace-based

algorithm has been used to extract a reduced second-order model from the finite element

model of a one-dimensional electrothermally actuated micromirror device [9] .

Another approach in macromodeling is lumped modeling with circuit elements.

In this method, a small set of electric circuit elements are chosen to represent the be-

havior of devices. Actual devices, exist in a three-dimensional physical continuum, and

their behavior is governed by multi-physics laws. However, through analysis, simplified

device representations which are readily expressible with equivalent electric circuits can

be extracted. Moreover, circuit analogies allow efficient modeling of the interaction be-

tween the electronic and the non-electronic components of MEMS [10]. Lumped mod-

eling with circuit elements technique has been used to model the thermal response and

the static tip angular rotation of bimorph thermal MEMS actuators [9, 11]. Further, the

method has been used for dynamic modeling of the displacement exhibited by V-shaped

thermal MEMS actuators [12–14].

The last part of this thesis focuses on improving the transient response of the

thermal MEMS actuator. Employing feedback control for improving the transient re-

sponse of thermally driven MEMS actuators has been studied in the literature [12, 14–

16]. In particular, a lead controller as well as a proportional controller have been used to

improve the transient response of a thermal MEMS actuator using piezoresistive sens-

ing [12]. As reported, the MEMS actuator response time to step inputs was reduced

from 800 µs to 230 µs with proportional control alone, and the system bandwidth was
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increased from 500 Hz to 4 kHz. In addition, using the same sensing mechanism, an

integral-lead controller has been used in order to achieve zero steady-state error in re-

sponse to a constant input command [15]. Finally, a proportional-integral controller has

been used with a thermal MEMS actuator actuating a positioner stage in a nanoposi-

tioner, and a high degree of positioning accuracy with good robustness with this type of

controller has been reported [16].

This research, however, attempts to apply adaptive control techniques for the

purpose of improving the thermal MEMS actuator’s transient response. There are dif-

ferent varieties of adaptive control techniques, including but not limited to, model refer-

ence adaptive control (MRAC) [17–19], adaptive neural control [20–22], adaptive fuzzy

control [23, 24], and adaptive PID control [19, 25, 26]. Among these techniques, self-

tuning of PID controllers by adaptive interaction is simple and effective. It also does

not require knowledge of the plant to be controlled [25, 26].

1.1. Contributions

This research makes the following contributions related to modeling and control

of thermally driven V-shaped MEMS actuators:

• It uses lumped modeling with circuit elements technique to model the thermal

transient behavior of V-shaped thermal MEMS actuators. The lumped model

presented includes temperature-dependent material properties leading to a non-

linear electro-thermal model. In addition, the new model accounts for convection

and conduction losses to have a better representation of the thermal dissipation

mechanism.

• It applies the Galerkin method to obtain a reduced order macromodel for the

transversal displacement of V-shaped thermal MEMS actuators which are origi-

nally described by a nonlinear fourth order PDE. As a result, the PDE is reduced

to a system of nonlinear second order ordinary differential equations.

• It combines the nonlinear electro-thermal and the nonlinear thermo-mechanical

macromodels to obtain a hybrid model for the transversal displacement of ther-

mally driven MEMS actuators which accounts for electrical, thermal, and me-
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chanical effects. The resulting dynamic model for thermal MEMS actuators is

developed for the first time to the author’s best of knowledge.

• It develops a first-order ordinary differential equation based on the dynamic voltage-

displacement data obtained from ANSYS, to model the displacement transient

response of the MEMS actuator.

• It employs conventional PID and adaptive PID controllers in order to improve

the transient response of the thermal MEMS actuator through simulation using

SIMULINK.

1.2. Thesis Organization

In chapter 2, basic concepts related to MEMS actuators are presented. Specif-

ically, different actuation mechanism in MEMS and in RF MEMS switches are dis-

cussed. In addition, various geometries of thermal MEMS actuators are presented and

compared. Finally, a static model for V-shaped thermal MEMS actuators is presented

along with the theory of adaptive interaction. Chapter 3 illustrates the structure and

characterization of the thermal MEMS actuator. Chapter 4 discusses the finite ele-

ment model developed in ANSYS and the macromodeling approach. In chapter 5, the

lumped-element electro-thermal macromodel is presented. Chapter 6 is devoted to the

development of the thermo-mechanical macromodel. The first-order model, derivation

and stability proof of the adaptive PID controller as well as the controller design are dis-

cussed in chapters 7, 8, and 9, respectively. A conclusion follows these chapters that ties

the chapters together, summarizes the major contributions, and suggests further work.
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Chapter 2: Background

2.1. Comparison of Actuation Mechanisms in MEMS

MEMS actuators have become a vital part of microelectromechanical systems.

For instance, micromirror arrays employ mechanical motion to modulate the light inten-

sity; accelerometers use electrostatic actuation for self-test, and in-package microalign-

ers use thermal actuation to align optical fibers to semiconductor lasers [1, 27, 28]. As

the need for different actuation mechanisms has grown, different types of MEMS ac-

tuators, including but not limited to electrostatic [29], electrothermal [30], and piezo-

electric [31] have been designed, fabricated, and studied over the last years. Although

electrostatic actuators are typically energy efficient, they often require high voltages to

operate in air [32]. Moreover, it is difficult to build electrostatic actuators with both

high force and large displacement [33]. On the other hand, thermal MEMS actuators

operate at low voltages and exert large forces [27]. The drawbacks of thermal actuators,

however, are the slow response time limited by the heating and cooling time constants

and large power consumption [27]. Piezoelectric actuators also require large voltages

to generate significant displacements, although they do not consume DC power [27].

2.1.1. Actuation mechanisms in RF MEMS switches. RF MEMS switches

can be classified based on the actuation mechanisms implemented in such switches.

These actuation mechanisms include electrostatic, thermal, and piezoelectric actuations.

Easier implementation of the electrostatic actuation over its piezoelectric counterpart

makes the former a better candidate. Electrostatic actuators exhibit good RF perfor-

mance and are of compact size; however, they handle low RF power and suffer from

self actuation. In contrast, thermally actuated RF MEMS switches handle higher RF

power with no self actuation and can be fabricated using thick layers as opposed to

the electrostatic switches which make them less sensitive toward thermal conditions

imposed from surrounding environment [34].
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Figure 1: Asymmetric Thermal Micro-Actuator, (Courtesy of [30]).

Figure 2: V-shaped Thermal Micro-Actuator, (Courtesy of [35]).

2.1.2. Geometries of thermal MEMS actuators. The following geometries

for thermal MEMS actuators have been reported in the literature [27].

2.1.2.1. Asymmetric actuators. In this type of MEMS actuator shown in Fig.

(1), current is passed through the actuator through the anchors. As the hot arm is nar-

rower in comparison with the cold arm, higher current density is generated in the hot

arm. As a result, it expands more than the wider cold arm [30].

2.1.2.2. V-shaped/chevron shaped actuators. Fig. (2) shows that when an

electric current is passed through a V-shaped beam anchored at the two ends, joule

heating results in thermal expansion of the beams, pushing the apex outward. The

displacement of the apex is a function of the beam slope and dimensions. In addition,

the force produced at the apex is linearly proportional to the displacement [35]. In this

type of MEMS actuators, connecting the beams in a V-shaped structure leads to the

amplification of the displacement [27].
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Figure 3: Geometry for half-span of a V-shaped MEMS actuator, (Courtesy of [1]).

2.1.2.3. Bi-morph actuators. Two materials of different thermal expansion

coefficients are used which leads to bending of the structure upon heating [27]. This

geometry has been reported in [36].

2.1.3. Comparison of geometries of thermal MEMS actuators. V-shaped

MEMS actuators have distinguished advantages over other geometries in that they ex-

hibit rectilinear motion and allow stacking [1].

2.2. Static Model for V-Shaped Thermal MEMS Actuators

The static model proposed in [1] uses the beam-column theory to model the

transversal displacement of V-shaped thermal MEMS actuators. Fig. (3) depicts the

geometry for half-span of a V-shaped MEMS actuator. As shown in the figure, the

reaction forces replace the action of the missing half. Using geometric symmetry, force,

and moment equilibrium conditions, the reaction forces acting at the anchor of the beam

can be expressed as

P0 = Pcosθ +
F
2

sinθ

T0 = Psinθ +
F
2

cosθ

M0 = M1−w(L)P0−LT0

(1)
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where F is the vertical load applied to the actuator, P and M1 are the horizontal force

and moment, respectively, transmitted from the missing half of the actuator.

The initial angle of the beam is θ , its half-length is L , and the transversal deflection

of the mid cross section is w(L). Assuming that the deformed shape of the beam can

be described by a longitudinal displacement and transversal displacement , the average

strain is given by

ε
0
x =

du
dx

+
1
2

(
dw
dx

)2

(2)

Applying the beam-column theory with the addition of the thermal strain results in the

following set of differential equations for u(x) and w(x)

EA(ε0
x −α(T (x)−T0)) =−P0 (3)

EI
d2w
dx2 +P0w =−T0x−M0 (4)

where E is the Young’s modulus, A is the cross-sectional area, α is the coefficient of

thermal expansion, T (x) is the local temperature, T0 is the substrate temperature, and

I is the second-order moment. Eqs. (3) and (4) require three boundary conditions.

Since the internal force P and the reaction moment M0 are not known, two additional

boundary conditions are required for solving the problem. The boundary conditions are

given as

w(0) = 0 (5)

dw
dx

= 0 (6)

dw
dx

(L) = 0 (7)

u(0) = 0 (8)

u(L) = ω(L) tanθ (9)

Integrating Eq. (3) along L and applying boundary conditions (8)-(9) gives

w(L) tanθ +
1
2

∫ L

0

(
dw
dx

)2

dx−αT̄ L =−P0L
EA

(10)
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where T̄ = 1
L
∫ L

0 (T (x)−T0)dx is the average temperature increase of the beam.

Solving Eq. (4) with (5)-(6) gives

w(x) =
(

tanθ − F
2k2EI cosθ

)[
1
k

sin(kx)+
(cos(kL)−1)(cos(kx)−1)

k sin(kL)
− x
]

(11)

where k =
√

P0/EI.

