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Abstract 

According to the most recent statistics provided by the World Health 

Organization, 50 million individuals around the world are diagnosed with epilepsy with 

2.5 million new cases diagnosed annually. One-third of this large population are 

refractory epileptic patients who resist the antiepileptic drugs. Accordingly, the 

recommended solution is to surgically resect the seizure onset zone (SOZ). To ensure 

favourable surgical outcomes in terms of being seizure free and avoiding undesirable 

consequences, a precise identification of the SOZ is a critical factor. 

Electroencephalograph (EEG) is usually used along with advanced imaging techniques 

to localize and identify the SOZ.  The high temporal resolution of EEG makes it a 

convenient tool to study the dynamic and rapid propagating nature of epileptic spikes. 

Incorporating the spatiotemporal propagating characteristic of epileptic spikes in the 

formulation of the EEG source localization problem enhances the identification of 

SOZs corresponding to both fixed and moving sources.   Therefore, the main objective 

of this thesis is to localize and track, with acceptable computational time and 

localization error, the spatiotemporal dynamics of epileptic sources. To do so, the time-

varying source localization problem is solved using two methods, namely the Source 

Affine Image Reconstruction (SAFFIRE) algorithm and a proposed Steepest Descent 

algorithm. The derivation of these methods is based on finding filter weights that 

minimize the mean squared error cost function. The main reason behind proposing the 

Steepest Descent method is to obtain a new estimation of the source vector with each 

newly received data sample. The performance of these methods is investigated on 

simulated data mimicking two scenarios:  a spatially fixed source and a spatially 

moving source.  For the moving source scenario, the results showed that the SAFFIRE 

algorithm had a  0.9 ± 0.05 𝑐𝑚  localization error compared to a 1.69 ± 0.06 𝑐𝑚 for 

the Steepest Descent. The execution time of the SAFFIRE algorithm was 9-folds higher 

compared to Steepest Descent. Finally, the two algorithms are applied on a high-density 

simulated epileptic spike originated from a fixed source. Results showed that both 

algorithms provided similar localization error. This suggests that both algorithms may 

perform similar to each other at higher number of electrodes.   

Keywords: Time-varying source localization; SAFFIRE algorithm; Steepest 

Descent. 
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Chapter 1. Introduction 

 

1.1 Epileptogenic Source Localization 

Epilepsy, as defined by the Centre of Disease Control and Prevention (CDC), is 

a chronic disorder of the brain characterized by recurrent seizures [1].  These seizures 

are characterized by an abnormal hyper-synchronization of the neural activity affecting 

a small or a large neural network. This hyper-synchronization results in the appearance 

of transient, sudden, and brief clinical manifestations [2]. 

According to the most recent statistics published by the World Health 

Organization, 50 million individuals around the world are known to have epilepsy, 

while 2.5 million new cases are diagnosed annually [3]. Among these statistics, one-

third of the patients are known to have an intractable refractory epilepsy in which they 

do not respond to the Anti-Epileptic Drugs (AED) prescribed to control the seizure. For 

such case, a surgical intervention, which requires a precise localization of the 

Epileptogenic Zone (EZ) (i.e. the volume of tissue that must be resected to stop the 

seizure), becomes essential for treating the patient [4], [5]. 

Various functional neuroimaging techniques have been used to study the brain 

and investigate the changes associated with certain activities. Functional Magnetic 

Resonance Imaging(fMRI) and Positron Emission Tomography (PET) are examples of 

these modalities. Both fMRI and PET have a high spatial resolution but a low temporal 

resolution as they depend on the hemodynamic changes in the region being imaged. On 

the other hand, Electroencephalography (EEG) and Magnetoencephalography (MEG) 

measure the electrical activity originating inside the brain using 

electrodes/magnetometers placed on the scalp which possess a high temporal resolution 

(in range of milliseconds). Thus, EEG and MEG are considered to be more convenient 

for studying rapid dynamic activity such as a spike [6]. Furthermore, the reduced cost 

and the availability of EEG and MEG, in comparison to fMRI and PET, are 

advantageous in studying epilepsy. 

However, using the conventional EEG/MEG does not provide spatial 

information about the originating sources and thus it cannot be used by itself to identify 

the location of the seizure onset zone (SOZ). Therefore, several source imaging (non-

parametric) and parametric techniques have been proposed to process EEG signals in 

order to localize the signal originating sources in a process known as EEG source 
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localization [6]. Refractory epileptic source localization refers to the analysis of 

interictal spikes and ictal discharges by solving both forward and inverse problems. 

This is done by using different head and sources models as well as sophisticated 

mathematical algorithms that ultimately relate the electrical activity of these spikes to 

their corresponding underlying sources in order to determine the SOZ [7]. 

In order to perform source localization, two problems must be solved: forward 

problem and inverse problem. The forward problem assumes that the location of the 

source generating the electrical activity is known and the corresponding activity of 

these sources is recorded on the scalp using the electrodes. By implementing 

mathematical models, the sources are represented as current dipoles whose activities 

are recorded on the scalp surface. The volume conductor through which the current 

propagates is represented using the head model. The inverse problem involves matching 

the recorded electrical activities with their corresponding generators inside the brain. 

The inverse problem can be solved using either parametric or non-parametric methods 

based on whether a priori knowledge about the sources are required or not. Further 

discussion about both the forward problem and inverse problem techniques are 

described in chapter 3. 

1.2 Motivations and Problem Statement 

In epileptic foci source localization and determining the SOZ, the ictal discharge 

and interictal spikes are the biomarkers used to investigate epilepsy and determine 

which region it originates from. Using these biomarkers along with the lead field matrix 

obtained as a solution to the forward problem constitutes the process of epileptogenic 

foci source localization. Along with knowing the SOZ, neurosurgeons are also 

interested in understanding the propagation of neuronal activity associated with the 

SOZ on the cortical surface (which could move adjacent to the onset zone, to a different 

lobe, or sometimes even to the contralateral cerebral hemisphere) in order to prepare 

effectively for surgery [8].   

 Both the latency in the appearance of the spikes between the channels on the 

EEG trace, and the morphological variations that would be noticed on the MEG 

recording suggest that the spikes do propagate within the cortex. Studying the 

propagation of the spikes has been done using the intracranial EEG (IEEG) in which a 

grid of electrodes is placed invasively on the cortex. However, when the spikes are 
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propagating over a relatively large distance, using IEEG will be confined, which 

therefore, raises complications in the investigation process [9].  

Rather than using IEEG, analysis of the ictal spikes present in the conventional 

EEG and MEG recordings can provide good temporal information about spikes 

propagation but with low spatial resolution. Therefore, by exploiting this high temporal 

resolution, source imaging techniques can be applied to the ictal spikes to perform a 

localization of the generating sources with an improved spatial resolution. As such, 

combining the temporal and spatial information can help in enhancing the overall 

localization process and thus improve the surgical outcome.   

1.3 Methodology and Outline 

In this thesis, the forward problem has been solved using Brainstorm software. 

This software provides a user-friendly graphical interface ease solving the forward 

problem. It has various head models extracted from T1 weighted MRI images, and  it 

uses  current dipoles aligned perpendicularly to the cortex to represent the neural 

sources.  

  For the inverse problem two methods are used to perform the localization. 

These methods are Source Affine Image Reconstruction (SAFFIRE), and a proposed 

Steepest Descent method.  

The SAFFIRE is a high resolution non-parametric algorithm based on 

minimizing the mean squared error (MMSE). It has been used in the RADAR field and 

in the Bioelectromagnetic source localization. The SAFFIRE algorithm has been 

applied on a synthetic EEG signal originating from two active sources along with using 

a moving window containing a block of data. Three sources scenarios are assumed 

throughout the simulation: (1) two fixed sources, (2) one fixed and one moving sources, 

and (3) two moving sources.  

A Steepest Descent based method has been introduced for the purpose of 

adaptive time- varying source localization. This method is a well-known method based 

on iterative searching of a solution for the optimization problem. The solution is found 

by searching the cost function’s negative direction while using an appropriate step size 

and the previous estimated solution.  Thus, the main goal of proposing the Steepest 

Descent is to estimate the weights filter adaptively and use it to provide an estimated 

locations of the actual signal’s originating sources.  This performance enables the 

tracking of these signal’s generators’ locations even if they are moving with time.  
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The Steepest descent has been applied on different signals with different 

amplitudes to confirm the relation between the power of the signal and the selected step 

size. Then the algorithm has been applied on different a signal generated from one fixed 

active source, and the performance has been studied for different indices represent 

different locations. Finally, the Steepest Descent has been applied on a moving source 

scenario where the source’s location varies with time. The execution time and the 

localization error have been compared between the Steepest Descent and the SAFFIRE 

algorithms.   

The organizational flow of the rest of this thesis is as follows:  

Chapter 2 provides a brief overview of the brain anatomy and neurophysiology 

and how the action potential is generated and propagated through the neuron. After that, 

the definition of epilepsy and its various classifications are introduced. Finally, an 

overview of the various functional neuroimaging methods that have been used so far 

for the assessment of epilepsy is given.   

Chapter 3 presents the forward problem formulation and the various head and 

source models that could be used within this formulation. The definition of the inverse 

problem and the several algorithms that have been used for solving this problem are 

introduced. For the time varying source localization purpose, the spikes propagation 

and the related work that have been done in order to study this propagation are included 

in this chapter. In addition to that, some methods that have been proposed in the 

RADAR field for tracking the Direction of Arrival (DOA) are introduced.  

Chapter 4 investigates the methodologies that are used in this thesis for the 

purpose of tracking the source locations with time and performing the time varying 

source localization. The first method is the Source Affine Image Reconstruction 

(SAFFIRE), and the second one is the Steepest Descent method where the filter weights 

are found iteratively.  

Chapter 5 and Chapter 6 investigate the performance of the SAFFIRA and the 

proposed Steepest Descent algorithm on synthetic EEG data, respectively. Hence the 

simulation setup, results, and discussion for these methods are included within these 

chapters.  

Chapter 7 shows the results obtained from applying the Steepest Descent and 

the SAFFIRE algorithms on simulated Epileptic spikes.  Finally, Chapter 8 concludes 

the thesis, where the main findings are introduced as well as the future works. 
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Chapter 2. Neuroimaging Assessments in Epilepsy 

 

2.1 Brief Overview of the Brain 

With 1012 neurons interconnected through axons and dendrites, and with 1015 

synaptic interconnections, the brain is considered as the most complex organ within the 

human body [10]. The brain along with the spinal cord compromises the central nervous 

system. These neurons act as processing units for the brain activity as they send and 

receive signals to/from various parts of the body which help them to respond to 

numerous stimuli. 

Despite being varied in size, all neurons have the same structure. The basic 

structure depicted in Figure 2.1 (a) consists of the cell body, a dendrites tree, and an 

axon. The dendrites are receptors of the input chemical signals from other neurons. 

They convert the inputs into small electrical impulses and transmit them inward to the 

cell body as shown in Figure 2.1 (b). The axon ends extend to form the synapse which 

represents a highway between two neurons, and where the signal transmission occurs 

[11].  

 

(a) 

 

(b) 

Figure 2.1 Basic structure of neuron (a), and the synaptic cleft between neurons (b) [12], [13]. 
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The brain cortical surface is divided into four main lobes responsible for 

different functions. These lobes, as shown in Figure 2.2 , are frontal, temporal, parietal, 

and occipital lobes. The frontal lobe is responsible of the cognitive functions, and the 

control of voluntary movements. The temporal lobe is responsible for language 

perception, and the memory integration of the four senses of taste, hearing, sight and 

touch. The parietal lobe is responsible for the interpretation of the visual and auditory 

stimuli, and finally, the occipital lobe is responsible for the vision [14].  

 

Figure 2.2 Brain main lobes [14]. 
 

2.2 Neurophysiology of the Brain 

It is important after reviewing the anatomy of the brain, to introduce and 

understand the generation of electromagnetic activity inside the brain, and the 

propagation of the generated electrical signal.  

The action potential is generated by the electrochemical activity of nervous 

cells, like those generated in the other types of the excitable cells. The uneven 

distribution of ions like sodium Na+, chloride Cl-, and potassium K+ between the 

intracellular and extracellular space of the neurons generates a potential difference on 

either side of the cell membrane. Normally, Na+ is concentrated extracellularly higher 

than intracellularly, while inside the cell membrane there is a high concentration of K+   

in addition to anions in the form of negatively charged proteins and phosphate ions. 

This makes the intracellular potential more negative with respect to the extracellular 

potential.  
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 At resting state (i.e. when there is no stimulus), the ion gates distributed along 

cell membranes are closed preventing any exchange of ions across the membrane while 

leaving the potential difference at -70 mV (relative to the outside). Then, when a neuron 

is stimulated by a presynaptic neuron, sodium-potassium pumps are triggered to pump 

3 Na+ ions inward and 2 K+ ions outward the cell. Such action changes the internal 

electrical environment which becomes more positive with respect to the outside. 

 When the potential increases and reaches a threshold voltage (-55 mV), all Na+ 

channels along the membrane are triggered allowing extra positive ions to enter the cell, 

this stage is known as depolarization. 

 Shortly after the channels are opened and the potential difference across the 

cell membrane reaches +30 mV, they will close again while K+ channels are opened 

allowing the K+ ions to get out. In this way, the negative environment inside the neuron 

and positive outside is recreated through a process known repolarization. Potassium 

exiting continues and exceeds the resting potential of -70 mV due to the slow closure 

of voltage gated potassium channels. This changes the membrane potential to around   

-75mV producing a state known as hyperpolarization. After that, the cell returns to 

resting potential via the standard membrane proteins [15].    

The action potential is generated by the ion exchange across the neuron 

membrane, as depicted in Figure 2.3. This flow of ions produces a current that is 

recorded through the EEG device. For the voltage to be recorded, EEG electrodes are 

placed on the scalp surface, and many neurons should be activated simultaneously to 

produce the signal. The pyramidal neurons, that have perpendicular dendrites 

distributed over the cortex surface, are the specialized type of neurons that directly 

contribute to the generated and the measured EEG signal.  

 

Figure 2.3 Action potential. Plotting of potential recorded across the membrane against time 
[15]. 
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2.3  Neuroimaging Assessment in Epilepsy 

2.3.1 Epilepsy.   As defined by the Centre for Disease Control and prevention 

  (CDC) the epilepsy is a chronic brain disorder characterized by recurrent seizures [1].  

Seizure is “an excessive burst of abnormally synchronized neural activity affecting 

small or large neural networks that results in clinical manifestations that are sudden, 

transient, and usually brief” [2]. 

As mentioned previously, the neurons receive and transmit signals to several 

parts of the body in response to a stimulus. In epilepsy, the natural activity of the 

neurons is disturbed causing strange sensations, behaviours, and in some cases a loss 

of consciousness. During the seizure, neurons may fire up to 500 times per second 

compared to 200 times per second (on an average) in normal situations [16], [17]. 

The exact cause of the disorder is unknown. However, people may have 

inherited genetic factors that make them more susceptible to epilepsy, and  head trauma 

and brain injury can increase the risk of getting epilepsy[16]. 

2.3.2 Classification of seizures. After performing a precise detailed  

 evaluation of  both patient history and EEG findings, the classification of the seizure 

is done. Physicians classify the seizures based on the electro-clinical features into 3 

principal categories: focal, generalized and epileptic spasms. The focal seizures 

originate in one cortical hemisphere and are classified into either small or complex. If 

the focal seizure is small, it occurs without alteration of consciousness, but it is 

associated with motor, sensory or physical manifestations whereas for the complex 

seizure, the awareness is lost. Compared to the focal epilepsy, the generalized epilepsy 

originates bilaterally and associates with an immediate loss of consciousness. However, 

the origin of the epileptic spasms is uncertain [2], [18]. 

