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Abstract

Given a p-periodic difference equation 2,411 = fy mod p(%n), Where each f; is
a continuous interval map, 7 = 0,1,...,p — 1, we discuss the notion of folding
and unfolding related to this type of non-autonomous equations. It is possible to
glue certain maps of this equation to shorten its period, which we call folding. On
the other hand, we can unfold the glued maps so the original structure can be
recovered or understood. Here, we focus on the periodic structure under the effect
of folding and unfolding. In particular, we analyze the relationship between the
periods of periodic sequences of the p-periodic difference equation and the periods
of the corresponding subsequences related to the folded systems.
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periodic solutions, periods, cycles, folding, unfolding.
Mathematics Subject Classification (2010): 39A23; 37E05; 37E15

1 Introduction

Let I = [a,b] C R be a closed interval with —oo < a < b < oo, and denote by C([/)
the space of continuous maps f : I — I. Given a p-periodic sequence { f,, },>0 C C(I),
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that is, fn+p, = fn for all non-negative integers n, we consider the p-periodic difference
equation
Tpy1 = folzn), neN:={0,1,...}. (1.1)

It is worth emphasizing here that we use period to denote the minimal period, unless
mentioned otherwise. To stress the role of the maps involved in this p-periodic difference
equation, we use the representation

[f07f17 "'7fp—1]-

If p = 1, then the equation is autonomous and we simply denote it by fy, that is, the
alternated system is reduced to the classical discrete system z,11 = fo(z,), n > 0.
Periodic difference equations of the form given in Eq. (1.1) appears in a natural way in
technical and social sciences related to processes involving two or more interactions. For
the knowledge of the behaviour of the general system, it is necessary to alternate different
discrete dynamical systems corresponding to each period of the process. In this sense,
it is interesting to stress that Eq. (1.1) can model certain populations in a periodically
fluctuating environment [13, 10, 8, 17, 11]. For p = 2, we also find applications related
to Physics [1, 14] and Economy [15, 16] in the context of Parrondo’s paradox [12].
For an initial condition zy € I, the solution or orbit through x, is given by

Ot (xg) :=={xo, 71, 22,...} (1.2)
={20, fo(w0), f1(fo(x0)), fo(f1(fo(x0))), - -}.

Characterizing periodic solutions of Eq. (1.1) has been a topic of growing interest in
the past decade [2, 3, 5, 7, 9]. An orbit O (zy) is called r-cycle if r is the smallest
positive integer for which x,., = x, for all n € N := {0,1,2,...}. Notice that we use
r-cycle rather than “r-periodic solution” to distinguish between talking about the peri-
odicity of the system and periodicity of solutions. We also say r is the period or order
of OF(x9) = (xn), which can be denoted by ordy,, . s _,j(0). By P([fo,..., fy-1]) and
Per([fo, ..., fp—1]) we denote the sets of periodic points and periods of [fo,..., f,—1],
respectively. Note that in discrete autonomous systems if zq € P([fo]), then z,, € P([fo])
for all n, while in periodic nonautonomous systems systems [3], if zo € P([fo, ..., fp-1])
then z,4 € P([fo, ..., fp—1]), where d is the greatest common divisor between p and the
order of (z,,). Throughout this paper, we use ged(p, ¢) and lem (p, ) to denote the great-
est common divisor and least common multiple between p and ¢, respectively. Eq. (1.1)
can be of minimal period p on the interval I, but reduces to an equation of shorter period
on a nontrivial subinterval of I. In such case, it is possible to treat Eq. (1.1) based on
the new shorter period and the partitioned domain. We refer the reader to [2] for more
information about this scenario. However, we consider this scenario to be a degenerate
one and avoid it throughout this paper.



In this paper, we focus on the notion of folding certain maps of Eq. (1.1) to shorten
its period, while the unfolding is used to denote the reversed process. For instance,
suppose that we have a 6-periodic system [fo, f1,..., f5]. We can define the map F :=
fso fio...o fo, then deal with the autonomous equation z,+; = F(z,). Define the maps
Fy:= fiofo, F1 :== fzo fo, Fy := f50 f4, then deal with the periodic alternating system
[Fo, F1, F3]. Or we can define the maps Fy := fy 0 fi o fo and F} := f5 0 fy 0 f3, then
deal with the periodic alternating system [Fp, F}]. One of the main objectives here is to
characterize the periodic structures in all these possible scenarios. The notion of folding
and unfolding was introduced by AlSalman and AlSharawi in [2]. However, we feel it
has not blossomed yet; and therefore, we write this paper to develop further results that
will be used by the authors in [6] to characterize forcing between cycles. It is worth
mentioning here that the results of this paper are mostly based on the combinatorial
structure of orbits, which do not need continuity. However, we assumed continuity of
maps to keep the sittings within our long term goal which is the characterization of
forcing between cycles. In Section 2, we discuss the notion of folding and its effect on
periodic solutions. Given a r-cycle of Eq. (1.1), our main goal is to obtain information on
the periods of the subsequences obtained by folding the initial system. Finally, the notion
of unfolding and its concerning results are provided in Section 3. Here, from a ¢-cycle
of a folded system we obtain information on the possible period of the corresponding
unfolded cycle.

2 Folding in periodic difference equations

Consider the p-periodic equation in Eq. (1.1), and let k be a positive integer. For
7=0,1,..., define the maps

k
F}( ) = f(jk+k—1) mod p © f(jk+k—2) modp © "0 f(jk+1) mod p © fjk mod p- (21)

We simply write /; when no confusion can arise with the value k. We obtain a periodic

wedo [2]. Here, we

are more interested in the case in which k is a divisor of p. Thus, the obtained equation

equation of the form x,,; = FT(Lk)(a:n) with a period that divides

has a period shorter than p, which can be more convenient to deal with in certain cases.
For instance, if & = p, then we obtain the autonomous equation z,,; = Fy(z,), with
Fo = fp-10 fp20---0 fo. Thus, a p-cycle of Eq. (1.1) is a fixed point of Fp, and a
pr-cycle of Eq. (1.1) is an r-cycle of Fy. We formalize this straightforward observation
in the following result.