Upon substituting (11) into (10) and evaluating the integration, a transcendental equa-

tion containing F , T̄ , and the unknown eigenvalue k is obtained

c(k,F, T̄ ) = 0 (12)

where

c(k,F, T̄ ) =
ILk2

A
−αLT̄ − sin(kL)(−2EI sin(θ)k2 +F)2

2E2I2k5 cos2(θ)(cos(kL)+1)

+
(−2EI sin(θ)k2 +F)2(sin(kL)+2kL+ kLcos(kL)

16E2I2k5 cos2(kL/2)cos2(θ)

+
tan(θ)(−2EI sin(θ)k2 +F)(2cos(kL)+ kLsin(kL)−2)

2EIk3 sin(kL)cos(θ)
(13)

Thus, for each value of F and T̄ , Eq. (12) is used to solve for k numerically. The

obtained value of k is then used to find the tip displacement δ as follows:

δ =
w(L)
cosθ

=
(−2EI sin(θ)k2 +F)(2cos(kL)+ kLsin(kL)−2)

2EIk3 sin(kL)cos2 θ
. (14)

2.3. Theory of Adaptive Interaction

The theory of adaptive interaction is based on the assumption that a complex

system is composed of several subsystems called devices [25,37]. Let prec be the device

whose output is conveyed by connection c and postc the device whose input depends

on the signal conveyed by connection c, the sets of input and ouput interactions for the

nth device are given by In = {c : prec = n} and On = {c : postc = n}, respectively. A

system composed of three devices is shown in Fig. (4). In the figure, for example, the

set of input interactions of Device 3 is I3 = {c1,c3} and the set of output interactions
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is O3 = {c4}. In addition, c1 connects Device 1 to Device 3. Thus, prec1 = 1 and

postc1 = 3.

Figure 4: Illustration of devices and interactions.

The dynamics of each device (indexed by n ∈ N := {1,2, . . . ,N }) are given by a

functional, which is a transformation from a vector space X into the space of real (or

complex) scalars [38]. The functional for device n is denoted by Fn : xn −→ yn, n ∈

N , where xn and yn denote the input and output spaces, respectively. In other words,

the output of each device is a function of each input, which is in turn related to the

outputs of other devices. Furthermore, it is assumed that the input to a device is a linear

combination of the output of the other devices via connections in In and possibly an

external signal un(t) described by xn(t) = un(t)+∑c∈In
ηcyprec(t), n ∈N , where yprec

is the output of another device whose output is conveyed by connection c, and ηc is

a connection weight. With this linear interaction, the dynamics of the system can be

described by yn(t) = Fn[un(t) +∑c∈In
ηcyprec(t)], n ∈ N . The target is to find the

correct ηc so that some performance index E (y1, . . . ,yn,u1, . . . ,un) is minimized. The

algorithm is given in the following theorem [25, 37].

Theorem 1 Given the following dynamics for a system

yn(t) = Fn[un(t)+∑c∈In
ηcyprec(t)], n ∈N

if the connection weights ηc are adapted using

dηc
dt =

(
∑

s∈Opostc

ηs
dηs
dt

dE
dyposts

◦F ′posts [xposts ]

dE
dyposts

◦F ′posts [xposts ]◦ypostc
−σ

∂E
∂ypostc

)
◦F ′

postc [xpostc ]◦ yprec, c ∈ C

and the above equation has a unique solution, then the performance index E will de-

crease monotonically with time. In fact, the following is always satisfied
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dηc

dt
=−σ

dE

dηc
, c ∈ C

where σ > 0 is some adaptation coefficient.

In addition, ◦ denotes composition, i.e.

yn(t) = (Fn ◦ xn)(t) = Fn[xn(t)], n ∈N (15)

and the Fréchet derivative F ′
n of Fn is defined as a functional such that

lim
||h||→0

||Fn[x+h]−Fn[x]−F ′
n[x]◦h||

||h||
= 0. (16)

The theorem can be applied to a very general class of systems. For instance, the theorem

has been applied to adaptive PID control systems as well as neural networks as reported

in [25, 37].
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Chapter 3: The Metal-Based V-Shaped Thermal MEMS Actuator

3.1. Structure

Fig. (5) shows a schematic diagram of the metal-based V-shaped thermal MEMS

actuator used in this thesis. The actuator is composed of two arrays of Nickel beams

anchored to the substrate at one end and connected to the Nickel shuttle at the other

end. The heat generated in the shuttle stems from the voltage applied to the DC beams

connected to a polysilicon layer under the shuttle. The polysilicon resistance is placed

between two Silicon nitride layers for electrical isolation. Upon application of a volt-

age, heat is generated in the polysilicon resistance and is transferred to the array of

Nickel beams through the shuttle, and as a result the actuator moves in response to the

expansion of the beams.

Figure 5: Schematic diagram of the MEMS actuator.

Fig. (6) shows the Scanning Electron Microscope (SEM) image of the metal-

based V-Shaped thermal MEMS actuator used in our analysis. The MEMS actuator

was fabricated using the MetalMUMPs process from MEMSCAP Inc. [34,39,40]. The

comb structure is employed for visual position measurement. By applying 12 V, the

actuator exhibits 35.7 µm displacement measured in standard ambient temperature and

pressure (SATP).

3.2. Characterization

It is shown experimentally that Joule heating occurring across the polysilicon

layer is a nonlinear phenomenon. In the first experiment, the equivalent resistance of

25



Figure 6: SEM image of two identical thermal V-shaped MEMS actuators.
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Figure 7: Experimental I-V data.

the polysilicon layer is found to be a function of temperature, resulting in a nonlin-

ear current-voltage (I-V) characteristic as depicted in Fig. (7). The resistance of the

polysilicon layer versus the actuation voltage is obtained from the data of Fig. (7). The

obtained resistance-voltage data are plotted in Fig. (8). For modeling purposes, a fifth

order polynomial is used to fit the resistance-voltage data:

Re
p = 0.0009V 5−0.0473V 4 +0.7846V 3−3.7937V 2 +17.334V +343.87 (17)

where V is the actuation voltage.
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Figure 8: Polysilicon resistance as a function of voltage.

In the second experiment, the tip displacement of the actuator is measured in

response to varying input voltages as shown in Fig. (9). As shown, the maximum tip

displacement achieved corresponds to 16 V at which the actuator faced overheating

destruction.
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Figure 9: Measured tip displacement of the actuator for a varying input voltage.

In the third experiment, square wave signals of varying amplitudes, ranging

from 1 V to 24 V , frequency of 10 Hz, and 50% duty cycle were applied to the MEMS
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actuator. The overheating destruction occurred at 24 V . At this voltage, the maximum

energy consumed by the MEMS actuator was 33.16 mJ, calculated from the product

of the consumed power and the duration of the applied signal. The obtained value is

the maximum energy that can be consumed by the MEMS actuator before overheating

destruction occurs.
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Chapter 4: Modeling the Thermally Driven V-Shaped MEMS
Actuator

4.1. Finite Element Modeling Using ANSYS

A detailed finite element model (FEM) of the thermal MEMS actuator is devel-

oped using ANSYS Mechanical APDL with SOLID98 elements based on the structure

given in Fig. (5). The model includes temperature-dependent data for the material

properties as shown in Table 1. Additionally, the geometric nonlinearity option has

been enabled and heat convection has been incorporated. The actuator model was then

simulated in ANSYS. Simulations results showing the applied voltage, the obtained

temperature, and the displacement solutions are illustrated in Figs. (10), (11), and (12),

respectively. As seen in Fig. (10), the 12 V applied across the DC beams produces heat

in the polysilicon layer under the shuttle. Fig. (11) depicts the temperature distribution

in the actuator. It is evident that the shuttle which is placed on top of the polysilicon

layer exhibits the highest temperature which is approximately 718 K. In addition, Fig.

(12) represents the lateral displacement of the actuator shuttle from its initial position.

The displacement obtained at the shuttle is 35.34 µm, which is within 1% of the exper-

imental measurement.

Table 1: Temperature dependencies for material properties used in ANSYS.

Parameter Symbol Reference

Thermal Conductivity of Nickel κNi(T ) [41]

Thermal Conductivity of Air κair(T ) [42]

Coefficient of Thermal Expansion of Nickel α(T ) [43]

Convection Coefficient of Air h(T ) [44]
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Figure 10: ANSYS simulation of voltage in the actuator.

Figure 11: ANSYS Simulation of heat distribution in the actuator.
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Figure 12: ANSYS simulation of actuator’s displacement.

4.2. Macromodeling Approach

The macromodels are developed for the structure depicted in Fig. (5). The

analysis is accomplished for a two-beam MEMS actuator first and then expanded to the

eight-beam structure. The thermal MEMS actuator can be represented by an electro-

thermal macromodel cascaded with a thermo-mechanical macromodel as shown in Fig.

(13). The blocks are discussed in chapters 5 and 6, respectively.

Figure 13: Electro-thermo-mechanical macromodel.

4.3. Black-Box Modeling Approach

In this approach, the displacement dynamic responses for different actuation

voltages, obtained from the ANSYS model, are fed into the MATLAB System Identifi-
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cation Toolbox in order to develop a dynamic model which relates the input voltage to

the output displacement. The model’s block diagram representation is depicted in Fig.

(14). This approach is presented in chapter 7.

Figure 14: Black-box model.
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Chapter 5: Electro-thermal modeling of V-Shaped Thermal MEMS
Actuators

The electro-thermal macromodel is developed using an equivalent electric cir-

cuit with lumped elements. The temperature profiles in the shuttle and the beams can

be obtained by dividing the actuator into three main volumes, namely the beams on the

left of the shuttle, the beams on the right of the shuttle, and the shuttle. Each volume

can then be represented by thermal capacitances, conduction thermal resistances, and

convection thermal resistances [12, 13, 45]. In this research, each beam is divided into

two segments by using four conduction resistances. Furthermore, the heat storage capa-

bility of the beams has been modeled using two heat capacitances. In addition, the heat

losses to the substrate and to the air located on upper surface of the beams have been

modeled using two conduction and two convection resistances, respectively. It is worth

mentioning here that having more segments improves the accuracy of the model, but

increases the model complexity. As for the shuttle, the heat losses have been modeled

using one conduction and one convection resistances. Additionally, the heat generated

in the shuttle is modeled using a current source, and the heat storage capability of the

shuttle is represented by a thermal capacitance as reported in [13, 46]. It is important

to note that the proposed model benefits from experimental data for the resistance of

the polysilicon layer shown in Eq. (17), and employs temperature-dependent material

properties for modeling the heat losses due to conduction and convection which leads

to having nonlinear ordinary differential equations [46].

Fig. (15) shows the model proposed for a two-beam actuator. The electro-

thermal circuit can be expanded to represent eight beams. It is worth noting that in all

the equivalent circuit analysis, temperature is considered to be the across variable, and

heat current is the through variable. Thus, the product between the through and across

variables is not power, but a hybrid unit of Watt-Kelvins [10]. Moreover, it should be

noted that in the proposed model, the heat conduction between adjacent beams of the

same array has been ignored. The physical, thermal, and electrical parameters used for

modeling are tabulated in Tables 2, 3, and 4 in which T denotes the temperature in the

pertaining volume.
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Table 2: Physical parameters.