2.3.3 Neuroimaging of epilepsy.  Anti-epileptic drugs (AEDs) are assigned  

to the patient after performing the proper diagnosis. Although AEDs are prescribed to 

control the seizure, one-third of patients show resistance to these drugs, and therefore 

continue to have seizures despite the treatment. In these cases, surgical intervention 

becomes an important option for patients. But before that a presurgical evaluation is 

needed to investigate the eligibility of the patient for surgery. Also, sometime the SOZ 

could be very close to vital parts that are responsible of functional or cognitive roles.  

Consequently, a precise localization of the epileptogenic area in the brain becomes a 

must [4], [5].  The following subsections will provide an overview about most of the 
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neuroimaging modalities that are used to, evaluate the eligibility of the patient for the 

surgery, and localize the foci based on different pathological principles.  

2.3.3.1 Electroencephalography (EEG).  Electroencephalography (EEG) is the  

electrical activity of the brain by placing electrodes on the scalp at standard locations 

to record the activity noninvasively and with a high temporal resolution (in a range of 

100 millisecond). The sensitivity and specificity of this method are affected by many 

factors including (1) the subject’s age and (2) recording procedure. EEG can help 

answering the following questions: Does the patient have epilepsy? Where does the 

epileptogenic zone locate? Is there any progress following the treatment? [19] 

Within the EEG recording, some findings indicate whether the patient has 

epilepsy or not. These findings patterns are spikes, sharp waves, 3Hz spike-wave 

complex, slow spike-wave complex, poly-spikes, benign epileptiform discharges of 

children, seizure pattern. Various patterns are shown in Figure 2.4. General criteria for 

defining if a certain discharge is considered epileptic or not are summarized by the 

following:  

• It has a high voltage level. 

• Frequency differs from the background. 

• Morphology, epileptiform discharge has the following morphological 

characteristics:  

o Shorter, lower amplitude during first phase and longer, higher amplitude 

of the second phase. 

o It is polyphasic. 

o It is followed by slow wave. 

o It is different from the background activity. 

• Polarity: negative polarity. 

• Must have a physiological field (i.e. its effect should appear within the 

surrounding area) [20], [21].  

However, initially the EEG may not show any epileptic pattern but repeating the 

recordings in the presence of the activation procedures such as photic simulations, and 

sleep deprivation increases the probability of recording interictal epileptiform  

discharges (EADs) and hence increase the sensitivity of EEG [31]. 

Defining the IEDs is not easy, thus the interpretation of EEG is affected by the  
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Figure 2.4 Different epileptic EEG patterns [22]. 
 

neurologist’s expertise. Experienced neurologists sometimes disagree whether to 

consider the abnormality as an IED or not, leading to misdiagnosis of epilepsy [19], 

[23]. 

2.3.3.2 Magnetoencephalography (MEG). Magnetoencephalography (MEG)  

  measures the magnetic field generated by the current dipoles inside the brain by 

placing a very sensitive homogenous configuration of magnetometers on the scalp. 

MEG differs from MEG by the following: (1)  MEG is sensitive  to the tangential 

neurons on the cortex, while EEG can detect the signal coming from various 

configurations of the neurons with being more sensitive to the pyramidal ones, (2) In 

MEG, the magnetometers are attached to the machine and not to the human head as for 

EEG, hence the MEG measurement is sensitive to the head motion and unsuitable for 

long duration measurements needed for monitoring epilepsy [4]. 

2.3.3.3 Single Photon Emission Computed Tomography (SPECT).  This  

modality is based on the fact that the metabolism and the regional Cerebral Blood Flow 

(rCBF) increase is concordant with increasing the ictal neural activity associated with 

epilepsy. Tracers are injected and distributed rapidly, and by tracking this distribution, 

an overview about the highly activated region associated with the epilepsy, is observed 
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on the image as hyper-perfusion [15]. Based on the injection time, SPECT images 

reflect either seizure-onset zone or the propagation area [4]. 

If the injection performed within ictal period, the hyper-perfusion of the blood 

reflected in the image represents the ictal discharge event, while if the tracer was 

injected within intra-ictal period, a reduced or normal uptake of the tracers can be 

observed. Thus, ambiguous results will be depicted regarding the focus localization 

[24].  Thus, it is preferable to inject the tracer immediately after the seizure onset using 

a video EEG coupled with the patient to trace that onset [4], [5].  

2.3.3.4 Positron Emission Tomography (PET). Positron emission tomography  

(PET) is the earliest functional imaging technique that has been ever used. This 

modality uses Fluro-deoxy-glucose labels [18F] FDG-PET to show images of interictal 

brain glucose metabolism. These images show a hypometabolism within the region that 

are functionally defected during the epileptic activity. The patient is injected with [18F] 

FDG-PET markers and is monitored both before and after the injection for almost 30-

45 min. The data is collected for 40 min to represent the average consumption of the 

glucose over time [4].  

Even though, studies[4], [5], [24] have shown that the sensitivity of the interictal 

FDG-PET is higher than the interictal SPECT,  interictal FDG-PET cannot precisely 

determine the margin of the epileptogenic zone for surgical removal due to the 

extending of the hypometabolism to the surrounding region around the foci [24].  

2.3.3.5 Magnetic Resonance Imaging (MRI). Magnetic resonance imaging  

(MRI) is  a structural imaging modality applied mainly to evaluate the structural nature 

of the seizure and determine whether it is static or progressive one, and hence aid in 

understanding the pathophysiological changes associated with epilepsy and assessing 

the patient needs for surgery [25].    

Using routine MRI protocols in detecting epileptogenic lesion is insufficient 

because they miss small and subtle lesions by considering them as normal. Thus, an 

optimized epilepsy protocol is used which has an adequate spatial resolution [25]. 

Studies [26], [27] show that utilizing 3T MR imaging instead of 1.5T improves contrast-

to-noise ratio and enhances both spatial and anatomical resolution of the images. 

However, 3T scan hardware and analysis methods must be improved to overcome the 

susceptibility to motion artifact and air bubbles that can be found during image 

acquisition.  
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2.3.3.6 Simultaneous EEG-fMRI. Leveraging the high spatial resolution of  

fMRI and the high temporal resolution of EEG, both can be used to improve the 

localization of epileptogenic focus region associated with the seizure in a 

spatiotemporal complementary way by measuring the hemodynamic changes 

associated with the epileptiform electrical activity. 

fMRI comes out as a modality that measures and maps the blood oxygen level 

dependent (BOLD) changes associated with the seizure. fMRI produces images based 

on the differences in the paramagnetic properties of hemoglobin when its iron atom 

changes from oxygenated hemoglobin (Fe3+) to deoxygenated hemoglobin (Fe2+) 

[28],[29].   

The sensitivity of simultaneous EEG-fMRI method has shown to be high, but 

there are potential limitations that may affect this sensitivity. For instance, in order to 

maximize the chance of capturing the BOLD changes, EEG-fMRI tends to have long 

scanning times. This longer duration is associated with increased motion inside the MR 

scanner, leading to the presence of image artifact [30]. Moreover, combining EEG and 

fMRI has main technical challenge, appears from the electromotive force generated 

inside the MR scanner when using conventional EEG electrodes; therefore, a 

compatible EEG equipment is needed. Thus, in return, increase the cost of this 

improvement when compared to the conventional equipment [31],[32]. 
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Chapter 3.  EEG Source Localization and Time Varying Source Localization 

 

Imaging the brain by using different functional neuroimaging techniques, such 

as those that have been described in the previous chapter, suffer mainly from the 

inability to track the transient activity due to the techniques’ low temporal resolution. 

The information about the transient activity can be obtained from the EEG and MEG. 

However, the EEG and MEG cannot provide us with direct knowledge about the 

location of sources generating that activity. Hence, signal processing and imaging-

based techniques have been developed to solve the bioelectromagnetic source 

localization problem. Any bioelectromagnetic source localization process requires 

solving both the forward problem and the inverse problem, which will be discussed in 

the following sections.  

3.1 Forward Problem 

The forward problem assumes that the location of the source that generates the 

electrical activity is known, and the source’s activity is recorded on the scalp using the 

electrodes. Solving the forward problem correctly is considered a critical requirement, 

since it affects the accuracy of solving the inverse problem.  The solution of the forward 

problem results in a lead field matrix that relates the electrical activity recorded on the 

scalp to its generating sources [32].  

Mathematically, the forward problem is modelled as, [33] 

𝑉𝑖 = ∫ 𝐿𝑖
𝑀 (𝑟) .  𝐽𝑝(𝑟) 𝑑𝑉 (3.1) 

where  𝑉𝑖 is the measured potential difference between two electrodes, 𝐿𝑖
𝑀 is the 

corresponding leadfield between these two electrodes, measured in Ω/m, and mainly 

depends on the conductivity as well as the electrode configuration, 𝐽𝑝(𝑟)  represents 

the primary current density generated by a source that exists at location r and is 

measured A/m2. 

 From Equation (3.1), if the primary current density and the leadfield 𝐿𝑖
𝑀 (by 

knowing the conductivity) are approximately known, a unique solution for the forward 

problem can be obtained, and hence the forward problem is known to be well-posed.  

On the other hand, solving the inverse problem to find an approximation of the current  

dipole locations (𝐽𝑝) requires having the measured electric field (V) and the  
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approximation of the leadfield (L). This kind of problem does not have a unique solution 

and hence is called an ill-posed problem.   

3.1.1 Maxwell’s equations.  Maxwell’s theory comprises the basis of  

electromagnetism. It captures the connection between the electrical activity and the 

electrical charge, as well as the relation between the magnetic field and the electrical 

current.  

Maxwell’s theory is based on four main equations, which are:   

 ▽× 𝑯 = 𝑱 +
𝜕𝑫

𝜕𝑡
 

     
(3.2) 

 ▽× 𝑬 = −
𝜕𝑩

𝜕𝑡
 

     
(3.3) 

 ▽. 𝑩 = 0 
     

(3.4) 

 ▽. 𝑫 = 𝜌𝒗 
     

(3.5) 

where H  is the magnetic field intensity (A/m), E is the electric filed intensity (V/m),  

D is the electric flux density (C/m2), B is the magnetic flux density (Tesla), 𝑱 is the 

current density (A/m2), 𝜌
𝒗

 is the electric volume charge density (C/m3) , ▽.the divergence 

operator (differential operator applied to a vector and produces a scalar), and ▽× is the 

Del curl. 

The electric field intensity E and the electric flux density 𝑫, are related to each 

other through:  

 𝑫 = ԑ 𝑬                   (3.6) 

where ԑ is the electrical permittivity (F/m). Whereas the magnetic flux density B and 

the magnetic field intensity H are also related to each other through the following 

relation: 

 𝑩 = µ 𝑯                  (3.7) 

where γ is the magnetic permeability (H/m). Another relation that relates the current 

density per unit area 𝑱   to the electric field intensity 𝑬  is:  
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 𝑱 = 𝜎𝑬                  (3.8) 

here, 𝜎 is the mediums connectivity. It should be noted that  ԑ,γ, and 𝜎 are scalar 

quantities when dealing with isotropic media and tensors for anisotropic media. 

3.1.2 Quasi-static approximation of Maxwell’s equations.   All of the above  

mentioned quantities are time and space dependent. Hence, if we are dealing with static 

cases and neglecting the time dependency (i.e. by assuming the charges are fixed in the 

space or if they are moving at a steady state rate so both of 𝝆𝒗 and 𝑱 are constant in 

time) all the equations that contain a derivative with respect to t will be set equal to 

zero, and hence Maxwell’s equations of 𝑯 and 𝑬 given by Equations (3.3) and (3.4) are 

reduced into [34]:   

 ▽× 𝑯 = 𝑱 (3.9) 

 ▽× 𝑬 = 0 (3.10) 

In fact, the above-mentioned assumptions regarding the stationarity and the time 

independence can be attained when dealing with the EEG, since the EEG frequency is 

less than 1KHz. Therefore, we can use the Quasi-static approximation to deal with the 

physics of EEG [33]. 

The total current density 𝑱 can be represented as the sum of two components:  

 𝑱 = 𝑱𝑝 + 𝑱𝛺  (3.11) 

where the first component is the primary current density 𝑱𝑝  which is generated by the 

activity of the neural cells, and it is which its location to be estimated. The second 

component is the volume current density 𝑱𝛺 = 𝜎𝑬 which results from the effect of the 

electric field applied on a conducting medium carrying charges. 

3.1.3 Current dipole as a source model.  As mentioned earlier, the recorded  

activity on the scalp represents the electrical activity of the neuron resulting from the 

excitation of pyramidal neurons. The direct determination of these sources is impossible 

since the number of the sources is on the order of 1000 to 10000, compared to the 

number of electrodes which could be at maximum on the order of 100. Thus, in order 

to derive source locations, some assumptions must be used. One of the assumptions is 
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that the neural activity is dominant in a small brain region centred at 𝒓𝑸, while other 

areas are silent [35]. This activity is represented by a current dipole 𝑸  located at 𝒓𝑸 

which approximates the primary current, since it can be considered as a concentration 

of  𝑱𝒑(𝒓) to a single point. Such an assumption can be modelled mathematically as: 

 𝑱𝒑(𝒓) = 𝑸 𝛿(𝒓 − 𝒓𝑸) (3.12) 

where 𝛿(𝑟) is the Dirac delta function [33]. Since the forward problem involves finding 

the potential difference (𝑉) on the scalp from known primary current distribution within 

the brain, Equation (3.9) can be satisfied by representing  𝑬 as: 

 𝑬 = − ▽ 𝑉 (3.13) 

Substituting Equation (3.9) into 𝑱𝛺 = 𝜎𝑬 results in:  

 𝑱𝛺 = −𝜎 ▽ 𝑉  (3.14) 

and by substituting (3.14) within (3.11) we get: 

 𝑱 = 𝑱𝑝 − 𝜎 ▽ 𝑉  (3.15) 

Now, by taking the divergence for both sides of equation (3.15) along with   

▽. 𝐽 = 0, we obtain the following:  

 ▽. (𝑱𝑝) =▽. (𝜎 ▽ 𝑉)  (3.16) 

the value of the primary current density  𝑱𝑝 can be solved analytically or numerically 

with finite element techniques, so long as a proper boundary condition is obtained [33]. 

3.1.4 Head model. In order to find the electrical activity generated by the  

assumed current dipoles on the scalp, an appropriate volume conductor representing the 

propagation medium must be considered. The shape (geometrical) and the conductivity 

(electrical) properties of the volume conductor are expressed in the leadfield matrix. 

They must be determined accurately to provide an accurate solution to the forward 

problem, and consequently, an accurate solution of the inverse problem. The next 

subsections show some of the head models that can be used and their properties. 

3.1.4.1 Single sphere head model. Single sphere head model is the first and the  

simplest model that has been used as a volume conductor in EEG studies. This model 

assumes that the head consists of a single sphere with a homogeneous conductivity 

profile all around it. From a computational point of view, this assumption provides a 
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fast and easy analytical solution. However, large localization errors are obtained when 

using this model, because in reality the conductivity profile of the brain is 

inhomogeneous and this model ignores this important property [35], [36]. 