Proposition 2.1. Let k =p in Eq. (2.1). If (z,) is a pr—cycle of Eq. (1.1), then (xyy)
is an r—cycle of the map Fy in Eq. (2.1).

However, the case is not obvious when it comes to cycles of Eq. (1.1) with periods
that are not multiples of p. We give the following example:



Example 2.1. Consider the 6-periodic equation x,1 = fn(x,), where
folw) =z +1, folz) = folx) + (x = D(z =3), fulz)= folz) - (z—1)(z-3),

h@)=—z+5, fi(z) = file)+ (@ -2)(x—4), fi(z) = filz) - (z—-2)(z —4).
Then, it is straightforward to check that Cy = {1,2,3,4} is a 4-cycle for the 6-periodic
system.

(i) If k=2, then Folr) = Fi(fo(2), Fi(z) = fo(fo(@)) and Fi(z) = fo(fale)). Thus
Cy :={1,3} is a 2-cycle for the 3-periodic system T,11 = F,(x,).

(ii) If k = 3, then Fo(x) = fo(fi(fo(2)) and Fi(z) = fs(fi(fs(x))). Thus, Cy =
{1,4,3,2} is a 4-cycle for the 2-periodic system x,11 = F,(xy,).

Remark 2.1. For simplicity, we are using polynomials defined on R in the concrete
examples that we are giving. However, we can construct similar examples on compact
intervals using the algorithm given in [2].

Observe that the maps F; as defined in (2.1) are structured based on the fact that
the starting time is n = 0; however, we can start at n = m and define the maps

k .
F;(mi = f((j+1)k—1+m) mod p © f((j+1)k—2+m) modp © 'O f(jk+m) mod py J > 0. (22)

Notice that Fj(k) =F ]'(713). When no confusion is possible with the choice of k, we will write
)

J,m

0,1,...,k —1, of periods py, dividing 2.

= F7". In this way, Eq. (2.2) gives the periodic equations z,1 = F"(2,),m =

Next, define the set of positive integers
Ay ={m ez : lem(m,p) =p-q}. (2.3)
We recall the following useful properties for positive integers a, b and ¢:

a-b=lem(a,b) - ged(a,b), (2.4)

lem(a, lem(b, ¢)) = lem(lem(a, ), c). (2.5)

We write alb to denote that a is a divisor of b. If a|c, we have

a - lem(b, E) =lem(a - b, ). (2.6)

a

Thus, Eq. (2.4) allows us to rewrite
A,y ={meZ": m=ged(m,p)-q}. (2.7)
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It is worth mentioning that Z*t = U,A4, ,, and those clusters of positive integers were used
in [2, 5] to characterize the forcing between periodic solutions of Eq. (1.1). The structure
of the clusters A,, has been clarified in [5, 3]. However, the following proposition
describes an arithmetical procedure for finding the elements of A, ,.

Proposition 2.2. Let p,q, be positive integers.

(i) If ged(p,q) > 1 and {as,...,a,} is precisely the set of primes appearing in both

gt by adrcl!

the decompositions of p=ai*...a and q = a‘il arelt...c)t, then

Ay, = af o qfnton e {divisors of BT b}
= ¢-aS ... a% - {divisors of B .. b)Y
i) If ged(p,q) =1, and p =07 .. 0, g =] ... c), then
1 ¢ 1 ¢

A, =clt . .e)t - {divisors of bfl o bft} = q - {divisors of p}.

The next proposition clarifies further the structure of A, ,.

Proposition 2.3. Let k be a positive integer. Each of the following holds true:

(i)p€Ap_p_
(11) If ry # 1o, then Ay, and Ay, are disjoint.

(iii) Let klp. v € Apq if and only if 775 € Ar

kzq

(iv) Let k|p, and fiz a positive integer r. Then

ged(r, p)
ged(r, k)

=

1s an integer given by

el

Proof. The first two properties are immediate consequences of the definition of A, ,. To

prove Part (iii), notice that s = lcmg’k) by Eq. (2.4), and by Eq. (2.6), we have
lem( 75775 7) _ klcm(gcdfnk)a ) _ lcm(gcd(r 5:P) _ lem(lem(r, k), p)
i p p p
~lem(r, p)
p )



where we used Eq. (2.5) in the last equality. Finally, the definition of the sets A, , ends
the proof of Part (iii). Next, we prove Part (iv). From Part (i), we have r € A,
that is,

7"7 .
ged(p,r)

: , )
From Part (iii), we obtain sl € A%,gcd(nm,

(T:k) _ r

gcd( G ,k)) ~ ged(r,p)’

which simplifies to

ged(r, p) p r

acd(r.£) = ged(= = . (2.8)

k> ged(r, k))
[

Next, it is known in [5] that if we have an r-periodic sequence (z,,) in the alternated
system [fo, f1,..., fp—1], then the starting point z is a periodic point of the composition
fp—10...0 fo of (minimal) period m. However, we extract the result here and provide

an alternative proof.

Lemma 2.1. Assume that (x,)n>0 is an r—cycle of [fo, ..., fp-1]. Then zog € P(f,—1 0
..o fo) and ordy, o o5 (T0) = m. Moreover, z; = (fj_10...0 fo)(xo) z's a periodic
point of fj_1fja0...0 foo foo1...0f; and ordy,_ o ofpof, i..of; (x;) = gcd ) for all

j=1,...,p—1.