Parameter Symbol Value Reference Units

Beam Length lb 480 - µm
DC Beam Length lβ 555 - µm
Shuttle Length ls 200 - µm
Nitride Length lN 324 - µm
Beam Width wb 8 - µm
DC Beam Width wβ 8 - µm
Shuttle Width ws 110 - µm
Nitride Width wN 136 - µm
Beam Thickness tb 20 - µm
DC Beam Thickness tβ 20 - µm
Shuttle Thickness ts 20 - µm
Nitride Thickness tN 0.35 - µm
Trench Depth g 25 - µm
Nickel Density ρNi 8900 [41] kg/m3

Nitride Density ρN 3440 [47] kg/m3

Table 3: Thermal parameters.

Parameter Symbol Value Reference Units

Ambient Temperature T0 298.15 - K

Thermal Conductivity of Nickel κNi Eq. (18) - W/(m−K)

Thermal Conductivity of Air κair(T ) Eq. (19) - W/(m−K)

Specific Heat of Nickel cT0
Ni 445 [41] J/(kg−K)

Specific Heat of Nitride cT0
N 170 [48] J/(kg−K)

Convection Coefficient of Air h(T ) Eq. (20) - W/(m2−K)

Table 4: Electrical parameters.

Parameter Symbol Value/Expression Units

DC Beams Resistance Re
β

0.2512 Ω

Polysilicon Resistance Re
p(V ) Eq. (17) Ω

Actuation Voltage V Variable Volts
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As shown in Figs. (16), (17), and (18), κNi, κair, and h vary with temperature.

The data are fitted with appropriate polynomials in order to be used for improving the

accuracy of the model. As such, the following polynomials were obtained:

κNi(T ) = 0.0001693T 2−0.2339T +146.1 (18)

κair(T ) =−2×10−8T 2 +8×10−5T +0.004 (19)

h(T ) = 1.388T +103.62 (20)
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Figure 16: Thermal conductivity of Nickel as a function of temperature [41].

The model parameters are designed using Eqs. (21) through (45), and are listed in Table

5.

The following shape factors are used to approximate the heat transferred from

the bottom and sides of the beams and the lower Nitride layer to their effective projected
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area on the substrate [12]:

Sb =

(
tb
wb

)(
2g
tb

+1
)
+1 (21)

Sβ =

(
tβ
wβ

)(
2g
tβ

+1
)
+1 (22)

SN =

(
tN
wN

)(
2g
tN

+1
)
+1. (23)
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Figure 17: Thermal conductivity of air as a function of temperature [42].
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Figure 18: Convection Coefficient of air as a function of temperature [44].
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Defining lbh = lb/2, the thermal resistances and capacitances of the beams are

as follows:

Rbs(T ) =
lbh

2κNi(T )wbtb
(24)

Rbb(T ) = Rbs(T )+Rba(T ) (25)

Rba(T ) =
lbh

2κNi(T )wbtb
(26)

Rbsw(T ) =
g

κair(T )wblbhSb
(27)

Rbaw(T ) =
g

κair(T )wblbhSb
(28)

Rbsc(T ) =
1

wblbhh(T )
(29)

Rbac(T ) =
1

wblbhh(T )
(30)

Cb = wblbhtbρNicNi. (31)

Let lβh = lβ/2, the thermal resistances and capacitances of the DC beams are

defined by the following equations:

Rβ p(T ) =
lβh

2κNi(T )wβ tβ
(32)

Rββ (T ) = Rβ p(T )+Rβa(T ) (33)

Rβa(T ) =
lβh

2κNi(T )wβ tβ
(34)

Rβ pw(T ) =
g

κair(T )wβ lβhSβ

(35)

Rβaw(T ) =
g

κair(T )wβ lβhSβ

(36)

Rβ pc(T ) =
1

wβ lβhh(T )
(37)

Rβac(T ) =
1

wβ lβhh(T )
(38)

Cβ = wβ lβhtβ ρNicNi. (39)
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The thermal resistance and capacitance of the shuttle are defined by

Rsc(T ) =
1

wnlnh(T )
(40)

Cs = wslstsρNicNi. (41)

The thermal resistances and capacitances of the Nitride layers are given by

RN =
tN

κNwnln
(42)

RNw(T ) = RN +
g

κair(T )wnlnSN
(43)

CN = wN lNtNρNcN . (44)

Finally, the heat current (equivalent heat power) resulting from Joule heating is modeled

as

q =
V 2

Re
p(V )+Re

β

. (45)

As seen in Eq. (45), the heat current generated in the MEMS actuator is proportional

to the voltage-squared. This implies that the polarity of the actuation voltage makes no

difference in the heat generation process.

In what follows, the temperature dependency of the thermal resistances is not shown

for simplicity.

Applying nodal analysis on the electro-thermal circuit of Fig. (15) gives the

dynamic equations describing the temperature transients of the shuttle and the beams.

The equations are generalized to account for N beams where N is the total number of
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Table 5: Descriptions of the LEM parameters.

Volume Name Parameter Symbol

Average Temperature T̄bs

Half-Volume Conduction Thermal Resistance Rbs

Beam-Shuttle Volume-Substrate Conduction Thermal Resistance Rbsw

Convection Thermal Resistance Rbsc

Thermal Capacitance Cb

Average Temperature T̄ba

Half-Volume Conduction Thermal Resistance Rba

Beam-Anchor Volume-Substrate Conduction Thermal Resistance Rbaw

Convection Thermal Resistance Rbac

Thermal Capacitance Cb

Average Temperature T̄β s

Half-Volume Conduction Thermal Resistance Rβ s

DC Beam-Polysilicon Volume-Substrate Conduction Thermal Resistance Rβ sw

Convection Thermal Resistance Rβ sc

Thermal Capacitance Cβ

Average Temperature T̄βa

Half-Volume Conduction Thermal Resistance Rβa

DC Beam-Anchor Volume-Substrate Conduction Thermal Resistance Rβaw

Convection Thermal Resistance Rβac

Thermal Capacitance Cβ

Average Temperature T̄s

Shuttle Convection Thermal Resistance Rsc

Thermal Capacitance Cs

Conduction Thermal Resistance RN

Silicon Nitride Volume-Substrate Conduction Thermal Resistance RNw

Thermal Capacitance CN

Polysilicon
Average Temperature T̄p

Heat Current q
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beams in the actuator.

2CN
dT̄p

dt
=CN

dT̄s

dt
+

(
1

RN

)
T̄s +

(
2

Rβ p

)
T̄β p−

(
2

Rβ p
+

1
RNw

+
1

RN

)
T̄p

+

(
1

RNw

)
T0 +q

Cβ

dT̄β p

dt
=

(
1

Rββ

)
T̄βa−

(
1

Rββ

+
1

Rβ p
+

1
Rβ pc

+
1

Rβ pw

)
T̄β p +

(
1

Rβ p

)
T̄p

+

(
1

Rβ pc
+

1
Rβ pw

)
T0

Cβ

dT̄βa

dt
=−

(
1

Rββ

+
1

Rβa
+

1
Rβac

+
1

Rβaw

)
T̄βa +

(
1

Rβa
+

1
Rβac

+
1

Rβaw

)
T0

+

(
1

Rββ

)
T̄β p

(Cs +CN)
dT̄s

dt
=CN

dT̄p

dt
+

(
1

RN

)
T̄p +

(
N

Rbs

)
T̄bs−

(
N

Rbs
+

1
Rsc

+
1

RN

)
T̄s

+

(
1

Rsc

)
T0

Cb
dT̄bs

dt
=

(
1

Rbb

)
T̄ba−

(
1

Rbb
+

1
Rbs

+
1

Rbsc
+

1
Rbsw

)
T̄bs +

(
1

Rbsc
+

1
Rbsw

)
T0

+

(
1

Rbs

)
T̄s

Cb
dT̄ba

dt
=−

(
1

Rbb
+

1
Rba

+
1

Rbac
+

1
Rbaw

)
T̄ba +

(
1

Rba
+

1
Rbac

+
1

Rbaw

)
T0

+

(
1

Rbb

)
T̄bs

(46)

Eq. (46) describes the dynamics of the circuit where T̄s represents the average

shuttle temperature. Furthermore, since the beams are represented by four conduction

resistances, T̄ba and T̄bs denote the temperatures at lb/4 away from the anchor and the

shuttle, respectively. Similarly, for the DC beams, T̄βa and T̄β p denote the temperatures

at lb/4 away from the anchor and the polysilicon, respectively. Assuming that the aver-

age temperature of the beams is located at the center of the beams, Eq. (47) can be used

to find this average temperature as follows:

T̄b =
1
2
(T̄bs + T̄ba). (47)
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Eqs. (46)-(47) which form the lumped element model (LEM) are then modeled

in SIMULINK to find the T̄s(t) and T̄b(t). The obtained variables are then compared

with their counterparts obtained from the FEM. The simulation results obtained with

the LEM and the FEM show the average temperatures in the shuttle T̄s and the beams

T̄b for the eight-beam actuator for 50 milliseconds as depicted in Figs. (19a, 19b). As

shown, the LEM exhibits a faster transient response in comparison with the FEM. At

12 V, the error is higher than at 6 V. We have investigated that by increasing the num-

ber of segments of the beams, the electro-thermal model becomes close to a distributed

model rather than a lumped model, and therefore, the error associated with the tran-

sient response decreases. However, this is a trade-off between simplicity and accuracy

of the LEM. Furthermore, the steady-state values of T̄s and T̄b obtained by the LEM

and the FEM are tabulated in Tables 6 and 7, respectively. As seen, the maximum per-

centage difference for T̄s and T̄b is less than 9%. It is worth noting that the total time

elapsed to run the ANSYS simulation was 90 minutes. However, the LEM simulation

in SIMULINK was completed in less than 1 minute. Consequently, the obtained results

show a very good agreement considering the difference in the computational cost in-

curred.

Finally, the plots of the thermal resistances as a function of time for 6 V and 12

V can be found in Appendix A.
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Figure 19: Simulated average temperatures of the eight-beam thermally driven MEMS
Actuator for 6V and 12V input voltages in the (a) shuttle, (b) beams.
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Table 6: Comparison of steady-state values of the average shuttle temperature for dif-
ferent actuation voltages.