3.1.4.2 Multiple spheres head model. This spherical model consists of three  

concentric  layers which represent the brain, skull and the scalp. Each one of these 

spheres has its own conductivity profile. The computational complexity of these multi-

conductivity profiles is high; however, they reflect the actual composition of the tissue 

inside the brain more accurately than the single sphere model. Furthermore, studies 

have shown that inaccurate thickness profile between the scalp and the skull layers 

produces differences on the calculated electric field, which leads to localization errors 

when solving the inverse problem [35]. 

3.1.4.3 Realistic head model. The realistic head model does not use spheres to  

represent the head, instead it uses anatomical information obtained from MRI images 

to reconstruct a realistic head model. Obtaining a realistic head model is done by 

segmenting the surface of the MRI images and extracting the surface boundaries 

between the brain, skull and the scalp. These boundaries are then used in the Boundary 

Element Method (BEM) and Finite Element Method (FEM) calculations for the 

forward model [6]. 

 In BEM, the MRI surface is replaced by planar triangles along with assuming 

that each region of the head is homogenous and isotropic. However, FEM deals with 

this issue and considers the inhomogeneity and the anisotropic conductivity within each 

layer by tessellating the entire volume. Even though it provides the lower localization 

error, the realistic head model is computationally intractable and hence increases the 

model complexity [6].  Figure 3.1 shows the realistic head model constructed using 

BEM. 

 
Figure 3.1 Realistic head model using BEM [37] 
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3.2 Inverse Problem 

Inverse problem in the electromagnetic brain source localization involves 

matching the recorded electrical activities with their corresponding generators inside 

the brain. The sources are modeled as equivalent current dipoles, where each dipole is 

modeled by six parameters. These parameters include: (1) three spatial parameters 

representing the location coordinates (x, y, z), (2) two orientation parameters 

(orientation angles (elevation θ, azimuth φ)), and (3) a strength parameter d [37]. Two 

general approaches are used to solve the inverse problem of electromagnetic source 

localization: parametric and non-parametric methods. More details about these 

approaches are discussed within the following subsections. 

3.2.1 Parametric method. The parametric method assumes that the recorded  

data results from a small number of sources where the orientations, locations and the 

strength of these sources are unknown. The estimation of such unknown parameters is 

done using non-linear least squares fit to the measured data [38]. Parametric methods 

also require a priori knowledge about the number of sources. 

3.2.1.1 Least squares source estimation.  The steps of this method are  

summarized as follows: Firstly, the number of sources and their orientations are 

determined. Secondly, the forward problem is solved for the provided dipole 

parameters. Then, the electric potential obtained from the forward problem is compared 

to the actual electric potentials based on the squared error between the computed and 

the recorded potentials.  

This method can be applied to various current dipole models, such as: (1) fixed, 

(2) moving and (3) rotating current dipoles. In case of fixed current dipole, the strength 

of the dipole is what is being estimated while keeping the location and the orientation 

of the source fixed with time. When dealing with moving current dipole, the parameters 

are estimated sequentially with time since they are not fixed. While, for the rotating 

current dipole model, the locations are assumed to be fixed and restricted to one point, 

but their orientations and strength are varying with time [6].  

The final goal of this method is to find the dipole parameters that attain the 

minimum squared error by applying this method iteratively until the fit is being 

satisfied. The main limitation of this method is that the number of sources cannot be 

determined a priori [39]. Another drawback is that increasing the number of sources 
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may increase the non-convexity of the problem, and hence the convergence to the 

global minimum fails [6].  

Other methods have been introduced to overcome the problem of non-convexity 

and to determine the number of sources. These methods are the beamforming and signal 

subspace-based methods which are described in the following subsections. 

3.2.1.2 Beamforming.  Beamformer is a spatial filtering operation performed  

on the  received data in order to pass the signals from desired locations while 

suppressing those coming from elsewhere [6], [38]. After scanning the region of interest 

throughout the brain, the possible locations can be monitored. 

However, it is impossible to put a strong stopband constraint over the entire 

brain region due to the insufficient degree of freedom. Thus, to overcome this issue, a 

Linearly Constrained Minimum Variance (LCMV) beamformer filter has been 

developed. This beamformer type uses a limited number of degrees of freedom to null 

the signal coming from unwanted directions. The weights of this filter are found from 

minimizing the output power, in which the constraints include setting the gain in the 

desired location to unity. 

Some of the limitations of the LCMV include partial signal cancelation which 

occurs when the sources are correlated with each other, which is in fact, the nature of 

neural activity. The performance of LCMV is also sensitive to the mismatches and any 

error within the leadfield matrix [40]. 

3.2.1.3 Multiple signal classification (MUSIC). Multiple signal classification  

(MUSIC) technique was used in array signal processing before being adapted to EEG 

source localization. Multiple Signal Classification (MUSIC) is based on the eigenvalue 

decomposition (EVD) of the data covariance matrix. 

Assuming the measured EEG data 𝒚(𝑡) is recorded by M electrodes from N 

sources within the brain at the instant of time t, it can be modelled as 𝒚(𝑡) = 𝑨𝒔(𝑡) +

𝒗(𝑡), where 𝒔(𝑡) is a 𝑁 × 1 source amplitude vector at instant of time t , A is 𝑀 × 𝑁 

leadfield matrix, 𝒗(𝑡) is 𝑀 × 1 i.i.d additive zero-mean white gaussian noise.  The data 

covariance matrix R is calculated as 𝑹 = 𝐸 {𝒚(𝑡)𝒚(𝑡)𝑇}, where 𝐸{•} is the 

expectation operator.   Assuming uncorrelation between the sources and the noise, the 

covariance matrix is represented as: 
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𝑹 = 𝑨𝐸{𝒔(𝑡)𝒔(𝑡)𝑇}𝑨 + 𝐸{𝒗(𝑡)𝒗(𝑡)𝑇} 

𝑹 = 𝑨𝑹𝒔𝑨𝑻 + 𝜎2𝑰 
(3.17) 

where 𝑹𝒔 and 𝜎2𝑰  are the source and the noise covariance matrices, respectively.  Now 

write in descending order the eigenvalues of  𝑹  ( λ1 > λ2, … , >  λ𝑀) in the diagonal 

matrix Ʌ, and the corresponding eigenvectors are represented in the matrix E,  such that 

𝑬 = [𝒆𝟏 𝒆𝟐 . . . 𝒆𝑴] . The eigenvalue decomposition of 𝑹  is formulated as: 

 

𝑹 =  𝑬Ʌ𝑬𝑻 

𝑹 = [𝒆𝟏  … 𝒆𝑵  𝒆𝑵+𝟏  . . . 𝒆𝑴]  [
λ1

⋱
λ𝑀

]  [𝒆𝟏 𝒆𝟐 . . . 𝒆𝑴]𝑇 
   (3.18) 

The subset 𝑬𝒔 = [𝑒1 𝑒2 . . . 𝑒𝑁] is known as the signal subspace, whereas as the 

subset 𝑬𝒊 = [𝑒𝑁+1  . . . 𝑒𝑀] is known as the noise subspace.  

The key point of MUSIC algorithm stands on the orthogonality between the lead 

field vector of the source and the noise subspace. Therefore, the projection of the 

leadfield vector corresponding to the source on the noise space will give zero, so long 

as the estimated source is within the signal subspace [38].  

One limitation of this method is that it requires scanning the whole brain volume 

to find the dipoles and their projection onto an estimated signal subspace. In addition, 

obtaining an accurate estimate of the number of sources from the eigenvalue 

decomposition as required for the MUSIC algorithm is a challenge in practice [41]. 

3.2.2 Non-parametric methods. This class of methods is also known as the  

distributed source model or imaging method. In this method, several dipole sources 

with fixed locations, and possibly, fixed orientations are distributed over the whole 

volume conductor. The amplitude of these sources is estimated using a linear fit to the 

measured data [5]. 

However, due to the fact the number of electrodes recording the data is on the 

order of 100 compared to an order of 10000 for the sources, the problem of estimating 

the amplitude of the sources is under-determined (number of equations is less than the 

number of unknowns). Therefore, imaging approaches use priors or regularization 

methods in order to confine the allowable range of solutions [39], [41]. 



35 
 

3.2.2.1 Bayesian methods.  Bayesian method is a statistical approach which  

incorporates a priori information (includes information on the neural current, nature of 

the sources, anatomy of the head and the brain, etc.) to estimate the expectation and the 

variance of a posterior current density [42]. 

This method is based on many assumptions in order to reduce the solution space 

a priori as reported in [39]. They include the following: (1) the sources are restricted to 

be located only within the gray matter, (2) these sources are oriented perpendicularly 

to the cortex mantle, thus reducing the problem of estimating the amplitude and 

orientation to estimating only the strength, and (3) their activity changes smoothly along 

the mantle, which  is implemented by minimizing the differences among the 

neighboring voxels. 

Assume that the measurement Y is collected using M sensors placed on the 

scalp. This measurement represents the activity of N sources distributed along the grey 

matter, and is mathematically represented as 𝒀 = 𝑨𝑺 + 𝑽, where 𝑽 represents noise 

measurement.  Estimating the dipole source amplitudes encapsulated within the matrix 

S is the final goal of the inverse problem. In a free noise measurement, the measurement 

and source amplitudes are related to each other by  Y=A𝑺𝑇, where A is a lead field 

matrix. The Bayesian technique finds an estimate �̂� of S that maximizes the posterior 

or log posterior distribution of S given the measurement Y. 

Mathematically, it is represented as:  

 �̂� = 𝑎𝑟𝑔𝑚𝑎𝑥𝑠𝑃(𝑺|𝒀) (3.19) 

from Bayes law  𝑃(𝑺|𝒀) =
𝑃(𝒀|𝑺)𝑃(𝑺)

𝑃(𝒀)
,  where P(Y|S) is the conditional probability of the 

measured data given the sources amplitude which depends on the forward model and 

the source distribution, P(S) is a prior distribution (probabilistic distribution) that 

reflects our knowledge of the statistical properties of the unknown source 

distribution[6]. Equation (3.19) becomes:  

 �̂� = 𝑎𝑟𝑔𝑚𝑎𝑥𝑠𝑃(𝒀|𝑺)𝑃(𝑺) ≜ 𝑎𝑟𝑔𝑚𝑎𝑥𝑠 ln 𝑃(𝒀|𝑺) + ln 𝑃(𝑺)  (3.20) 

The previous assumption of dealing with a noise free case is not realistic when 

dealing with EEG source localization. Therefore, by assuming the EEG measurement 

is corrupted by an additive white Gaussian noise, the log likelihood to be maximized is 

given according to [6] by:  
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 ln 𝑃(𝒀|𝑺) =
1

2𝜎2
||𝒀 − 𝑨𝑺𝑇||𝐹

2  (3.21) 

where P(S) is represented as an exponential density by: 

 𝑃(𝑺) =
1

𝑧
𝑒−𝛽𝑓(𝑺) (3.22) 

and 𝛽 and z are scalar constants, and 𝑓(𝑺) is a function of the image S. 

If we combined the log likelihood with the log prior, it will yield a general 

formula of the negative log posterior. Its minimization gives the maximum a posterior 

(MAP) estimates whose energy function is given by: 

 𝑈(𝑺) = ||𝒀 − 𝑨𝑺𝑇||2 + 𝛾 𝑓(𝑺) (3.23) 

where 𝛾=2𝛽𝜎2is the regularization parameter. 

3.2.2.2 Linear imaging method. Linear imaging method is a special case of 

minimizing the energy given in Equation (3.23), where the regularization parameter 𝛾 

is chosen using the L-curve estimation [6]. 

3.2.2.2.1 Minimum Norm (MN). MN solution is a well-known example of this 

kind of methods. MN assumes mapping the head model into 3D grid points where at 

each point there exists three mutually perpendicular current dipoles. The sources are 

estimated such that the overall current density within the brain is as minimal as possible, 

in other words, having least energy. The solution obtained by this method represents 

the sources that satisfies the smallest L2-norm solution and fits the actual data [39]. 

Even though MN estimation does not need any priori information about the 

sources and the spatial correlation between the sources is neglected in this method, it 

has two main draw backs. These drawbacks are (1) the mis- localization of the 

activation pattern (i.e. localizing the deeper sources onto the outermost cortex) and (2) 

its low spatial resolution. To overcome these limitations, Weighted Minimum Norm 

(WMN) and Focal Underdetermined System Solution (FOCSS) have been proposed. 

The former method normalizes the leadfield vectors to compensate for the 

misrepresented deepest sources [39], while the latter modifies the weights iteratively 

until the current density at most of the grid points is zero, and only the active sources 

are preserving non-zero values [39].  

3.2.2.2.2 Low-Resolution Electromagnetic Tomography (LORETA).   LORETA 

is a non-parametric technique (distributed source model) that does not require a priori 

knowledge about sources’ numbers. It is a Laplacian WMN algorithm based mainly on 
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the assumption that the neighboring dipoles are synchronously activated, and only show 

gradual changes in their orientations [39]. Hence, LORETA solves the inverse problem 

as the current dipole with the smoothest spatial distribution by minimizing the second 

spatial derivative of the current source.  

The mathematical representation of LORETA, assuming that the measured EEG 

signal represented by = 𝑨𝑺 + 𝑽 , is given as follows: 

  𝑎𝑟𝑔𝑚𝑖𝑛𝑆||𝒀 − 𝑨𝑺||
2

+ 𝛼𝑺𝑻𝑾𝑺  (3.24) 

where 𝛼 is a control parameter. The solution is given by:   

 
�̂� = 𝑻𝑾𝒀,  

𝑻𝑊 =  𝑾−1𝑨𝑇(𝑨𝑾−1 + 𝛼𝑯)+. 
(3.25) 

here,  𝑯 = 𝑨𝑻  represents the average reference operator, and T is the generalized 

inverse of leadfield matrix A [43]. 

3.3 Time-Varying Source Localization 

Three main subsections are included in this section. The first one discusses the 

epileptic spike propagation and what has been done to investigate this propagation. The 

second subsection involves the studies that were performed for spatiotemporal EEG 

source localization, whereas the third subsection includes some material from the 

RADAR field that has addressed the concept the Direction-of-Arrival (DOA) tracking. 

3.3.1 Spike propagation and source localization. Many studies so far shown  

that the epileptic spikes are propagating [9], [44]. This can be seen, for example, in 

frontotemporal epilepsy. This type of partial epilepsy is characterized by spikes 

originating in the anterior part of the cortex followed by their appearance in the 

ipsilateral inferior frontal part. The spike's propagation pattern has been studied using 

intracranial EEG (IEEG). However, when the propagation is shown to cover a wide 

region of the brain, using IEEG to localize the origin of these spikes becomes 

inconvenient. It also increases the risk of the complications from placing larger grid 

invasively on the cortical surface.  In [9], it was shown that studying the spatiotemporal 

spike propagation can be done using interictal spikes extracted from the EEG and MEG. 

Their work has been done based on previous studies. These studies have shown that the 

propagation is depicted on MEG as changes in the magnetic field morphology of the  
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trace, while in case of EEG, the propagation of the spikes is noticed as a time difference 

between their appearance among different electrode sites.  

In [9], their purpose was to provide a spatiotemporal investigation of interictal 

MEG and EEG spikes by combining the anatomical locations of the spikes on the cortex 

along with their temporal propagation to improve the localization. For localization 

purposes, they used a cortically constrained Minimum Norm Estimation (MNE) in 

which the sources are restricted to be on the surface of the cortex. However, as 

mentioned in the previous chapter, MN has two main drawbacks: (1) the low spatial 

resolution as well as (2) the Mis-localization of the sources since it represents the deeper 

sources to be on the outer surface of the cortex. 

Another study was introduced to show the importance of the spatiotemporal 

analysis of the ictal activity and how it helps in understanding the epileptic network. 

