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Human beings are members of a whole, In creation of one essence and soul.
If one member is afflicted with pain, Other members uneasy will remain.

If you have no sympathy for human pain, The name of “human” you cannot

retain!
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Abstract

Shell structures made up of conventional fiber reinforced composite (FRC) laminates
find many applications in engineering fields. In contrary to plate structures, shells
exhibit two stable equilibrium configurations. Due to excessive loading, shells may
largely deform and hence snap from one equilibrium position to the other. Snapthrough
or snapback motion involves large deflections and hence it is inherently a nonlinear
phenomenon. In this thesis, the nonlinear static response of simply supported doubly
curved FRC shells is explored according to the classical laminated theory (CLT) with
von Karman geometric nonlinearity. Various types of composites are considered:
unidirectional [0,], symmetric [0,90]s, unsymmetric [0,0,90,90] and antisymmetric
[0,90,0,90] laminates. The equations of motion and the associated boundary conditions
are derived using the Hamilton’s principle. The axial displacements are eliminated from
equations of motion by utilizing the Airy stress function and the nonlinear compatibility
equation. This reduces the governing equations to two: the compatibility equation and
the equation of motion governing the transverse deformation. The Galerkin’s approach
is used to obtain a reduced-order model (ROM). This discretization leads to a set of
nonlinear coupled ordinary differential equations (ODESs). Three modes are retained in
the discretization. By setting all time-dependent terms equal to zero, the system of
ODEs reduces to a set of nonlinearly coupled algebraic equations which are solved by
means of the Newton-Raphson method for the static equilibrium positions and the
Jacobian method is used to assess their stability. The effect of the stacking sequence,
radii of curvature, curvature ratio and the shell thickness on the nonlinear bending and
snapthrough response are investigated.

Keywords: Nonlinear bending; snapthrough; doubly curved shells; fiber

reinforced composite; classical laminated theory; Galerkin’s approach.
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Chapter 1. Introduction

In this chapter, a brief introduction of the doubly curved FRC shells is provided,
the thesis objectives and contribution are outlined, and the thesis organization is

presented.

1.1.  Overview

Cross-ply FRC laminates consist of multiple layers laid down at angles of 0 or
90 degrees. Changing the angle of fibers leads to different material properties of the
whole laminate. Therefore, when the laminate is loaded, individual layers deform
differently. When shells are transversely loaded, they may largely deform and snap
from one equilibrium position to the other if the load exceeds a threshold value. This
nonlinear phenomenon is called the snapthrough in the case of loading and snapback in
the case of unloading. In the case of nonlinear bending of shells, for a specific range of
loadings, there may exist more than one stable equilibrium position. This nonlinear
phenomenon is called the bi-stability. If there exists a bi-stable region, the snapthrough
and snapback loads are different, the load-deflection curve is discontinuous, and the
jump phenomenon occurs between the snapthrough and the snapback loads. On the
other hand, in the absence of the bi-stability region, the snapthrough and snapback loads
are the same, the load-deflection curve is continuous, and the jump phenomenon
disappears. The jump phenomenon may lead to delamination and even the failure of the
structure, which makes it important to carefully study the nonlinear bending and
snapthrough response of composite shells. There are various parameters such as
material properties, stacking sequence of cross ply laminate, radii of curvature,
curvature ratio and thickness of the shell which play a significant role in the nonlinear
bending of doubly curved shells. The nonlinear bending, the snapthrough, snapback,
the jump phenomenon, and the bi-stability highly depend on the material and the
geometrical properties of the shell. One of the important aspects that must be considered
in the design of FRC shells is to avoid the jump phenomenon by finding out a set of

parameters that yields a continuous load-deflection curve and minimize the deflection.

1.2. Thesis Objectives
As it is evident from the literature review that will be presented in the next

chapter, the nonlinear behavior of doubly curved shells including the nonlinear static
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bending, nonlinear dynamics, buckling and postbuckling are investigated by means of
different approaches such as the finite element (FE) method, Galerkin’s approach,
generalized differential quadrature method (GDQM), harmonic differential quadrature
method (HDQM) and perturbation technique. A few researchers have utilized the semi-
analytical techniques to investigate the nonlinear static bending of doubly curved FRC
shells. To the best of the author’s knowledge, the nonlinear static bending of simply
supported doubly curved FRC shells has not been studied yet on the basis of the
classical lamination theory in conjunction with Airy stress function and Galerkin’s
discretization. The objective of this thesis is to fill this gap by providing a continuum-
based model that is capable of capturing the nonlinear bending and snapthrough
response of doubly curved FRC shells. Moreover, a parametric study on the influence
of the laminate’s layup, the shell geometry and thickness on the nonlinear bending and

snapthrough response of composite doubly curved shells is presented.

1.3.  Thesis Contribution

We investigate the nonlinear bending and snapthrough response of simply
supported, doubly curved, thin shallow composite shells. Four different cross ply
laminates are considered: unidirectional, symmetric, unsymmetric and antisymmetric.
The analytical model is based on the extension of the CLT with von Karman geometric
nonlinearity. The equations of motion and the associated boundary conditions are
derived using the Hamilton’s principle. The equations of motion consist of three
differential equations that govern the longitudinal displacements in the x and y-
directions and the lateral deflection in the z-direction. The nonlinear compatibility
equation along with the Airy stress function are used to eliminate the dependence of the
governing equations on the longitudinal displacements. This reduces the governing
equations into two: the compatibility equation and the equation of motion in the
transverse direction. The Galerkin’s approach is used to discretize the equations of
motion. The discretized equations are obtained in a general form that is valid for all
boundary conditions provided that appropriate trial functions of the stress function and
lateral deflection are selected. The nonlinear static bending analysis is studied by
solving the nonlinear algebraic equations after neglecting the time-dependent terms.
Using the Newton-Raphson method, the algebraic equations are solved and the

equilibrium paths are obtained. The stability of the equilibrium solutions is assessed
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using the Jacobian method. The model has been validated against the results available
in the literature and a good agreement has been obtained. The influence of the
laminate’s layup, the radii of curvature, the curvature ratio and the thickness on the
nonlinear bending, snapthrough, snapback and bi-stability is investigated.

1.4. Thesis organization

The remainder of this thesis is organized as follows: Chapter 2 presents the
background, a literature review, and the recent developments that are concerned with
the nonlinear response of doubly curved FRC shells. Chapter 3 provides the theoretical
formulation which includes the kinematic equation, constitutive relations and equations
of motion for doubly curved laminated shells. Chapter 4 presents the reduced-order
model of the problem that is based on the Galerkin’s method. Chapter 5 presents a
validation of the proposed model and the results of the nonlinear bending and
snapthrough under a variety of material and geometrical parameters. Finally,

concluding remarks and future work are presented in Chapter 6.
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Chapter 2. Background and Literature Review

Doubly curved shells find numerous applications in in many engineering fields
and industries. Due to their superior properties, shells made up of fiber reinforced
laminated composites (FRC) are widely used. In contrary to plate structures, shells
exhibit two stable equilibrium configurations. Due to excessive loading, shells may
largely deform and hence snap from one equilibrium position to the other. Changing
from one stable configuration to the other is called snapthrough in the case of loading
and snapback in the case of unloading. Snapthrough or snapback motion involves large
deflections and hence it is inherently a nonlinear phenomenon. Many studies were
concerned with the nonlinear behavior of doubly curved shells including the nonlinear
static bending, nonlinear dynamics, buckling and postbuckling. Various solution
methodologies have been proposed to study these nonlinear behaviors which could be
categorized to mesh-free and mesh-dependent methods. Next, a brief literature review

on the nonlinear bending analysis of shells is presented.