Proof. Since zy = z, = z, - and Ty = (fp-10...0 fo)gcd@’w (x0), we deduce
gea(r,p P
that z is a periodic point of f,_j0...0 fo and its order t divides . So 7§p|gc A IGTD)

or equivalently, tp|lem(r, p). On the other hand, x4, = (f,—10...0 fo) ( ) = X0, Tipt1 =

fo(xo) = 21, Ttpro = fi(x1) = o, ..., which implies r|tp since (z,) has (minimal) period
r. So, we find that ¢p is a common multiple of r and p. Hence, lem(r, p)|tp. Therefore,

= lem(r, p), and the proof is complete for the point zg. A similar reasoning gives that
the points x4, ..., 2,_1 are periodic with the same perlod for the map f,_10...0

J1o fo. D

Suppose that the p-periodic alternated system |[fo, f1,..., fp—1] has an r-cycle for
some r € A, ,. We are interested in knowing the elements of A%q that are obtained as
periods of the folded system [Fy, Fi, ..., F %_1]. The rest of this section is devoted toward
this task.

Theorem 2.1. Let k be a divisor of p and define the maps F; as in Eq. (2.1). Let (xy)n>0

be an r-cycle of the alternated system [fo, f1, ..., fp-1]. Then (Tgm)m>o0 is an r*-cycle of
[Fy, F1, .. o 1] for some r* € A o with ¢ = m. Moreover, m <r < m,
with r*|m and gcd( |7" Furthermore, if we define the maps F", j =0,1,....k—1,

as in (2.2), then each of the periodic equations x,11 = F}"(x,) has a cycle of period 1}
for some 1} that satisfies the same conditions as r*.!

Note that 7§ is r*.



Proof. Since k|p and (x,) is r-periodic, taking into account

Thi = Troks = Trogbogs kg = Tkl )

we find that (zg,)m>o is periodic for [Fy, Fi,. .. ,F%,l] and its period r* is a divisor of
ngZﬂk)'

yields

Even more, since xg = g+ = Togpe = Tppr = (fp—10...0 fo)" (o), Lemma 2.1

wedlrs] d’("rjp) |r*. To prove that r* € A%,q, use Lemma 2.1 to obtain

*

r

d 0...0 — —7
e e 00 = Lo )

and realize that OI'ngilo.,.oFo (w0) = ordy, jo..0f (z0) = m = q. Thus, Wl%) =4,
that is, r* € A%,q according to Eq. (2.7). The same type of argument applies to the

equations z,41 = F?(z,) and the sequences (Tgnij)n, with j =1,...,k — 1. O

Another way to state the above result is as follows: denote

. . r
max — ng(T, k’)7

and write div(rpax) = {m € N : m divides ..} to denote the set of divisors of ryax,
then define

,
div* (Ppax) 7= 4 M € div(rpax) 1M > ———— 5.
() = {m € vt 2 ot

Now, Theorem 2.1 establishes that if k& divides p and (x,,) is an r—cycle for x,,11 = fn(z,),
then for j = 0,1,..., k — 1, the subsequence (z,44,) is an r*-cycle for some

" € div* (Tmax) N Az g,

where ¢ = . Additionally, suppose that s is an element of div*(rmax) such that

gcdgr,p)
S T
5 2 -
ng(S, E) ng(Ta p)

(2.9)

We prove that all elements of div*(rp.x) holding this condition belong to A%q.

Proposition 2.4. If s € div*(rmax) satisfies Condition (2.9), then s € Az ,, where

1= ged(rp):

Proof. First, note that s € 'A%’gcdﬁ,p) iff lem(s, £) = %ge d?r,p)’ and since
p T _lem(r, p)
keged(r,p) ko



we obtain s € A» - ) iff klem(s, ®) = lem(r,p) iff lem(sk,p) = lem(r,p). Next, let

> ged(r,p

r* € div*(rpax) be such that D) > ICTR Then

B - pr B lem(r, p)
2d( D)~ haed(rp) K
Since
e, D)
= lem(r*, =),
ged(r*, §) k

we conclude that klem(r*,2) > lem(r,p), that is, lem(r*k, p) > lem(r, p) according to
Eq. (2.6). Note that 7* divides rpax and rpax divides r, which implies that r* divides r
and T*k|gcdr(’;,k) = lem(r, k).

Finally, by the fact that lem(r, k) divides lem(r,p) and that lem(r,p) is a common
multiple of r*k and p, we deduce that lem(r*k, p) < lem(r, p). Therefore, lem(r*k, p) =

lem(r, p), and consequently, r* € Az, as we desire, where ¢ = O]

_r
ged(r,p)

Remark 2.2. From the above result we deduce that the set div*(rmax) can be parti-
tioned in two classes. If s € div*(rmax) then either

P d(;p T dzﬁp), and consequently

o The latter case implies that s is not included

P __r or 5 < .
k’ gcd(r,p) ’ ng(S7p/k) ng(T‘,p)
in Ae __r . Example 2.2 shows that both possibilities can occur. Although the sets

k’ ged(r,p)
div*(rmax) and A» s are not equal in general, according to Proposition 2.3(iii) at
?ged(7r,p

least their intersection always contains the number ryay.

Next, we show some examples of p-periodic systems [fy, f1, ... fy—1] having an r-cycle,
and the possible periods of subsequences after the folding process.

Example 2.2. Consider p=144=2*.32 k=6=2-3 andr =270 =2-3%-5. Then
270 € .A144715 =15-3%. {1, 2,4, 8, 16} while p/k} =24 =23 3,

r 2.3%.5
Tmax = = = 45,
ged(r, k) ged(2-3%-5,2-3)
2.33.5
r =15

ged(r, p) - ged(2-33-5,24 - 32)
and Asg1s = 15 -3 - {1,2,4,8}. Since div*(rmax) = div*(45) = {15,45}, we have only
two possibilities. But because 15 € Azq 15, then the only possible period is 45. Thus, a

270-cycle of the p-periodic system [fo, ..., fo—1] gives a 45-cycle for the folded system
[F(J?"‘?F%—l]'

Example 2.3. Consider p =18, k =6 and r = 20. Here

r B 20
ged(r, p) N ged(20, 18)

=10

8



and r 20

Fmax = ged(r, k)~ ged(20,6)
By Theorem 2.1, ryax 1S the period of the corresponding folded sequence. Note that
As 10 = {10,30} and div*(10) = {10}; so div*(rmax) and Az _»__ are not equal. U

ged(r,p)

= 10.