The study was performed using moving temporal windows along with different source 

localization methods for localizing the ictal spikes sources and viewing the dynamic 

behavior of the seizures. In [45], various source localization methods were used 

including MUSIC method, equivalent current dipole, and distributed source models 

(LORETA and standardized LORETA). In the case of equivalent current dipole 

method, both moving and fixed current dipole models were carried out to investigate 

the source propagation and assess the accuracy of defining the SOZ. From this study, 

and by using a moving dipole model, if the sources remain stationary over the same 

region for 20-30 milliseconds, the region will be considered to resemble an originating 

zone of the activity. 

3.3.2 Spatiotemporal source localization.  Static source localization methods  

in general use information from a fixed time interval without taking into consideration 

the time-varying nature of both the signal itself and its generator’s location. This kind 

of temporal independence of the static methods is computationally convenient. 

However, it may reduce the accuracy of the inverse solution by ignoring the signal 

variations. Therefore, many methods have been addressed to incorporate the dynamic 

nature of the event within the formulation of the inverse problem.  

study [46] introduced events sparse penalty regularizations within the inverse 

problem formulation. The method assumes that the EEG measured signal mainly 

appears due to the activity of a few number of sources within the brain. The spatial and 

temporal basis functions, which combine the temporal and spatial aspects of the source 
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activity, were utilized as regularizing parameters. After the formulation, Bayesian 

framework was obtained. The Expectation Maximization (EM) algorithm was then 

employed to solve the optimization problem.  

In [47], a method is proposed that considered the spatiotemporal correlation 

within the sources. A linear state-space model for the source current dynamic was 

developed, and the problem was formulated as a full-rank state-space estimation. 

Dynamic L2-norm regularization constraints have been imposed in order to solve the 

problem. Kalman Filter (KF) and Fixed Interval Smoothers (FIS) have been used to 

provide a new estimation of the sources.  KF estimates the source location based on all 

of the observed (measurement) data from the starting point up to the current instant of 

time at which the estimation is done. The estimated source location is used by the FIS 

to provide a new estimate. In this study, the estimation has been achieved by testing 

different regularization parameters estimated from either an empirical or full Bayesian 

framework. 

 Even though these methods incorporate temporal constraints in the state-space 

model, the spatial independence may not reflect the spatiotemporal relationship 

between the sources very well. Therefore, [48]  developed a linear state-space model 

using a nearest-neighbour autoregressive model. This proposed method is based on the 

evidence from the neurophysiology studies which states that the cortical activations are 

spatiotemporally distributed processes. In this model, the activity of the source at any 

given instant of time is a function of its previous state as well as its neighbours’ previous 

activities. Assuming that the 𝑛th state at the instant t is  𝑥𝑛,𝑡, according to the nearest-

neighbour autoregressive model, 𝑥𝑛,𝑡  is represented as follows: 

 𝑥𝑛,𝑡 = 𝜆 [𝑎𝑛𝑥𝑛,𝑡 + (1 − 𝑎𝑛) ∑ 𝑑𝑛,𝑖𝑥𝑖,𝑡−1

𝑖∈𝑁(𝑛)

 ] + 𝑤𝑛,𝑡 (3.26) 

where 𝜆 is a positive scalar used to ensure the stability of the cortical state 

dynamic, 𝑎𝑛 is a scalar value between 0 and 1 to assess the relation between the past 

activity of the nth source and its neighbors 𝑁(𝑛), 𝑑𝑛,𝑖 is the individual influence of the 

neighbours on the dipole and it is assumed to decay with increasing the distance 

between the 𝑛th source and the 𝑖th source, and 𝑤𝑛,𝑡 is a perturbation factor that affects 

the evolution of the cortical current.   A dynamic Maximum a posterior Expectation 

Maximization (dMap-EM) has been developed to perform source localization and 
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parameter estimation (e.g. noise, measurement, and source covariance matrices) based 

on KF, FIS, and the EM. 

Estimation of noise covariance matrix is of great importance for source 

localization. In MEG, the noise covariance matrix can be estimated from an empty room 

before the MEG measurement starts. However, estimating the noise covariance is more 

challenging in EEG compared to MEG. In EEG, the noise can be estimated from a pre-

stimulus segment, but the oscillatory nature of the EEG itself makes it difficult to have 

a well-defined baseline period. Furthermore, estimating the measurement covariance 

matrix is as challenging as estimating the noise covariance matrix in the EEG studies.  

Hence, [49] addressed these problems and how to overcome them using different prior 

density models in order to improve the spatiotemporal EEG source localization. The 

estimation of these parameters has been done using an EM algorithm. However, the 

EM has high computational complexity since it employs the KF and FIS within the 

estimation process. Estimating the source covariance matrix at each time step is what 

makes the KF and FIS computationally costly. To tackle this issue, and reduce the high 

computations required for the estimation, a steady-state version of Kalman filter (SS-

KF) and fixed interval smoother (SS-FIS) is used. By employing such modifications, 

the covariance matrices are computed and stored once per EM iteration, thus reducing 

the computations 12-fold compared to the full versions of them.     

3.3.3 Tracking of DOA. Estimating and tracking the Direction of Arrival  

(DOA) is one of the main topics in the field of RADAR, SONAR, Wireless Sensor 

Network (WSN), and Seismology.  Tracking the DOA involves estimating the DOA of 

the received signals impinging on an array of sensors snapshot-by-snapshot and 

determining the association between the data at different instances of time [50], [51].  

Some studies have addressed tracking of the DOA by assuming the sources are 

moving slowly, while others have proposed methods in order to track fast-moving 

sources. Moreover, the case when both scenarios are found in the same environment 

has also been investigated. 

One of the well-known methods that have been proposed for source tracking is 

a subspace-based tracking algorithm. Estimating the signal parameters and separating 

the signal subspace from the noise subspace is the first step in such methods.  These 

methods include the MUSIC, Root-MUSIC, and Estimation of the parameter via the 

rotational invariance technique (ESPRIT) [52]. However, such methods use the 
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Eigenvalue Decomposition (EVD) and Singular Value Decomposition (SVD) of the 

data covariance matrix, making them computationally expensive. To overcome this 

issue and reduce the computational requirements, Projection Approximation Subspace 

Tracking (PAST) has been used [53]. This method avoids both (EVD) and (SVD), and 

therefore estimates the signal subspace with lower computation complexity. PAST can 

be used for slowly moving sources and when the noise is uncorrelated with the signal.  

Sparsity-based algorithms have been implemented for the DOA tracking. In 

[54], a Sparse Iterative Covariance-based Estimation (SPICE) algorithm is proposed 

based on the iterative fitting of the covariance matrix. This method possesses 

advantages over other sparsity-based methods, namely (1) the adaptive nature of the 

algorithm, which uses the covariance matrix of the measurement making it more 

suitable to deal with noisy measurements without the need for identifying any 

hyperparameters for the solution, (2) the problem can be formulated as a convex 

problem; therefore, it has a global convergence property. However, the iterative 

calculation of the covariance matrix is accompanied with high computational 

complexity especially when the measured signal is of high rank.  

When considering the case where both moving and stationary sources exists, 

they can be tracked using the property of the low rank of the fixed sources and the 

sparsity property of the moving sources.  In [55], a method is proposed to decompose 

the temporal state (sources) matrix 𝑿 -each column of 𝑿 (i.e. 𝒙𝒕) represents the signal 

coming from all the sources within that snapshot t- into two submatrices: low-rank 

matrix and sparse matrix. These matrices reflect the behavior of the sources and indicate 

which ones are fixed and which are moving. The method is mainly based on the fact 

that the fixed sources appear in all the rows of the matrix 𝑿, while the moving sources 

sparsely appear in that matrix at different snapshots. The formulated optimization 

problem has been solved using a linearized alternating direction method. However, this 

solution requires a manual tuning of the parameters used for the solution. Therefore, an 

automatic estimation of these hyperparameters is proposed within the study performed 

in [56]. The proposed method is based on applying the Bayes’ rule along with having a 

model for the data in order to estimate the parameters using EM algorithm.       
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Chapter 4.  Methodology   

 

This chapter introduces the adopted methodology to perform time-varying 

source localization based on Source Affine Image Reconstruction (SAFFIRE), and 

Steepest Descent methods.   

4.1  Source Affine Image Reconstruction (SAFFIRE) Algorithm 

SAFFIRE algorithm is a high resolution non-parametric algorithm that aims to 

reconstruct the sources based on recursive implementation of the Minimum Mean 

Squared Error (MMSE) solution [57]. Similar to other functional brain imaging 

methods, SAFFIRE algorithm assumes that the EEG measurement recorded by an array 

of sensors placed on the scalp can be modeled as a superposition of independent 

contributions from 𝐾 sources distributed over the cortex. The received EEG signal 

measured via 𝑀 electrodes at time instant  𝑛  is modeled as: 

 𝒚(n) = 𝑺𝒙(𝑛) + 𝒗(𝑛) (4.1) 

where  𝑺 is a  𝑀 × 𝐾 leadfield matrix, 𝒙(𝑛) 𝑖𝑠 𝑎 𝐾 × 1 vector of source component 

strengths, and 𝒗(𝑛) is the zero mean additive white Gaussian noise.  

The basic idea of the SAFFIRE algorithm, as mentioned earlier, is to achieve 

the MMSE of the cost function defined as: 

 𝐽 =  𝐸 {‖𝒙(𝑛) − �̂�(𝑛)‖2} =  𝐸 {‖𝒙(𝑛) − 𝑾𝑇(𝑛)𝒚(𝑛)‖2} (4.2) 

where  𝐸{•} represents the expectation operator,  (•)𝑇is the transpose operator, �̂�(𝑛) is 

the MMSE estimate of the source amplitude vector, and  𝑾 is an  𝑀 × 𝐾  adaptive filter 

bank which minimizes the cost function. 

The filter bank 𝑾 is found by taking the derivative of the cost function 𝐽 with 

respect to 𝑾 and equating it to zero. This yields: 

 𝐸 {2𝒚(𝑛) [𝒙(𝑛) − 𝑾𝑻(𝑛)𝒚(𝑛)]} = 0 (4.3) 

hence,  

 𝑾(𝑛)𝐸{𝒚(𝑛)𝒚𝑻(𝑛)}= 𝐸{𝒚(𝑛)𝒙𝑻(𝑛)} (4.4) 

which results in: 

 

 𝑾(n) = (𝐸{𝒚(𝑛)𝒚𝑻(𝑛)})−1𝐸{𝒚(𝑛)𝒙𝑻(𝑛)} (4.5) 
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 By substituting Equation (4.1) into Equation (4.5) while assuming that the source 

signal and the noise signal are uncorrelated with each other, the optimum filter bank, is 

derived to be: 

 𝑾(n) = (𝑺𝐸{𝒙(𝑛)𝒙𝑻(𝑛)}𝑺𝑻 +  𝐸{𝒗(𝑛)𝒗𝑻(𝑛)})−1𝑺𝐸{𝒙(𝑛)𝒙𝑻(𝑛)} (4.6) 

Representing the spatial power distribution of the sources by 𝑷 =

𝐸{𝒙(𝑛)𝒙𝑻(𝑛)}⨀𝑰𝐾×𝐾, where ⨀ is the Hadamard (element by element) product and 

𝑰𝐾×𝐾is the identity matrix. This multiplication is performed to enforce the temporal 

uncorrelation between the sources. The noise correlation matrix is given by 

𝑹𝒗= 𝐸{𝒗(𝑛)𝒗𝑻(𝑛)}. Equation (4.6) can thus be simplified into:  

 𝑾(n) = (𝑺𝑷𝑺𝑻 +  𝑹𝒗)−1𝑺𝑷 (4.7) 

In practice, 𝑹𝒗 can be found from a segment of the signal where there is no 

signal (evoked response), while the source correlation matrix 𝑷 cannot be found a 

priori. Therefore, as an initialization step for the SAFFIRE algorithm, Matched filter 

(MF) is used to get initial spatial power distribution as:  

 �̂�𝟎(𝑛) = 𝑺𝑻𝒚(𝑛) (4.8) 

hence, the initial estimate of the spatial power is:  

 �̂�𝟎(𝑛) = [�̂�𝟎(𝑛)�̂�𝟎
𝑻(𝑛) ]⨀𝑰𝐾×𝐾 (4.9) 

Once the algorithm has been initialized, the subsequent steps use the previous estimated 

spatial power �̂�𝒊−𝟏(𝒏) , in estimating a new filter weight as follows: 

 �̂�𝒊(𝑛) =  (𝑺�̂�𝒊−𝟏(𝑛)𝑺𝑻 +  𝑹𝒗)
−1

𝑺�̂�𝒊−𝟏(𝑛) (4.10) 

This filter is further applied to the available measurement in order to obtain a new 

estimate of the source power distribution as: 

 �̂�𝒊(𝑛) = �̂�𝒊
𝑻(𝑛)𝒚(𝑛) (4.11) 

and hence, the 𝑖th power spatial distribution estimate can be found as: 

 �̂�𝒊(𝑛) = [�̂�𝒊(𝑛)�̂�𝒊
𝑻(𝑛) ]⨀𝑰𝐾×𝐾 (4.12) 

  Equations (4.10-4.12) represent the 𝑖th iteration, and SAFFIRE finds an 

estimate of the spatial power distribution recursively by iterating between these 

equations. The iterations are terminated when the convergence is met, and a stable 

source distribution is obtained. When the algorithm converges, the diagonal elements 
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of the matrix √𝑷𝑖(𝑛) provide an estimate of the average spatial magnitude distribution 

of the sources. 

The SAFFIRE algorithm can operate on a single time sample, or it can operate 

on a received signal with a length of 𝑁 time samples by adopting a non-coherent 

integration to enhance and improve the performance of the algorithm. For multiple 

𝑁 time samples recorded by 𝑀 electrodes, the recorded EEG measurement is 

represented as:   

 𝒀 = [𝒚(𝑛) 𝒚(𝑛 + 1) ⋯ 𝒚(𝑛 + 𝑁 − 1)] (4.13) 

 where the column vector  𝒚(𝑛) represents the measurements obtained at a time instant 

𝑛. In this case, the filter bank is required to estimate 𝑁 spatial amplitudes for each of 

the 𝐾 sources, as follows: 

 �̂� = 𝑾𝑻𝒀 (4.14) 

where �̂� = [�̂�(𝑛) �̂�(𝑛 + 1) ⋯ �̂�(𝑛 + 𝑁 − 1)] is a 𝐾 × 𝑁 matrix representing the 

estimated source amplitudes for different time samples. The spatial power distribution 

can be estimated as:  

 �̂� = [
1

𝑁
∑ �̂�(𝑛 + 𝜏)�̂�(𝑛 + 𝜏)

𝑻
𝑁−1

𝜏=0

 ]⨀𝑰𝐾×𝐾 (4.15) 

The estimate of the spatial power distribution is used for estimating the weights 

of the filter bank in the subsequent iteration. As mentioned above, once the iterations 

are terminated, both the location and the spatial amplitude distribution of the sources 

can be obtained from the diagonal element of the matrix √�̂� as: 

 �̂� = 𝒅𝒊𝒂𝒈(√�̂�) (4.16) 

4.1.1 Energy normalization.  The initialization of the SAFFIRE algorithm 

Is performed using MF. However, due to the high correlation nature between the 

leadfield vectors (columns of the leadfield matrix) which correspond to similar 

directions at a close by locations, the MF maintains a wide mainlobe and hence yields 

a poor spatial resolution. This low-resolution nature of the filter spreads the energy over 

most of the solution space. Thereafter, the iterative steps of the SAFFIRE algorithms 

refines the initial distribution of the sources. However, this recursive process can 

introduce a scaling factor mainly when the weights filter is being estimated which may 

alter the signal to noise power. To compensate for this scaling effect, energy 

normalization is implemented at each iteration to ensure that if the dipole component 
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estimate is inserted into the forward model, it would produce an estimated received 

signal that possesses the same energy as the actual received signal. An estimation of 

the received signal known the current estimation of the dipole current strength at 

𝒊𝒕𝒉 iteration  �̂�𝒊 is found as follows:

 𝒀�̂� = 𝑺�̂�𝒊 (4.17) 

 The resulting estimated energy at 𝑖𝑡ℎ iteration is determined as follows: 

 𝝃�̂� = 𝒀�̂�
𝑻

𝒀�̂� (4.18) 

Given that the measured signal’s energy is:  

 𝝃𝑚𝑒𝑎𝑠 = 𝒀𝑻𝒀 (4.19) 

the energy-normalized dipole component strength is as follows: 

 �̂�𝑖,𝑛𝑜𝑟𝑚 = √
𝝃𝑚𝑒𝑎𝑠

𝝃�̂�

 �̂�𝒊 (4.20) 

The main advantages of the SAFFIRE algorithm over the algorithms introduced 

in chapter 3 include the following: (1) the SAFFIRE algorithm does not require 

eigenvalue decomposition of the sample covariance matrix, instead it operates on a non-

coherent integration of multiple time samples, (2) it does not require large sample 

support, it operates even if there are very low time samples (low sample support), (3) it 

determines the number of the sources and their amplitudes automatically, and (4) it 

provides a high resolution estimation of the source locations [57]. 