Postbuckling and nonlinear vibration of doubly curved shallow shells were
investigated by Chia [1]. He performed his analysis based on Marguerre-type of
nonlinearity. The shell with Winkler-Pasternak foundation and an initial imperfection
was considered. A method of separation of variables along with the harmonic balance
method were used to solve the equations of motion. Chia [2] performed a review on
semi-analytical approaches for nonlinear static, postbuckling and nonlinear dynamics
of laminated composite plates with various boundary conditions. In the frame work of
a shear deformation theory with von Karman nonlinearity, Dennis [3] studied the
nonlinear static behavior of laminated shallow cylindrical shells. Galerkin’s approach
was used to obtain the shells’ equilibrium path. On the basis of higher order shear
deformations theory, Shen [4] performed a study on the nonlinear bending of simply
supported FRC plates under thermomechanical loads. Galerkin’s approach coupled
with perturbation method were employed to govern the load deflection curve. By
utilizing a higher order shear deformation theory in conjunction with perturbation
techniques, Shen [5] studied the influence of temperature and moisture on the nonlinear
bending behavior of FRC plates. On the basis of an element free approach called

reproducing kernel particle method, Chen et al. [6] performed an investigation on the
16



nonlinear deformation of various structures. Li et al. [7] implemented a combination of
Galerkin’s approach and reproducing kernel particle method to investigate the large
deformation of shell structures. They studied the snapthrough of conical shell, nonlinear
deformation of hemispheric, and cylindrical shells. Amabili [8] utilized the Donell’s
thin shells theory to perform a study on the nonlinear vibration of circular cylindrical
panels. The Lagrange equations along with multi-mode method were used to obtain the
governing equations which were solved by means of pseudo-arclength continuation
technique. The numerical results were presented for both theoretical and experimental
approaches. By means of the first-order shear deformation theory with von Karman
geometric nonlinearity, Nath et al. [9] studied the nonlinear static and dynamic behavior
of FRC plates resting on nonlinear elastic foundation. Chebyshev polynomial series
combined with quadratic extrapolation technique of linearization and implicit Houbolt
time-marching discretization were employed as a method of solution. Girish and
Ramachandra [10] investigated the nonlinear bending and free vibration of doubly
curved FRC shells under thermomechanical loading. Reissner’s shallow shell theory
was employed and discretization was done by the Galerkin’s approach. A combination
of Newton-Raphson method and Riks technique was used to find the static equilibrium
states. Amabili [11] utilized Donnell’s and Novozhilov’s shell theories to perform an
investigation into the nonlinear static and dynamic behavior of simply supported doubly
curved shallow shells made of isotropic material. The geometric imperfections were
considered and solutions were obtained by implementing the arc-length continuation
technique along with the direct time integration. Liew et al. [12] presented a review on
the element free (meshless) methods for linear and nonlinear analyses of plates and
shells made of FRC and functionally graded materials. Shen [13] presented a two-step
perturbation method that can be used to investigate the nonlinear bending, postbuckling
and nonlinear dynamics of beams, plates and shells. Alijani and Amabili [14] studied
the nonlinear bending and vibration of simply supported rectangular plates taking into
account the nonlinearities related to the rotations and thickness deformation. The
pseudo arc-length continuation technique and the collocation scheme were
implemented to obtain the solution. In the frame work of Donnell’s nonlinear shallow
shell formulations in conjunction with modified couple stress theory, Ghayesh and

Farokhi [15] studied the effect of small scale on the nonlinear bending and free vibration
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of doubly curved isotropic microshells. The discretization was done with Galerkin
method for fully clamped boundary conditions and a continuation technique was
implemented in their study. Farokhi and Ghayesh [16] studied the nonlinear static and
forced vibration behavior of doubly curved shallow microshells. The formulation
obtained from Novozhilov shell theory and the size dependent behavior was captured
by the couple stress theory. Watts et al. [17] adopted the Galerkin’s method with
moving kriging shape function to study the nonlinear static behavior of corner
supported plates and shells. They used a first-order shear deformation theory with von
Karman nonlinearity. By making use of Sanders’ shell theory with von Karman
nonlinearity, Watts et al. [18] analyzed the nonlinear bending of isotropic and FRC
conical shells. Discretization was done by the Galerkin’s approach and kriging
interpolation method was used to estimate the shape functions. The deflection curves
were obtained based on Newton-Raphson method along with modified Riks technique.
By adopting Reddy’s higher order shear deformation theory with von Karman
nonlinearity, an analysis was performed on the nonlinear bending of 3-dimensional
braided composite cylindrical shells by Zhao et al. [19]. The solution methodology was
based on the Galerkin’s method along with perturbation technique. Amabili and Reddy
[20] introduced a third-order thickness and shear deformation theory with six
parameters which is suitable for nonlinear static and dynamic behavior of doubly
curved FRC shells. Numerical results were presented for nonlinear static and dynamic
behavior of isotropic and FRC circular cylindrical shells which was governed by a

software based on the pseudo-arclength continuation and collocation techniques.

Based on the shear deformation theory with von Karman geometric
nonlinearity, Reddy and Chao [21] studied the nonlinear bending of simply supported
FRC plates. The deflection curves were obtained by the finite element (FE) method.
Nonlinear bending of thick laminated FRC plates with different boundary conditions
were analyzed based on an extension of Reissner-Mindlin plate theory by Reddy and
Chao [22]. The von Karman nonlinearity was taken into consideration and the problem
was solved using a FE technique. Reddy and Chao [23] extended their work to
investigate the large amplitude vibration, stress distribution as well as linear and
nonlinear deflection of thick FRC laminates with various boundary conditions. Noor

and Hartley [24] proposed a mixed isoperimetric FE method to deal with nonlinear
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bending and postbuckling analysis of FRC shallow shells in which the shear
deformation effect was included. Kant and Kommineni [25] employed isoparametric
FE to capture the nonlinear static behavior of FRC doubly curved shells. The effect of
shear deformation was included in their study. Liao and Reddy [26] implemented
degenerated shell element mixed with the beam element to study the nonlinear bending
behavior of FRC stiffened shells. The equations were solved by the Newton-Raphson
and modified Riks methods. By means of Hellinger-Reissner principle mixed with FE
method, a study was performed on the nonlinear static bending and vibration of thin
spherical FRC shells by Lee et al. [27]. The static problem solved by using the arc-
length technique while the dynamic part was solved based on the Newmark implicit
time-integration method. Zhang and Kim [28] established a refined non-conforming
triangular plate and shell element. The nonlinear bending analysis of clamped circular
plate and postbuckling behavior of hinged cylindrical shell were provided. By
reviewing and reproducing the results of more than 40 articles, Sze et al. [29]
represented benchmark problems on nonlinear analysis of various structures analyzed
by FE method. The selected nonlinear static problems were: deflection of cantilever
beams, lifting of slit annular plate, deflection of hemispherical shell with a circular hole
at its pole, pulled out open-ended cylindrical shells, pinched cylindrical shell mounted
on rigid diaphragms, pinched semi-cylindrical shell, bending and snapthrough of semi-
cylindrical roofs. For the last two cases of their analysis, besides the isotropic material,
two classes of FRC were taken into consideration. Arciniega and Reddy [30] adopted a
tensor based FE method mixed with first order shell theory to study the nonlinear
behavior of shells. Most of the investigated structures in this article were presented in
the reference [29]. Moreover, postbuckling of plate strips, pinched hyperboloidal FRC
shells were studied as well. Besides isotropic and FRC, functionally graded ceramic-
metal materials were taken into consideration. In the frame work of a mixed FE method,
Urthaler and Reddy [31] studied the nonlinear bending of FRC plate. The first order
shear deformation theory with von Karman nonlinearity were employed in that article.
Lal et al. [32] implemented a combination of FE method and perturbation technique to
study the nonlinear deflection of FRC shell in hygrothermal environment. Higher order
shear deformation theory with von Karman nonlinearity were implemented. Rezaiee-

Pajand and Arabi [33] proposed a triangular isoparametric FE to examine the nonlinear
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behavior of FRC shells under static loads. The shell structures are same as those studied
in reference [29]. Shokrieh and Nouri Parkestani [34] proposed a higher order shear
deformation theory of doubly curved shells which they used to study the postbuckling
and nonlinear bending of isotropic and FRC shells. FE method mixed with arc-length

technique were employed to obtain the equilibrium path.

