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Convergence rate of regime-switching trees
Guillaume Leduc* and Xiangchen Zeng

ABSTRACT. Considering a general class of regime-switching geometric random
walks and a broad class of piecewise twice differentiable payoff functions, we
show that convergence of option prices occurs at a speed of order O (n*'B),
where 8 = 1/2 when the payoff is discontinuous and 8 = 1 otherwise.

1. Introduction

The acclaimed Black-Scholes model is the common language of security deriv-
atives, and option prices are quoted using this model. In spite of this unparalleled
triumph, the Black-Scholes model suffers from well known shortcomings. One of
them is that the risk-neutral rate r and the volatility ¢ should not be constant.
The regime-switching model provides an enhancement of the Black-Scholes model
which alleviates this problem. In this model, the market-related price-determining
parameters 7 and o of the Black-Scholes model are jointly determined by an ex-
ternally driven market-related regime. While there can be several different forces
acting on the price of an option, in this model one force (regime) is a dominating
factor in setting the price, and the state of this regime is modelled to switch back
and forth between finitely many modes. For instance, this could be the changes
in preferences of the market agents [24] alternating between bullish and bearish
expectations [14, 16] or, as in [2], alternating between good and bad. It can also
be a business cycle [4] recurring from expansion, transition, and contraction. This
price-driving force can also be determined by a hidden Markov process such as
inside trading [5]. Numerous papers highlight that the regime-switching model is
better than the Black-Scholes model in capturing the fat tails exhibited by empiri-
cal financial returns [7, 6, 12, 8, 20, 3]. In regime-switching models, asset prices
evolve according to models determined by the state of some recurrently-switching
regimes which are driven by unobserved factors resulting in stationary regime-state
changes following each other independently.

In its simplest form, the regime has two states, 1 and 2, and the risk-free rate
and volatility are fully determined by this state. For simplicity, this paper focuses
on two-state regime-switching models. In an abstract form, a (two-state) regime-
switching model = := = (a,f 1,52) is composed of three independent components:
a stochastic model a; governing the state of the regime, and two independent
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underlying asset stochastic models & and &2. Starting in a regime-state ag = a
and at a spot price =y = z, the value =; of the underlying asset matches the
value of &, that is Z; = £, until the first regime-switching occurs at time 7 =
inf {t > 0: oz # ap}. From that point on, the asset grows according to 53”, that
is 2 = (En) (E?” /fTal”), until the regime-state changes again at time 75. The
process then continues as Z; = (Z,,) ({f = /53;2) until the regime-state changes
once more, and this scheme repeats itself forever.

In the "Black-Scholes" regime-switching model the two underlying stochastic
processes, £ for a = 1,2, follow the Black-Scholes model with parameters r,, o,
while regime-state changes follow each other after waiting independent exponen-
tially distributed times, the average waiting time being 1/\, when the regime is in
state a.

Let T be the maturity of some security derivatives, and let (T/n)N be a
discretization of the time interval. It is natural to be interested in discretiza-
tions of the Black-Scholes regime-switching model, namely piecewise constant ap-
proximations EE") of Z;. These approximations include binomial and trinomial
trees which are essential to price options for which a closed form solution is in-
existent or computationally complicated such as in the case for American op-
tions. Taking again a high level and abstract view point, we will say that a sto-
chastic process 2™ := Z (qn, 1) ¢2M) is a partially discretized version of
the (Black-Scholes) regime-switching model Z := = (o, &', £?) if the parameters
an, £m) €2n) are either discretizations or identical versions of their correspond-
ing parameter in Z. A full discretization occurs when all tree parameters of =(")
are discretizations of their limiting =-counterparts.

In the trinomial tree method for the Black-Scholes regime-switching model, the
two underlying stochastic processes, £ for a = 1,2, are each approximated by a
trinomial tree £*™ for a = 1,2. Furthermore, given that the regime is in state
a at time ¢ € (T/n)N, the probability that it changes state at time t + T'/n is
1 —exp (—A\T/n). Recall that a self-similar trinomial tree S™ can be seen as
a stochastic process which at every positive time ¢ in (7//n) N, has a probability
pe of jumping from its current state St(n) to the state St(n)un, a probability p? of
jumping to the state St(n)dn, and a probability 1 — p — p? of jumping to the state
St(")mn, for some 1y, dy,, my > 0.

Trinomial tree methods for regime-switching models have been studied in sev-
eral papers. Bollen [1] presents a lattice-based method for valuing both European
and American-style options and suggests that the regime-switching option values
better match implied common volatility smiles in empirical studies. A discretiza-
tion of the Cox-Ross-Rubinstein type for the regime-switching model is displayed
in Guo [5]. Khaliq and Liu [9] compare an implicit schemes with a tree model
that generalizes the Cox-Ross-Rubinstein binomial tree model, and with an ana-
lytical approximation solution for the two-regime case described in Buffington and
Elliott [2]. Liu [13] designs regime-switching recombining tree. Yuen and Yang [23]
present a fast and simple tree model to price simple and exotic options in Markov
regime-switching models with multiple regime-states. Yoon et al. [21] develop a
lattice method for pricing lookback options in a regime-switching market environ-
ment. Fuh et al. [4] provide a closed-form formula for the arbitrage-free price of the
European call option, and use a tree method, among others, for calculating prices.
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Liu [14] introduces a lattice tree method for pricing financial derivatives in a regime-
switching mean-reverting model. In Liu and Zhao [16] a lattice approach for option
pricing with two underlying assets whose prices are governed by regime-switching
models is developed. Yuen et al. [22] incorporate the regime-switching effect in a
discrete time binomial model for an asset’s prices via the “self-exciting” threshold
principle. Costabile et al. [3] present a binomial approach for pricing contingent
claims when the parameters governing the underlying asset process follow a regime-
switching model. A tree approach to options pricing under a regime-switching jump
diffusion model is exhibited in Liu and Nguyen [15].