Figure 4.1  indicates a flow chart that summarizes the steps of the SAFFIRE 

algorithms. 

4.2 Steepest Descent  

Steepest descent (SD) is a well-known method used in the optimization field. In 

this method, the solution of the optimization problem is found throughout iterative 

searching along the negative gradient direction. The solution involves choosing an 

appropriate step size of the negative gradient of the cost function and updating the 

solution estimation by incorporating this step size with the previous estimated solution 

[58], [59]. The general formula that describes the steepest descent method is: 

 �̂�𝑛+1 = �̂�𝑛 − 𝜇∇(𝑓(�̂�𝑛)) (4.21) 

where, �̂�𝑛+1 is the new estimation, �̂�𝑛 is the previous estimation,  𝜇 is the step size, and  

∇(𝑓(�̂�𝑛))  is the gradient of the cost function at the previous estimation. 
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Figure 4.1 Flow chart showing the iterative steps of the SAFFIRE algorithm 
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The main efforts for the Steepest Descent method include: (1) selecting the 

optimum value of the step size and (2) computing the gradient. Selecting too small step 

size may require more iterations to achieve the convergence, whereas selecting too large 

step size may cause the algorithm to diverge. 

The main reason of using the steepest descent in this thesis is to estimate the 

weights filter bank iteratively, and hence to get a new estimate of the source amplitude 

vector at each new received data sample. This instantaneous estimate of the filter 

weights is based on the previously estimated weights. The measured EEG signal 

recorded using 𝑀 electrodes at time instant 𝑛 can be represented as: 

 𝒚(n) = 𝑺𝒙(𝑛) + 𝒗(𝑛) (4.22) 

The cost function that describes the problem formulation is given by:   

 𝐽 =  𝐸 {‖𝒙(𝑛) − �̂�(𝑛)‖2} =  𝐸 {‖𝒙(𝑛) − 𝑾𝑇(𝑛)𝒚(𝑛)‖2} (4.23) 

Equation (4.23) can be represented in term of 𝑾 instead of its transpose 𝑾𝑇 by taking 

the transpose of the cost function, which yields: 

 𝐽 =  𝐸 {‖𝒙𝑻(𝑛) − 𝒚𝑻(𝑛)𝑾(𝑛)‖2} (4.24) 

In order to find the filter weights 𝑾 that minimizes the cost function, the 

gradient of the cost function is found by differentiating it with respect to 𝑾,  this gives: 

 ∇𝐽 = −2𝐸{𝒚(𝑛)(𝒙𝑻(𝑛) − 𝒚𝑻(𝑛)𝑾(𝑛))} (4.25) 

Instead of using the estimate of the gradient, the instantaneous gradient is to be used. 

Therefore, according to the steepest descent definition, the new estimation of the filter 

weights 𝑾𝑛+1 is given by:  

 𝑾𝑛+1 = 𝑾𝑛 −
𝜇

2
∇𝐽(𝑾𝑛)  (4.26) 

substituting Equation (4.25) into Equation (4.26) gives:  

 𝑾𝑛+1 = 𝑾𝑛 − 𝜇((𝒚(𝑛)(𝒚𝑻(𝑛)𝑾𝑛 − 𝒙𝑻(𝑛))) (4.27) 

substituting Equation (4.22) in Equation (4.23) while assuming that the sources and 

the noise are uncorrelated, Equation (4.27) becomes: 

 𝑾𝑛+1 = 𝑾𝑛 − 𝜇([𝑺𝒙(𝑛)𝒙𝑻(𝑛)𝑺𝑇 +  𝒗(𝑛)𝒗𝑻(𝑛)]𝑾𝑛 − 𝑺𝒙(𝑛)𝒙𝑻(𝑛)) (4.28) 
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 The spatial power distribution is given by 𝑷𝒏 = [𝒙(𝑛)𝒙𝑻(𝑛) ]⨀𝑰𝐾×𝐾, and the noise 

correlation matrix is given by 𝑹𝒗 = [𝒗(𝑛)𝒗𝑻(𝑛)], therefore after simplification, 

Equation (4.28) becomes:   

 𝑾𝑛+1 = 𝑾𝑛 − 𝜇([𝑺𝑷𝒏𝑺𝑇 +  𝑹𝒗]𝑾𝑛 − 𝑺𝑷𝒏) (4.29) 
 

The estimated source amplitude vector for a new received data sample and the power 

spectrum are given as:  

 �̂�𝒏+𝟏 = 𝑾𝑛+1
𝑻𝒚

𝑛+1
 (4.30) 

   

   �̂�𝒏+𝟏 = �̂�𝒏+𝟏 �̂�𝒏+𝟏
𝑻

⨀ 𝑰𝑲×𝑲 

 

(4.31) 

 The iterations in this algorithm are terminated when the last data sample is received. 

Figure 4.2 indicates a flow chart that summarizes the steps of the Steepest Descent 

algorithms.  

4.3 Perturbations and Forward Model Uncertainties 

One of the main challenges that may arise while solving the bioelectromagnetic 

inverse problem is the need for an accurate forward problem solution. Because any 

uncertainty in the approximation of the head profile may lead to a noticeable 

localization errors obtained from the inverse problem solution [60].  Such uncertainties 

in the forward problem solution can arise due to the following: approximates the head 

using a volume conductor, the limited accuracy of electrodes’ co-registration, variations 

in the head’s conductivity profile, and discretization of the source space [61]. Therefore, 

the obtained theoretical (nominal) leadfield matrix differs from the actual one and as a 

result causes perturbation in the leadfield matrix known as calibration errors. 

The effect of the modeling error on the 𝑛th sensor can be represented as:  

 𝑧𝑚 = 1 + ∆𝑙𝑚 (4.32) 

where the term ∆𝑙𝑚  is a random amplitude deviation of arbitrary distribution. Because 

the EEG measurement is obtained using 𝑀 sensors, the modeling error from all sensors 

is incorporated by putting all 𝑧𝑚 elements together in an 𝑀 × 1 vector 𝒛.  To account 

for these modeling errors, SAFFIRE algorithm can handle such uncertainties by 

incorporating an additive regularization term into the filter bank derivation. Hence, the 

measured EEG signal represented in Equation (4.1) can be generalized as follows: 
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 𝒚(n) = (𝑺𝒙(𝑛))⨀𝒛 + 𝒗(𝑛) ≈ 𝑺𝒙(𝑛) + 𝒗𝒛(𝑛) + 𝒗(𝑛) (4.33) 

where the term 𝒗𝒛(𝑛) = (𝑺𝒙(𝑛))⨀(𝒛 − 𝟏𝑴×1) represents the noise induced by the 

model error and it is assumed to be zero mean, symmetric, independent and identically 

distributed among all the sensors. Based on these assumptions, the variance of the 

model noise can be defined as 𝜎𝑧
2 for all sensors. Moreover, the signal and the additive 

noises are also assumed to be independent, therefore, the filter bank at iteration 𝑖  can 

be modified to:  

 𝑾(n) = (𝑺𝑷𝒊−𝟏(𝒏)𝑺𝑻 + 𝑹𝑧 + 𝑹𝒗)−1𝑺𝑷𝒊−𝟏(𝒏) (4.34) 

where the “model noise “covariance matrix  𝑹𝒛 = 𝐸{𝒗𝒛(𝑛)𝒗𝒛(𝑛)𝑇} represents the 

regularization term that accounts for the forward model uncertainties. Substituting the 

predefined model noise into 𝑹𝒛 = 𝐸{𝒗𝒛(𝑛)𝒗𝒛(𝑛)𝑇} gives:  

 
𝑹𝑧 = 𝐸{(𝒛 − 𝟏M×1)⨀𝑺𝒙(𝑛)𝑺𝒙(𝑛)𝑇⨀(𝒛 − 𝟏𝑴×1)}

= 𝐸{�̃� (𝑺𝒙(𝑛))(𝑺𝒙(𝑛))𝑇�̃�
𝑻

} (4.35) 

where �̃� = 𝑑𝑖𝑎𝑔{𝑧0, 𝑧1, … , 𝑧𝑚} − 𝐼𝑴×𝐌. Assuming the independence between the 

source signal and the modeling error along with the uncorrelated modeling error, 

Equation (4.35) is simplified to  

 𝑹𝑧𝑖
= 𝜎𝑧

2𝑰𝑴×𝐌⨀(𝑺𝑷𝒊𝑺
𝑇) (4.36) 

Finally, for 𝑁 snapshots, the aggregate filter bank along with the regularization 

terms will evolve into:  

 𝑾 = (𝑺𝑷𝒊−𝟏𝑺𝑻 + 𝜎𝑧
2𝐼𝑴×𝐌⨀(𝑺𝑷𝒊𝑺

𝑇) + 𝑹𝒗)−1𝑺𝑷𝒊−𝟏 (4.37) 

For the steepest descent, the measured EEG signal in the presence of the 

perturbations is represented as same as Equation (4.33). Assuming the signal and the 

noises are independent, the filter bank update at iteration 𝑛 + 1 that Is given by 

Equation (4.29) can be modified to: 

 𝑾𝑛+1 = 𝑾𝑛 − 𝜇([𝑺𝑷𝒏𝑺𝑇 +  𝜎𝑧
2𝑰𝑴×𝐌⨀(𝑺𝑷𝒏𝑺𝑇) + 𝑹𝒗]𝑾𝑛 − 𝑺𝑷𝒏) (4.38) 

Equations (4.37) and (4.38) indicate that the model noise covariance is an 

adaptive signal dependent term that adapts according to the sources’ estimates update 

while  𝑹𝒗 which represents a fixed regularization term accounts for measurement noise. 
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Figure 4.2 Steepest Descent steps 
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 Chapter 5. SAFFIRE Results and Discussion 

 

5.1  Simulation Setup  

In this thesis, the solution for the forward problem is obtained using Brainstorm 

software. The head model computations are done on ICBM-152 head anatomy which 

is an MRI volume provided by the Montreal Neurological Institute (MNI) [62]. ICBM-

152 anatomy is a non-linear average of T1 weighted MRIs of 152 subjects. A realistic 

head model of the ICBM-152 is computed using OpenMEEG software which uses 

BEM method for obtaining a realistic head model. The head model is assumed to have 

three layers: scalp, outer skull (skull), and inner skull (brain). The conductivity ratio 

between scalp: skull: brain is set to 1:0.0125:1. The baseline for skull thickness is set 

to 4 millimetres. 

The cortex surface has 15000 vertices with a dipole of amplitude 1mA placed 

at each vertex. The orientations of the dipoles are assumed to be normal on the cortex 

surface so as to be consistent with the fact that the pyramidal neurons are responsible 

for generating most of the EEG signal. A synthetic EEG signal is generated for an 

ICBM-152 anatomy using a realistic head model and a standard BioSemi 64 electrode 

system. These electrodes record the signal generated due to the activity of the dipole 

and consequently, generate a leadfield matrix of dimension 𝑀 × K where 𝑀 is the 

number of electrodes and 𝐾 is the number of sources (dipoles).  

To simulate a scenario of moving sources, two sources are assumed to be 

moving within a region of interest that encloses one-fifth of the total cortex surface. 

This region of interest consists of 1023 sources (𝐾 = 1023) .Figure 5.1 represents the 

region of the interest along with the trajectories of the moving sources. The green region 

indicates the total region of interest (ROI) over which the search of the sources is 

performed, whereas the red and blue lines show the trajectory of the first and the second 

sources, respectively.  

 A synthetic EEG signal is generated according to Equation (4.1). To represent 

the waveform generated by the active sources, a 30nA sinusoidal wave is assigned to 

each of the active sources.   The total length of the EEG signal is assumed to be 100 

(𝑁 = 100). For simulation and evaluation purposes, the variance of the additive white 

Gaussian noise is adjusted to get an SNR of 20 dB, 10 dB, and 0 dB.  To track and 

localize time varying sources, the SAFFIRE algorithm is applied over non-overlapping 
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sliding windows of length 25-time samples. The SAFFIRE algorithm is set  to terminate 

after 15 iterations where the convergence is met. Three source scenarios are assumed: 

(1) both active sources are fixed, (2) one active source is fixed while the moving over 

time, and (3) both active sources are moving over time.  

 

Figure 5.1 Region of interest (green) and the sources trajectories  

5.2 First Scenario: Fixed Sources  

This scenario assumes that the synthetic EEG signal is generated due to the 

activity of two sources that are 2.77 𝑐𝑚 apart from each other. These two sources are 

fixed at their locations (at indices 2064 and 1854) over the time. The SNR used in this 

scenario is set to 20dB.  The SAFFIRE algorithm is applied to consecutive moving 

windows with a length of 25-time samples. Since the total EEG signal length is assumed 

to be 100-time samples, a total of four windows are used.  After obtaining the final 

SAFFIRE spectrum, a threshold of  30% of the maximum power was applied in order 

to discriminate the actual sources from the false sources and retain just those whose 

power is high enough. The recovered sources are assigned to either source 1 or source 

2 based on the minimum Euclidean distance.  

The results of the SAFFIRE algorithm for each of the 4 windows are shown in 

Figure 5.2. The power spectrum shows the recovered locations to be the same as the 

assumed truth sources (since SNR is high and hence the effect of noise is eliminated).  

The locations are fixed throughout the different windows. After getting the final 
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spectrum and applying a threshold, the estimated recovered sources were projected onto 

the cortex and the results of mapping are shown in Figure 5.3. From Figure 5.3, the 

sources are fixed within the same location among the windows which confirms the 

stability of that source over the defined time window. 

 

 

 

(a)  (b) 

 

 

 

(c)  (d) 

Figure 5.2  Results of the SAFFIRE algorithm for the fixed sources scenario. (a) The first time 

window, (b) the second time window, (c) the third time window, and (d) the fourth time window.  
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Figure 5.4 shows the mapping of all the windows together. In this case the recovered 

sources are displayed as just two sources which indicates the stability of the source 

location.  