By applying discrete singular convolution technique combined with harmonic
differential quadrature method, Civalek [35] studied the nonlinear static and dynamic
analysis of simply supported and clamped thin rectangular plate on elastic foundation.
Civalek [36] performed a nonlinear dynamic analysis of doubly curved shells made of
isotropic material. The proposed method was based on the von Karman-Donnel type
equations in which the effect of Winkler-Pasternak elastic foundation was included.
Clamped and simply supported boundary conditions were implemented and the
governing equations were solved by harmonic differential quadrature method in
conjunction with finite difference. In the frame work of first order shear deformation
theory with von Karman nonlinearity, Baltacioglu et al. [37] employed discrete singular
convolution technique to analyze large deformation of plate under static load. By means
of generalized differential quadrature (GDQ) method, the nonlinear bending of thin
isotropic and FRC plates was captured by Bert et al. [38]. Clamped as well as simply
supported boundaries were considered and Newton Raphson techniques was
implemented to solve the equations of motion. On the basis of first order shear
deformation theory with von Karman nonlinearity, Malekzadeh and Setoodeh [39]
performed a study about nonlinear deformation of FRC plates. The effect of elastic
foundation was examined and GDQ technique was chosen as the solution methodology.
Kalbaran and Kurtaran [40] studied the nonlinear static analysis of FRC shells of
revolution with variable thickness placed on elastic foundation. The study developed
based on the first order shear deformation theory and GDQ method was chosen as the
solution analogy. Alamatian and Rezaeepazhand [41] utilized the dynamic relaxation
method combined with finite difference discretization to examine the nonlinear bending
behavior of FRC plates. The plate has variable cross-section and the analysis was based
on the classical lamination theory. On the basis of dynamic relaxation technique and
finite difference method, Mehrabian and Golmakani [42] performed an analysis on the

nonlinear bending of FRC annular sector plates. First order shear deformation theory
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with von Karman nonlinearity was used. Effects of radial stiffener and various

boundary conditions were examined.
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Chapter 3. Problem Formulation

In this chapter, we use the Hamilton’s principle to derive the equations of
motion and the associated boundary conditions of composite thin shallow shells

according to the classical lamination theory with von Karman strains.

3.1. Kinematic Equations

Consider a doubly curved laminated shallow shell with its orthogonal
coordinate system (x,y, z) where the mid-surface curvature lines coincide with x and
y-directions. The shell is depicted in Figure 3.1, with the dimensions of L,, L, and h
along the x, y and z-directions, respectively, and R, and R,, are the principal radii of
curvature in the x and y-directions, respectively. The shell is assumed to have a uniform
thickness and constant radii of curvature. According to the classical laminated shell

theory, the Kirchhoff hypothesis leads to the following displacement field [43]:

(5,9,2,0) = U, ,0) — 2 22 4 22 @)
u(lx,y,z,t) =uy(x,y,t) —z —+— .
0 0x R,
dwy  wy
v(x,y,z,t) =vo(x,y,t) —z oy + E (3.2)
w(x,y,z,t) = wy(x,y,t) (3.3)

where u,, v, and w, are the mid-plane displacements in the x,y and z-directions,
: F d : .
respectively, % and %y" are the rotations of the transverse normal lines. For the sake

of clarity, the mid-plane displacements and the rotations are depicted in Figure 3.2. The

von Karman strains are defined as

{gyy} = {eyy} +z {Kyy} (3.4)
ny exy ny

where ey, e,, and ey, are the von Karman membrane strains of the structure’s mid-
plane and k., ky, and k,, are the flexural (bending) strains which are known as the

midplane’s curvatures defined as
22
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Figure 3.1: A schematic of a doubly curved laminated shell and the associated

coordinate system.
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Figure 3.2: An undeformed and deformed elements of doubly curved shell under
Kirchhoff hypothesis and the associated mid-plane displacements and rotations of
transverse normal lines.

According to the classical shell theory, Love’s approximations outlined below
are assumed to hold [43-45]
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e The shell thickness is small in comparison with the radii of curvature
(Rix« 1, :—y« 1).

e Normal and shear stresses in the direction normal to the plate mid-surface are
negligible compared to other stresses (o, = T,; = 7,, = 0).

e Due to the infinitesimal strains, the second-order terms in the strain-
displacement relations are neglected.

e Straight lines perpendicular to the mid-surface (i.e., transverse normal) before
deformation remain straight and perpendicular after deformation.

e There is no change in the length of transverse normal (i.e., they are
inextensible).

e Rotation of the transverse normal lines take place in a way that they remain

perpendicular to the mid-surface after deformation.

The last three assumptions are known as Kirchhoff’s hypothesis. The fourth
assumption demonstrates the independency of the transverse displacement w of the
transverse coordinate which can be seen in the equation (3.3), whereas the axial
displacements u and v vary linearly in the thickness direction (equations (3.1) and
(3.2)). The fifth assumption results in zero transverse normal strain (&,, = 0). The last

assumption implies that the transverse shear strains are zero (sz =0, ¥y, = 0).

3.2. Lamina Constitutive Equations
The inplane stress-strain relations for the k* lamina in the structure’s

coordinate system are given by

- - ~ -k
Oxx ¥ 911 912 916 Exx)¥
Oyyt =|Q12 Q22 Q26| (5w (3.7)
xy Q16 Q26 Qesl ‘¥

where oy, 7;5, £ and y;; are the normal stresses, shear stresses, normal strains and shear
strains, respectively; Ql-j are the reduced transformed stiffness constants from the
material coordinates, n,,n, and ns to the structure coordinates x, y and z. Figure 3.3
shows the relation between the material coordinates and the structure coordinates. The
reduced transformed stiffness coefficient matrix can be obtained from the plane stress

stiffness coefficients as follows [43]:
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QM g12 Q16 Qi1 Q12 0711 0 0 1 0 o1t
Q12 Qa2 Q6| =T7" [Q12 Qn O [0 1 0|T|0 1 0] (3.8)
Q16 Q26 Qos 0 0 Qello 0 2 0 0 2

where T is a transformation matrix that transforms the stresses, strains and the material
constants from the material coordinates to the structure coordinates and defined as [43]
m n? 2mn
T=|n?2 m? =2mn (3.9)
—mn mn m?—n?
where m = cos 8 and n = sin 8 in which @ is the angle that the fiber makes with

respect to the positive x- axis, as shown in Figure 3.3.

Figure 3.3: Structure coordinates (x, y, z) versus material coordinates (n,, n,, ns).
Curved tubes represent the fibers.