These natural questions arise: at what speed do option prices converge under
typical trinomial tree discretizations? How does this convergence depend on the
smoothness of the payoff?

Recently, Ma and Zhu [17, 18] investigated the speed of convergence of Eu-
ropean options under Yuen and Yang’s trinomial method [23]. The authors con-
sidered a European option with maturity 7. Letting a € {1,2} represent the state
of the regime, and S be any node of the trinomial tree at time t; = Tk/n, they
denote by ¥ (S) = V (S, t,a) — V¥ (S, a) the difference between the option under
the regime-switching model and the same option under the trinomial tree method
when the regime-state is a, the spot price is S, and the time is ¢, = Tk/n. In
the main result of their paper, Ma and Zhu state that, for kK = 1,...,n — 1 and
a=1,2, EEHOO =0 (n7'), where HEZHOO = maxX_n<j<n |eh (9;)| and S; = u? .
Unfortunately, Ma and Zhu do not specify any conditions for the payoff function.
Their main result and its proof are only valid for payoff functions which are smooth
enough and subject to boundedness conditions. This excludes call options, put op-
tions, binary options, and even payoff functions such as f (z) = 2. To explain this
in the simplest manner, we will assume that o1 = o5 and r; = ro which brings us
back to the Black-Scholes model with the parameters 71, 01. Furthermore, as in Ma
and Zhu, we set

o :=max (01,09) + (\/1.5 — 1) # =+/1.507.

Define A; = o/o1 > 1, and let Sy = 1. In this special case, Yuen and Yang’s
trinomial tree becomes an ordinary trinomial tree approximating the Black-Scholes
model with parameters 1, 01. More specifically, with At :=T/n,

— eAlcrl\/At — ea\/At’m — ]-7d — e—Ala'lx/At _ e—U\/At

u b
erth _ 6*1\101\/5 _ (1 _ (A11)2> (1 _ 6*/\101\/5)
Pu= eAlﬂl\/ﬁ _ 6—1\101\/5 ’
e1\1Cf1\/ﬁ _enh _ (1 _ (A11)2> (GAIUI\/E _ 1)
Pa= eAlle\/ﬁ _ €—A1<T1\/E ’
1
Pm=1— .
" (Ar)?

First, consider the smooth payoff f () = z2. It is easy to see that

el (2) = 2% (D).
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As pointed out in section 8 below, the Yuen and Yang model satisfies equation (8.3)
below and, with v = 2,

e (1) =0 (n2).

Therefore,
e [ (8] = _mae [82][e2 ()] 2 520 (n72) = VTVIO (n2)

and obviously
lim 2VTVrO (n™?) = .
Hence Hag—lum fails to be O (n™!) as it is actually unbounded! Second, consider

now the case of a call option with K = 1 = Sy, where K is the strike. For
So = d = exp (—A101 v At) < 1 it is clear that the price (discounted expectation)
in the one-time-step trinomial tree (maturity At) is zero; on the other hand, the

price BS(d, At) of the call option in the Black-Scholes model with a maturity of
At and a spot price of Sy = d satisfies

AT VA 2
BS (e_A“’l At,At) = Tt (20’16_A1 + /mo1 A erf (Al)) + O (AY),
T

showing again that

[t ez 0(n72), i O (7).
Finally, using the Berry-Esseen theorem, [11] proves that for digital options

sup ’5(1) (z)] =0 (n*%) ,
x>0

which again does not match the main result in [17]. These three examples show
that Ma and Zhu’s result [17, 18] fails unless conditions are put on the payoff
function.

The reason for these problems comes from the use in Ma and Zhu [17, eq.
(18) and (19)] of Taylor’s theorem to compute V (S;,tx,i) — V (Sj,tk+1,4) and
V (Sjs1,tet1,t) — V (S, tes1,19), requiring that the reminders be of order O (Atg)
uniformly in tp and S;. Unfortunately, for this to be true, the payoff function
should be sufficiently smooth and subject to boundedness conditions. Indeed, still
considering the case of the call option (a non-differentiable payoff) when the two
regimes are identical (Black-Scholes with parameters r1,01), and letting BS (S, t)
denote the value of the option in the Black-Scholes model at time ¢ and spot price
S, it is easy to calculate that

BS (K,2At) — BS (K, At) + (;BS (K, At)) At

_ VarEe (2v2-1) + 00,
T
which contradicts [17, equation (18)] when ¢, = (n — 2) At.

In summary, both the result and Ma and Zhu’s proof [17, 18] can be valid
only for options with smooth payoff functions subject to boundedness conditions,
excluding the most interesting cases which only have a piecewise smooth payoff
function such as put options, call options, and digital options.
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This problem is addressed in this article and constitutes its main result. We
show that for a broad family of piecewise smooth payoff functions (including call,
put, and digital options) and for a large class of discretizations of the two-state
regime-switching model, convergence occurs at a rate of O (n‘l) for continuous
payoff functions, and at a rate of O (n"1/2) when the payoff is discontinuous. These
discretizations include, but are not limited to, trinomial trees and other lattice
methods. In particular, Yuen and Yang’s trinomial model [23] falls under our
setting.

2. Settings
This section describes the building blocks on which this paper relies.
2.1. Payoff function class. We say that a function A is piecewise C'"™), for
some integer m > 0, if there exists countably many intervals J, := [B, Be41),

Bo < 1 < ..., forming a partition of [0,00) and functions hy extendible to be C(™)
on the closure of Jy, such that

h(z) = Z he (x) L180,8041) (z).
=0

We use I to denote the identity function, that is I (z) := z for every z. Given
an integer k, we set I¥ (2) := z*¥. We denote by K™ the class of piecewise C(™)
functions such that h, IR, ..., I"h™) have a limit at infinity and are of bounded
variation over [0,00). Clearly, for any h € K™, functions h, Ih/, ..., I"™h(™) are
bounded and we define a norm ,, on K™ as

s (h) = Em: (TV (I’“h(’“)) + kah(’f>Hoo)

where TV (g) is the total variation of g over the interval [0, c0).