An interesting question remains even unsolved: in the general conditions of this
section, can we ensure the existence of an rya-cycle in the folded system [Fj", ..., F%”_l]
for some m € {0,1,...,k — 1}? In some cases, we can give a positive answer. As an
immediate application of Theorem 2.1, we obtain the following two results:

Corollary 2.1. Let k be a divisor of p and define the maps F; as in Eq. (2.1). If the
p-periodic difference equation in Eq. (1.1) has an r-cycle for some r € A, ,, and one of
the following situations holds:

(i) ged(r, k) = ged(r, p),

(1) Tmax s the smallest element of A%,m

then for m € {0,1,...,k — 1}, each of the periodic equations x,,1 = F!"(z,) has a
M—cycle.

Corollary 2.2. In the conditions of Theorem 2.1, if ged(r,p) = 1 then Tmax = 7 €
A» O Per[Fg" FT", .. F%H_J for allm € {0,1,... k—1}.

Before addressing the general case, we give some examples that will shed some light
on our posed question about the existence of ry..-cycles in the folded systems.

Example 2.4. Consider p=4, k=2 and r = 4. Then

r B 4
ged(r,p)  ged(4,4)

=1,

r 4 5

Tmax = = = 4

ged(r, k) ged(4,2)

re Ay ={1,2,4} and Ay; = {1,2}. So we have r* =1 or 2 as possible periods for the

subsequences. In the scheme

Jo 1 fa J3

To T1 T2 X3

with x; # x; if i # j, all the folding sequences have period two, whereas

fo f1 2 f3
o A i) A

shows that 2 and 1 are possible periods of the folding sequences if we define fo(xg) =
fo(z2) = A, fi(A) = z9, f3(A) = 20 and xo # 5.

9



Example 2.5. Consider p =4, k =2, and let

1 1
fo(z) = 5(—3952 + 202 — 13), fi(z) = E(331;2 — 322 + 100),

fo(z) = %(3;,;2 — 16z + 29), fa(z) = _71;,; +7.

We have Cio = {1,2,3,4,5,6,1,8,3,10,5,12} is a 12-cycle of the 4-periodic system
Tni1 = fu(xy). Keep in mind that 12 € Ay 3 = {3,6,12}. By Theorem 2.1, r* € A%,y, =
Asz = {3,6}. Indeed, x,.1 = F2(x,,) has the three cycle Cs := {1,3,5}, while x,41 =
Fl(x,) has the siz cycle Cs := {2,4,6,8,10,12}. Finally, observe that lem (3,6) = 6 =

Tmax .

Up to this end, the given examples exhibit r,. as the period of some subsequences
obtained from folding an r-periodic sequence. However, the next example show that
max Need not be the period of a subsequence obtained from folding an r-cycle of Eq.
(1.1).

Example 2.6. Consider k = 2 and p = 12. Take distinct x;,y; € [0,1], i = 0,1,
Jj =0,1,2, and define the constant interval maps fo(x) = yo, fi1(z) = x1 for all x € [0, 1].
Also, define the continuous functions f,, n > 1, to be non-constant and satisfy

f(2m) mod 12 (xm mod 2) = Ym mod 3,

f(2m+1) mod 12<ym mod 3) - x(m-i—l) mod 29

for allm = 1,2,.... Obviously, the alternated 12-periodic system |[fo, f1,- .., f11] has a
globally attracting r-cycle, r = 12, given by

{xOJ Yo, T1, Y1, To, Y2, L1, Yo, Lo, Y1, L1, 1/2}

On the other hand, we have rp. = m =6, m = 1, and therefore div*(ryqe:) =
As1 = {1,2,3,6}. However, none of the folded systems [F{, F},..., Fi], i = 0,1, has
a 6-cycle. In fact, [FQ, FD, ..., FY] has the globally attracting 2-cycle {xqo, 1} while
[Fy, FL, ... F2] has the globally attracting 3-cycle {yo,y1,y2}. Notice that lem (2,3) =

6 = Tmax-

In the above example r,., is not reached as a period of the corresponding folded
subsequences, however we have seen that the least common multiple of the periods r* of
the subsequences is precisely .. The following result confirms this heuristic fact, and
establishes that the least common multiple of the values r* has to be ryax.

Theorem 2.2. Let k be a divisor of p and define the maps F; as in Eq. (2.1). Let (xy)n>0
be an r-cycle of the alternated system [fo, f1,..., fp-1]. For each m = 0,1,.... k — 1,
the subsequence (Tipiym)n>o0 5 an 1) -cycle of the folded system x,.1 = F(x,) and

* * _ r
lem(rg, ...,m5_ 1) = pTEYAR

10



Proof. From Theorem 2.1, (xkn+m)n>0 is an r} -cycle of the folded system z,, 11 = F/"(z,)

for some ), € Az ,, where ¢ = ;- Thus, we proceed to show that lem(rg, ...,rr_;) =

gcd(r‘,p
sed(ry - From Eq (2.8), we can write ged(r, p) = aged(r, k) for some o > 1, that is,
r r
=« .
ged(r, k) ged(r, p)
Realize that o divides both r and p. Set ¢ := lem(r§, ...,7;_;). Foreach j = 0,1,...,k—1,
7y verifies the conditions of Theorem 2.1, and therefore the common multiple ¢ satisfies
|0 and ]| —r—

(2.10)

- Because M and /¢ ] , there exist positive integers o and

gcd(rp gc d( k)
[ such that « = a1 - and £ = 6ng @) . Now, Eq (2.10) implies
r r Q
E— - )=l ==Y 2.11
ged(r, k) “ (Bgcd(r, p)) “ I6] (2.11)
Thus, % divides m, and consequently
% ged(r, k)|r. (2.12)