Voltage LEM T̄s FEM T̄s Percent Difference
(V) (K) (K) (%)

6 468.46 492.54 5.01
8 559.63 577.30 3.11

10 647.92 648.99 0.17
12 733.59 696.38 5.20
14 821.37 755.59 8.34

Table 7: Comparison of steady-state values of the average beam temperature for differ-
ent actuation voltages.

Voltage LEM T̄b FEM T̄b Percent Difference
(V) (K) (K) (%)

6 376.96 376.70 0.07
8 414.41 407.34 1.72

10 447.99 432.13 3.60
12 478.44 448.70 6.42
14 507.84 469.72 7.80
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Chapter 6: Thermo-Mechanical Modeling of V-Shaped Thermal
MEMS Actuators

In this chapter, we propose a dynamic model for the lateral displacement of a V-

shaped thermal MEMS actuator. The authors in [1] have developed an analytical model

for the static buckling of V-shaped thermal MEMS actuators with two beams. However,

an analytical model for the dynamic buckling of V-shaped thermal actuators have not

been studied in the literature. Therefore, we propose to use the Galerkin method to

obtain a macromodel for the transversal displacement of thermally driven V-shaped

MEMS actuators.

Fig. (20a) depicts the half-span of a V-shaped thermal actuator with lateral dis-

placement w(x, t) exhibited on the xy-coordinate and the beam and shuttle tip displace-

ments denoted by δb(t) and δs(t) on the ζ η-coordinate . The other half of the actuator

is replaced by reaction forces [1]. Our approach is to divide the structure in Fig. (20a)

into several beam elements as shown in Fig. (20b) and find the nodal displacements.

Since the shuttle has a large mass in our actuator, it is required to be included in the

model as it affects the mechanical transient considerably although the V-shaped MEMS

actuators in the literature either do not have a shuttle or the shuttle has been ignored in

the modeling process. In the following section, the dynamic formulation of the beam in

Fig. (20a) is presented. The formulation is then used to model both the beam and the

shuttle using two beam elements in Section 6.3.

6.1. Nonlinear Dynamic Buckling Model of V-Shaped MEMS Actuators with
Thermal Strain

In order to develop a formulation for a general beam element in the next part,

it is assumed that the half-span of the actuator has a uniform cross-section area (the

shuttle does not exist). Therefore, the beam going under axial and lateral loading can

be modeled using the Euler-Bernoulli beam approach given by Eq. (48) [46]

EIb
∂ 4w(x, t)

∂x4 +P(t)
∂ 2w(x, t)

∂x2 +ρNiAb
∂ 2w(x, t)

∂ t2 = F(t) ∈ R (48)

45



(a)

(b)
Figure 20: (a) Geometry of the beam and the shuttle in the MEMS actuator, (b) Dis-
cretized geometry with n beam elements.

where

F(t) = P(t) tanθδ (x− lb), (49)

E is the Young’s modulus, Ib is the second-order moment of the beam, P(t) ∈ R is the

axial force, Ab is the cross-section area of the beam, and δ (x− lb) is the Dirac delta

function used to show that F(t) is a force at the tip of the beam [49] (i.e. x = lb).

In addition, the total strain in the thermally induced beam can be obtained by summation

of mechanical and thermal strains [49]. That is,

εTotal = εMechanical + εT hermal (50)

Assuming that the deformed shape of the beam can be characterized by a lateral dis-

placement w(x, t) and a longitudinal displacement u(x, t), the aggregate axial strain is
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given by [1, 10]:

εTotal =
∂u(x, t)

∂x
+

1
2

(
∂w(x, t)

∂x

)2

(51)

In addition, the thermal strain is given by

εT hermal = α(Tb(x, t)−T0). (52)

where α is the coefficient of thermal expansion of Nickel, Tb(x, t) is the temperature

along the beam, and T0 is the ambient temperature. Using Eqs. (50)-(52), the mechani-

cal strain is obtained as

εMechanical = εTotal− εT hermal =
∂u(x, t)

∂x
+

1
2

(
∂w(x, t)

∂x

)2

−α(Tb(x, t)−T0). (53)

Eq. (53) is next multiplied by the coefficient EAb to find the force caused by the strain

EAb

[
∂u(x, t)

∂x
+

1
2

(
∂w(x, t)

∂x

)2

−α(Tb(x, t)−T0)

]
=−P(t). (54)

Integrating both sides of Eq. (54) over the length of the beam lb gives

∫ lb

0

[
∂u(x, t)

∂x
+

1
2

(
∂w(x, t)

∂x

)2
]

dx−
∫ lb

0
[α(Tb(x, t)−T0)]dx =− 1

EAb

∫ lb

0
P(t)dx.

(55)

Evaluating the first integral gives

u(lb, t)−u(0, t)+
1
2

∫ lb

0

(
∂w(x, t)

∂x

)2

dx−
∫ lb

0
[α(Tb(x, t)−T0)]dx =− 1

EAb

∫ lb

0
P(t)dx

(56)

where

u(0, t) = 0 (57)

and

u(lb, t) = w(lb, t) tanθ (58)
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are the boundary conditions and θ is the inclination angle of the beam [1]. Applying

the boundary conditions of Eqs. (57,58) yields

w(lb, t) tanθ +
1
2

∫ lb

0

(
∂w(x, t)

∂x

)2

dx−
∫ lb

0
[α(Tb(x, t)−T0)]dx =− 1

EAb

∫ lb

0
P(t)dx.

(59)

Evaluating the integral on the right-hand side of Eq. (59) results in

w(lb, t) tanθ +
1
2

∫ lb

0

(
∂w(x, t)

∂x

)2

dx−αlb(T̄b(t)−T0) =−
lb

EAb
P(t) (60)

where T̄b(t)− T0 = 1
lb

∫ lb
0 (Tb(x, t)− T0)dx is the average temperature increase in the

beam which is obtained by the electro-thermal macromodel.

Expanding F(t) using Eq. (60) gives

F(t) =C1

(
w(lb, t) tanθ +

1
2

∫ lb

0

(
∂w(x, t)

∂x

)2

dx−αlb(T̄b(t)−T0)

)
δ (x− lb) (61)

where C1 =−EAb tanθ/lb.

Consequently, Eqs. (48), (60), and (61) represent the model for the dynamic buckling

of beams in the actuator. Therefore, the PDE involves nonlinear terms. In order to

reduce its complexity and develop a macromodel by converting the nonlinear PDE into

a system of nonlinear ordinary differential equations, the Galerkin method [49, 50] is

applied in the following section.

6.2. Formulation for One Beam Element

It is assumed that the solution of Eq. (48) is of the following form for one beam

element [49–51]:

w(x, t)(e) = [N(x)][γ(t)](e) (62)
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where [N(x)] = [N1(x) N2(x) N3(x) N4(x)] is a row vector containing the interpolation

functions

N1(x) = 1− 3x2

l2
e

+
2x3

l3
e

N2(x) = x− 2x2

le
+

x3

l2
e

N3(x) =
3x2

l2
e
− 2x3

l3
e

N4(x) =−
x2

le
+

x3

l2
e

(63)

which are known as Hermite cubics [51]. In addition, le is the element length, [γ(t)](e)=

[w1(t) θ1(t) w2(t) θ2(t)]T is a column vector composed of nodal displacements for the

beam element (e); w1(t) and w2(t) are nodal displacements, and θ1(t) and θ2(t) are

nodal angular displacements. Replacing w(x, t)(e) for w(x, t) in Eq. (48)

EIe
∂ 4w(x, t)(e)

∂x4 +P(t)
∂ 2w(x, t)(e)

∂x2 +ρNiAe
∂ 2w(x, t)(e)

∂ t2 −F(t) = R(x, t) (64)

where Ie is the second-order moment of the element, Ae is the cross-section area of the

element, and R(x, t) is the residual term.

The Galerkin method along with the shape functions is applied in Eq. (64). The aver-

aged weighted residual of Eq. (48) for a beam element of length le is:

I =
∫ le

0
[N(x)]T R(x, t)dx =∫ le

0
[N(x)]T

(
EIe

∂ 4w(x, t)(e)

∂x4 +P(t)
∂ 2w(x, t)(e)

∂x2 +ρNiAe
∂ 2w(x, t)(e)

∂ t2 −F(t)

)
dx = 0

(65)

Multiplying [N(x)]T through the parentheses results in

I =
∫ le

0
[N(x)]T EIe

∂ 4w(x, t)(e)

∂x4 dx+
∫ le

0
[N(x)]T P(t)

∂ 2w(x, t)(e)

∂x2 dx

+
∫ le

0
[N(x)]T ρNiAe

∂ 2w(x, t)(e)

∂ t2 dx−
∫ le

0
[N(x)]T F(t)dx = 0

(66)
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or

I = I1 + I2 + I3 + I4 = 0 (67)

Integration by parts is applied twice on I1 to reduce the order of the derivative term.

I1 = EIe

(
[N(x)]T

∂ 3w(x, t)(e)

∂x3

)le

0

−EIe

(
d
dx

[N(x)]T
∂ 2w(x, t)(e)

∂x2

)le

0

+EIe

∫ le

0

d2

dx2 [N(x)]T
∂ 2w(x, t)(e)

∂x2 dx

(68)

Evaluating the limits and keeping the integral term unchanged in Eq. (68) gives

I1 =−


1

0

0

0

S(0)+


0

0

1

0

S(le)+


0

1

0

0

M(0)−


0

0

0

1

M(le)

+EIe

∫ le

0

d2

dx2 [N(x)]T
∂ 2w(x, t)(e)

∂x2 dx

(69)

where S(0) and S(le) denote the shear forces, and M(0) and M(le) are the bending

moments at the two ends of the beam given as following

S(0) = EIe

(
∂ 3w(x, t)(e)

∂x3

)
x=0

(70)

S(le) = EIe

(
∂ 3w(x, t)(e)

∂x3

)
x=le

(71)

M(0) = EIe

(
∂ 2w(x, t)(e)

∂x2

)
x=0

(72)

M(le) = EIe

(
∂ 2w(x, t)(e)

∂x2

)
x=le

(73)

Let S(0) = S1, S(le) = S2, M(0) = M1, and M(le) = M2. Therefore, I1 becomes

I1 = EIe

∫ le

0

d2

dx2 [N(x)]T
∂ 2w(x, t)(e)

∂x2 dx− [Q(t)](e) (74)
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where

[Q(t)](e) =


S1

−M1

−S2

M2

 (75)

is the vector of shear forces (S1, S2) and bending moments (M1, M2) at the two ends of

the beam element.