2.2. Black-Scholes discretization. Let t,, := T'm/n, for m = 0,1, .... In
this article, the Black-Scholes model is discretized using geometric random walks.
These are piecewise constant stochastic processes {§ (")} of the form

[nt/T]
(2.1) " = g exp > Xl |
k=1
with random variables X, [tx—_1, tx] independent and identically distributed as
X, x,[0,7/n].

We consider only discrete approximations {£(™} of the the Black-Scholes model
with parameters r and o for which the following assumptions on X, hold:

(A1) B (X,) = % <(7~ - %02) +0 (n—%)) ,

(A2) oS SFar () = \/Z (o0 (n ).
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Furthermore, for every real constant -y,

(A3) E (exp (vX,)) = exp (;:7 (2r —o® + 02’y)> +0(n7?),

B (e (7\/?;(» —o().

For binomial trees, it was shown in [11] that all put options, all call options, and
all options with polynomial payoffs converge at a rate of n~! to the Black-Scholes
price with risk-free rate r and volatility o if and only if assumptions A1-A4 hold.

REMARK 1. In a risk-neutral setting, the price of a European option coincides
with the discounted expectation of the payoff at maturity. Assumption A8 amounts
to what is called quasi risk neutrality in [11], where the discounted expectation of
the asset price over an interval of time of size T'/n is equal to the spot price plus
an error of order 1/n?. For mere simplicity of the presentation, we will assume in
this paper that &' and €2 are risk-neutral.

2.3. Regime-state discretizations. Recall that «;, the regime-state sto-
chastic process, is piecewise constant which values in {1,2}, and it changes value
after waiting independent exponentially distributed times, the average waiting time
being 1/\, when the regime is in state a. In this article, we will approximate oy
by a piecewise constant process «j which, at every time step t,,, changes from
state a € {1,2} to state a’ # a with probability p?, and remains in state a with
probability 1 — p?. One possible instance of ' is the process which changes state
at time t,,,, m > 1, if and only if o; experiences at least one jump in the interval
(tm—1,tm]. In this case p* = 1—exp (—A,T'/n). We will call this specific instance of
of the default discretized regime-state space. It differs from the snapshot discretized
regime-state space af defined as

oo
a? = Z atml[tnutnh{»l) (t) :
m=0

Note that, on any trajectory ¢ — a; where a maximum of one jumps occurs in any
interval [t;,—1,tm), m = 1,...,n, we have
sup |ay —a"| =0.
0<t<T

Throughout this paper we use A = A1 V Ag. Furthermore, for every 0 < s < ¢,
N [s,t] denote the number of jumps of ¢y in the interval [s, t], while Ny [s, t] denote
the number of jumps of a Poisson process with intensity A in the same interval.
Recall that for any 0 < s < T, Aas; = ag — as_.

We will denote by A the event that, over the interval of time [0, T], the trajec-
tory t — a; has a maximum of one jump in any interval (¢,,—1,%m]. That is

(2.2) A= Ay,

where

Ap =< w: Z [Aas] <1
tm—1<5<tm
Consider now the probability of the complement A¢, of A,,, that is the probability
that over the interval (¢,,—1, t,n] the trajectory ¢ — «; has at least two jumps. Note
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that P (AZ,) is smaller than the probability that ¢ — N[0, ¢] has at least two jumps
over the same interval. Hence,

P(AS)<1—e <1+ (AT)> =0(n?).

n

It follows that

(2.3) PA)=1-0((n""),PA)=0(n"").

This allows us to define the pseudo discretized regime-state space, &, as
oy =140 +1gc0.

While this stochastic process is neither a discretization nor a Markov process, it
plays an important role in this paper because it is precisely equal to the default
discretized regime-state space af except on some ‘negligible’ event of probability
o (nil). It allows us to strictly focus our efforts only on those ‘non-negligible’
trajectories in A.

2.4. Occupation time random variables. Throughout this paper, the ma-
turity T is fixed. For a € {1,2}, the occupation time random variable L, is, by
definition, equal to the total time spent in state a by the regime-state process oy
over the interval [0, T]. Hence,

T
L, = / 5 () dt.
0

Note that 0 < L, < T, L1 + Ly =T. We define in the same manner L, EZ and
L” to be the occupation time random variables of !, @, and @?. Recall A from
section 2.3, the event that over the interval of time [0, T, the trajectory ¢ — «; has
a maximum of one jump in any interval (¢,,—1,%,]. Obviously,

Ly-L;

= sup 1|7 -1 I — La|.

0<t<T

0= sup 14
0<t<T

= sup 1lge
0<t<T

It follows that, for any bounded measurable function f,
E(f (1, 1) =B (f (L,15)) + 1. 0 (n7")
=B (f(T015)) + 1/l 0 (0.

3. Option price closed-form formula

Throughout this paper, the price of a Furopean option refers to the discounted
expectation of the payoff at maturity. The purpose of this section is to introduce the
notation related to expectations and discounted expectations of regime-switching
models. Furthermore, we give a closed-form formula for the regime-switching Black-
Scholes model. Here again = := = (04,51,52) is a regime-switching Black-Scholes
model, and ™ := 2™ (qn, 17 £27) is a partial or full discretization discretiza-
tion of =.
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3.1. Black-Scholes model. We denote respectively by ES and E$", the con-
ditional expectation given that £§ = z and &' = x, where a is the regime-state,
a = 1,2. Additionally, for any payoff function 1), we denote the discounted expec-
tations of the payoff under a Black-Scholes model, £%, and its discretization, £*™,
by

a def -7y a a
EfY () = e EL (Y (§])),
a,n def —Tq a,n a,n
EXM (x) = e BT (Y (687)) -
3.2. Regime-switching Black-Scholes model. In the Black-Scholes model
the price of an asset & satisfies
dff = Tafgdt + O—aggtha

where W is a Brownian motion. Assuming that £§ = 1, this solves as

1
&' = exp (UaWt“ + (ra — 203) t) .