On the other hand, since ¢ is a common multiple of 77’s and each subsequence (Thn+j)n
has a period 77, j = 0,1,...,k—1, we deduce that z,s = s for all s > 0. Since () is
an r-cycle, we must have r|kf. Based on Eq. (2.8), we have o and 5 divide 7. Use this
fact together with Eq. (2.11) to obtain

k r
—_— 2.1
he= ged(r, k) % (2.13)
Since r|k(, Eq. (2.13) gives us % ged(r, k)G = k, and consequently
- gcd(r, k)|k. (2.14)

p

From Eq. (2.12), Eq. (2.14) and the definition of ged(r, k), we conclude that 3 ged(r, k) <
ged(r, k), which implies o = 3. Therefore,
r T

Yecd(p,r)  ged(r k)’

C=lem (rg,ri, ... 1) =

]

In the following results, we use Card(-) to denote the cardinality of a set. The results
are straightforward consequences of Theorem 2.2 and Theorem 2.1.

Corollary 2.3. Under the hypothesis of Theorem 2.2, if

Card(div* (rmax) N Ae,_r ) <2

k> ged(r,p)

then m 1s a period of a cycle for some of the periodic difference equations x,,13 =
F™(z,), m > 0.

11



Proof. From Part (iii) of Proposition 2.3, we have

ged(r, k) = Tmax € Ap iy
Also, it is obvious from the structure of div*(rpax) that ryax € div*(rmax). Now, if the
intersection of the two sets contains only one element, then the element must be ry.x,
and consequently, it must be the period of a cycle for some of the periodic equations
Tpt1 = F'(xy,), m > 0. On the other hand, if the intersection has exactly two elements,
ie.,

Card(div* (rmax) N Ae

E, gcd(rp)) = {rmaxar}
with 7 dividing 7.y, then the conclusion of Theorem 2.2 is not satisfied unless ry.y is

again the period of a cycle for some of the periodic equations x,, 1 = F"*(x,), m > 0. O

The situation described in the last corollary appears, for instance, in Examples 2.3,
2.4 and 2.5. In these examples, Card(Ap r ) < 2. Next, using the idea of Corollary

cd(r,p)

2.3 and (ii) of Corollary 2.1, we give the followmg corollary.

Corollary 2.4. Under the hypothesis of Theorem 2.2, consider

={s¢ Az’gcd(rp) 08 < Tmax -
If Card(D) < 2, then d( 5 is a period of a cycle for some of the periodic difference
equations T, = F™(x,), m > 0.

Another case for which 7., is allowed to be a period of a folded subsequence appears
when p is a power prime, i.e., p = ¢° for some prime number ¢ and positive integer s.

T
ged (k)

is a period of a cycle for some of the periodic difference equations x, 1 = F"(x,), m > 0.

Corollary 2.5. Under the hypothesis of Theorem 2.2, if p is a power prime, then

Proof. Let p = ¢° for some prime number ¢ and positive integer s. Also, let kK = ¢°* for
some 0 < s7 < s. From the structure of the clusters given in Proposition 2.2, we have

r

= —< 7p) . {qsfsl} (215)

Ap _ r
k ged(r,p) gcd r

when ged(%, d’(”np)) > 1, and

Pt = gcd ) {q S, 8 — 31} (2.16)

when ged(2 = 1. The first case is obvious (realize that the cluster has a unique

F gty
element), so we clarify the second case. From Theorem 2.2, the folded cycles are of
periods

o
ged(r, k)

* * * * _
Ty e s Thoy E.Ak’gc(ﬂ - and lem (rg,ri,...,m_1) =

12



However, from the structure of 7} as given in Eq. (2.16), we obtain
E * _ N *
lem (rg, 75, ... 1) = max{ry,ry,...,T5_1}

Thus, —r5 = = max{r§,7},...,75_,} is a period of a cycle for one of the folded systems.
O

We can also ensure that r.,., is the period of some folded subsequence when the set

Ar _»  has a prime number of elements:
k’ ged(r,p)

Corollary 2.6. Under the hypothesis of Theorem 2.2, if Card(AE, . )) is a prime
number, then ry.x = m is a period of a cycle for some of the pemodzc difference

equations T4 = F'(xy,), m > 0.
Proof. From Proposition 2.2 we have

_ o i B pe
A%,m = aed(rp) c¢-{ divisors of 0} ... b;"},

where ¢ is related to the common divisors of § and — aed(rpy - Mso, foreach j =1,...,¢, b;

is not a divisor of —>—. Since the number of elements of Ap
ng(""vp) k>’ gcd(r,p)

say m, and the number of divisors of b5 ... b is H;:l(ﬁj +1), we must have ¢t = 1, and
consequently, 51 = m — 1. Now, use the same reasoning as in Corollary 2.5 to obtain
that rpuax is the period of a cycle for one of the folded systems. O]

is a prlme number,

3 Unfolding in periodic difference equations

Let k be a divisor of p, and consider the maps Fj, j = 0,1,...,2 — 1 defined in Eq.
(2.1). Our goal here is to use the periodic orbits of the folded 2 perlodlc system

Tpt1 = Fo(zp) (3.1)

to describe the periodic orbits of Eq. (1.1) through the unfolding of the maps F}. Before
starting the development of the discussion of unfolding systems, let us recall the following
result explaining the relationship between an m-periodic sequence (z,,) of [fo, ..., fp—1]
and the folded subsequences corresponding to £ = p, when m and p are relatively prime.
This was given in [3], but apparently has not taken its roots in the literature; so we
present it here together with an alternative proof within the context of this work.