Afterwards, Eq. (62) is substituted for w(x, t)(e) in Eq. (74) which gives

I1 = EIe

∫ le

0

d2

dx2 [N(x)]T
d2

dx2 [N(x)]dx[γ(t)](e)− [Q(t)](e) = [K](e)[γ(t)](e)− [Q(t)](e)

(76)

where [K](e) is the element stiffness matrix given by

[K](e) =
EIe

l3
e


12 6le −12 6le

6le 4l2
e −6le 2l2

e

−12 −6le 12 −6le

6le 2l2
e −6le 4l2

e

 . (77)

Using Eqs. (60,62) and evaluating I2 gives

I2 =
∫ le

0
[N(x)]T [N(le)] [γ(t)](e) tanθ

d2

dx2 [N(x)]dx[γ(t)](e)

+
1
2

∫ le

0
[N(x)]T NL

d2

dx2 [N(x)]dx[γ(t)](e)

−αle(T̄e(t)−T0)
∫ le

0
[N(x)]T

d2

dx2 [N(x)]dx[γ(t)](e)

=− le
EAe

∫ le

0
[N(x)]T P(t)

d2

dx2 [N(x)]dx[γ(t)](e)

(78)

where T̄e(t)− T0 =
∫ le

0 (Te(x, t)− T0)dx/le is the average temperature increase in the

beam element. In addition,

[N(le)] = [0 0 1 0] (79)
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and
NL = (6/5le)w2

1(t)+(2le/15)θ 2
1 (t)+(6/5le)w2

2(t)+(2le/15)θ 2
2 (t)

+2((1/10)w1(t)θ1(t)− (6/5le)w1(t)w2(t)+(1/10)w1(t)θ2(t)

− (1/10)θ1(t)w2(t)− (le/30)θ1(t)θ2(t)− (1/10)w2(t)θ2(t)).

(80)

Furthermore,

[KN ]
(e) =

∫ le

0
[N(x)]T

d2

dx2 [N(x)]dx =


−6/5le −11/10 6/5le −1/10

−1/10 −2le/15 1/10 le/30

6/5le 1/10 −6/5le 11/10

−1/10 le/30 1/10 −2le/15

 (81)

is the geometric stiffness matrix. Using Eqs. (79,80,81), Eq. (78) can be written as

I2 =−
le

EAe
P(t)[KN ][γ(t)](e)

= tanθ [KN ]w2(t)[γ(t)](e)+1/2[KN ]NL[γ(t)](e)−αle(T̄e(t)−T0)[KN ][γ(t)](e).
(82)

Using Eq. (62) and evaluating I3 results in

I3 = ρNiAe

∫ le

0
[N(x)]T [N(x)]dx

d2

dt2 [γ(t)]
(e) (83)

The matrix [M](e) is the element mass matrix given by

[M](e) = ρNiAe

∫ le

0
[N(x)]T [N(x)]dx =

ρNiAele
420


156 22le 54 −13le

22le 4l2
e 13le −3l2

e

54 13le 156 −22le

−13le −3l2
e −22le 4l2

e

 (84)

Expanding I4 using Eq. (49) gives

I4 =−
∫ le

0
[N(x)]T P(t) tanθδ (x− le) (85)

Evaluating the integral simplifies Eq. (85) to

I4 =−[0 0 P(t) tanθ 0]T (86)

52



Using Eqs. (77, 81, 84) , and adding I1, I2, I3, and I4, the equation of motion of the

beam element can be written as

[M](e)
d2

dt2 [γ(t)]
(e)+[K](e)[γ(t)](e)+P(t)[KN ]

(e)[γ(t)](e) = [Q(t)](e)+[Φ(t)](e) (87)

where [Φ(t)](e) = [0 0 P(t) tanθ 0]T .

6.3. Model Formulation of the Actuator

In this part, the formulation derived in Section 6.2 is used to obtain the dynamics

of the actuator considering one beam and half of the shuttle using two beam elements.

The shuttle is included to improve the accuracy of the model. The vector of nodal

displacements for two beam elements is given as

[γ(t)](b)+(s)
0 =



w1(t)

θ1(t)

w2(t)

θ2(t)

w3(t)

θ3(t)


(88)

where wi(t) and θi(t) denote the lateral displacement and slope at the ith node for i =

1,2,3, and the subscript in [γ(t)]0 is used to show that the boundary conditions are not

yet applied. Furthermore, the superscripts (b) and (s) denote the elements for the beam

and the shuttle.

Let Ib and Ish be the second-order moments of the beam and of half of the shuttle,

respectively. In addition, defining lsh = ls/2, the stiffness matrix for the beam is given
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by

[K](b) =
EIb

l3
b



12 6lb −12 6lb 0 0

6lb 4l2
b −6lb 2l2

b 0 0

−12 −6lb 12 −6lb 0 0

6lb 2l2
b −6lb 4l2

b 0 0

0 0 0 0 0 0

0 0 0 0 0 0


. (89)

The stiffness matrix for half of the shuttle is given as

[K](s) =
EIsh

l3
sh



0 0 0 0 0 0

0 0 0 0 0 0

0 0 12 6lsh −12 6lsh

0 0 6lsh 4l2
sh −6lsh 2l2

sh

0 0 −12 −6lsh 12 −6lsh

0 0 6lsh 2l2
sh −6lsh 4l2

sh


. (90)

Moreover, the geometric stiffness matrices for the two elements are obtained as

[KN ]
(b) =



−6/5lb −11/10 6/5lb −1/10 0 0

−1/10 −2lb/15 1/10 lb/30 0 0

6/5lb 1/10 −6/5lb 11/10 0 0

−1/10 lb/30 1/10 −2lb/15 0 0

0 0 0 0 0 0

0 0 0 0 0 0


(91)

[KN ]
(s) =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 −6/5lsh −11/10 6/5lsh −1/10

0 0 −1/10 −2lsh/15 1/10 lsh/30

0 0 6/5lsh 1/10 −6/5lsh 11/10

0 0 −1/10 lsh/30 1/10 −2lsh/15


. (92)
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Let Ab and Ash be the cross-section areas of the beam and the shuttle, respec-

tively. Eqs. (93) and (94) describe the mass matrices for the two elements.

[M](b) =
2ρNiAblb

420



156 22lb 54 −13lb 0 0

22lb 4l2
b 13lb −3l2

b 0 0

54 13lb 156 −22lb 0 0

−13lb −3l2
b −22lb 4l2

b 0 0

0 0 0 0 0 0

0 0 0 0 0 0


(93)

[M](s) =
2ρNiAshlsh

420



0 0 0 0 0 0

0 0 0 0 0 0

0 0 156 22lsh 54 −13lsh

0 0 22lsh 4l2
sh 13lsh −3l2

sh

0 0 54 13lsh 156 −22lsh

0 0 −13lsh −3l2
sh −22lsh 4l2

sh


(94)

It should be noted that the mass matrices in Eqs. (93) and (94) were multiplied by two

to account for the masses of the missing halves of the beam and the shuttle.

The following boundary conditions for the structure of Fig. (20a) are applied:

w(0, t) = 0 (95)

∂w(0, t)
∂x

= 0 (96)

∂w(lb, t)
∂x

= 0 (97)

∂w(lb + lsh, t)
∂x

= 0 (98)

These boundary conditions reduce [γ(t)]0 to the following as shown in Fig. (21):

[γ(t)](b)+(s) =

w2(t)

w3(t)

 (99)
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Figure 21: Geometry of buckled model of the half-span of the actuator along with the
nodal parameters.

Therefore, all the entries of the matrices that are placed on the rows and the columns

corresponding to the ith rows and the jth columns for i, j = 1,2,4,6 are crossed out.

These entries correspond to the nodal parameters which were equated to zero. The

resulting columns and rows elimination reduces the size of the matrices to 2×2.

Let

a =
EIb

l3
b

c =
EIsh

l3
sh

d =
2ρNiAblb

420

f =
2ρNiAshlsh

420

the stiffness, geometric stiffness, and mass matrices for the actuator after applying the

boundary conditions and adding the matrices for the two elements are given as

[K](b)+(s) =

12(a+ c) −12c

−12c 12c

 (100)

[KN ]
(b)+(s) =

(−6/5)(1/lb +1/lsh) 6/5lsh

6/5lsh −6/5lsh

 (101)
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[M](b)+(s) =

156(d + f ) 54 f

54 f 156 f

 . (102)

Moreover, the axial force and the force at the tip of the actuator take the following

forms:
P(t)(b)+(s) =− EAb

lb
(w2(t) tanθ +

3
5lb

w2
2(t)−αlb(T̄b(t)−T0))

− EAsh

lsh
(w3(t) tanθ +

3
5lsh

w2
2(t)+

3
5lsh

w2
3(t)

− 6
5lsh

w2(t)w3(t)−αlsh(T̄s(t)−T0)).

(103)

[Φ(t)](b)+(s) =

 0

P(t) tanθ

 (104)

Finally, [Q(t)]e in Eq. (87) was assumed to be zero.

Using Eqs. (87,100,101,102,103,104), the equation of motion for a two-beam thermally

driven MEMS actuator can be written as [46]

[M](b)+(s) d2

dt2 [γ(t)]
(b)+(s)+[K](b)+(s)[γ(t)](b)+(s)+P(t)(b)+(s)[KN ]

(b)+(s)[γ(t)](b)+(s)

= [Φ(t)](b)+(s) (105)

Solution of Eq. (105) yields the lateral displacement of the actuator. The tip displace-

ments of the beam δb(t) and of the shuttle δs(t) shown in Fig. (20a) can be obtained by

the following equations [1]:

δb(t) =
w2(t)
cosθ

(106)

δs(t) =
w3(t)
cosθ

(107)

In order to develop a more accurate macromodel for the eight-beam actuator, the thermo-

mechanical macromodel for the two-beam actuator is modified by increasing the in-

plane thickness of the beam wb fourfold. In other words, the four beams are combined

to have one beam. However, the second-order moment is remained unchanged.
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6.4. Simulation Results

The electro-thermal macromodel developed in Section 5 is fed into the thermo-

mechanical macromodel developed for eight-beam actuators to obtain the dynamic tip

displacement δs(t) of the eight-beam thermally driven MEMS actuator. It is important

to note that since the inclination angle θ of the actuator used in our analysis is small

(0.8◦), the lateral and tip displacements are almost identical. The data tabulated in

Table 8 are used to simulate the actuator’s tip displacement using the electro-thermo-

mechanical macromodel in SIMULINK.

Table 8: Nickel material properties.