On the other hand, in the regime-switching Black-Scholes model the price of an
asset =; satisfies
d=; = (ra,) Eedt + (04,) EedWy

for some independent Brownian motion W;. This solves as

¢ o2 t
E = Zpexp </ (T% — O‘) ds — / (Cu,) dWS>
0 2 0

1
= ZolI2_, exp (an}fa + (ra — 202) La>

= 1 (2
= ‘—‘0§L1 5[/2
where L, := L, ([0,t]) is the occupation time in state a over the interval [0, ¢], that
is,
t
L, = / 0q (crs) ds.
0
Now for any payoff function v, let us denote by £:1) (a, x) the discounted expectation
of the payoff ¢ (E;) at time ¢ given that (cg,Z9) = (a, ). Furthermore, we denote
by EX1 the expectation with respect to Ly given that oy = a. To avoid unnecessary

complications we sometimes simply use F to denote the expectation given the initial
value of the stochastic processes involved. Then,

(3.1) E(a,z) = E (e e 2y (2€] €7))) -
Moreover, because of the independence of Ly, £' and £2,
& (a,2) = Bt (By [e P B} {em2"2y (261, €2,) }])
= B, (By [e7 M €7, h (261,)])
=By (€1, (€1,h) (@)
In a similar manner,
Evp(a,w) = By (€1, (EL,h) (@)

Note that random variables L; and Ly are related by L + Lo = T'. Furthermore,
Ly and Lo have a density. We denote by fl (¢) and f2 (¢) the density functions of
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Ly and Ly given that ag = a. A closed form formula for f!(¢) and f2 (t) can be
found in [19, 5, 4, 3]. Then,

T T
&b o) = [ € () @)1 0di= [ eh, (€) () £2 0.
0 0
It is easy to see that & (£2_,h) (z) = &; (h) (x), where & (h) () is the price of an
option in the Black-Scholes model with maturity 7', spot price z, payoff function
h, risk-neutral rate r, (t), and volatility o, (t) where

t T—1
re () = T + 7 T2
t T—t
o2 (t) = TO’% + TU%.

This is a simple reformulation of a formula in [19, 3]. As in [24], it produces a
closed form formula requiring only one integral,

T
(32) &b (a,a) = [ &8 () (@) 12 (1)
0
In particular, for a European put we get
& (h) (x) = @ (=d5 (1)) Ke T — & (=d (1)) z,
. 1 T a2 (t)
di(t) = W <ln<K> + <r*(t)+ 5 >T>,
dy () = di (t) — 0. (t) VT
For the digital put option we have
& (h) (z) = e T (=d; (1)) .

REMARK 2. Let L be any measurable subset of [0,T] and L€ its complement.
Clearly,

Ext (a,3) = / 11 (5) EX (€2 ,h) (@) £ (s) ds

+ / e (5) L (E2,h) (@) f1 (s) ds
0

or, written differently,
t
&b (a,0) = [ 119 EL(E2.10) (&) £ (5) ds
0

+/ Lie (s) &R, (EXR) () fa (s)ds.

0

Analogue expressions are valid for the expectation and conditional expectation with
respect to some partial or full discretization Z() . In particular,

& (a,w) = B (e ey (agpredr))
_ph (1IL (Ly) b (53%) (x))

+EN (1LC (L) e (5;’1:%) (:r)) .
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where Ef? 1s the expectation with respect to the random variable LY, given that
g = Q.

4. Outline of the paper

Given a regime-switching Black-Scholes model = := = (a,fl,fz), this paper
considers the following families of partial and full discretizations: =) == (a", &g 2)
and 2™ = = (am, &7, €27, where ¢1" and £%™ are discrete approximations of
Black-Scholes models &' and £2 satisfying assumptions A1-A4, and where o™ is the
default discretized regime-state space of section 2.3. In section 5, we show that for
an option with payoff h in K, the pricing error resulting from using model =)
instead of the regime-switching = is of order O (n’ﬁ ), where 5 depends on whether
or not h is continuous. More specifically, we show that, given an initial state of the
regime of a and a spot price of z, if £'h (a,z) and EPh (a,z) are respectively the
discounted expectation of the payoff at maturity ¢ under model (™ and =, then
there exists a constant (), which does not depend on h or x, such that

‘&/h (a,z) — éA't"h (a, q:)‘ < x2(h) Qn=7h,

where 8 = 1/2 if h is discontinuous and 8 = 1 otherwise. In section 6, we show
that for the same option, the pricing error resulting from using model Z(") instead
of model =™ is of order O (n_l) when h is continuous but of order O (n_l/Q)
otherwise. More specifically we show that there exists a constant @, which does
not depend on h or z, such that

€7 a.2) = &1 (a,2)| < xo (W) Qn ™7,
where = 1/2 if h is discontinuous and § = 1 otherwise. This proves that
&R (a, ) = Eh (a,2)] < x2 (h) Q™7

where 8 = 1/2 if h is discontinuous and § = 1 otherwise. In section 7, focussing on
payoffs of the form h(z) = 27, for any real 7, we show that there exists a constant
@, which does not depend on h or x, such that for every z > 0,

|EP R (a, ) — Eh (a,z)| < QxIn L.
In section 8, we explain how the trinomial method of Yuen and Yang [23] corre-
sponds to the a full discretizations of the form Z(") := = (a”,él’", 52’”) where &7
and £2™ are discrete approximations of the Black-Scholes models ¢! and £2 satisfy-
ing assumptions A1-A4, and where ™ is the default discretized regime-state space.

Section 9 provides numerical results illustrating our findings. Auxiliary results are
found in Section 10.

5. Partial discretization error

Here we investigate the error resulting from replacing the parameter a in
Z (o, &', €%) by a™. This can be seen alternatively as replacing L, by L” in the
price formula (3.1). More specifically, we show the following:

PRrROPOSITION 1 (Regime-state discretization error). Assume that properties
A1-A4 hold and let h belong to K. Then,

B(emHem i (aehy6hy ) ) = B (e e 0 (a61,6,)) +xe (WO (n7)
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where the O (nil) term is uniform in h and x.