The stiffness constants Q;; in equation (3.8) are defined as [43]

E
Qu=—— (3.10)
1— v, vy
V12 By
= = £ °= A1
Q12 = Q21 1— vy, Uy (3.11)
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EZZ

Q22 = T=v,, vy (3.12)
Qes = G12 (3.13)
E,, v
7.721 == ZEZ' 12 (314)
11

where E, 4, E;, and G, are the longitudinal, transverse and shear modulus respectively,
V1, and v,, are the Poisson’s ratios. For an isotropic material, the elastic stiffness

constants Q;; reduce to

E
Qi1 =022 = 1—2 (3.15)
E
Q1 =022 = 1—2 (3.16)
= E 3.17
Q33 = 70+0) (3.17)
Q16 = Q61 = Q26 = Q62 =0 (3-18)

3.3.  Equations of Motion
The equations of motion and the associated boundary conditions are obtained

using the Hamilton’s principle which states that

tr
f [6T — 6U + 6Wg] dt =0 (3.19)
t

0

where § is the first variation, T is the kinetic energy, U is the strain energy, Wy is the

virtual work done by the nonpotential external forces, and t, and t; are two instances

of time. The first variation of the kinetic energy, T, is defined as
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Tsracr=s [ ([[ X aWZdVd 3.20
J srac=s [ 30 (Ge) avae (320

where p is the material density and the inplane kinetic energy is ignored. Applying the

first variation, we obtain
Tsrac=S0 [T ([ 5 (aW)ZdVd 7 ([ p2239™) 4y 4
Corar=go | [[[s(Gr) wvae= [ [[[ 05
0 0 0
ﬂf jff ow 0(6w) it dv
P ot ot
tfaz
fff {[—5W — — ow dt} dv (3.21)
t=ty to ot

The variation takes place over a frozen time thus we have

(6w(S ) <6w6 ) 399
w =|Fz-ow )
ot )iy, NOL ey, (3.22)

Then equation (3.21) in light of equations (3.3) and (3.20) becomes

6Tdt— jUfp 2SWOdzdxdydt

ty
- J J j Iy —atvz(’ Swo dA dt (3.23)
to

where I, represents the mass moment of inertia defined as

h
Iy = f_zhp dz = ph (3.24)

The first variation of strain energy, U, is given by

SU = f f f (0xx Oz + 0,08y, + Tyy6Vsy)dV

= Jjj [O-xx(dexx +z SKxx) + ayy(Seyy +z 5Kyy)

+ Tay(8exy + 2 8Ky ) |dx dy dz (3.25)
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According to equations (3.4)-(3.7), the normal and shear stresses ( gy, 0y, Txy)
are functions of x, y, z and t. While on the basis of equations (3.5) and (3.6), membrane
strains (e, €yy, €xy) as Well as the midplane’s curvatures (Kyy, kyy, Kyy ) are only

functions of x, y and t. By taking these facts into consideration, equation (3.25) could

be divided into the following integrals:

h
f f f 0 B, AV = f f f_zh O (B, + 2 81 )dz b dx dy
2

n n
- f f Seyy f_i O dZ + Bty f_iz 0, dz b dx dy
2 2

= f f [NexBery + Myy Sk, ]dA (3.26)

h
2
fff ayy&syy av = ff f__hayy(Seyy+26Kyy) dz ; dx dy

2

h h
= U dey, J_Zh Oyy dz + 68k, J_th Oyy dz pdx dy
2 2

3.27
= U [Nyy8eyy + MyySkcyy | dA (3:27)
h
2
fff Ty OVxy AV = ff f_h axy((Yexy +z 61cxy)dz dx dy

2
h h
2 2
=ff 6exyf_haxy dz+6icxyf_hzaxy dz ;dx dy
2 2

2

= J j [Ny ey + My 81y, |dA (3.28)

where N;; are the inplane force stress resultants and M;; are the moment stress resultants

that are defined as
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Mxx E O-XX

M ar
(= | )% (Zdz

Mxy =2 Ixy

(3.29)

(3.30)

Figure 3.4 demonstrates these stress resultants acting on a shell element where

the internal shear and normal forces, and bending moments are shown.

Figure 3.4: (A) Force resultants and (B) moment resultants acting on a shell element
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According to Hook’s law, equation (3.7), and the strain-displacement relations,
equations (3.4)-(3.6), the force and moment stress resultants, equations (3.29) and

(3.30), could be rearranged as

h h
3 7, _ .
Ny = f—h Tpx A2 = f_h[Qll exx + Q12 &yy + Qu6 Vay| dz
-

h
E ~ —_—
= _h[Qll (exx +z Kxx) + Q12 (eyy +z K'yy)
2

+ Q16 (exy + 2 Kyy)] dz

= Aq1 €xx T B11 Ky T Ar2 eyy t B, Kyy + Ase €xy

+ Big Ky (3.31)
h h
2 2 — — —
Nyy = _]-—h Oyy dz = f_h[le Exx T Q22 Eyy + Q26 yxy] dz
2 2

h
E = —
= _h[le (exx + Z Kyx) + Q22 (eyy + z Kyy)
2

+ Qa6 (exy + 2 Ky )] dz

= Ay exx + Big Kyx + Ay, eyy t By, Kyy + Aze €xy

+ By Ky (3.32)
h h
2 20~ A A
Nyy = f—h Txy 4z = f_h[Q16 Exx + Q26 Eyy + Qoo ny] dz
2 2
h

E ~ p—
= f_h[Q16 (exx T Z Kyy) + Q26 (eyy + z Kyy)
2

+ Qo6 (exy + Z Kyy)] dz
= A1 €xx T B1s Kxx + Az eyy t Bye Kyy + Age €xy

+ B66 Kxy (333)

31



h h
z 2= A A
My = f—h Oxx 2dz = f h[Qll exe + Qua &y + Qo vy| 2 dz

2 2
h
7 ~ —_
= _h[Q11 (exx + 2 Kyy) + Q12 (e + 2 Kyy)
2

+ Q16 (exy + 2 kyy)| z dz
= B11 €xx + D11 Kxx + By eyy + Ds; Kyy T B €xy

+ D16 Kxy (334)

h h
2 2, _ _ _
Myy = f—h Oyy Z dz = f_h[le Exx T Q22 Eyy + Q26 yxy] zdz
2 2

h
E -~ -
= _h[le (exx + Z Kyyx) + Q22 (eyy +z Kyy)
2

+ Q6 (exy +z ny)] zdz
= Byy exx + D1z Kyx + By eyy t Dy, Kyy + By €xy

+ Dy Kyy (3.35)

h
E _ _ —
M,, = f—h Tyyzdz = f_h[Qm Exx T Q26 Eyy T Qss ny] zdz
2

h
i —~ —
= J_h[le (exx +z Kxx) + Q26 (eyy +z Kyy)
2

+ Qgs (exy +z ny)] zdz
= Big €xx + D16 Kxx + B2s eyy t D6 Kyy + B €xy

* Dos oy (3.36)

where A;;, B;; and D;; denote the extensional, bending-extensional coupling, and

ij
bending stiffness constants, respectively, defined as

Ne Zk+1 - Ne -
ag=y [k dz = 0 G -2 @37)
k=1 Zk k=1
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N¢ N¢
B;; = gk dz = 1_" z2 —z2 (3.38)
ij = Qijzdz = 2 Qij (Zicy1 — zi) :
k=1"%k k=1
N¢

Zk+1

N¢
1_
Q22 dz =) 20k Gy — 7D (3.39)
k=1

=

Il
g
N

where N, is the number of layers of the composite shell.

Equations (3.31)-(3.36) could be written in a matrix form as

Nix Ajr Az Age] (Cxx Bi1 Biz Big](Hxx
Nyyt =141z A2z Ase {ew/}‘l' Bia Bzz By {KW} (3.40)
Nyy Are Aze Aeed\€xy) |Big Bzs Beel Kxy
Mix Bi1 Biz By (Cxx D11 D1z Die] (Mxx
Myy b =|Biz Baz Bag {ew}‘i‘ D1z Dy D {Kyy} (3.41)
M,y Bis Bas Beel\Cxy Dis Dy Dggl \Kxy

The first variation of the normal and shear strains are defined as

( d(8uy) 09(8Swy)dwy Swy )
+ +
Se 0x Jdx Ox R,
xx d(8v d(6wy) dw, Sw
Seyy b = (Ov,) | 00wa) W | OWo > (3.42)
Se dy dy Ody R,
i a(S5up) .\ a(8v,) . a(5wy) dw, . dw, d(Swy)
\ Jdy ox ox dy dx 0dy J
( 0%(8wp)
d0x?
6Kxx 62(6M@)
5Kyy = A —T (3.43)
0Ky Y
) 9%(5wy)
\ d0xdy J

Substituting equations (3.42) and (3.43) into equations (3.26)-(3.28) and

applying the integration by parts, one may find the following equations:

33



.f.ff GxxSSxx av = ff [Nxxgexx + MxxSKxx] dA

_fLnyx N 0(5uo)+a(5wo)awo+5W0
= . . XX ax ax ax Rx

0%(8wo)
xxTzO dx dy
L 5 0 s x=Ly
:f [Nxx6u0 xx aWO 6W - ( WO)]
0

L [N, ] Owo\  OM,, 0(6wo)
_jo Iax Suo + S (N 5) = 555

XX ax
1
_R—N,maw0 dx; dy

X

_fLy Ny 6ttg + Ny 220 1wy — M, 200)
= i xxOUg XX 5 Wo XX 9x
My, . |7

0x x=0

Ly N, 0 dwy az1\/Ixx
_j;) l I 5u0+5Woa(Nxx ax)+ 0x2 dwo

1
— 2~ Nax SWOl dx} dy

X

fff ny68yy dVv = ff 6eyy + M 6K3’Y]dA

Ly Ly 0(6vo) | 9(6wo) Iwo | Swy
N

a (6W0)
- M,, a—yz dy dx
L 3w~
Y 1=
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Ly rly[9 d ow, oM a((SW)
¥y 0) _ yy 0
H[ v+ 0y (1 ) - Py 20

— Ry SWOI dy dx

fo
0

oM
a;y SWOl

Ly aN a aW azM
_-];) [ a;y‘s"”‘gw"ay(’v )+ -2 sw,

aw
Nyy6vo + Nyy a 6W0 — Myy—

y=Ly
_.l_

y=0

1
- R_Nyy5wol dy} dx
y

.f.g Ty Oy AV = f,f [ny Oexy + MxySny]dA
(b a(8ug)  9(6vy)  (Swy) dw,
o 2,

0w 0wy 0owo)
ox 0y ¥ oxdy Y oxdy
ij lN vy + N Iwg 5 M (W]
= Xy vo xy A Wo - xy _—
° ay ay x=0
Ly any 9 aWO
) f [ 3 0vo + b 3 (Ve )
Lx 6(6W0) y=Ly

[0 0 ow
J l xy Suy + dwy— 3y (ny a_xo>

Mxy6(6w0)
—ay “ox dy; dx
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fLy lN 50 + N 20 s — g, 20%W0) | My o d
= 14 Wo — W
o Xy 0 Xy a 0 Xy ay ay 0 y

Lx ow, 0(5wy)
f xyOUo + Nyy —— o Swy — My, e

M,
dx

Ly (L 9/ 0 N
f f l 2 §vy + w (Nx W°)+J5u0

Y=Ly
+ 6 Wol dx

“ox\"¥ 9y ) ay

2

=Y swy | dx dy (3.46)

dxdy

aw,
+owo 5o dy (ny 0x )

Now in the light of equations (3.44)-(3.46), one may rewrite the first variation

of the strain energy, equation (3.25), as follows:

6U = fff (axx&sxx + 0y,0¢y, + Txy6)/xy) dv

= ﬂ [NyxSexx + My Sty + Ny Seyy, + My, 8k,

+ Nyybeyy + My, 0Ky, | dA

Ly aW Wo
= JO Nxx5u0 + ny(SvO + ny ay 6W0 + NXXW6W0
0

a(Swy) N M, 5

xx
0 - M
Wy xy ) y ) y Wo

0x

(dwy)] ™
poe ax d

fo Lo + NyySvg + N M0 s + N, 20 s
Ug Vo vy ay Wo Xy Ox Wy

oM d(dwy) OM
yy 0 xy
-M
dy W = My ax | ox dwo
6(5Wo)ly=Ly
yy dx
dy

y=0
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v,

J'Lnyx ON,, any] Sip + aNyy+any
ax dy 0 dy 0x

N d (N 6W0+ awo)+ 0 (N 6WO+ 6W0>
ox\ Y 0y *ox/) oy\"™Y ox Y 0y

0%M,, 0°M,, _0*M,, Ny, N,
2 - - 3.47
e 5y +2-- 5y R R l 5w0} dxdy  (3.47)

The virtual work done by the nonpotential external forces, Wy, can be written as

oWe = [[ £.y) owo s (3.48)

where f(x, y) is the distributed transverse force acting on either the top or the bottom

surface of the laminate.

According to equations (3.23), (3.47), (3.48) and (3.19), the Hamilton’s

principle becomes

ty
f [6T — 6U + 6Wp] dt

ty Ly
J j l 5u0 - Nyy(SVO
to

owy, OM,, OM,,
—|N N
( Y oy a5 Y ox + dy + 0x dwo

a(5wy) a(dwy)]” ™
+ M, oy ——2|  dxdt
d0x dy =0
tr rly
+f f I—NxxSuo — Nyy6vg
to 0
aWO aWO aMxx aMxy
—{N,——+N 0
(xy6y+xx6x+6x+6y o
d (5w d(swe)]
+Mxy%+Mxx%l dy dt
y x=0
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tr ONyy 0Ny, ONyy, 0N,y
_ft ff{[_ ox 6y]6u0+[_ dy - ox ]61)0
0

O(N 6WO+N 0W0> 6<N 6W0+N 6W0>
ox\ Y dy *ox/) oy\" ox Y 9y

0*M 0*M 0°M 1 1
- XY — Ny +—N,,
d0x? dy? dxdy R, R,

_.|_

0%w,
—fGoy) +lo— 7| dwodAdt =0 (3.49)

Equating the coefficients of each of the virtual displacements du,, §v, and Sw,

to zero, the following equilibrium equations are obtained:

ONy, ON,,
. S Rt A 3.50
Sug e + By (3.50)
N, 0N,
: =0 3.51
vy 3y + % (3.51)
e d <N 6W0+N 6W0>+ d (N 6W0+ 6W0> 1 N
Wor Gx Mgy TN ) Ty My T T Ty ) TR T
1 02M,, 0°M,, _3°M,,
—_— 2 ,
RNt o oy T2 5xe, TI0Y)
_ 0%wy (3.52)
0 ge2

The associated boundary conditions are

fo NyySug — Ny & Ny, 2oy, Do Oy | Oy
o xyOlo yy©Vo Y 9y Y 9x oy ox Wo

Y=Ly
d(5wp) 5(5Wo)l dx =0 (3.53)

My ——+ My, ———
X Ox yy ay =0

Ly dw, owy O0M,, O0M,,
jo —Nxx5u0 - ny5v0 - nyW + Nxx ax + ax + ay 6W0

a(s a(Swy) "
( Wo) M ( Wo)l dy = 0

+ M, (3.54)

dy T M55

38



Which results in

Either (N, =0) or (v, =0)aty =L, andy = 0 (3.55)

Either (N, =0) or (up =0)aty =L, andy =0 (3.56)

awo My, | OMy,

Either [( vy = + Ny aaw" + 2+ ) O] or (wo = 0)

aty=Ly,andy =0 (3.57)

- aWO
Either (M,,, = 0) or (W = 0) aty=Lyandy =0 (3.58)

- aWO
Either (M, = 0) or (W = 0) aty=L,andy =0 (3.59)
Either (N,,, =0)or (up =0)atx =L,andx =0 (3.60)
Either (N, =0) or (vo =0)atx = L,andx =0 (3.61)

2 2 aMxx OMy
Either [(N,, T 4 Ny G2 4 T 4 222 = 0] or (wo = 0)

(3.62)

atx=anndx=0

Either (M, = 0) or (52 =0) atx = Ly and x = 0 (3.63)
aWO
Either (M,, = 0) or ( = 0) atx=L,andx =0 (3.64)

In this study, the transverse displacement w, is of the main interest. It is possible
to reduce the force stress resultants by introducing the stress function and the

compatibility equation. The compatibility equation is given by [46, 47]
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0%y,  0%ey, 0%gy,
dy2 = 0x2  Oxdy

(3.65)

Based on the equations (3.5) and (3.6), one may gain the following derivatives of strain:

d%e o3u 03w, ow 92w,\° 1 8%w
J;x — 02 + 02 0 + 0 +— 20 (366)
ady d0xdy dxdy? 0x dxdy R, dy
d%e,,  33v, s 93w, ow, 32w\’ L1 92w, (367)
d0x2  0x20y 0x20y dy  \0xdy R, 0x? '
azexy= d3u, N d3v, N 3wy dwy  dwg 03wy 0%w, 02w,
dxdy  0xdy? 0x?%dy 0x%0y dy  0x 0xdy? 0x? 0y?
2 2
4 (227 (3.68)
dxdy
0? o4
Lax 2T (3.69)
dy d0x20y
0%k o0*w,
Yo (3.70)
dx dx%0y
0%y _ _, 0"wWo (3.71)

dxdy 2 d0x?0dy?