Parameter Symbol Value Reference Units

Young’s Modulus ET0 205 [52] GPa

Coefficient of Thermal Expansion αT0 13.4×10−6 [41] 1/K

Static measurements of the actuator’s tip displacement for several actuation volt-

ages are compared with the steady-state values obtained by the macromodel and the

FEM as shown in Table 9. A very good agreement is observed in the steady-state tip

displacements obtained by the macromodel, the FEM, and the experimental measure-

ments. For the macromodel, the maximum error occurs at 14 V which is within 7% of

the measurement. For the FEM, the maximum error is observed at 14 V and is within

5% of the measurement. Therefore, the proposed macromodel is reasonably accurate

and efficient for predicting the actuator’s tip displacements.

In addition, SIMULINK and ANSYS dynamic simulations of the actuator’s tip

displacement are shown for actuation voltages of 6 V and 12 V. The tip displacements

are plotted versus time in Fig. (22). As it is shown, the macromodel exhibits a faster

transient response in comparison with the FEM. At 12 V, the error is higher than at

6 V. We have investigated that by increasing the number of segments of the beams in

the LEM, the electro-thermal model becomes close to a distributed model rather than a

lumped model, and therefore, the error associated with the transient response decreases.

However, this is a trade-off between simplicity and accuracy of the macromodel.
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Table 9: Comparison of steady-state values of the actuator’s tip displacements.

Experimental Macromodel FEM

Voltage δs δs % Error δs % Error
(V) (µm) (µm) (%) (µm) (%)

6 16.7 15.70 5.99 16.71 0.06
8 24.6 23.36 5.04 24.32 1.14

10 31.4 30.30 3.50 30.85 1.75
12 35.7 36.66 2.69 35.34 1.01
14 39.4 42.84 8.73 41.12 4.37
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Figure 22: SIMULINK and ANSYS simulations of the actuator’s tip displacement for
6V and 12V.
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Chapter 7: Black-Box Modeling of the V-Shaped Thermal MEMS
Actuator

In contrast to the white-box modeling approach employed in the macromodel-

ing process discussed in chapters 5 and 6, no physical insight of the system exists in

the black-box modeling approach, and a model from a set of standard models is used

to obtain an input-output relation. Using this approach, we propose a first-order ordi-

nary differential equation that relates the input voltage to the output displacement of

the MEMS actuator, which was modeled in ANSYS. The model is based on the dis-

placement data corresponding to different input voltages obtained through the ANSYS

transient dynamic analysis. The data are then fed into the MATLAB System Identifica-

tion Toolbox to find a transfer function for each input voltage. In the following sections,

the process of obtaining the dynamic model is presented.

7.1. Transfer Function Model Estimation Using MATLAB System Identification
Toolbox

After feeding the voltage-displacement data into the MATLAB System Identi-

fication Toolbox, different transfer function models based on the number of the zeros

and the poles were estimated. The transfer functions with one pole showed very good

reproductions of the displacement data in response to the given input voltages. There-

fore, the black-box model discussed in chapter 4, which was illustrated by Fig. (14),

can be represented by the equivalent system shown in Fig. (23). In the figure, u(t) is

the input voltage applied to the MEMS actuator, and y(t) is the MEMS actuator’s tip

displacement.

Figure 23: Equivalent first-order model for the thermal MEMS actuator.
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For a given voltage, the transfer functions can be described by

G(s) =
Y (s)
U(s)

=
b

s+a
(108)

where Y (s) and U(s) are the Laplace transforms of the MEMS actuator’s tip displace-

ment y(t), and the input voltage u(t).

The obtained first-order transfer functions for different input voltages are shown

in Table 10. As can be seen, the tabulated Goodness of Fits obtained from MATLAB

indicate that the estimated first-order transfer functions reproduce the displacement data

sufficiently accurate.

Table 10: Estimated transfer function models using MATLAB System Identification
Toolbox.

Voltage (V) Transfer Function G(s) Goodness of Fit (%)

2
93.57

s+171
98.34

4
318.6

s+173.1
98.07

6
493.7

s+176.7
97.63

8
557.7

s+182.9
97.27

10
579.9

s+187.3
97.16

12
561.4

s+190
97.04

14
571.6

s+193.9
96.81
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7.2. Dynamic Modeling Based on the Estimated Transfer Functions

As can be seen, the gains and the poles of the transfer functions tabulated in

Table (10) are different for different input voltages. Figs. (24a) and (24b) depict the

variations of the poles and the gains for the varying input voltages.
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Figure 24: Plots of the transfer functions’ poles and gains for different input voltages
(a) poles as a function of voltage (b) gains as a function of voltage.
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The pole-voltage and the gain-voltage data are next fitted with the following

polynomials:

a(u) = 0.016u3−0.386u2 +0.6427u−170.7 (109)

b(u) = 0.5175u3−18.746u2 +221.91u−285.48 (110)

Therefore, the dynamic model of the MEMS actuator can be expressed by

dy(t)
dt

=−a(u)y(t)+b(u)u(t) (111)

where the poles and the gains are nonlinear functions of the input voltage. Fig. (25)

shows Eq. (111) in the block diagram form.

Figure 25: Block diagram representation of the first-order model.

7.3. Simulation Results

The first-order model was simulated in SIMULINK and was compared with the

FEM results for actuation voltages of 6 V and 12 V . Fig. (26) depicts the results. As

can be seen, the results are in very good agreement.
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Figure 26: Comparison of the tip displacements obtained by the first-order model and
the FEM.
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Chapter 8: Self-Tuning of PID Controllers by Adaptive Interaction

8.1. Introduction

The self-tuning or adaptation algorithm for PID controllers was proposed based

on the theory of adaptive interaction [25]. The algorithm is robust to changes in the

plant as it does not require any knowledge of the plant to be controlled. In addition,

the algorithm can be applied universally to linear and nonlinear plants. The proposed

self-tuning PID controller is a nonlinear controller as the PID parameters change con-

tinuously based on nonlinear adaptation dynamics. Because of its simplicity and effec-

tiveness, the algorithm shall be used to improve the transient response of the thermally

driven V-shaped MEMS actuator.

8.2. Control Algorithm

A PID control system is broken down into four devices as reported in [25]. De-

vice 1 is the proportional part, Device 2 is the integral action, Device 3 is the derivative

action, and Device 4 is the plant. In some implementations, the derivative action is pre-

ceded by a low-pass filter; the algorithm applies equally well under this modification. In

any case, there are three adaptive connections: ηc = KP, KI, KD. For these connections,

the adaptive algorithm presented in Theorem 1 (chapter 2) becomes

dηc

dt
=−σ

∂E

∂ypostc
◦F ′

postc [xpostc ]◦ yprec (112)

where postc = 4, prec = 1,2,3 depending on the adaptive connection, ◦ denotes com-

position, i.e.

yn(t) = (Fn ◦ xn)(t) = Fn[xn(t)], n ∈N

and the Fréchet derivative F ′
n of Fn is defined as a functional such that

lim
||h||→0

||Fn[x+h]−Fn[x]−F ′
n[x]◦h||

||h||
= 0.
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In [25], the error squared is minimized as the performance index

E = e2 = (r− y4)
2. (113)

Substituting Eq. (113) in Eq. (112), the following tuning algorithm is obtained:

dKP

dt
= 2σeF ′

4[x4]◦ y1

dKI

dt
= 2σeF ′

4[x4]◦ y2

dKD

dt
= 2σeF ′

4[x4]◦ y3.

(114)

Afterwards, the Fréchet derivative is approximated by F ′[x] ◦ h = νh, with ν being a

constant. This approximation has been verified by simulation as reported in [25]. Using

this approximation, the following set of modified tuning algorithm is obtained:

dKP

dt
= σey1

dKI

dt
= σey2

dKD

dt
= σey3

(115)

where 2ν has been incorporated in the adaptation coefficient σ . As observed, the modi-

fied tuning algorithm is simple and independent of the plant model. As reported in [25],

the modified tuning algorithm can be applied to both linear and nonlinear plants with

different noise and time delay conditions. Fig. (27) shows the block diagram repre-

sentation of the adaptive control system where the derivative action is preceded by a

low-pass filter with the filter coefficient N.

8.3. Stability Proof of the Modified Tuning Algorithm

In Eq. (108), it was shown that the displacement response of the MEMS actuator

can be modeled by a first-order transfer function. Therefore, for a given operating point,

the open-loop displacement response of the MEMS actuator can be approximated by the
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Figure 27: Illustration of the self-tuning PID controller.

following first-order system

dy4(t)
dt

=−ay4(t)+bx4(t), a > 0, b > 0 (116)

where x4(t) is the control signal, and y4(t) is the output which is the displacement.

To simplify the notation, in the rest of the section, we will eliminate when appropriate,

the explicit reference to time t. Assuming that the PID parameters converge to K∗P, K∗I ,

and K∗D, the control signal x4 can be written as

x4 = K∗Pe+K∗I

∫
edt +K∗D

de
dt

+ K̃Pe+ K̃I

∫
edt + K̃D

de
dt

(117)

where
K̃P = KP−K∗P

K̃I = KI−K∗I

K̃D = KD−K∗D

(118)
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Since K∗P , K∗I , and K∗D are constant, we have

dK̃P

dt
=

dKP

dt
dK̃I

dt
=

dKI

dt
dK̃D

dt
=

dKD

dt
.

(119)

Using the modified tuning algorithm (Eq. (115)) in Eq. (119) and ignoring the low-pass

filter in the derivative term for simplicity yield

dK̃P

dt
= σe2

dK̃I

dt
= σe

∫
edt

dK̃D

dt
= σe

de
dt

.

(120)

Using e = r− y4 and Eq. (116), the error dynamics can be written as

de
dt

=
dr
dt
− dy4

dt

= 0− dy4

dt

= ay4−bx4

=−a(e− r)−bx4

(121)

for constant r.

Expanding Eq. (121) results in

de
dt

=−ae+ar−bx4

=−ae−bx∗4−bx̃4

(122)

where [26]

x∗4 =−
a
b

r+K∗I

∫
edt (123)

x̃4 = K∗Pe+K∗D
de
dt

+ K̃Pe+ K̃I

∫
edt + K̃D

de
dt

. (124)
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Let us introduce the following candidate Lyapunov function

V =
1
2

e2 +
b

2σ
(KP)

2 +
b

2σ
(K̃I)

2 +
b

2σ
(KD)

2 +
b

2K∗I
(x∗4)

2 (125)

where V is positive definite and continuously differentiable.