PRroOF. Recall fz and A from section 2. Because h is bounded, because fZ
coincides with L7 on A and because P (A¢) = O (n™!), it follows that

(et ) = ()
+x2(R)O(n7h).

Note that, from Lemma 1,

(5.1) E (
(5.2) P < "

n

L, — L,

a

)=0@m™),
> Z;) =0 ().
Define Ly < {; > Z} and its complement Ly 2 {L, > Z}. Recall that
E (e_“Ll e rlap (mgi?gig)) —E (e—wf? 11, Ebuh (x fn))
+E (e—ﬁf’f 1,62,h (ng?)) ,
-5 (1L15%;5%?h (x))
+ B (10,8582, 0 (2))

L, — L,

a

The above equations remain true with f? and f; replaced with L; and Lo. Hence
we only need to show that

(5.3) E(e*”LZl]LlEl (:E{Ln)) E (e P21y, €] h(2€3))
+x2 (R) O (n7h),

B (e F,e2h (agh: ) ) = B (e M 1,8, (agh, )
+x2(h)O (n7h).

The two cases are symmetric so we need to prove only the first equation. From
Taylor’s theorem,

e s6hy) = et sehy) e, [ i (s

Note that according to Lemma 2,

0
supsup || =& h(2)|| =0 (1) x2(h).
> 200t o
Hence,
L1 a
| g h(xg%;) <o) ‘Ll L1

Thus from (5.1),
E(1ne B etn (062, ) = B (1u,e el b (262, ) + x2 () O (n7?)
—E (1L15%35i1h (x)) +x2 () O (nY)
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Hence, in order to prove (5.3), we need only to show that
E (1L15%;5i1h (m)) = E (10,26} h(2)) +x2 (h) O (n71).
Now let
/ T TN
L, = {L; > 5}0{L2 ZLQ},
T —n
L/ = {L, > §}H{L2 <Ly}

Because Ly is the disjoint union of L] and LY, in order to establish (5.3), we only
need to show that

(54) E (hul &2, (3,h) (ax)) — E (1, €, (EL,R) (2)) + x2 () O (1),
E (10482, (€1,h) (@) = B (1y€2, (€1,0) (2)) + x2 (1) O (n7Y),

The two cases can be treated in a completely symmetrical manner: using Taylor’s
expansion around xé%n in the first case, and around x{%Q in the second case. We
2

will leave the second case as an exercise for the reader. Note that in order to
establish (5.4), that is,

B (T el b (ve2)) = B (e P18l h (262,)) +x2 () O (7).

we can replace e~ 212 by e~"2L2 on the right hand side, that is, we only need to
prove that

(5.5) E <€_T2L2 14 €L, h (955%;)) =K (G_T'QL2 1, €L, h (%i))
+x2(h)O (nfl) .

Indeed, it easily follows from (5.1) that

E (efrzfé‘ 1, &} h (xg§2)) =B (e7t21y, €] h(2€3))) + Bl O (n7h).
Using Taylor’s theorem, we write

eIy e b (agd,) = ¢ Py EL b (agdy )

T n a
—roT, 1 2 2 2
ey e (06 ) (w63, - 22, )

—n w&iz 52
4 e T2l: i8] / (Wé'ilh (z)) (z -z %;) dz.

€2,

To obtain (5.5) we will show that the expectation of the last two terms has the
form x2 (h) O (n™'). Let us denote

ALZ = L2 — f;,
_

2
éALQ T 52 .
Ly

Note that, as AL, = L, —f; > 0 on L. Basic properties of the geometric Brown-

. . =2 .. . . C
ian motion guarantee that {,, is independent of §%n and identically distributed
2
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as £a,. Obviously,
6, (s62) b
v}, - 0€d, = w62y (Ear, — 1)

The independence of §%n and EQA L, gives that
2

oI 0 —2
‘E (e L5y, (axsilh (xg%) x§§n> (gALz - 1))'
LT 0
E (6—72L2 11Ll (8 ng (xé-L ) wa )> ’ ’E fALQ )‘
Invoking Lemma 2 we achieve
s 0 )
E (e Filyy 1 h (262, ) aedy (Ear, - 1))‘ 2 () |E(&., - 1)
= x2 (h) ’E emAke )‘
=x2(h) O (1) |[E(rALs)l,

and from (5.1) we conclude that
. =2 _
(B e (st a¢h; (B 1) )| S w0 (o).

Now we define £ as

—n (wf%g)gz Lo 82
L:=E|e 2l 1y /$ : <(‘3x2 L.h (z)) (z - w{%;) dz

£L"

To complete this proof, we need to show that £ = y2 (h) O (n’l). With the change
of variables z = z£2..y we get
2

[—E ( o—T2Ls I /léAL2 6?22 & (fony) (ngny a:gfn) [m&L ]dy>

= F <6T2L;1]L/1 /1£AL2 88225L1 (fony) (ngny> (yy_21> dy) .

On the other hand, according to Lemma 2, there exists a constant ¢ depending
only on the parameters o1,r1,7T such that

agng ()

< Qxz (h).

sup sup |z
L<L<T 220

This gives
5 et o) (o) (55 o

1,
B 1y 1
<@y [ ( - )dy.
1
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Hence,
£1= QW B (1 (nhs, — 1+ (e) )
=Qx2(h) E <1]L’1 (ALQ (r - ;02) —1+exp(—ALy (r— ﬁ))))
<x2(h) O (1) E|AL|
=x2(h)O (n7").