 

 

 
(a)  (b) 

 

 

 
(c)  (d) 

Figure 5.3 Mapping the recovered sources on the cortex. Sources recovered from (a) the first 
time window, (b) the second time window, (c) the third time window, and (d) the fourth time window. 
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Figure 5.4 Mapping the recovered sources from all four windows 

5.3 Second Scenario: One fixed and One Moving Source 

This scenario assumes that the synthetic EEG signal is generated due to the 

activity of two sources: a fixed source at a location with index 2064 and a moving 

source with location that varies over time.   

The same assumptions have been followed for the localization as done in the 

previous subsection. The results depicted in Figure 5.5 show how the SAFFIRE 

algorithm recovers both the fixed and the moving sources, where the results are 

obtained after introducing the time window into the SAFFIRE algorithm and going 

through 15 iterations for each time window.. 

The power spectrum show that the location of the first recovered source is fixed 

within the four windows, while the movement of the second source is shown by the 

various recovered indices for it. The location of the second recovered source varies as 

757, 1854, 2716, and 3324 across the four windows 

Figure 5.6 shows mapping the recovered sources obtained in Figure 5.5 along 

the 3D cortex. The location of the first source (shown in red colour) is fixed among the 

windows, whereas the location of the second source (shown in blue colour) is varied. 

Figure 5.7 shows the mapping of the overall sources that are recovered from the four 
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windows. The movement of the second source is indicated by its appearance at different 

locations within the different windows in comparison to the first source where it appears 

just at one location. 

 

 

 

(a)  (b) 

 

 

 

(c)  (d) 
Figure 5.5 Results of the SAFFIRE algorithm for the fixed and moving sources scenario. (a) 

The first time window, (b) the second time window, (c) the third time window, and (d) the fourth time 
window. 
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(a) (b) 

(c) (d) 

Figure 5.6 Mapping the recovered sources on the cortex. Sources recovered from (a) the first 
time window, (b) the second time window, (c) the third time window, and (d) the fourth time window. 

5.4 Third Scenario: Two Moving Sources 

This scenario assumes that the synthetic EEG signal is generated as a result of 

activation of two moving sources. The same simulation parameter as those used in the  
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Figure 5.7 Mapping the recovered sources from all four windows 

previous scenarios are used here. To simulate a scenario of two moving sources, a new 

location for source 1 and source 2 are assigned in each time window.  In the first 

window, the separation distance between the first source (located at index 757) and the 

second source (located at index 864) is 2.18 𝑐𝑚.  In the second window, the separation 

distance between the first source (located at index 2046) and the second source (located 

at index 1854) is 2.77 𝑐𝑚.  In the third window, the separation distance between the 

first source (located at index 2996) and the second source (located at index 2716) is 

3.15 𝑐𝑚. While, in the fourth window, the separation distance between the first source 

(located at index 3704) and the second source (located at index 3324) is 3.77 𝑐𝑚 . After 

defining the indices of the two active sources and identifying the time widow, this time 

window is fed into the SAFFIRE algorithm. Later on, once 15 iterations are over, the 

final power spectrum is being used, and the recovered sources are determined. Figure 

5.8 shows that the SAFFIRE algorithm successfully recovers the varying locations 

among the four-time windows. From Figure 5.9, it can be seen that even though the 

sources are close to each other and the separation distance is small, the SAFFIRE 

algorithm recovered them as two distinct sources. These findings indicate the high 

resolution associated with this algorithm.   
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(a) (b) 

(c) (d) 

Figure 5.8 Results of the SAFFIRE algorithm for the fixed and moving sources scenario. (a) 
The first time window, (b) the second time window, (c) the third time window, and (d) the fourth time 

window.    

Figure 5.10 shows the mapping of the overall sources that are recovered from 

the four windows. The red dots indicate the trajectory of source 1 while the blue dots 

indicate the trajectory of source 2. The first location for the sources is on the left side 
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of the trajectory whereas the final location of the sources is on the right side of the 

trajectory. 

(a) (b) 

(c) (d) 

Figure 5.9 Mapping the recovered sources on the cortex. Sources recovered from  (a) the first 
time window, (b) the second time window, (c) the third time window, and (d) the fourth time window. 
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Figure 5.10 Mapping the recovered sources from all four windows 
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Chapter 6. Steepest Descent Results and Discussion 

6.1 Simulation Setup  

The Forward problem is solved as the one for the SAFFIRE algorithm. Thus, 

the same head anatomy, ICBM-152, along with the same standard BioSemi 64 electrode 

system are used. The computations of a realistic head model are performed using 

OpenMEEG software associated with the Brainstorm software. The conductivity ratio 

between scalp: skull: brain is set to 1:1/80:1 with 4 millimeters as a baseline thickness 

of the skull. 

The low-resolution cortical surface of the head has a total of approximately 

15000 grid points. A unit amplitude (1A.m) dipole is placed at each vertex of the grid. 

The electrodes cap records the signal which is generated due to the activity of the 

dipoles and then as a result generate a leadfield matrix of dimension 𝑀 × K where 𝑀 is 

the number of electrodes and 𝐾 is the number of sources (dipoles).  

A synthetic EEG signal is generated according to Equation (4.22). The total 

length of the EEG signal is assumed to be 1000 (𝑁 = 1000) in order to investigate the 

algorithm’s performance for different signal amplitudes and to study the relationship 

between the convergence and the step size. Then, the relation between separation angle 

and recovered error when two active sources originate the simulated signal is being 

inspected. After that, a moving source scenario in which the location of the active 

source varies with time is implemented and the performance of the Steepest Descent is 

demonstrated.  

The initial filter weights, when the first data sample is received, is estimated 

using matched filter exactly in the same way as for SAFFIRE algorithm. After receiving 

a new data point, a new estimation according to Equation (4.29) is obtained. This new 

estimation is applied on the received data sample to get a new estimation of the source’s 

waveform amplitude and a new estimation of the power spectrum according to 

Equations (4.30) and (4.31), accordingly. Finally, the diagonal elements of the diagonal 

matrix √�̂�𝒏+𝟏 determines the Steepest Descent spectrum and the corresponding 

amplitudes provide an estimate of the spatial magnitude distribution of the sources.  

6.2 Signal Amplitude and Step Size 

To begin with, the main goal is to confirm that there is a relation between the 

signal amplitude and the step size to meet the power spectrum convergence. To do so, 
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different signal amplitudes are considered and the convergence for different step sizes 

is investigated. The simulated EEG signal is assumed to originate from one active 

source (where the actual source index is 1000) this means that if a normalized  baseline 

power spectrum is defined, this baseline power spectrum will have only one recovered 

source with an amplitude of one at the corresponding source index and zero elsewhere.  

 From this point and to find the convergence, the mean squared error (MSE) 

between the obtained power spectrum at each iteration and the normalized baseline 

power spectrum is calculated. This calculation is done for the following signal 

amplitudes  (I)  1.41 𝐴. 𝑚, (II)  1.41 𝑚𝐴. 𝑚,   (III) 1.41 𝜇𝐴. 𝑚.   As mentioned, the total 

length of the simulated EEG signal is set to 1000 data sample and this number is the 

same as the number of iterations for the Steepest Descent algorithm.  For this setup, the 

SNR is set to 75 𝑑𝐵, where approximately the existence of noise is neglected. The 

results for each amplitude are shown in the following sub-sections.  

6.2.1 Amplitude of the source signal is 𝟏. 𝟒𝟏 𝑨. 𝒎.    In this sub section, the  

results of both convergence and the final power spectrum obtained after receiving the 

last data sample (after 1000 iterations) are presented. The source signal amplitude is 

𝑠𝑞𝑟𝑡(2) 𝐴. 𝑚. and the different step sizes are µ = 10−6, µ = 10−5, µ = 10−4, 

µ = 10−3, and µ = 10−1, respectively. The different values of the step sizes have been 

tried while investigating the final power spectrum obtained by receiving the last data 

sample. The final power spectra for the different values are shown in Figure 6.1 (a)-(e). 

From Figure 6.1 (a) to Figure 6.1 (e) indicate the spectrum when using step size of 

µ = 10−6, µ = 10−5, µ = 10−4, µ = 10−3, and µ = 10−1, respectively. 

 

(a)  (b) 
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(c) (d) 

 
(e) 

Figure 6.1 Steepest Descent Power spectrum for different values of µ (a) 10−6, (b) 10−5, (c) 
10−4, (d) 10−3, and (e ) 10−1. 

 It can be seen from the first four sub-figures that the convergence for the true power 

spectrum does not meet within any of those cases. However, only one active source is 

recovered in the power spectrum when the step size is µ = 10−1.  

The recovered source obtained in Figure 6.1 (e) is then mapped on the cortex 

(represented by a red dot while the true location is indicated by a red triangle) as shown 

in Figure 6.2. The calculated error between the ground truth and the recovered location 

is 0.622 𝑐𝑚.  

The norm of the update part (i.e. || [𝑺𝑷𝒏𝑺𝑇 +  𝑹𝒗]𝑾𝑛 − 𝑺𝑷𝒏 ||) is investigated 

for this source’s signal amplitude. The norm is found to be 82.1225, and according to 

the Least Mean Square (LMS), the step size is inversely proportion to the power of the 
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input signal which explains why the power spectrum converges rapidly for a  10−1  step 

size.  

 

 

 

 

 

 

 

 

 

 

 

 
Figure 6.2 Mapping of the recovered source on 3D cortex 

6.2.2 Amplitude of the source signal is 𝟏. 𝟒𝟏 𝒎𝑨. 𝒎.  Here, the source is  

assumed to generate a relatively small amplitude signal in range of milliAmpere. Meter 

(1.41 𝑚𝐴. 𝑚). Different step sizes are used, and the convergence of the Steepest 

Descent power spectrum is investigated. The values of step sizes being used are  

µ = 10−1, µ = 101, µ = 102, µ = 103, and µ = 105. The power spectrum obtained 

after receiving the last data sample is  shown in Figure 6.3 (a)-(e) for  the previously 

mentioned step sizes, respectively. 

(a) (b) 
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(c) (d) 

 
Figure 6.3 Steepest Descent Power spectrum for different values of µ (a) 10^(-1), (b) 10^1, (c) 

10^2, (d) 10^3, and (e ) 10^5 

It is obvious from the first four subfigures Figure 6.3 (a)-(d) that the power 

spectrum does not converge to the actual power spectrum and the active source is 

indistinguishable from the messy spectra. However, when using an appropriate step size 

µ = 105, as shown in subfigure Figure 6.3 (e), only one active and distinguishable 

source is recovered.   

To confirm the convergence of the power spectrum for the given step sizes, the 

convergence plot is indicated in Figure 6.4.  From Figure 6.4, it is obvious that for 

µ = 105 the convergence of the power spectrum is met within the first few iterations 

compared to lower values as µ = 10−1, µ = 101, µ = 102, µ = 103.  Even though the 

power difference decreases with iterations for  µ = 101, µ = 102, µ = 103, the 

difference from the ideal power spectrum is still high within the 1000 iterations. The 
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high speed of convergence is important in order to track the source if its location does 

vary with time and converge to the true power spectrum. 

 

Figure 6.4 Steepest Descent power spectrum convergence for source signal with amplitude of 
sqrt(2) mA.m 

The recovered source obtained in Figure 6.3 (e) is mapped onto a 3D cortical 

surface indicated in Figure 6.5. The calculated error between the actual and the 

recovered ones is 0.622 𝑐𝑚.  

 

Figure 6.5 Mapping of the recovered source on 3D cortex 
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6.2.3 Amplitude of the source signal is 𝟏𝟒𝟏 𝒎𝑨. 𝒎.  Finally, the source is  

assumed to generate a very small amplitude signal in range of microAmpere. Meter 

(1.41  µ𝐴. 𝑚). Different step sizes are used, and the convergence of the steepest descent 

power spectrum is investigated. The values of step sizes being used are  µ = 10−1, µ =

105, µ = 107, µ = 108, and µ = 1011. The power spectrum obtained after receiving 

the last data sample is shown in Figure 6.6 (a)-(e) for the previously mentioned step 

sizes, respectively. It can be seen from the first four subfigures Figure 6.6 (a)-(d) that 

the actual suspected power spectra are not obtained for any of the according step sizes. 

However, when using a very large step size µ = 1010, as shown in subfigure Figure 6.6 

(e), only one active and distinguishable source is recovered.   

(a) (b) 

(c) (d) 
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(e) 

Figure 6.6 Steepest Descent Power spectrum for different values of µ (a) 10−1, (b) 105, (c) 
107, (d) 108, and (e ) 1011 

Similar to what was obtained for the source amplitude 1.41 𝐴. 𝑚 and 

1.41 𝑚𝐴. 𝑚, the convergence of the power spectrum versus the iterations for the 

different step sizes is prepared and presented in Figure 6.7. The difference becomes 

approximately zero when the used step size is  µ = 1010. Even when a relatively large 

step size 105is used, the power spectrum difference still very high compared to step 

size of 107. The relation between the order of “the optimum” step size and the 

amplitude of the assumed source’s signal is described in the following section.   

 
Figure 6.7 Steepest Descent power spectrum convergence for source signal with amplitude of 

1.41 µA.m 
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Figure 6.6 (e) is mapped onto a 3D cortical surface to represent the location of 

the recovered source with respect to the actual assumed source location. The mapping 

is shown in Figure 6.8 where the actual location is represented by a red dot while the 

red triangular dot represents the recovered source. The calculated error between the 

actual and the recovered ones is 0.622 𝑐𝑚. 

 

 

Figure 6.8 Mapping of the recovered source on 3D cortex 

6.2.4 Norm of the updated part and step size (µ) value.  The selection of an  

appropriate step size for each of the introduced signal amplitudes is based on trials and 

errors bases. Each of the steps size is selected and the behaviour of the steepest descent 

algorithm and the final power spectrum are investigated. Throughout the investigation, 

the norm of the update part in Equation (4.29) (i.e. || [𝑺𝑷𝒏𝑺𝑇 +  𝑹𝒗]𝑾𝑛 − 𝑺𝑷𝒏 ||) is 

calculated before getting into the iterative process (i.e. once the first data sample is 

obtained at first iteration ).  The optimum step size that led to a power spectrum 

convergence within a few tens of iterations is adjusted according to the norm of the 

update part.   

For source’s signal of 1.41 𝐴 , the Frobenius norm was 82.1225 and the best µ 

value that gave the expected power spectrum with only one recovered source rapidly 

after tens of iterations was  µ = 10−1. Whereas for signal with amplitude of 

𝑠𝑞𝑟𝑡 (2) 𝑚𝐴. 𝑚,  the norm of the update part and the µ value were 8 . 313 ∗ 10−5 and 

105, respectively.  However, when the source’s signal amplitude was 𝑠𝑞𝑟𝑡 (2) 𝜇𝐴. 𝑚, 
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the norm of the update part and the µ value were 8.27∗ 10−11 and 1011, respectively. 

Those step size values ensure the convergence of the algorithm as fast as possible and 

maintain the stability of its performance within further iterations.  Table 1 summarizes 

these findings for the introduced signal amplitudes, the Frobenius norm of the update 

part, and the appropriate step size.   