Using Eq. (118) in Eq. (125) gives

V =
1
2

e2 +
b

2σ
(K̃P +K∗P)

2 +
b

2σ
(K̃I)

2 +
b

2σ
(K̃D +K∗D)

2 +
b

2K∗I
(x∗4)

2. (126)

Taking the derivative of V with respect to t yields

dV
dt

= e
de
dt

+
b
σ
(K̃P +K∗P)

dK̃P

dt
+

b
σ

K̃I
dK̃I

dt
+

b
σ
(K̃D +K∗D)

dK̃D

dt
+

b
K∗I

(x∗4)
dx∗4
dt

. (127)

Differentiating Eq. (123) with respect to t results in

dx∗4
dt

= K∗I e. (128)

By substituting Eqs. (120,122,128) in Eq. (127), the following expression is obtained

dV
dt

= e(−ae−bx∗4−bx̃4)+
b
σ
(K̃P +K∗P)σe2 +

b
σ

K̃Iσe
∫

edt +
b
σ
(K̃D +K∗D)σe

de
dt

+
b

K∗I
x∗4K∗I e.

(129)

Using Eq. (124) and simplifying Eq. (129), we get

dV
dt

=−ae2−bex∗4−bex̃4 +bex̃4 +bex∗4 (130)

By canceling the common terms in Eq. (130), the following is obtained

dV
dt

=−ae2 ≤ 0 (131)

Since dV/dt is negative semidefinite, V is a Lyapunov function. Consequently, the

system given by Eqs. (120, 122) is stable. However, we are interested in asymptotic

stability. Since in Eq. (122) x4 varies with time, the system is non-autonomous. There-
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fore, we need to use Barbalat’s Lemma to prove asymptotic stability.

Differentiating dV/dt with respect to t gives

d2V
dt2 =−2ae

de
dt

(132)

Since dV/dt < 0, we know that e is bounded. We need to show that de/dt is also

bounded. Moreover, since dV/dt < 0, e, KP, KI , and KD are bounded. By definition, e=

r− y4, and given that |r| ≤ rmax, and since e is bounded, y4 is also bounded. Therefore,

we conclude that de/dt is bounded. Furthermore, since

V 6= 0 ∀ e, KP, K̃I, KD, x∗4 6= 0 &

V > 0 ∀ e, KP, K̃I, KD, x∗4 6= 0
(133)

and dV/dt < 0, therefore, V converges to a finite value (has a finite limit).

In addition, we showed that d2V/dt2 is bounded. Thus, using Barbalat’s Lemma we get

lim
t→∞

dV
dt
→ 0 (134)

This implies that e→ 0 as t→ ∞ or y4→ r as t→ ∞. Consequently, we proved that the

system is asymptotically stable [17].
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Chapter 9: Controller Design

9.1. Introduction

As the thermally driven MEMS actuator is used to actuate RF MEMS switches,

improving the displacement transient response of the MEMS actuator leads to the im-

provement in the switching time of the RF MEMS switches. Therefore, the objective is

to speed up the transient response associated with the MEMS actuator’s displacement

using control techniques.

In this chapter, two approaches are presented for the controller design. In

the first approach, a conventional proportional-integral-derivative (PID) controller as

well as an adaptive PID controller are designed and simulated for the electro-thermo-

mechanical macromodel developed in chapters 5 and 6. In the second approach, the

same type of controllers are designed and simulated for the first-order model developed

in chapter 7. These approaches are discussed in sections 9.3 and 9.4, respectively.

9.2. Design Specifications

In order to improve the displacement transient response, the following design

specifications need to be taken into consideration in the process of designing the con-

trollers:

• The rise time and the settling time in response to applying a step input are required

to be reduced by at least 25%, with reasonable overshoot and steady-state error.

• An upper bound for the peak displacement is set to 38 µm so that the MEMS actu-

ator does not go under a high tensile stress, given that the maximum displacement

that the MEMS actuator can exhibit in response to a step voltage is 45 µm.

• The maximum energy produced in the MEMS actuator during the transient time

must not exceed 33.16 mJ. This limitation ensures that the MEMS actuator works

properly without facing overheating destruction. The limitation applies to the

macromodel only.

• The resistance of the polysilicon layer in the macromodel was characterized for

the maximum voltage of 16 V as was shown in Fig. (8). Therefore, the control
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signal should not exceed this voltage. Beyond this voltage, the obtained resistance

from the fitted polynomial might not be correct. This limitation does not apply to

the first-order model.

In addition, since the designed controllers will be tested on the actual MEMS actua-

tor in the future, two limitations are imposed by using a high voltage amplifier in the

experimental setup. The high voltage amplifier introduces the following limitations:

• Voltage amplification is bounded by +150 V and -150 V with respect to ground.

• The slew rate of the amplifier is 2000 V/µs.

Since these limitations are relevant to the control signal generated by the designed con-

troller, they need to be considered in the controller design process.

9.3. Controller Design for the Electro-Thermo-Mechanical Macromodel

In order to compare the results obtained by the closed-loop and the open-loop

systems, the macromodel was first simulated in open-loop for the actuation voltage of

6 V. The open-loop system is shown in Fig. (28).

Figure 28: Open-loop system.

Based on the simulation results, the exhibited displacement upon applying 6 V is 15.7

µm. The obtained displacement is then used as the reference in the closed-loop systems.

Furthermore, the PID gains were tuned in such a way that the control signals do not

exceed 16 V , and the slew rates of the control signals remain within the limit of the

amplifier.
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9.3.1. Conventional PID controller. A conventional PID controller was de-

signed for the closed-loop system shown in Fig. (29). The controller formula in s-

domain is given by

Kp +Ki
1
s
+Kd

N
1+N 1

s

(135)

where KP = 0.01, KI = 215, and KD = 2×10−3. In addition, a low-pass filter with the

coefficient N = 50 rad/s was used with the derivative action.

9.3.2. Adaptive PID controller. In order to study the feasibility of achiev-

ing the design requirements, the modified tuning algorithm presented in chapter 8 was

employed. The adaptation coefficient was set to σ = 0.00015. Moreover, the initial

PID gains were set to KP = 0.01, KI = 215, and KD = 2× 10−3 with N = 50 rad/s,

which are the gains used in the conventional PID controller. The SIMULINK model is

depicted in Fig. (30).

9.3.3. Simulation results. The closed-loop systems shown in Figs. (29) and

(30) were simulated in SIMULINK. The results consisting of the tip displacements, the

error signals, the control signals, the consumed power, T̄s, and T̄b are shown in Figs.

(32a)-(34b). Furthermore, the adaptation of the PID gains with time are shown in Figs.

(35a)-(36). The initial and the final values of the gains and the control signals are

denoted by the subscripts i and f on the plots. Additionally, the subscripts max were

used to show the peak values on the plot of the control signals.

Figure 29: SIMULINK model with conventional PID controller.
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Figure 30: SIMULINK model with adaptive PID controller.

9.3.4. Comparison of the results obtained from the closed-loop and the

open-loop systems. As seen in Fig. (32a) and in Table 11, the rise times associ-

ated with the displacement transient responses have been improved significantly after

employing both controllers. In addition, the steady-state errors are negligible for both

control systems. The settling time for the adaptive control system has been improved

by 29%. However, the settling time obtained by the conventional PID control system

is worse than the open-loop settling time. Moreover, the overshoot exhibited by the

conventional PID control system is higher than that of the adaptive PID control system.

The PID gains of both control systems can be re-tuned to get better transient responses,

yet the limitation on the maximum voltage of 16 V will not be satisfied. On the other

hand, the maximum energies during the transient time were found to be 2 mJ and 1.4 mJ

for the conventional and the adaptive PID control systems, respectively which are less

than the specified maximum energy. Furthermore, sum of squares of error, ∑Error2,

was calculated for the plots of Fig. (32b). As shown in Table 11, the adaptive PID

control system results in a lower sum of squares of error compared to the conventional

PID control system.

In sum, by using the conventional PID controller with the macromodel, the de-

sign requirements are not met. In contrast, the adaptive PID controller outperforms the

conventional PID controller by meeting the design requirements.
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Table 11: Comparison of the dynamic displacements for open-loop voltage of 6 V and
closed-loop reference input of r = 15.7 µm.

Characteristic Units Open-Loop Conventional PID Adapitve PID

Rise Time ms 10.8 3.3 3.4

Settling Time ms 19.2 20.2 13.7

Overshoot % 0 26.45 15.68

Steady-State Error % - 0.01 0.05

Sum of Squares of Error (µm)2 - 5.72×105 5.05×105

9.4. Controller Design for the First-Order Model

In order to compare the results obtained by the closed-loop and the open-loop

systems, the first-order model was first simulated in open-loop for the actuation voltages

of 6 V and 12 V . The open-loop system is shown in Fig. (31).

Figure 31: Open-loop system.

Based on the simulation results, the exhibited displacements upon applying 6 V and 12

V are 16.34 µm and 35.97 µm, respectively. The obtained displacements are then used

as the reference inputs in the closed-loop systems. Moreover, the PID gains were tuned

in such a way that the slew rates of the control signals remain within the limit of the

amplifier.
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Figure 32: Simulation results obtained from the closed-loop system with the macro-
model for r = 15.7 µm (a) actuator’s tip displacement (b) error signal.
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Figure 33: Simulation results obtained from the closed-loop system with the macro-
model for r = 15.7 µm (a) control signal (b) consumed power.
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Figure 34: Simulation results obtained from the closed-loop system with the macro-
model for r = 15.7 µm (a) average shuttle temperature (b) average beam temperature.
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Figure 35: Adaptation of the gains obtained from the adaptive control system for r =
15.7 µm (a) KP (b) KI .
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Figure 36: Adaptation of KD obtained from the adaptive control system for r = 15.7 µm

9.4.1. Conventional PID controller. A conventional PID controller was de-

signed for the closed-loop system shown in Fig. (37) with the gains of KP = 0.8,

KI = 1000, and KD = 3× 10−3. In addition, a low-pass filter with the coefficient

N = 50 rad/s was used with the derivative action.

9.4.2. Adaptive PID controller. In order to investigate the feasibility of meet-

ing the design requirements, the modified tuning algorithm presented in chapter 8 was

employed. The adaptation coefficient was set to σ = 3× 10−3. Moreover, the initial

PID gains were set to KP = 0.8, KI = 1000, and KD = 3× 10−3 with N = 50 rad/s,

which are the gains used in the conventional PID controller. The SIMULINK model is

depicted in Fig. (38).

9.4.3. Simulation results. The closed-loop systems shown in Figs. (37) and

(38) were simulated in SIMULINK. The results consisting of the tip displacements, the

control signals, and the error signals are shown in Fig. (39a)-(41b). In addition, the

adaptations of the PID gains obtained from the adaptive control system are shown in

Figs. (42a)-(44b). The initial and the final values of the gains and the control signals
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are denoted by the subscripts i and f on the plots. Additionally, the subscripts max were

used to show the peak values on the plots of the control signals.