6. Full discretization error
The following theorem is the main result of this paper.

THEOREM 1 (Regime-switching discretization error). Assume that properties
A1-A4 hold and that h belongs to K. Let B = 1/2 if h is discontinuous and 3 = 1
otherwise. Then,

£ (a,2) = Eb (a,2) + x2 () O (n77),
where the O (nfﬁ) term is uniform in h and x.
PROOF. Here we want to show that
B (e bip (agpredy) ) = B (e b on (agh, 61,))
+xz2(h)O (7).
First we write
E (e*”L?e*”L?h (xgg;gi’;)) -5 (1L?Z§S§g‘ (5}1%) (x))
1,n 2,n
Vv E (1Lg>%5 ; (ELS, h) (:c)) .
Because ¢2 and ¢! satisfy Al-A4, we obtain from Theorem 3 in the appendix that
sup sup |E"h(2) — ELR (z)‘ =x2(h) O (n7),

L<t<T 220
€ (2) — EPR(2)

sup sup =x2(h)O (niﬁ) .

%StST z2>0

As a result,

E (1%?%5%; (5;3%) (x)) = B (1550637 (81¥h) (m))

E (1L§>%8£;’? (525}1) (l’)) =FE 1L;>%5i’£f (“/%gh) (x))
+x2 (R) O (n77).
Note that for a = 1,2 and for every ¢t > 0, function = — Eh(x) belongs to

C(*) N K2 and, furthermore, thanks to Lemma 2, there exists a constant Q such
that

sup x2 (E'h) < Qx2 (h).
t>Z
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Therefore, from Theorem 3 in the appendix,

1,n o2 1 o2
sup sup |&"Er , h(z) =& &7,
0<t, <% 220

sup sup Si’zlé’%_tmh (2) =& Ep_y h (z)‘ =x2(h)O(n7").

0<t, <L 220

)| = (O (7Y,

m

As a result,

E (15605 (E140) (@) = E
E (1280 (E140) @) = B

Hence,
B (e sigeis)) = B (e iy
+x2 (R) O (n77).
But according to Proposition 1,
E(enHembh (aghuely ) ) = B (T Ee T (agh, €,))
+x2(h)O (n_l) .
We have just proved that
B (e et (aeyeiy)) = B (e Fre T 0 (agh €2,))
+ X2 (h) O (niﬁ) )
as we wanted to. |
7. Polynomial payoffs

THEOREM 2. Assume that properties A1-A4 hold. For every v € R, every
0<Ty <Ty £T, and every x > 0,

sup &7 (I") (a, ) = & (I7) (a,2)| = 270 (n71)

Ty <t<T3
where the O (nil) term is uniform in x.

PrOOF. Fix 0 < T} < Ty < T, choose any arbitrary ¢ € [T}, T3], and let
Ly,Ly, LT, Ly be the usual occupation time random variables over the interval
[0,t]. We have

n(ry _ —r1 LY —ro LY 1,ne2n v
EM (T )(a,m)—E(e 151 g2 be (szT{Lg,) )
L —r LY 1,n v —ro LY 2,n 7)
=B (e () e (g
=B (7 (M W ey (1M ()
and, invoking Theorem 3, we can continue with

= 27E (&L, () (1) €2, (1) (1)) +270 (n7?)
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where the O (n™!) term is uniform in z. Note that for any constant £ > 0
EL(IM) (1) = exp (BaL),
where, for a = 1,2,
1
Ba =5 (y=1) (o5 +2ra)

Recall from (2.3) that L" = L. for a = 1,2 except on a set A with P (A¢) =
o (nil). Hence,

E (g (1) () &2y (1) (1) = B (&4 (1M (1) €2 (I (1)) +0 (7).

Finally,

E (&h () ()&% (M) (1) = B (T T2
= B (M ‘32“‘) +oWE (|I1 - L])
=B (¢, 7, (I7) (1))
+OME (‘L1 Ll‘)
The result follows from Lemma 1. O

8. Yuen and Yang trinomial model

Recall that the Yuen and Yang [23] trinomial model for regime-switching op-
tions is defined by

o >max(01,09),A; = i,
a
U= “r =1l,d=e U\/E,
. erah — g=oVh _ (1 — (Ai)z) (1 — e“"/g)
Pu= N R— ’
L eoVE _ grah _ (1_ " )2) (em/ﬁ_ 1)
Pa = N R— ’
1
P = :
" (Aa)?
where At = T'/n. Assume that at time ¢ € (At) N, the regime-state is af = a and
the asset price is Eg") =z. Let a’ =2 ifa =1 and ¢’ =1 otherwise. In the Yuen

and Yang [23] model, six outcomes are possible at time t+At: (a) with a probability
of (p2) (exp (—A,At)), the regime remains in state a and the asset price jumps up to
za; (b) with a probability of (p% ) (exp (—AsAt)), the regime remains in state a and
the asset price also remains at level z; (c) with a probability of (p) (exp (—AqAt)),
the regime remains in state a and the asset price jumps down to zd; (d) with a
probability of (p%) (1 — exp (—AsAt)), the regime switches to state o’ and the asset
price jumps up to za; (e) with a probability of (p%,) (1 — exp (—A,At)), the regime
switches to state a’ and the asset price remains at level z; (f) with a probability of
(%) (1 — exp (—A,At)), the regime switches to state a’ and the asset price jumps
down to xd.
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We show here that the trinomial trees £*™, a = 1,2, defined by the Yuen and
Yang model fall under assumptions A1-A4. To be specific, for a = 1,2, let X2
be the random variable which takes the value In (u) = o/ At with probability p2,
the value In(m) = 0 with probability p%,, and the value In(d) = —oV At with
probability pj. Tedious but otherwise simple calculations that can easily be carried
out by a computer algebra system give

L,

(8.1) E(X*) = <ra - 2%) At + 0 (A7),

(8.2) VVar (Xa) = oVAL+ O (At%) ,

and for any real constant ~,

(8.3) E (exp (vX3)) = exp (; (At)y (2ry — 02 + Ui’y)) +0 (A7),

(84) FE (exp (’y\/ATtXff)) <exp (|7 o.Ae) = O(1).

Equations (8.1)-(8.4) precisely say that, for a = 1,2, the trinomial tree £*™ approx-
imating £% satisfies conditions A1-A4.