Table 1 Signal amplitude, Norm of update part, and Mu value 

Signal Amplitude    Frobenius Norm µ value 

𝑆𝑞𝑟𝑡(2) 82.1225 10−1 

𝑆𝑞𝑟𝑡(2) ∗ 10−3 8.313 ∗ 10−5 105 

𝑆𝑞𝑟𝑡(2) ∗ 10−6 8.27 ∗ 10−11 1011 

 

After confirming the relation between the power of the signal that is embedded 

within the norm of the update part and the step size, the focus will be now on more 

realistic cases of the amplitude. The neurons generate signal in the range of 

microampere. Meter and as indicated in Table 1 in order to get a power spectrum has 

the same number of the assumed active sources, a very large step size is needed (in 

range of tera µ = 1011). However, to make this step size more realistic, normalized 

least mean square (NLMS) error is adapted for this reason and hence obtaining 

acceptable step size.  

6.3 Normalized Least Mean Square (NLMS) and Step Size 

When the power of the input signal changes with time, the fixed step size may 

not be an appropriate option to be used to meet the convergence. The fact that the power 

of the input signal changes with time, reflects that the update of the weights filter with 

each new received data sample must be changed as well; however, this may affect the 

convergence performance. Therefore, the step size is adjusted by normalizing the 

weight filter with respect to the squared Euclidean norm of the input signal [63].   

For time varying process, the step size 𝑀𝑢  is computed with each data sample 

𝑛 as follow: 

 µ(𝑛) =
µ0

‖𝒚(𝑛)‖2
  , 0 < 𝑛 < 𝑁 − 1 (6.1) 
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where  µ0 is the normalized step size which optimizes the convergence rate and it should 

satisfy the relation 0 < µ0 <2, N is the total length of the input signal which represents 

the number  of iterations, and 𝒚(𝑛) is the input signal which is in this case the received 

EEG data. Now by updating the fixed µ in Equation (4.29) with the normalized value 

described in Equation (6.1), the weights filter update equation given by (4.29) becomes 

as follow: 

 𝑾𝑛+1 = 𝑾𝑛 −
µ0

‖𝒚(𝑛)‖2
([𝑺𝑷𝒏𝑺𝑇 +  𝑹𝒗]𝑾𝑛 − 𝑺𝑷𝒏) (6.2) 

where this equation is to be used instead of Equation (4.29) to update the filter 

weights. After defining the alternate update equation of weight filters and fixing the 

following parameters: (1) source’s signal amplitude to 𝑠𝑞𝑟𝑡 (2) 𝜇𝐴. 𝑚, (2) the index of 

the actual active source is 1000 , and (3) SNR to 75 dB, different values of  µ0  (µ0 =

0.1, µ0 = 0.25, µ0 = 0.5, µ0 = 1, µ0 = 2) are tested. For each of the used µ0 , the 

convergence of the power spectrum to the true power spectrum with respect to the 

number of iterations is being studied. The convergence versus the number of iterations 

is shown in Figure 6.9.  It can be seen that each of the used values of µ0 leads to the 

convergence within less than 1000 iterations. The number of iterations where the 

convergence is met are summarized within Table 2.   

 

  

Figure 6.9 Power spectrum convergence of NLMS steepest descent 
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From Table 2, as expected, when increasing µ0 from 0.25 to 0.5, the 

convergence rate increased and the number of iterations that led to the convergence 

reduced by the half (decreased from 229 to 118 iterations).  The selected µ0 for the rest 

of this thesis is 0.5, this selection represents more realistic value and provides an 

acceptable convergence within an acceptable number of iterations. 

 
Table 2 NLMS and Convergence rate 

µ0 Convergence 

0.1 at iteration 570 

0.25 at iteration 229 

0.5 at iteration 118 

1 at iteration 60 

2 at iteration 44 

 

6.3.1 NLMS and various source’s locations.  So far, the assumption about the  

synthetic EEG signal was based on the activity of a single source, where the index is 

1000 out of 3840 sources resembling the ROI (indicated in Figure 5.1). In this section, 

the performance of the Steepest Descent algorithm for the entire sources locations over 

the ROI is being studied and compared to the performance of the SAFFIRE algorithm. 

The comparison is done in terms of the localization error under two conditions: (1) 

without the presence of forward uncertainties, and (2) with the presence of forward 

uncertainties (perturbations).  

The index of the active source is changed from index 1 till 3840 individually, 

and at each index the corresponding source is assumed to generate the simulated EEG 

signal along with the following parameters: (1) the active source waveform is a 

sinusoidal signal with an amplitude of 1.61 µA.m, (2) noise variance is adjusted such 

that the obtained SNR is 10 dB ( to mimic a more realistic recording environment), (3) 
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the synthetic signal is generated according to Equation (4.1) for non-perturbation case 

and Equation (4.33) for perturbation case,  and (4) the step size µ0 is maintained on 0.5.  

6.3.1.1 Without perturbations.  After preparing the simulated EEG signal under  

each of the presumed active sources following Equation (4.1), the Steepest Descent and 

the SAFFIRE algorithms are applied on the same setup of data. From the resultant 

power spectrums, the source with the maximal power is assumed to represent the 

recovered source location. The localization error is calculated after completing the 

iterations and plotted for the overall sources for both the Steepest Descent and the 

SAFFIRE algorithms, the results are shown in Figure 6.10. 

(a) 

(b) 

Figure 6.10 Localization error for (a) SAFFIRE and (b) Steepest Descent without 
perturbations. 
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With no perturbations, on one hand, the SAFFIRE algorithm was able to recover 

the exact source location for the entire sources, and hence the localization errors are 

zero as seen in Figure 6.10 (a).  On the other hand, from Figure 6.10 (b), it can be seen 

that there is a variability within the obtained localization errors from the Steepest 

Descent for the different sources’ locations. Due to the variability of the errors; 

statistical analysis is performed, and the average of these error values is calculated. The 

obtained average error for the Steepest Descent with a 95% confidence interval is found 

to be 1.52 ± 0.036 𝑐𝑚. 

6.3.1.2 With perturbations.  The synthetic EEG signal is simulated for each  

Active source of the 3840 possible sources resembling ROI after introducing 

perturbations into the nominal leadfield matrix according to Equations (4.32) and 

(4.33). The used uncertainty level (variance of the model noise 𝜎𝑧
2)  in this section is 

25%.  According to the derivations of the filter banks indicated in Equations (6) and 

(7) for the SAFFIRE and the Steepest Descent, respectively, a regularization term 𝑹𝒛 

is used to count for such uncertainties appeared in the leadfield matrix. Subsequently, 

the Steepest Descent and the SAFFIRE algorithms are applied on the prepared 

simulated signal. From the resultant power spectrums, the source with the maximal 

power is assumed to represent the recovered source location and the localization error 

is calculated and plotted for both methods in Figure 6.11. 

(a) 
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(b) 

Figure 6.11 Localization error of (a) SAFFIRE and (b) Steepest Descent with 25% 
perturbations 

From the results in Figure 6.11 (a) and (b), it can be seen how both the SAFFIRE 

and the Steepest Descent deviated, and random behaviours of localization errors 

obtained. To qualify this randomness in localization errors, a statistical analysis is 

performed and the mean of the error for both algorithms is calculated. For the SAFFIRE 

algorithm, the average error under the presence of 25% perturbations is found to be 

1.34 ± 0.047 𝑐𝑚 compared to 2.07 ± 0.044 𝑐𝑚 for the Steepest Descent.  These 

values indicate the superiority of SAFFIRE algorithm over the Steepest Descent in 

terms of the mean localization error.  

6.4 Performance of the Steepest Descent Algorithm in the Presence of the 
Forward Uncertainty 

The main purpose here is to compare the performance of the steepest descent 

with the SAFFIRE algorithm in the presence of the forward uncertainties. Once the 

forward problem is solved and the nominal lead filed matrix is obtained, the leadfield 

matrix is perturbed according to Equation (4.33) and the synthetic EEG signal under 

the presence of these perturbations is constructed according to Equation (4.34). The 

assumptions being followed for the synthetic EEG signal are as follow: (1) a single 

source is activated in the brain from which the signal is obtained. The active source’s 

index is 1000 (out of 3840 sources involved within the ROI which is indicated in Figure 
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5.1 (2) The active source waveform is a sinusoidal signal with an amplitude of 1.41 

µA.m. (3) Noise variance is adjusted such that the obtained SNR is 10 dB (to mimic a 

more realistic recording environment).  

After preparing the simulation setup as being described, the perturbation level 

is varied from (0 to 50%). The simulation is repeated under each uncertainty level for 

30 realizations and the mean of the localization errors (MLE) for all realizations under 

current uncertainty level is calculated and plotted against the uncertainty level in Figure 

6.12 and Figure 6.13.  

 

Figure 6.12 Comparison of the MLE between SAFFIRE and SD algorithms in the presence of 
perturbations, 10dB. 

From the plot shown in Figure 6.12, it can be seen that when there is zero 

perturbation level, the mean localization error for the Steepest descent method is 0.622 

cm which is as same as the value presented in previous sections. With increasing the 

perturbation size, the localization error increases for both the steepest descent and the 

SAFFIRE algorithms. The average localization error obtained from the SAFFIRE 

algorithm is less than that achieved from the Steepest Descent. The superior 

performance of the SAFFIRE algorithm over the SD is similar to the outperformance 

of the Wiener Hopf filter against the LMS. The former is more computationally 

complex and uses prior statistical information, hence superior performance. Figure 6.13 
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represents the MLE results attained when the SNR is changed from 10 dB to -10 dB 

while maintaining the same active source index. The same explanation is followed here 

as well.   

 

Figure 6.13 Comparison of the MLE between SAFFIRE and SD algorithms in the presence of 
perturbations, 10dB. 

6.5 Two Active Sources 

So far within this chapter, the simulated EEG signal is assumed to be originated 

from one active source. The algorithm was able to return a power spectrum with a 

distinguishable one bar reflects the recovered source location. Though, the performance 

of the algorithm where two active sources generated the signal is to be introduced 

within this section.  

The simulated EEG signal is presumed to originate from two different active 

sources each associated with a sinusoidal waveform.  The NLMS based steepest descent 

is used with µ0 =0.5 and the number of the iterations is fixed to 1000 iteration 

equivalents to the data length. Since this simulation setup assumes that only two active 

sources should appear at the final power spectrum, once this final power spectrum is 

obtained a hard threshold could be applied to recognize the strongest peaks as the 

recovered sources. Each of the recovered sources is assigned to source1 or source2 

whichever actual source is found to be closer to.  
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To begin with, the actual test sources are assumed to take the following indices 

for source1 (TS1 = 104) and for source2 (TS2=371). The NLMS steepest descent power 

spectrum obtained after receiving the final data sample (i.e. after the 1000th iteration) 

is shown in Figure 6.14. A hard threshold equal to 30% of the maximum source strength 

(0.3 of the normalized power spectrum) is used to discriminate the expected sources 

from the fake sources. By doing such thresholding, the recovered sources obtained were 

(RS1 = 104) and (RS2 = 649) for S1 and S2, respectively. This gave an error of 0 cm 

for the first source whereas an error of 0.49 for the second source. 

 
Figure 6.14 Power spectrum of Two active sources 

   The same procedures have been followed and other sets of active sources were 

tested. Some of these sets are shown within Table 3. Error1 indicates the error obtained 

for the first active source while Error2 indicates the error for the second source. It can 

be noticed from the table that there are some cases where the algorithm failed to recover 

2 sources and returned either the first or the second source only. To investigate why 

this scenario happened, the separation angle between the leadfield vectors correspond 

to the sources’ sets are investigated. What has been found is that at high separation 

angle (separation angle >89∘) where the two leadfield vectors are perpendicular to each 

other, the algorithm is able to recover two sources with indices differ from the actual 

assumed ones and hence various localization error is obtained. However, for some cases 

where the angle is intermediate or low (separation angle <50∘), the algorithm did not 
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recover two sources for some cases. This indicates that for highly separated leadfield 

vectors, the corresponding sources can be recovered as being two sources.  

 
Table 3 Localization errors and separation angles for 2 sources scenario 

Actual 
source 

1 

Actual 
source 2 

Recovered 

source1 

Recovered 
source 2 

Error1 
(cm) 

Error2 
(cm) 

Separation 

Angle 

104 371 104 649 0 0.49 89.67 

261 358 125 146 1.96 1.106 89.47 

477 608 35 597 2.16 1.63 89.23 

1863 2535 1673 2996 2.79 1.42 89.13 

261 359 - 368 - 2.49 43.4 

305 366 17 366 4 0 48.39 

1489 2478 2032 2709 1.19 1.94 43.9 

1763 2526 - 2525 - 1.18 39.17 

493 608 493 252 0 2.67 27.87 

562 606 - 102 - 2.3 21.41 

704 2438 104 102 1.16 1.78 16.6 

1471 2475 - 2475 - 0 30.27 

1763 2527 1802 3124 2.98 2.91 20.96 

 

6.6 Moving Source and Steepest Descent 

The focus of this thesis is to perform a time varying EEG source localization 

such that if the source location varies with time, this movement can be tracked. This 

can be done in such a way that with each newly received data sample, a new estimation 

of filter bank is adjusted based on the previous estimation obtained at the previous data 

sample as indicated in Equation (4.29).  

To be more specific, the time varying EEG source localization is narrowed 

down in this thesis to localize the epileptic spikes’ sources and track them as they move 



81 
 

with time. A study was conducted by C.Chiang et al. [64] about the propagation speed 

of the epileptic spikes and  their sources.  It was found that the propagation speed of 

inter-ictal spikes is approximately around 0.1m/s as well as the source of the spike is 

propagating at a speed of 0.01 m/s. In this thesis, the speed of the source propagation is 

used as the basis of the simulation setup for the time-varying epileptic spike’s source 

localization and tracking. 

For the simulation, firstly the ROI is defined as the green shaded area presented 

in Figure 5.1. This ROI represents the possible area from which the spike is originated.  

Secondly, the path over which the assumed active source moves is identified and it is 

indicated by the red line in Figure 5.1. This red path has a total of 41 vertices which 

represent the possible source locations. Thirdly, the Euclidian distance between the 

consecutive 41 vertices is calculated, and the vertices with distance less than 1 𝑐𝑚 are 

kept to be used in the simulation. This selection of the 1 𝑐𝑚 separation distance is to be 

consistent with the source’s propagation speed assuming that for each 1 second it moves 

up to 0.01 m. 

 After that, the idea of granularity is applied, where the smallest distance 

amongst the sources along the track is being identified as ∆𝑅𝑚𝑖𝑛 which is used to define 

the number of time windows  ∆𝑡′𝑠 over which the source is fixed. The  ∆𝑅𝑚𝑖𝑛  is found 

to be 0.0867 𝑐𝑚 and based on the assumption of the 1 𝑐𝑚/1 𝑠 speed , the  

corresponding ∆𝑡 is  0.086 × 1 𝑠. The presumed sampling frequency is 167, and hence 

the number of data samples representing a single time window ∆𝑡 is  0.086 × 167 =

14.47. This value is rounded to 15 data sample to ease the counting process. Once ∆𝑡 

is determined, the distance between the consecutive sources is used to determine the 

number of time windows needed by the source to change the location to the next 

position. For example, if the source is assumed to be with an index 5021 stands at 

0.8 𝑐𝑚 from next source with  an index 5504, the number of time windows the source 

will settle at index 5021 before it moves to index 5504 is 9 time windows (i.e. over 134 

data samples). 

The total length of the simulated EEG signal is 1005 data sample. This synthetic 

EEG signal is generated from a moving source. The movement occurred between un-

evenly spaced locations, and thus an un-even number of time windows occupied the 

total length of the signal. A sinusoidal waveform of amplitude 1.41 µA.m is assigned 
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with the active source. Table 4 shows the current, the following source locations, and 

the number of time windows the source stayed at its current location.  