Proposition 3.1. Fiz an integer m > 1 with gcd(m, p) = 1. Then m € Per[fy, - -, fp-1]
if and only if fo, ..., f—1 have a common periodic orbit (xg, ..., Tm_1,%o,-..) of period
m such that fj(x;) = fo(x:), i=0,..m—1,7=0,..,p—1.

13



Proof. The implication “<” is immediate. We prove the implication “=". To this end,
assume that m € Per[fy,---, f,], with ged(m,p) = 1. Let (zo,21,...,Zp-1,...) be an
m-cycle of [fo, ..., fp—1]. Since m € A, ,, (apply Proposition 2.2(ii)), Theorem 2.1 (use
k = p) yields the periodicity of xo under f,_y0---o fy and m = ordy,_o..of,(20). Next,
we show that fo(z;) = fi(z;)) = ... = fp—1(x;) for i = 0,...,m — 1 and z, € Per(f;)
with ordy, (zo) = m for j =0,...,p — 1, that is, fo, f1,..., f,—1 share the same periodic
orbit of order m. Since ged(m,p) = 1, there is a bijective map ¢ : {0,1,...,p — 1} —
{0,1,...,p — 1} such that ¢(0) = 0 and j-m = p- k; + ¢(j) for some non-negative
integer k;, 1 < j < p. Indeed, if not, then there are j; < jo in {0,1,...,p — 1} such
that »(j1) = ¢(j2), which implies j; - m = p - k;, + ¢(ji), ¢ = 1,2. Thus, we deduce
that (jo — j1) - m = p- (k;, — kj;,), and as a consequence of ged(m,p) = 1, we obtain
p|(j2 — j1), which is not possible because j, — j1 < p. Now, set v = ¢!, we can write
v(r)-m=p-q.-+rforre{0,1,...,p— 1} and the corresponding non-negative integers
¢;’s. Then for any j € {0,1,...,p— 1},

Tyymi1 = (fj0...0foo (fo—10...0 fo)¥(x0)) = 21 (3.2)
and
Ty(jym = (fj—10...0 foo (fp-10...0 fo)¥(x0)) = 70 (3.3)

(notice that j = 0 in the last equality means f;_; o...o f, = Identity). So, combining
(3.2) and (3.3) gives us 1 = fj(xg) for j = 0,...,p — 1. Since (zo,...,Tm-1,...) I8
a periodic sequence, the role played by zy in the above reasoning can be played by
Z1,...,Tm_1, and so we have f;(x;) = fo(z;) for j =0,....,p—1landi=0,...,m — 1.
Hence, the initial sequence (xq,...,Zy_1,...) can be written as

(xo, fi(z0), .-, f;”_l(xo), o)

for j = 0,...,p — 1, and therefore, xo € P(f;) with ordy,(zo) = m, and the proof is
complete. O

Remark 3.1. Note that Proposition 3.1 also proves that fi(x1) = fi(z1) for alli > 1,
J,ked{0,1,....p—1}.

Concerning our discussion of unfolding, we extract two particular results from [2]
before proceeding to the general case.

Proposition 3.2. Let k = p. If Eq. (3.1) has a q-cycle, then Eq. (1.1) has a gs-cycle
for some positive integer s that divides p.

Proof. Consider k = p and suppose that Eq. (3.1) has a ¢g-cycle. Eq. (3.1) is 1-periodic,
i.e., we just have the autonomous equation

Tny1 = Fo(zn) = (fp—l o...0 fio fo)(xn).

14



Unfold the maps to obtain a m-cycle of Eq. (1.1) for some m € A, 5. From Theorem 2.1
and our hypothesis k = p, the corresponding folded subsequence has period m* = ¢
with m* = ¢ € A3 Hence, ¢ = ¢ and m € A,,. From the definition of A,, (see
Proposition 2.2), we obtain m = ¢s for some positive integer s that divides p. O

Proposition 3.3. Let p be a prime number, and consider k = p. If the folded system
Tpt1 = Fo(x,) has an r-cycle C,, then the unfolded system in Fq. (1.1) either has an
rp-cycle, or all maps f; share the same cycle C,.

Proof. Certainly, the r-cycle of the folded system x,,1 = Fy(z,) gives an r*-cycle for
the unfolded system in Eq. (1.1), and reasoning as in Proposition 3.2 we find 7* € A, ,..
Now, since p is a prime number, r can be a multiple of p or relatively prime with p. If r
is a multiple of p, we obtain A, , = {rp}, and consequently rp = r*. On the other hand,
if r is relatively prime with p, then A, = {p, rp}. If r* # rp, then r* = r, and according
to Proposition 3.1 all autonomous equations z,+1 = fj(x,), 7 =0,...,p— 1, must share
the same r-cycle. O

A similar result is obtained when p is a power prime, say p = p} for some prime
number p;. In this case (see Proposition 2.2), A, is equal to the set {r,rpy,...,rp}}
when r is relatively prime with p;, and equal to {rp}} when ged(r,p) > 1. Thus, we
state the following result.

Proposition 3.4. Let p be a power prime, say p = py, and consider k = p. If the folded
system x,41 = Fo(x,) has an r-cycle C,, then the unfolded system in Eq. (1.1) has an
rpi-cycle for some 0 < s <mn, or all maps f; share the same cycle C,.

Next, we proceed to investigate the general case of unfolding difference equations
when p is an arbitrary positive integer and k an arbitrary divisor of p. Let

0_y50 0 0 0
Cq - {007017627 s 7Cq—1}

be a g-cycle of Eq. (3.1). When the unfolding process takes place, each element of C’g
will be extended into a segment of k elements, and they may not be distinct. To visualize
this situation and put the ideas within the framework of the previous section, we give
the lattice in Figure 1.

Lemma 3.1. Let k be a divisor of p, and consider the folded maps F|" as defined in
Eq. (2.2), m € {0,1,...,k — 1}. If for some fixzed my € {0,1,...,k — 1}, the equation
Tpp1 = FJ(2y) is £-periodic and has a q-cycle, then each of the following holds true.