In the light of equation (3.4) and by substituting equations (3.66)-(3.71) into

equation (3.65), the compatibility equation could be simplified to the following form:

0%ey, 0%eyy, 0%ey
dy? + O0x? _axay (3.72)

Which after the substitution of the derivatives, it takes the following form:

- + - 3.73
d0x? dy? R, dy®* R, 0x? (3.73)

azexx_l_azeyy azexy . azWo ? aZWO 62W0 1 aZWO 1 aZWO
dy? dx2  9xdy \dxdy
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Since the transverse displacement wy, is the main interest, the axial displacement
u, and v, could be eliminated from the strain-displacement relations (equation (3.5))

by using the compatibility equation (equation (3.73)).

Based on equation (3.40), the membrane strain could be defined as follows:

€xx Ay Ay Al (Nax Biy Biz  Big] (Haxx
{eyy}= A Az Ay Nyyt —|Biz Bz B {Kyy} (3.74)
Exy Aie Aze Ass Nyy Bi6 Bas Beel \Kxy

Substituting equation (3.74) into the moment stress resultant (equation (3.41)) yields

My)  [Bin Biz Bis|[Ann Az Asg] | (Nax
Myy =|B1z B2z Bze||A12 Az Aze Nyy
M,y Bis Bae BeellAis Azs Ass Ny
Bi1 Biz  Big](Kxx Di1 D1z Dy (Hxx
—|B12 Bz Bas {Kyy} +|D12 Dyz Dze {KW} (3.75)
Bis Bzs Beel \Kxy Di¢ Dze Dggl\Kxy
Next, we introduce the stress function ¢ (x, y) such that
_9%¢ _9%¢ _ 0%
Nix = a_yz ’ YT gx2 Nyy == 9x0y (3.76)

Equation (3.76) identically satisfies the first and second equations of motion (equations
(3.50) and (3.51)). Next, we substitute equation (3.76) into equations (3.74) and (3.75)

and obtain

(( 92¢ )
- dy?
€xx A11 A12 A16 ! azd) B11 B12 Bl6 Kyx 377
Cyy = |A12 Azz Aze| {1 Fr > —|B1z2 Bz Bao|{Kyyip (3.77)
Exy A Az Ass xz Bie Bie Beel \Kxy
¢
(\ 0xdy/ )




(( 32¢
_ dy?
Ma) [Bun B Bi][Au A Au) 7| gy
Myyt =|Bi; Bay Bag||A12 Az Azs| <34 Frel T
My ) 1B Bus Beolldis 4z Age =
kL_ 0x0y/
N
Bi1 Biz Bie] (¥xx D11 Diz  Dig] (Kxx
—|Biz Bz By {Kyy}>+ D1, Dyy Dy {KW} (3.78)
Bie Bas Beel \Kxy Di¢ Dys Deel \Kxy
y,

When the matrices A, B and D are full, the algebra becomes involved. However,
for unidirectional, symmetric, unsymmetric and antisymmetric cross ply laminates,

which are the laminates under investigation, the A, B and D matrices take the following

forms:
A11 A12 0 B11 O 0 D11 D12 O
A=Ay, Ay, O, B=|0 By, 0|,D=|[Dy Dy; O (3.79)
0 0 Ag 0 0 0 0 0 Degs

Meanwhile, for the unidirectional and symmetric laminates, the B matrix vanishes. In
the light of equations (3.79) and (3.6), equations (3.77) and (3.78) reduce to

( 2
A _An 1 22
€Cxx ﬁ AA a:zyz
Eyyr = —% % 0 (<4 6_(2) \
exy dx
0 o ||| 2%
Ase L\ 0x0dy)
( GZWOWW
0x?2
Bll 0 O] aZWO
- 0 BZZ O < - 2 > >
0 0 0 gg
Wo
\  0xdy/
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[ Az Aqz 0 1( az¢ )
A A dy*?
A A 2
A A dx?2
1 2
0 o —||_9%¢
Asel | 0x0yJ
( aZWO\
Az;B11 _Alszz T 9x2
A A 92w,
- A12B11 Aq1B3; - V2
- y
A A PY e
0 0 od|— 0
\  0dxdy/
Biy 0 O 4, 4y,
0 0 O 1
0 0 —
Age
( 62W0\\
0x?2
Bll 0 O] aZWO
- 0 BZZ O < - 2 >
o o o ¥
0°w,
\  0xdy/
[ 0%wp )
0x?
D Dz 07| g2,
+|D12 Dy 0 | == ¢
dy
0 0 D¢
aZWO
\ 0Jxdy/
(0%¢p
Az2B11 _AlzBu 0 dy?
A A 62(].')
=| A12By;  A11By; 1 == g
- dx
A A 9%
0 0 o] _
\ 0xdy/

(3.80)



Ay, B2 A,,B11B Ay
22011 12011022 -
D1y — A 2t — 0 azxz
+ o A, B2 ] 2% | (3.81)
" 12 A11 22 D,, — 11A 22 0 9y? :
92w,
0 0 Dol | -
\  Jxdy/

where A= A, A,, — A%,. The expanded form of equations (3.80) and (3.81) could be
expressed as

Ay 0°¢p A1,0°¢  AypBi10°wy  Ag13Byp 0%wy

=_2< —= 3.82
Cax = 7 dy? A 0x? A o A 0y? (382)
_ A1y 62¢ +A11 02q,’> A12B14 azWo +A11Bzz azWo (3.83)
=7 dy?2 A 0x? A Ox? A 9y? '
1 0%
Exy = — 7 ¢ (3.84)
Agg 0x0y

+A2231162¢_A1231162¢)_ _AzzB121 azwo
A 0y? A 0x? 1 A 0x?

A13B11Byy\ 02w,
—<D12+ 12011 22) 0

(3.85)
A dy?
_ _Alszz 0%¢p A11By; 0%¢ _ ( A1zB11Bzz> 92w,
ry A 0y? A 0x? 12 A dx2
A11B222 BZWO
_ <D22 )2 (3.86)
d2%w

M,, = —2066?(3; (3.87)

According to equations (3.82)-(3.87), the derivatives of the membrane strains

(exx» €yy, xy) and the moment stress resultants (M, M,,,, M,,,) that appear in the left-
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hand side of the compatibility equation, equation (3.73), and the left-hand side of the

lateral deflection equation, equation (3.52), are defined as

0%exy _ Ay 0t A, 0% A;B1y 0*wy A12B;; 0%w,

= —— — 3.88
dy? A dy* A 0x?0y? + A 0x?0dy? A dy* (3.88)
Ceyy __Au _0'¢  Au0'¢ ABud'wo AuBy 0'wo g4
0x2 A 0x20y%2 A Ox* A oxt A 0x20y? '
0%eyy 1 0% 3.90
__ L 0 (390
dxady Agg 0x%0y
0% My _ +AzzB11 0*¢ _ Ay;B1; 0%¢ _ _ Az,Bf; ) 0*wy
dx? A 0x?0y? A Ox* 1 A dx*
A12B11B25\ 9*wyg 3.91
B (Dlz * A )axzayz (399
azMyy _ _A12322 64(]5 A11By; 64¢ _ ( A12311Bzz> 04W0
dy? A dy* A 0x?0y? 12 A d0x?dy?
2 4
- (P - 222 ) (392)
0’M 0*
xy o (3.93)

axay . 2Decgrag,7

Substituting equations (3.88)-(3.90) into equation (3.73) and plugging equations
(3.91)-(3.93) and (3.76) into equation (3.52), one could find two equations of motion:

the compatibility equation and the equation governing the transverse deflection as

A Age

A1164_¢ Ay, 0% (2A12 1 ) 0*¢ _A1zB11 04wy

A oxt A oyt 9x20y2 A oxt

A12B5; 64W0+<A11322+A22311> 9*wy GZWO ?
A Oyt A A/ 0ox%0y? \0xdy

+02W0 0wy 1 0°w, 1 0%*w,
d0x* dy* R, dy* R, 0x? B

(3.94)
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_A1zB11 0*¢ _ A13By; 0%¢ + (Azan n A11Bzz) 0*¢
A Ox* A Oy* A A ] 0x?0y?