Figure 37: SIMULINK model with conventional PID controller.

Figure 38: SIMULINK model with adaptive PID controller.

9.4.4. Comparison of the simulation results obtained from the closed-loop

systems and the open-loop system. As seen in Figs. (39a) and (39b) and in Ta-

bles 12 and 13, the rise times associated with the displacement transient responses have

been improved significantly after employing the conventional and the adaptive PID con-

trollers. In addition, the steady-state errors are negligible for both reference inputs. The

settling times for the adaptive control system have been improved by more than 70%.

However, the settling times obtained by the conventional PID control system are higher

than those obtained by the adaptive control system. In addition, the overshoots exhib-

ited by the adaptive control system are lower than those of the conventional PID control

system. The PID gains of both control systems can be re-tuned to get better transient

responses, yet the limitation on the slew rate of the amplifier will not be satisfied. Fur-
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thermore, sum of squares of error, ∑Error2, was calculated for the plots of Figs. (41a)

and (41b). As shown in Tables 12 and 13, the adaptive PID control system results in a

lower sum of squares of error compared to the conventional PID control system.

In sum, by using the conventional and the adaptive PID controllers with the first-order

model, the design requirements are met.

Table 12: Comparison of the displacement transient responses for open-loop input volt-
age of 6 V and closed-loop reference input of r = 16.34 µm.

Characteristic Units Open-Loop Conventional PID Adaptive PID

Rise Time ms 12.4 1.5 1.3

Settling Time ms 22.0 9.0 6.2

Overshoot % 0 22.15 9.42

Steady-State Error % - 0.00 0.03

Sum of Squares of Error (µm)2 - 2.69×103 2.49×103

Table 13: Comparison of the displacement transient responses for open-loop input volt-
age of 12 V and closed-loop reference input of r = 35.97 µm.

Characteristic Units Open-Loop Conventional PID Adaptive PID

Rise Time ms 11.5 1.3 1.1

Settling Time ms 20.5 5.8 2.7

Overshoot % 0 5.22 0.47

Steady-State Error % - 0.01 0.03

Sum of Squares of Error (µm)2 - 1.47×104 1.31×104
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Figure 39: Closed-loop responses of the actuator’s tip displacement obtained by con-
ventional and adaptive PID controllers for (a) r = 16.34 µm (b) r = 35.97 µm.
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Figure 40: Control signals for (a) r = 16.34 µm (b) r = 35.97 µm. In (b), both sig-
nals start at the same value, but the control signal corresponding to the adaptive PID
controller reaches 35 V in a short period of time at the beginning.
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Figure 41: Error signals for (a) r = 16.34 µm (b) r = 35.97 µm.
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Figure 42: Adaptation of KP for (a) r = 16.34 µm (b) r = 35.97 µm.
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Figure 43: Adaptation of KI for (a) r = 16.34 µm (b) r = 35.97 µm.
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Figure 44: Adaptation of KD for (a) r = 16.34 µm (b) r = 35.97 µm.
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9.4.5. Performance of the adaptive PID controller in response to square

wave inputs. To further examine the performance of the closed-loop system com-

posed of the first-order model and the adaptive PID controller, a square wave input

with the amplitude of 35.97 µm was used as the reference to the control system. The

obtained result is shown in Fig. (45).
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Figure 45: Simulated MEMS actuator’s tip displacement in response to the square wave
input. A 4.4 ms delay occurs in the response after t = 0.1 s.

As shown in the figure, after t = 0.1 s, a 4.4 ms delay appears in the response. We found

out that the delay originates from the nonlinearity associated with the first-order model.

In order to illustrate this, instead of using the first-order model, the transfer functions

shown in Table 10 were used in the control system. For the adaptive control system

with the transfer functions obtained from the voltage-displacement data corresponding

to 6 V and 12 V actuation voltages, plots of the MEMS actuator’s tip displacement

and control signal are shown in Figs. (46a,47a) and (46b,47b), respectively. As can be

seen in Figs. (46a) and (46b), there exists no delay in the response, and the exhibited

overshoots decrease by time due to the adaptation of the gains.
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(b)
Figure 46: Closed-loop responses of the actuator’s tip displacement obtained from the
adaptive PID control systems composed of transfer functions and square wave inputs
with the amplitudes of (a) 16.34 µm (b) 35.97 µm.
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Figure 47: Control signals obtained from the adaptive PID control systems composed
of transfer functions and square wave inputs with the amplitudes of (a) 16.34 µm (b)
35.97 µm.
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9.5. Discussion

The following points summarize the observations made in the controller design

process:

• Through different simulations, it was shown that the adaptive PID controllers

yield better results in comparison with the conventional PID controllers.

• For the closed-loop system with the macromodel, the gains of the conventional

PID controller and the adaptive PID controller were tuned in such a way that

the control signals do not exceed 16 V . Therefore, only the results for r =

15.77 µm (corresponding to the open-loop voltage of 6 V ) were shown, since

for r = 36.66 µm (corresponding to the open-loop voltage of 12 V ), the control

signal is saturated at 16 V . In contrast, as this limitation did not apply to the

closed-loop system with the first-order model, the controllers for the first-order

model outperformed the controllers designed for the macromodel. As a result,

two sets of simulations corresponding to two reference inputs were presented.

• If a temperature-dependent resistivity for the polysilicon layer is obtained through

experimental determination of the temperature coefficient of the polysilicon resis-

tance (TCR), the macromodel will be improved significantly and the controllers

will be enhanced. This also enables the designer to quantify the energy at higher

voltages, so that the actuator does not face plastic deformation. However, quan-

tification of energy cannot be accomplished in the first-order model by using this

method, as the first-order model deals with the voltage-displacement relation,

while in the proposed method, temperature is required at each voltage to find the

polysilicon resistance through which power/energy can be calculated.

• To further study the performance of the adaptive PID controller, a square wave

input was used as the reference to the adaptive control system with the first-order

model. Due to the nonlinearity associated with the first-order model, a delay

appeared in the tip displacement response of the MEMS actuator. It was shown

that by using the transfer functions instead of the first-order model, the delay did

not occur in the response.

92



Chapter 10: Conclusion and Future Work

This research focused on developing a model that accurately describes the tran-

sient and steady-state response of thermally driven MEMS actuators. Having such a

model leads to understanding the device dynamic behavior as well as improving the

transient response of the MEMS actuator. This work has proposed a nonlinear electo-

thermo-mechanical macromodel by cascading nonlinear electro-thermal and thermo-

mechanical macromodels. The electro-thermal macromodel was developed to model

the dynamic thermal behavior of V-shaped thermal MEMS actuators using lumped

modeling with circuit elements. In addition, the thermo-mechanical macromodel for

dynamic buckling of V-shaped thermal MEMS actuators was developed by applying

the Galerkin method. Although an analytical static model has been reported in the

literature, the dynamic model of V-shaped thermal MEMS actuators is presented for

the first time. The developed dynamic thermo-mechanical and electro-thermal macro-

models are in good agreement with ANSYS simulations considering the difference in

the computational cost incurred. The electro-thermo-mechanical macromodel predicts

the steady-state displacements of the actuator for different voltages with a maximum

error of 9%. The error associated with the transient response exhibited by the electro-

thermo-mechanical macromodel will decrease by increasing the number of segments in

the electro-thermal macromodel.

Moreover, a first-order dynamic model, based on the ANSYS input voltage and

output displacement data, was developed to find the displacement transient response of

the MEMS actuator. The results obtained using the first-order model and the ANSYS

model were in very good agreement.

In the last part of this thesis, conventional PID and adaptive PID controllers

were designed and used with the macromodel and the first-order model to improve

the displacement transient response of the MEMS actuator. Through simulations in

SIMULINK, it was shown that the adaptive PID algorithm obtained by the theory of

adaptive interaction outperforms the conventional PID controller.
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10.1. Summary

The major contributions of this research work can be summarized as follows:

• The lumped modeling with circuit elements technique was used to model the ther-

mal transient behavior of V-shaped thermal MEMS actuators. The lumped model

presented includes temperature-dependent material properties leading to a non-

linear electro-thermal model. In addition, the new model accounts for convection

and conduction losses to have a better representation of the thermal dissipation

mechanism.

• The Galerkin method was applied to obtain a reduced order macromodel for the

transversal displacement of V-shaped thermal MEMS actuators which are origi-

nally described by a nonlinear fourth order PDE. As a result, the PDE was reduced

to a system of nonlinear second-order ordinary differential equations.

• The nonlinear electro-thermal and the nonlinear thermo-mechanical macromod-

els were combined to obtain a hybrid model for the transversal displacement of

thermally driven MEMS actuators which accounts for electrical, thermal, and me-

chanical effects. The resulting dynamic model for the V-shaped thermal MEMS

actuators is proposed for the first time to the author’s best of knowledge.

• A first-order model, based on the dynamic voltage-displacement data obtained

from ANSYS, was developed to obtain the displacement transient response of the

MEMS actuator for different actuation voltages.

• Conventional and adaptive PID controllers were designed and the feedback con-

trol systems were simulated in SIMULINK for the purpose of improving the dis-

placement transient response of the thermal MEMS actuator.

10.2. Future Work

It was shown that by using the first-order model in closed-loop form, the MEMS

actuator’s transient response was improved more in comparison with the transient re-

sponse obtained from the macromodel in closed-loop. However, the proposed macro-

model can be further improved by incorporating a temperature-dependent resistivity

for the polysilicon layer. As a result, the controller design will be improved, and en-
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ergy consumption can be calculated using the macromodel in contrast to the first-order

model. Moreover, the macromodel paves the way for optimizing the MEMS actuator’s

geometry. In addition, the actual transient response of the actuator can be obtained

using a high-speed camera for further validation. Finally, the designed adaptive PID

controller can be tested on the actual thermal MEMS actuator, and its performance can

be studied.
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Appendix A: Simulation Results

The following plots show the variation of the temperature-dependent thermal

resistances as a function of time at 6 V and 12 V obtained by the open-loop macromodel:
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Figure 48: Variation of the temperature-dependent thermal resistances as a function of
time in the shuttle and Nitride Volumes
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(a)

(b)
Figure 49: Variation of the temperature-dependent thermal resistances as a function of
time in (a) Beam-Anchor volumes (b) Beam-Shuttle volumes
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(a)

(b)
Figure 50: Variation of the temperature-dependent thermal resistances as a function of
time in (a) DC Beam-Anchor volumes (b) DC Beam-Polysilicon volumes
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