(i) There exists an r-cycle of Eq. (1.1) for somer € A, a4 .

"ged(q, 7))

(i1) FEach equation x,1 = F™(x,) has an gm,-cycle for some g, € A%ﬁ.
gedlq, ¢
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Cg fok % M C% M Cg o Jake2 Cg_l fak—1
£y Fy F3 F3 Byt

— — — ) ) —

F(?_Q Fql_2 FqQ_Q Fqs_2 F:_Zl

02_1 f(qfl)k/ C;_l flg—1rt1 05_1 Tg—1)k+2 02’_1 . qu_Q/ Cl;:% fak—1

O

Figure 1: This lattice shows the relationship between the orbits of the folded systems
Tpy1 = F}'(z,) and the unfolded system x,.1 = fu(z,). The maps Fj" are the maps
FJ(Q as defined in Eq. (2.2). In particular, the folded system in Eq. (3.1) shows up in
the first column of this figure.

Proof. Without loss of generality, we consider my = 0 and m = 1. Let C’g = {ch, ..., 02_1}
be a g-cycle of x,,.1 = F°(x,). Since this equation is P-periodic, ¢ must be in the cluster

Pl Now, we investigate the action of x,,; = F!(z,) on fo(c)) =: ¢}. We have
"ged(q, )

Fy (fo(ct)) = feo fim1 0+ 0 fio foleg) = fulFy(cp) = fule))-

Similarly, F(fjk(mod p)(€))) = f(j+1)k( mod p)(c)11) for all positive integers j. Now, define
¢; = fik(modp)(c}), 7 > 1. Observe that we have periodicity in the sequence of maps
Jjk( mod py and periodicity in the sequence of points c?. In particular, the periodicity of
{jk: j=0,1,...} in (Zy,+,-) is ®. The periodicity of fjr(modp) is
however, the periodicity of fju(mod p)+i, 1 <@ < k —11is a divisor of

by assumption;

EdiSTENT RS

. By hypothesis,
the periodicity of ¢} is ¢, and the obtained orbit

Cy = {fo(cg), fi(A), far(5), -}

forms a ¢;-cycle in the folded system z,., = F!(z,) for some positive integer ¢, that
divides lem (%, ¢). Similarly, we ﬁpd that the given g-cycle generates a g;-cycle (say C’;i)
for each folded system z,11 = F'(x,), 2 <i < k — 1. Up to this end, the initial point
) generates a periodic solution (say (z,) with period r) for the unfolded system in
Eq. (1.1). According to Theorem 2.1 we know that the period ¢ of the folded sequence

(Zgn)n, whose associated orbit is precisely Cg, must verify ¢ € Ag e and at the
> ged(r,p
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same time (see Proposition 2.3), ¢ € A» . Therefore,

gcd(p @
r g
ged(r,p)  ged(%,q)

. This completes the prove of Part (i).

(3.4)

and consequently, r € A, s
gedl g

To prove part (ii), we go back to the formed ¢;-cycles in part (i). Again by The-

orem 2.1 and Eq. (3.4), the period ¢; of the folded sequence Céi must satisfy ¢; €
Ap
k>

. We conclude that the equation z,.; = Fi(x,) has a g-cycle and ¢; €

gcd(fé Q-

Bl Observe that this periodic solution is represented by {cj,ct,ch, ...} in the
ged(q,

" column of Figure 1. This completes the proof of Part (ii).
For the general case, realize that we can start at some intermediate column rather
than the first column; however, the reasoning is similar to that in the case mg = 0. [

Theorem 3.1. Let k be a divisor of p, and consider the folded maps F" as defined in
Eq. (2.2). If for some fived myg, the equation x,1 = F}"(x,) is §-periodic and has a
q-cycle, then the unfolded system x,.1 = fn(x,) has an r-cycle for some

T'E.Akq ﬂA

gcd(q 7y’

where ¢* = ﬁg’%) for some integer s that divides %. Furthermore, the relationship

between s and r is ged(r,p) = sged(r, k), i.e., s = a as given in Eq. (2.8).

Proof. A g-cycle of the equation x,1 = F"°(z,) means we have a g-periodic sequence
along one of the columns in Figure 1. Unfold the maps as shown in Figure 1 to obtain
periodic sequences of periods ¢, ¢o,...,qr along the columns. By tracking the orbit
row-by-row, we obtain a periodic solution of the unfolded system z, 11 = f,(z,) with a
certain period 7. By Lemma 3.1, the obtained r-cycle must be in the cluster A,

gcd(q k)

On the other hand, it must be r € Ay 7 for some integer ¢ > 1 since Z* = Ut21 At
Now, by the definition of the clusters and Proposition 2.3(iv),

~ T T
1= ed(rn®) ~ “ged(rp) (3:5)

Moreover, since r € A , we use the definition of the

k? ged(r, k)) ) P, gcd(q%q)
clusters to obtain

where o = ged(2

r q
ged(r,p) — ged(%,q)°

(3.6)

From (3.5) and (3.6),
~ q

g=a———.
ged(%,9)

Finally, from Proposition 2.3(ii), Ay = Az implies that ¢ = ¢*, which gives s = «

and ends the proof. n
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Remark 3.2. g has to be a divisor of = Tmax according to Theorem 2.1. Also,

gcd(rk
kq _ kq _ q .
notice that kq € A ,gcd&’%) since gcd(kq,p) = Feed@D) = wedleD) Therefore, if the cluster
¢ __ 18 a singleton, then necessarily r = kq.

Prged(@. D)

Two obvious cases of Theorem 3.1 are when £ = 1 and k = p. At k = 1, the folded and
unfolded systems are the same, and the g-cycle is the same as the r-cycle in the theorem.
At k = p, the folding process changes the p-periodic system into a 1-periodic system,
i.e., an autonomous system represented by the p-fold map F' = f,_10 f,_20---, fo. In

this case, the clusters Ay~ and A, __« s ATC equal.
’ "ged(q, i

When it is not possible to precisely identify the exact period of the cycle arising
from the unfolding process, it is desirable to limit the search to certain values. We close
this section by illustrating this assertion with several corollaries and some illustrative
examples.