9. Numerical results

To illustrate the convergence behavior of security derivatives with piecewise
smooth payoff functions in lattice methods for the two-state regime-switching model,
we study two different kinds of options. We chose a European put option to repre-
sent the class of continuous payoff functions, and a digital put option, to represent
the class of discontinuous payoff functions. The prices of these options are calculated
using the Yuen and Yang trinomial model. We consider the case where the strike
price is K = 100, and the time to maturity is 7= 1. We choose the interest rate
and the volatility to be r; = 0.04, 017 = 0.25 for regime 1, and ro = 0.06, 02 = 0.35
for regime 2. We set the jump intensity to be Ay = Ao = 2 for both regimes. In
order to cover the three main cases, In The Money (ITM), At The Money (ATM),
and Out of The Money (OTM), we select the value of the initial stock price Sy to
be 90,100, and 110. Numerical errors

Erry h(a,z) = Eph(a,x) — Eph (a,x)

are calculated by subtracting the numerical approximations from the benchmark
value obtained from our closed-form solution (3.2) of Section 3.2. Furthermore,
we examine the value of n® x Err’y. h (a,z) to verify a convergence speed of order
O (n%). As we discussed in the previous section, European put options have a
convergence of order O (n‘l) while the convergence occurs at a speed of O (n_l/ 2)
for digital options. Hence the values of n x Err’:h (a,z) and n'/? x Err’ h (a, z)
should be bounded for these two options.

Tables 1 to 3 collect specific values for the European put option in the ITM,
ATM, and OTM cases. In each situation we illustrate the error starting with either
Regime 1 or Regime 2. We can see that when the spot price is in the money or out
of the money, the Yuen and Yang trinomial model price oscillates around the true
price. On the under hand, when the spot price is at the money, the convergence is
monotone and smooth.
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European put

N Regime 1 Regime 2
Price Error N x Error Price Error N x Error
20 13.6292 -0.0383 -0.7666 14.1202 0.0528 1.0566
100 13.6135 -0.0226 -2.2632 14.1764 -0.0034 -0.3363
200 13.6019 -0.0111 -2.2172 14.1745 -0.0015 -0.2942
500 13.5949 -0.0041 -2.0448 14.1733 -0.0003 -0.1354
1000 13.5906 0.0003 0.2501 14.1710 0.0020 1.9809
2500 13.5917 -0.0008 -2.1103 14.1731 -0.0001 -0.1964
5000 13.5911 -0.0002 -0.9555 14.1728 0.0002 0.8687
TABLE 1. European put option with Sy = 90
European put
N Regime 1 Regime 2
Price Error N x Error Price Error N X Error
20 9.0866 0.0129 0.2581 9.6875 0.1102 2.2045
100 9.0967 0.0028 0.2844 9.7757 0.0220 2.2017
200 9.0981 0.0014 0.2875 9.7867 0.0110 2.2014
500 9.0990 0.0006 0.2894 9.7933 0.0044 2.2011
1000 9.0993 0.0003 0.2900 9.7955 0.0022 2.2011
2500 9.0994 0.0001 0.2904 9.7968 0.0009 2.2010
5000 9.0995 0.0001 0.2904 9.7972 0.0004 2.2009
TABLE 2. FEuropean put option with Sy = 100
European put
N Regime 1 Regime 2
Price  Error N x Error Price  Error N x Error
20 5.9254 -0.0004 -0.0087 6.5337 0.0966 1.9330
100 5.9444 -0.0195 -1.9466 6.6292 0.0011 0.1083
200 5.9333 -0.0083 -1.6644 6.6285 0.0018 0.3694
500 5.9265 -0.0016 -0.7837 6.6279 0.0024 1.1865
1000 5.9266 -0.0016 -1.6215 6.6299 0.0004 0.4090
2500 5.9259 -0.0010 -2.3977 6.6304 -0.0001 -0.3104
5000 5.9252 -0.0002 -1.1108 6.6301 0.0002 0.8830
TABLE 3. Kuropean put option with Sy = 110

Figures 1 to 6 show in detail the relationship between n x Erri h (a, ) and the
number of time steps n, which varies from n = 20 to n = 5,000 with an increment of
1. The oscillations of n x Err7; h (a, ) in the ITM and OTM cases are unmistakable
in Figures 1, 2, 5, and 6. Nonetheless, these oscillations are bounded, illustrating

that the convergence is of order O (n_l). By contrast, while both curves in Figures

3 and 4 are also bounded, they display a smooth and monotone convergence. This

numerically supports a convergence of order O (n’l).
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Figure 4. Sy = 100 and g = 2
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Figure 6. Sp = 110 and ap = 2

The numerical results for the digital put option are similar to those of the
European put option apart from the fact that the convergence speed is of order
@ (n_l/ 2). Tables 4 to 6 show the results for the digital put options when computed
using the same set of parameters as for the put option, the same strike and the
same maturity. From Tables 4 to 6 we can again draw the conclusion that in the
ATM case the convergence is smooth and monotone while in the other two cases
oscillations occur. The relationship between \/n x Errf. b (a,z) and n is displayed
in Figures 7 to 12. Clearly all curves in the plots are bounded, illustrating that the
speed of convergence of digital put options is of order O (n_l/ 2).
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Digital put

N Regime 1 Regime 2

Price  Error \/N X Error Price Error \/N x Error
20 0.6477 -0.0410 -0.1835 0.6355 -0.0389 -0.1738
100 0.6052 0.0014 0.0140 0.5954 0.0012 0.0119
200 0.6040 0.0026 0.0372 0.5942 0.0024 0.0336
500 0.6033 0.0034 0.0756 0.5935 0.0031 0.0693
1000 0.5987 0.0080 0.2517 0.5893 0.0073 0.2318
2500 0.6054 0.0013 0.0629 0.5954 0.0012 0.0578
5000 0.6041 0.0026 0.1812 0.5942 0.0024 0.1669