Table 4 Movement of the active source 

Current 

Location 

Following 

Location 
# of ∆𝑡 

4262 4453 1 

4453 4470 5 

4470 4581 1 

4581 4669 10 

4669 4795 1 

4795 4863 4 

4863 4937 1 

4937 5021 2 

5021 5504 6 

5504 5678 9 

5678 6098 6 

6098 6134 9 

6134 6216 4 

6216 6269 3 

6269 6353 2 

6353 6483 3 

6483 - 1 

  

Figure 6.15 shows the simulated EEG signal along with the time when does the 

source move where the black vertical lines indicate the movement of the source to the 

next  location. After the synthetic signal is being prepared, each data point is fed into 

the Steepest Descent algorithm and the estimated filter bank is obtained. This estimated 
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filter bank is applied on the received data point to get an estimation of source vector. 

Then once the following data point is received, the previously obtained filter bank is 

used to adjust the new estimation of the filter weights and hence a new estimation of 

the source vector is determined. Such adaptation and updating of the filter weights are 

what makes the Steepest Descent able to localize and track the source as it moves with 

time. 

Figure 6.15  Simulated EEG signal for a moving source. 

The localization error along the 1005 data sample (which is equivalent to the 

number of iterations) is calculated by taking the Euclidian distance between the 

recovered source with highest amplitude and the actual assumed active source at that 

instant. The obtained localization error is plotted against the data samples in Figure 6.16 

 

Figure 6.16 Localization Error form a moving source 
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 From Figure 6.16 it can be seen that the localization error was very high (~ 

10 𝑐𝑚 ) within the fourth window and then it started to decrease to an acceptable range 

of error (1 − 2 𝑐𝑚) when the algorithm converges.  

To compare the performance of the proposed method with the SAFFIRE 

algorithm, the same setup of simulation is followed. The Localization error and the 

Execution time (ET) are compared between the two algorithms for 5 different scenarios. 

These scenarios differ from each other in the length of the data block that is being used 

for each run of the algorithms. The scenarios are (1) an EEG data block consists of a 

single data sample, (2) an EEG data block consists of Two data samples, (3) an EEG 

data block consists of Three data samples, (4) an EEG data block consists of Four data 

samples, and (5) an EEG data block consists of Five data samples.  

For each of these scenarios, the obtained block is fed into both Steepest Decent 

and SAFFIRE algorithms simultaneously where it goes through one iteration under the 

Steepest Descent algorithm and 15 iterations under the SAFFIRE algorithm. Later on, 

for each data block the localization error is calculated and once the last data block is 

being processed, the execution time is measured. 

The results of localization errors obtained for the One, Two, and Three data 

samples are shown in Figure 6.17 to Figure 6.19, respectively. Subfigure (a) indicates 

the results of Steepest Descent whereas Subfigure (b) indicates the results achieved by 

the SAFFIRE algorithm.  

 
(a) 
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(b) 

Figure 6.17 Localization error for a block of One data sample from (a) Steepest Descent, and 
(b) SAFFIRE algorithms. (a) is zoomed in version of Figure 6.16 

From the results presented in Figure 6.17, the localization error from the 

Steepest Descent is higher than that from the SAFFIRE algorithm. The average of the 

localization error with 95% confidence level is calculated for both algorithms and found 

to be 1.69 ± 0.06 𝑐𝑚 for the Steepest Descent, and 0.9 ± 0.05 𝑐𝑚 for the SAFFIRE 

algorithm. 

 The same behaviour in terms of localization error can be noticed in Figure 6.18 

for Two data samples scenario. The Steepest Descent has a larger localization error 

compared to SAFFIRE algorithm where the average error with 95% confidence level 

for them are 2.2 ± 0.12 𝑐𝑚 and 1.96 ± 0.05 𝑐𝑚, respectively. However, from Figure 

6.19 it can be noticed that this localization error behaviour deviated for Three data 

samples where the Steepest Descent produced a lower localization error with an average 

of 2.58 ± 0.99 𝑐𝑚 compared to 2.93 ± 0.10 𝑐𝑚 for SAFFIRE. Also, the investigations 

performed on blocks with Four data samples gave a mean localization error of 2.12 ±

0.15 𝑐𝑚  for Steepest Descent and 2.44 ± 0.1 𝑐𝑚 for SAFFIRE algorithms. Finally, 

the mean localization error for the last scenario in which the EEG data block consists 

of Five data samples is calculated where it found to be 2.72 ± 0.16 𝑐𝑚 and 2.93 ±

0.13 𝑐𝑚 for Steepest Descent and SAFFIRE algorithms, respectively.  This deviation 

in the localization error for the last three scenarios could be explained due to the 
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transition instances where the source changed its location and moved from one location 

to another over that EEG data block. This means that whenever the data block has a 

transition, that block will be associated with high error compared to One and Two data 

samples scenarios for which the algorithm was able to tackle this transition once it 

happens. These findings of localization error are summarized within Table 5.  

 
(a) 

 
(b) 

Figure 60.18 Localization error for a block of Two data sample from (a) Steepest Descent, and 
(b) SAFFIRE algorithms 
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(a) 

 
(b) 

Figure 6.19 Localization error for a block of Three data sample from (a) Steepest Descent, and 
(b) SAFFIRE algorithms 

The execution time taken by each algorithm to complete the whole simulated 

data are measured and included within Table 5. The computations are performed on a 

64-bit PC with Intel Core i7 processor (3.60 GHz) and 8GB RAM.  It is clearly seen 

that the execution time consumed by the Steepest Descent is lower than that taken by 

the SAFFIRE by factor of 9. Since in SAFFIRE, each block goes under 15 iterations 
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compared to one for the Steepest Descent. As well as when the number of EEG blocks 

being processed is decreased by the half (in One data sample, the total number of blocks 

is 1005 compared to 502 blocks for Two data samples) the computational time taken 

also decreased by the half.  

Table 5 Summery of Mean Localization Error and Execution Time for different block sizes 

Number of 

data samples 

per block  

 

Steepest Descent SAFFIRE 

Mean 

Localization 

Error (cm) 

Execution 

Time (min) 

Mean 

Localization 

Error (cm) 

Execution 

Time (min) 

1 data sample 1.69±0.06 22 0.9±0.05 183.5 

2 data samples 2.2±0.12 16.16 1.96±0.05 93.57 

3 data samples 2.58±0.99 7.34 2.93±0.10 61.59 

4 data samples  2.12±0.15 5.62 2.44±0.1 45.49 

5 data samples 2.72±0.16 4.82 2.93±0.13 36.8 

 
Since, the main objective of this thesis is to track the location of the sources 

with each newly received data sample. The results indicate that the Steepest Descent is 

able to do so with reduced computational complexity compared to the SAFFIRE on 

expenses of a slightly higher localization error.  
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Chapter 7. Simulated Epileptic Spikes 

 

7.1 Data Overview 

In order to quantitatively assess the performance of our proposed algorithm on 

epileptic data, simulated epileptic spikes which they have been generated as described 

in [65] are used. The simulated Epileptic spikes are generated for 256-electrode system 

and T1-weighted 3D-MRI is used to extract the distributed source space by segmenting 

the interface between the gray and the white matters from the MRI. The resultant source 

space is consisted of 8000 vertices with ~5 𝑚𝑚 spacing between the vertices. The 

sources/diploes are located at each vertex and oriented perpendicularly to the cortical 

surface.   

  The simulated spikes are assumed to originate from one active source located 

in the inferior parietal region (~1000 𝑚𝑚2) of the brain. Whereas the background 

activity is attributed to the other vertices outside this region. The simulated signal has 

a total of 30 epileptic spikes each of 2 seconds length and the used sampling frequency 

is 512 Hz, the simulated EEG signal along with the spikes are shown in Figure 7.1. 

 
Figure 7.1 Simulated EEG signal with simulated spikes 
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 To solve the inverse problem and obtain an estimated source location, the 

Steepest descent and SAFFIRE algorithms are applied on non-averaged spike.  

7.2 Localization using Steepest Descent Algorithm:  Results and Discussion  

To apply the Steepest Descent, a segment of the signal is selected. The chosen 

segment of the signal starts from 3.894 seconds and finishes at 4.08 seconds, where this 

range of time contains one spike with a peak around 4.027 seconds. This segment, 

which is shown in Figure 7.2 has a length of 94 data samples where mainly the data 

samples range from 64-78 reflects the peak of the spike and this rang is to be used in 

order to select the recovered source as it will be shown in a moment. The NLMS is used 

with a normalized step size µ0 = 2. The reason behind selecting this value is to ensure 

the convergence is met before reaching the spike’s peak and also to be consistent with 

the results indicated in Table 2.  

 
Figure7.2 Selected segment and the spike's location 

As mentioned in previous chapter, the number of iterations for the Steepest 

Descent is the same as the number of data samples, therefore, the number of iterations 

is 94 over which the performance of the algorithm is observed. After applying the 

Steepest Descent on the selected segment, the power spectrum is monitored, and the 

results at iterations 62-65 are presented in Figure 7.3. It can be seen from Figure 5.3 

how the power spectrum converges to a distinguishable distribution of sources with one 

recognized source at iteration 64. Figure 7.4 shows how this distribution is maintained 
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fixed over the spike’s peak range and thus the source index over this range represents 

the recovered source index.  

 
(a) 

 
(b) 

 
(c) 
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(d) 

Figure 7.3 Steepest Descent power spectrum and its convergence at iterations (a) 62, (b) 63, 
(c) 64, and (d) 65. 

 
(a) 

(b) 
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(c) 

Figure 7.4 Power spectrum and stationarity of the source over the spike’s peak for iterations 
71-73 (From top to bottom) 

 The recovered source is mapped on a 3D cortex as a black dot along with the 

indices representing the patch (indicated in red area) as depicted in Figure 7.5.  The 

mean localization error between the recovered source and the ground truth locations of 

the patch is calculated and found to be equal to  2.46 𝑐𝑚.  

 

Figure 7.5 Mapping the recovered source (appears as a black dot) from the Steepest Descent 

7.3 Localization using SAFFIRE Algorithm:  Results and Discussion  

To compare the results obtained from the Steepest Descent, the SAFFIRE 

algorithm is applied over the spike’s peak region bounded by the two blue lines 

indicated in Figure 7.2. And the obtained power spectrum is indicated in Figure 7.6 
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from which it can be seen that there is one active source responsible of the generated 

simulated spike and it is the same as the one recovered by the Steepest Descent 

algorithm.  

 

Figure 7.6 SAFFIRE power spectrum for the simulated epileptic spike 

 

Therefore, the mapped recovered source, which is indicated in Figure 7.7, is at 

the exact location as the one obtained for the Steepest descent and thus an equal 

localization error of 2.46 𝑐𝑚 is achieved. 

 

Figure 7.7 Mapping the recovered source (appears as a black dot) from the Steepest Descent 

The achieved results explain that both the proposed Steepest Descent algorithm 

and the SAFFIRE algorithms are able to recover the same location of the source for the 

simulated epileptic spike, however the length of the segment needed to get a 

distinguishable power spectrum is larger than the segment used for the SAFFIRE.  
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Chapter 8. Conclusion and Future Work 

 

8.1 Conclusion 

In this thesis, the main objective is to localize and track the spatiotemporal 

dynamics of epileptic spikes corresponding to both a fixed spatial source and a moving 

spatial source.  Two methods are used, namely a Source Affine Image Reconstruction 

(SAFFIRE) algorithm and a proposed Steepest Descent algorithm. 

 SAFFIRE is a high-resolution non-parametric Imaging technique based on the 

recursive implementation of the minimum mean square error (MMSE) estimation. The 

SAFFIRE algorithm was applied on consecutive non-overlapping temporal windows 

sliding over a synthetic EEG signal.  The synthesized EEG signal within these windows 

was assumed to originate from two active sources with various scenarios describing the 

spatiotemporal behavior of them. The SAFFIRE results showed the ability of the 

algorithm to recover the two sources with a high resolution even if they are spatially 

close to each other. Moreover, the results for moving sources indicate the ability of this 

algorithm to track moving sources.  

On the to other hand, the proposed Steepest Descent is a well-known method 

based on iterative searching of a solution for the optimization problem. The solution 

involves choosing an appropriate step size of the negative gradient of the cost function 

and updating the solution estimation by incorporating this step size with the previous 

estimated solution. The main reason behind proposing this method was to obtain a new 

estimation of the source vector with each newly received data sample.  A simulated 

EEG signal with an active fixed source of different amplitudes was used to confirm the 

relation between the signal norm and the step size as well as met the convergence of 

the power spectrum. Then the Normalized Least Mean Squared (NLMS) based Steepest 

descent was proposed. The performance of the proposed Steepest Descent was 

investigated for 3840 different source locations.  It was found that the algorithm gave a 

mean localization error of 1.52 ± 0.036 𝑐𝑚 with 95% confidence interval.  

Moreover, the effect of forward model uncertainties was investigated for both 

SAFFIRE and Steepest Descent algorithms. The superiority of the SAFFIRE algorithm 

over the Steepest Descent method was confirmed under the presence of 25% 

uncertainty in the forward model. The former algorithm gave an average error of 1.34 ±

0.047 𝑐𝑚  compared to 2.07 ± 0.044 𝑐𝑚 for the later algorithm.   
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Furthermore, a moving epileptic source scenario was simulated, and the 

performance of both algorithms were investigated and compared in terms of 

localization error and computational complexity.  

 The results indicated that using a sliding window length of one sample gave a 

localization error of   0.9 ± 0.05 𝑐𝑚  and  1.69 ± 0.06 𝑐𝑚 for SAFFIRE and Steepest 

Descent algorithms, respectively.  

However, the time needed by the SAFFIRE to finish the computation for the 

whole simulated EEG data is higher by 9-folds with respect to the Steepest Descent.  

Finally, the two algorithms were applied on simulated epileptic spikes for a 

high-density EEG system (i.e. a system of 256 electrodes). Both algorithms recovered 

the same source, which was then mapped on the cortical surface and compared with the 

ground truth locations. This suggests that both methods converge to the same results 

when using large number of electrodes.    

8.2 Future work 

The work in this thesis can be extended in various ways:  

8.2.1 Modification on the SAFFIRE algorithm. An important regularization  

term in the SAFFIRE algorithm is the noise correlation matrix 𝑹𝒗. In EEG 

measurement, the noise is estimated from a pre-stimulus segment of the signal where 

there is no evoked response. This estimated noise is used to calculate a single noise 

correlation matrix that is used throughout the entire temporal windows.  However, in 

order to improve the performance and get better results, it is good to calculate a new 

noise covariance matrix for each time window based on a signal segment that is 

obtained from a previous window. This is important since the real EEG measurements 

are acquired in a low signal to noise ratio environment, thus making the source 

estimation problem more challenging. 

8.2.2 Varying the number of electrodes.  Brain source localization using the  

Steepest Descent can be performed using different number of electrodes and can be 

then compared to the SAFFIRE algorithm. The spatial resolution can be compared to 

determine whether investing in a denser recorder is worth the cost. 

8.2.3 Two moving sources.  After simulating a moving source scenario, a  

further step could be taken to simulate two moving sources and investigate the 

behaviour of the proposed algorithm. 
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8.2.4 Realistic data. The performance of the proposed method can be  

investigated using real EEG data recorded during evoked response experiments. These 

recordings are elicited from predefined locations based on the type of the stimuli. 

Therefore, by knowing the type of the experiment being performed, the results of the 

proposed algorithm can be compared to other source localization techniques. Then after 

being satisfied with the results, the proposed algorithm can be applied to real EEG 

recording from epileptic patients. 
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