Corollary 3.1. Let k be a divisor of p, and consider the folded maps F; as defined in
Eq. (2.1). If the folded system x,41 = F,(x,) has a q-cycle for some q = qi%, then the
unfolded system in Eq. (1.1) has an r-cycle for some r € Ay ,.

Proof. According to Theorem 3.1, we have r € A N Ay 4+, where ¢*

gcd(q 1) ng(lL )
for some integer s that divides 2. Thus, the task will be achieved by proving that

g = ¢*. Indeed, From Proposition 2.3(iv), we have ged(r,p) = aged(r, k) with o =

b
ged (R, wdrm)- SO, a|Z. On the other hand, r € A, T yields
T q Qr _y
— =q.
ged(r,p)  ged(q,2)  ged(qiZ, 2)
So o) d’(”rvk) = Qi) d’(”np) = aq,. From Theorem 2.1, ¢ = q1§ has to divide rpax = pTeo) dz“r,k) =

aqi, that is, £ must divide a. Hence, o = £. Since o = s (see Theorem 3.1), we finally
deduce

as desired. O

Corollary 3.2. Let k be a divisor of p, and consider the folded maps F; as defined in
Eq. (2.1). If the folded system 11 = F,(x,) has a q-cycle, where q is a divisor of ¥
then the unfolded system in Eq. (1.1) has an r-cycle for some r that divides p.

Proof. This is a straightforward consequence of Theorem 3.1. We obtain r € A, ;, which
is the set of divisors of p. O
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Corollary 3.3. Let k be a divisor of p, and consider the folded maps F; as defined in
Eq. (2.1). If the folded system x, 1 = F,(x,) has a q-cycle, where ged(p,q) = 1, then
the unfolded system in Eq. (1.1) has an r-cycle for some r € A, , N Akaq, where a as
gwen in Eq. (2.8). Moreover, r = qz for some divisor z of p such that a|z and z € Ay .

Proof. By Theorem 3.1, it suffices to consider that ged(%,q) = 1 to obtain r € A, , N
Ajag- Now, apply Proposition 2.2(ii) to obtain r = gz for some divisor z of p. Since

r = qz € Agaq by the definition of the clusters, we have dggz 5= m dq(zz 5= o

Therefore, o = gcd(zz,k) and z € Ag . O

Example 3.1. Consider p =6 and k =2 (so, F) = fi0 fo, FY = f30 fo, FY = f50 fu,
and Fy = foo f1, Fl = fio f3,F) = foo f5) in each of the following:

(i) Suppose the 3-periodic system x,y1 = F(x,) has a 6-cycle. From Lemma 3.1(i1),
since Ao = {2,6}, the folded system w1 = Fi(x,) has a 2-cycle or a 6-cycle.
From Theorem 3.1, Ay g is either Aso = {4} or Ao = {12}, while A, =

"ged(q, §)
Ago = {4,12}. Taking into account that from Theorem 2.1, ¢ = 6 is a divisor
Of Tmax = m, and that for r = 4 we find rp. = m = 2, we discard the

value r = 4 and conclude that the unfolded 6-periodic system x,.1 = fn(x,) has a
12-cycle.

(ii) Suppose the 3-periodic system x, 11 = F\(x,) has a 15-cycle. From Lemma 3.1(i1),
since Ass = {5,15}, the folded system x,.1 = Fr(z,) has a 5-cycle or a 15-
cycle. From Theorem 3.1, Ay o is either Ass = {5,10} or As15 = {15,30}, while
A, o = As5 = {5,10,15,30}. From Corollary 3.1, ¢* = q = 15, sor € As1s,

"ged(q, )
and we conclude that the unfolded 6-periodic system T,1 = fn(x,) has a 15-cycle

or a 30-cycle.

As observed in Part (i) of Example 3.1, we can use the period of a given cycle in a
folded system to identify the exact period arises in the unfolded system. In Part (ii), we
can just identify certain possibilities. Finding the exact period needs some information
about the combinatorial structure of the given cycle and the action of the other folded
systems on this cycle, i.e., we need to know the structure of the other columns in Figure
1. To illustrate this idea, we go back to Part (ii) of Example 3.1 and show that the two
possibilities are indeed feasible. Define

fo@) =z +1
fi(x) =folw) + [ = 3j = 1)
7=0
fo(2) :%(14 — x)(52° — 602% + 3152 — 268)
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and
f3(@) = fa(x) = fo(z), f5(x) = fo(2).
Take Fy = f10 fo, F1 = fzo fo and Fy = f5 o fy, then the folded system [Fy, F1, F5] has
the 15-cycle
Cis =1{0,2,4,...,14,1,3,5,...,13},
which gives the 15-cycle Cy5 = {0,1,2,3,...,14} for the unfolded system [fo, f1,. .., f5]-
On the other hand, if we define

Jfo(x) :4_@1;(51;3 — 1202% + 900z — 2241)

fi(z) :é(w:ﬁ — 1102° + 2252° — 82z + 8)
fa(2) :1%2(1: —10)(52* — 55z + 32)

f3(x) :%(—5953 + 302 — 43z + 22)

fa() :ﬁ(x — 5)(5z® — 1352% + 1065z — 1954)
fo(x) =—(x — 4)(52° — 2022 + 20z + 3),

2

then the folded system [Fy, F1, F3] has the 15-cycle Ci5 = {0,1,2,3,4,...,14}, which
gives the 30-cycle

Cs ={0,0,1,1,2,2,3,3,4,4,5,0,6,1,7,2,8,3,9,4,10,0,11,1,12,2,13, 3, 14,4}

for the unfolded system [fo, f1,..., f5]-
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