TABLE 4. Digital put option with Sy = 90

Digital put
N Regime 1 Regime 2

Price Error /N x Error Price Error /N x Error
20 0.4093 0.0606 0.2708 0.4144 0.0567 0.2735
100 0.4423 0.0275 0.2747 0.4457 0.0253 0.2535
200 0.4503 0.0195 0.2753 0.4532 0.0179 0.2534
500 0.4575 0.0123 0.2757 0.4597 0.0113 0.2533
1000 0.4611 0.0087 0.2759 0.4631 0.0080 0.2532
2500 0.4643 0.0055 0.2760 0.4660 0.0051 0.2532
5000 0.4659 0.0039 0.2761 0.4675 0.0036 0.2531

TABLE 5. Digital put option with Sy = 100

Digital put
N Regime 1 Regime 2

Price  Error \/N x Error Price Error \/N x Error
20 0.2943 0.0522 0.2333 0.3069 0.0507 0.2265
100 0.3355 0.0109 0.1091 0.3471 0.0105 0.1046
200 0.3367 0.0098 0.1379 0.3483 0.0092 0.1304
500 0.3374 0.0091 0.2024 0.3490 0.0085 0.1893
1000 0.3419 0.0045 0.1438 0.3533 0.0043 0.1345
2500 0.3456 0.0009 0.0428 0.3567 0.0008 0.0403
5000 0.3438 0.0026 0.1833 0.3551 0.0024 0.1705

TABLE 6. Digital put option with Sy = 110

sqrt(N)*Diff

-0.3

0

500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Number of time steps

Figure 7. Sp =90 and a9 =1
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Figure 8. Sy = 90 and g = 2
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10. Auxiliary results

10.1. Rate of convergence for Black-Scholes discretizations. The fol-
lowing result is from Leduc [11]. Recall that Erry (h) (z) := Eh (z) — Eh (x).

THEOREM 3 (Black-Scholes convergence rate for European options). Assume
that properties A1-A4 hold. Then, for every 0 < T, < Ty < T, and every h in K,

sup sup |Err} (h) (z)] < 552 (h) O (niﬁ) ,
Ty <t<T» 20

where the O (n_ﬂ) term is uniform in h, and where where § = 1/2 if h is dis-
continuous and 8 = 1 otherwise. Furthermore, for every x > 0 and every real
s

sup [Erry (I7) (z)| =270 (1),
T1<t<T»

where the O (nil) term is uniform in x.

10.2. Occupation time discretization error.

LEMMA 1. Assume that L) is either L}, EZ or L, that is L™ is either the de-
fault, snapshot or pseudo regime-state discretization defined in section 2.3. Then,

E(Ly— L) =0 (n7"),

n T —
P<|£a—La|>4)=O(n Y.
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PROOF. Recall event A from (2.2) where the state process oy can have at most
one jump in any subinterval (¢,,—1,t,,]. Then, for any w € A, EZ (w) differs from
L, (w) only by aggregate errors of size less than or equal to T'/n near each jump.
In other words,

~

L' - L,

14 < (T/n)N|0,T7,

for a = 1,2, where N [0,7] is the number of jumps of «; in the interval [0,T].
Furthermore, as af changes state at time ¢, if and only if a; changed stated
during the interval (¢,,—1, ], it follows that

L' — L' =o.

La
Thus,
T
1ALy — Lg| < <n> N[0,T].
Then,
n T T —1
B(AlLy ~ L) < (=) EVO,T) < (=) BV 0,T) = 0 (7).
where Ny [0,T] is a Poisson process with parameter A = A1 V Ay. Therefore,
T AE (14 |L7 — L,

But, according to (2.3), P (A°) = O (n™!), and because |L? — L,| < T, it follows
that

=0 (nfl) .

(10.1) E(Ly — L) =0 (n7),
(10.2) P (|Lg — Lo| > Z) =0(n").

If now L7 is either EZ or L, , then because these random variables are bounded by
T, and because they are identical on 4, which is a set of probability 1 — O (nil),
it follows that (10.1) and (10.2) also hold when L7 is replaced by L. O

10.3. About the norm y; on K®). In the task of controlling the error of
option values under approximations " of geometric Brownian motions (GBM) &,
the norm s is quite practical because it disentangles the O terms from the payoff
function h. This is particularly useful when considering options for which the payoff
function is itself an option value of the form &:h (z).

LEMMA 2. Let & be a GBM with drift r and volatility o. For every 0 < Ty <T
and every integer £ > 0, there exists a constant Q such that for every h € CONK®3),
¢
+>
k=0

0 p OF
sup sup ‘at&h(x) x W&}h(z)

To<t<T >0

) < QXQ (h)a

sup  x2 (&th) < Qx2 (h).
To<t<T

PRrROOF. Let ¢ be the density function of a standard normal random variable,
and let

egf)h(x) — efrt\/ h (xe\/zﬂz+(r—%52)t) QO(J) (Z)dZ

— 00
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According to [10],

(10.3) @ aa—é‘t Za Vi €Oh ().

Note that, for any given integer k > 0,

sup ‘eﬁ’”h(x)‘q\h” / ] (k) ))dzgou)xg(h).

t, x>0 00

It follows, in particular, that for any integer k > 0,

k
xkigt ( )

S Eh@)| <01 xa ().

(10.4) sup sup
To<t<T >0

The Black-Scholes equation

0 0 1 45 502
aé} () =r&h(x) — rac%&/h (x) — J0® @é}h (x)
guarantees that
(10.5) sup sup é&h ()| <O1)xz2(h).
To<t<T z>0 | Ot

Now note that for every t > 0,

TV (eg‘”h) < TV (h) /

— 00

o0

‘W(j)(z)‘ dz.

Hence, it follows from (10.3) that for every integer k > 0,

(10.6) sup TV (ac —Et (z )) =0(1)TV(h) <O(1)x2(h).
To<t<T ozt
Putting together (10.4), (10.5) and (10.6) completes the proof. O
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