A223121 a4W0 A11B§z 54W0
~\ P A ax* D2z = A ay*
A12311Bzz> 9*wy + 0%¢ 0%wy

A d0x?dy? dy? 0x?
+62q.'> 02w, ) 0%¢p 0*w, 1 0%¢p 1 0%¢
d0x? 0y? dxdy dxdy R, dy? R, dx?

-2 (2D66 + Dy, +

+ f(xy)

1 9%wy (3.95)
ot?

It can be seen that by means of the stress function and the compatibility
equation, the three equations of motion, equations (3.50)-(3.51), are reduced to two
equations: (3.50)-(3.51). These equations are the two governing equations that will be
used in this study to explore the nonlinear behavior of the doubly curved FRC shells.
These two equations are coupled and must be solved simultaneously. To do that, they
will be discretized using the Galerkin’s method and get a set of ordinary differential

equations, as will be shown in the next chapter.
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Chapter 4. Reduced-Order Model

In this chapter, a reduced-order model of the problem is developed using the
Galerkin’s discretization. In order to apply the Galerkin’s discretization technique, a set
of basis or shape functions that is consistent with the boundary conditions is needed.
For the sake of generality, let us assume that the functions wy(x, y,t) and ¢(x,y,t)

can be expressed in the following forms:

Wl 3, 0) = ) Xm0 Va3 (D (4.1)
N N

By, = D > Yn() Yn() Fn(0) (42)
m=1n=1

where N designates the number of modes retained in the discretization; X (x) and Y (y)
are the shape functions of the lateral deflection in the x and y-directions; ¥ (x) and
Y (y) are the trial function of the stress function in the x and y-directions, respectively;
and q,,,(t) and F,,,,(t) are generalized coordinates to be determined. We note that the
shape functions and the trial functions must satisfy the boundary conditions that are
imposed on the w, and ¢, respectively. Plugging equations (4.1) and (4.2) into
equations (3.94) and (3.95), multiplying the equation of compatibility, equation (3.94),
by the arbitrary trial functions ;(x) ¥;(y) and multiplying the equation of the lateral
deflection, equation (3.95), by the arbitrary mode shapes X;(x)Y;(y) and integrating
over the shell geometry, the discretized equations are obtained. The discretization of
one term is shown below and the discretization of the remaining terms are presented in

the Appendix.

Jo Jo 0xdy 9xdy Pi(x) ¢j(y) dy dx
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) f f [i ix,'n(x) h) qmn@]

m=1n=1

x i i X300 Y300) @pa (0| 000 ;) dy dix
&4
_ fo - ,ZZXMX) X () ; (x) dx
x j ? ZZYM Vi) W) Y | dmn(®) g (© 43
| " K0 X0 () dx = 7, (4.4
L%mooa@wm@ww=c$; (45)

Thus we have

fofLyaZWOaZWO () Y;(») dyd
) axayaxay Vi Vi) dydx

N N N N
DI I AEATCE G (4.6)

The last term of the discretization is the load projection that is defined as

Ly Ly
f £ y) X Y,() dydx = @.7)
0 0

At this step, substituting the discretized terms presented in the Appendix into
the equations (3.94) and (3.95), the discretized equations of motion are obtained as

follows:
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N N
A1 gx ¢y | Az ox dy (2412 1\ 4x oy
Z z [T Komi dnj A i knf _( A _A_66) Tmi Tnj ]an(t)

N N
Aq2B1q o P bV A12B22  px o®Y
+ z Z [_ A €mi Inj — A Imi €nj

A1B A,,B
+( 11522 22 11) hg::lc h¢y h¢>y

R Imi

1
h¢x gn] l an(t)

N N N N
+ Z Z Z Z[a%n afr{j B Cipl an] Gmn(t) 4pq(t) = (4.8)

N N
AlZBll AlZBZZ
+ZZ[ A Omi Gnj T Imi Cnj

_ AzzB11+A11Bzz
A A

)hwx hWy _|_R1 gwx hWy

S

1
+ R_hrvylf g;;vjyl mn (t)

y
N N A BZ
22P11
)y KDH -2 >k;§f et
m=1n=1
A B2
+ (D, — 2 22) dvx
A
B{,B
+2(2Dgq + Dy + I Wyl G (£)
N N N N
- Z Z Z Z(ar";’l’;l bqwrf'] 2em%; c:lv;’]
m=1n=1p=1q=1
+ byrii @n2:) G () Foq () = fij (4.9)

Simplifying equations (4.8) and (4.9), one can obtain the compact form of the two

discretized equations of motion as below:
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N

N N
nmm] mn(t) z 2 emmj an(t)

)

m=1n=1 m=1n=1
N N N N
+ Z Z Z Z Ymnpqij qmn(t) qpq(t) =0
=1n=1p=1q=1

ZN: inmnu Gmn (8) + i ZN:@””” Fon () + Z Z i G (6)

m=1n=1 m=1n=1 m=1n=
N N N N
- Z Z Z Z ﬁmnpqij an(t) qu(t) = fij
m=1n=1p=1q=1
where
A A 24 1
Nmnij = — k"”‘ ay + =2 d¢’? kP — (f - A—>r
66

A,B A,B
_ A12D11 ¢xg¢y+ 12022 gcpx oy

mnij — A €mi Inj A mi ©nj

A11By; | A22B11) | ¢x ¢y 1 ¢>y
_( A + A >hmi hnj gml h’

1
¢
—h xgnj
Ry

_ Px ¢y _ _¢x qby
Ymnpqij = Ampi Yqnj ~ Cmpi Cngj

— wx Jwy
Q'mnij - IO dmi dnj

AlZBll AlZBZZ

Emnij = A mi x/}y A mi ;Zy
A,,B A4B 1
— ( ZZA 11 + 11A 22) hwx hWy + _ gmx hWy
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(4.11)
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(4.13)

(4.14)
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(4.16)



AZZBlzl AllBgz

A12311322> wx WYy

+2 (2066 +Dyp + = T (4.17)

_ A aWx Wy wx WYy wx WYy
Bmnpqij = Ampi Pgnj = 2Cmpi Cngj + Dpmi Qg (4.18)

where the al’, b, cb” a®* , etc. are constants defined in the Appendix. The
discretized equations of motion, equations (4.10) and (4.11), are valid for all boundary
conditions provided that the appropriate shape functions of lateral deflection (X (x) and
Y (y)) and the trial function of stress function (y¥(x) and ¥(y)) are used. Solving the
static part of the discretized equations yields the equilibrium positions. The stability of
the equilibrium positions is identified by using Jacobian matrix which is defined as:

_ 9EQy

0Tmn

J ; Ljmn=12,.,N (4.19)

where ] is the Jacobian matrix, EQ;; is an algebraic equation, 7., is the generalized
coordinate and N is the number of modes retained in the discretization. An equilibrium
position is called stable if all eigenvalues of the Jacobian matrix are positive, otherwise
it is unstable. Next, the discretized equations are used to solve the nonlinear bending
and snapthrough response of doubly curved FRC shells.
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Chapter 5. Results and Discussion

In this chapter, the nonlinear static bending and snapthrough behavior of doubly
curved FRC shells is presented. First, the present model is validated against the
available results in the literature. Then the nonlinear static response of simply supported
doubly curved shells under uniformly distributed loads is investigated. For a simply

supported shell with the dimensions of L,,L, and h in the x,y and z-directions

respectively, the lateral deflection wy(x,y, t) and the stress function ¢(x,y,t) could
be expanded as the following double trigonometric series which satisfy the boundary
conditions [44, 48]:

wo(x,y,t) EN: EN: sin (mnx) sin <n: y) Qmn () (5.1)

n=1 Y

o(x,y,t) = i zN: sin (mnx) sin (le) Fpn () (5.2)
=1n=

1

where m and n are the number of half-waves (mode numbers) in the x and y-directions,
respectively [49]. According to the equations (3.55)-(3.64), the simply supported
boundary conditions associated with the three equations of motion, equations (3.50)-
(3.52), are

0wy _ _ _ _
WO—UO—W—NM—M”—O at x=L, and x=0 (5.3)
aWO
Wo = Ulg = —-= =Ny, =M,,=0 at y=1L, and y=0 (5.4)

Using the Airy stress function, equation (3.76), and the definition of the moment
stress resultants with respect to the stress function and wy, equations (3.85)-(3.87), the

simply supported boundary conditions, equations (5.3) and (5.4), can be rearranged as
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at x =1L, and x =0:

adwy,
Mo =Gy T
0%¢
Ny = ﬁ =y
y
_ Az2B11 62¢ _ A12B11 52¢ _ _ A223121 62Wo
xx A 0y? A 0x2 1 A dx2
AlZBllBZZ> 0%wy 55
—(Dy, + =0 (5.5)
( 12 A dy?

at y=1L, and y=0:
0wy
=2y =

62¢_

g T

M. = _A12322 az¢ N A11By; 6247 _ ( A1zB11Bzz> a2W0
yy A Oy? A 0x? 12 A dx?

A11Bzzz azWo
—(DZZ—T =0 (5.6)

W 0,

The first three symmetric mode shapes (i,j = 1,3,5) of lateral deflection of a

simply supported plate that are used in this thesis are shown in Figure 5.1.

Let the simply supported shell be subjected to a distributed load f(x,y). The Fourier

series expansion for the load is given as [50]

oo

flx,y) = Z i DPmn SN ("Zx) sin (nLn y) (5.7)

m=1n=1 y

Multiplying both sides of equation (5.7) by an arbitrary mode shape of the
lateral deflection of simply supported shell and integrating over the domain, the Fourier
series coefficients p,,,, can be determined as follows:

Le rly - (mmx\ . (nmy
f flx,y) sm( )sm — |dy dx =
o Jo L, L

y
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Ly P - /mmx\ _ (nmy\ . (rux\ . [smy
Z men sin sin sin(—]sin|—|dydx (5.8)
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Figure 5.1: The first three symmetric mode shapes of lateral deflection of a simply
supported plate.
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The orthogonality conditions for the lateral deflection mode shapes are

0 m#r
j‘"x _ (mnx) _ (rnx) D = 5.9)
i sin L sin L X=9p ~ .
— m=r
2
i 0 n+s
y nm ST
f sin (_y) sin <_y> dy =41 (5.10)
0 Ly Ly 4 =
> n=s

In the light of equations (5.9) and (5.10), equation (5.8) can be solved for coefficients

pmn as

4 jo Lyf( )si (mnx) _ <nny> v d (5.11)
= x,y) sin sin x .

According to equations (4.7) and (5.1), the projection of a distributed load for a simply
supported shell is defined as

Lx Ly . (imx\ | [jmy
fij = f f(x,y) sin (—) sin(—— | dy dx (5.12)
0 0 Lx Ly

One may notice that for a concentrated load with magnitude of p, that acts on a point
with a coordinate of (x,, ¥,), still equations (5.7) and (5.12) are valid, while in this case
the p,,, is defined as [50]

Pmn = :ﬁ‘oy sin (mfxx0> sin <n:i’0> (5.13)
It is worth mentioning that, all results are based on the three-mode discretization, i.e.
(i,j =13,5), which results in eighteen  generalized coordinates:
911,913, 915, 931, 933, 935, 951 G53, G55, F11, Fi3, Fis, F31, Fa3, F3s, F5q, Fs3 - and - Fss.
Note that due to the geometry of the shell, stacking sequence of laminate, boundary
conditions and the applied load, only the symmetric modes are contributing. For linear
and nonlinear static analysis, the time dependent terms in the discretized model of the
shell must be set to zero. As a result, the nonlinear ordinary differential equations reduce

to a set of nonlinear coupled algebraic equations. Afterwards, these algebraic equations
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are solved by means of a modified Newton-Raphson method for the equilibrium
positions. It is worth mentioning that in all figures and tables related to the nonlinear

bending of shells and plates, the center deflection of the structure is considered.

5.1. Model Verification

Before presenting the results, it is crucial to validate the present model against
the results available in the literature. Three different types of loading are taken into
account: uniform distributed load (UDL), sinusoidal distributed load (SDL), and central
point load (CPL). Based on the Navier solution, Ugural [50] suggested the following
closed form solutions for deflection of simply supported isotropic plates under three
different loading. The dimensions of plate are L,, L, and h in the x, y and z -directions,
respectively. Under a uniform distributed load, the deflection of the plate at a point with

a coordinate of (x, y) is [50]

jTy
16 pO ‘ L ( ) o
wypL(x,y) = —7 i,j=135,.. ,
; ,l]lL) (LJ_)l (5.14)
x y

f(x:y) = Do

For a square plate, i.e. L, = L, and considering the deflection of plate’s center, the

summation converges to the following formula [50]:

L, L) 0.00406 p, L%

Wypl, ( > D , fOay) =po (5.15)

Under a concentrated load that acts at a point with (x,,y,) coordinates, the

deflection of the plate at a point with a coordinate of (x, y) is [50]

o ”Txo JTYo

_ 4p, sin ( )51 (Ly> . (inx> _(jmy

Wer(6Y) = b L L Zz [ ) +< >z]2 NN ) (5.16)
Ly Ly .

i,j=135,.. , f(xo,yo) =D,

For a square plate, i.e. L, = L,, with a concentrated load at its center (central point
load) and considering the deflection of plate’s center, the summation converges to the

following formula [50]:
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L, Ly 0.01159 p, Lfc (Lx Ly)
I A I = ) = 5.17
WCPL<2:2) D ) f 27 Po ( )

Under a sinusoidal distributed load, the deflection of the plate at a point with a

coordinate (x, y) is [50]:

1 [o.0] [0/0)
WspL(x,y) = %z Z
i

j . (inx) . (JTy
- sin L sin L)

&+

mmx nr
ij=123.., f&y)=p, sin( >sin nry (5.18)
Ly L,
Pij L) f(x,y) sin L sin L y dx (5.19)

where in all cases D is the flexural rigidity of the plate and defined as [50]

E h3

The present model is verified against reference [50] for the linear static analysis
of simply supported isotropic plate made of Aluminum with material and geometrical
properties listed in Table 5.1. The results of this comparison are shown in Table 5.2. To
find out the effective number of modes which must be retained in the Galerkin’s
discretization, a sensitivity analysis is performed and results are listed in Table 5.3. In
this table, the results of the present model is compared with reference [50] by making
use of equations (5.14) and (5.16). Table 5.3 illustrates that increasing the number of

modes improves the accuracy of the solution.

For simply supported doubly curved FRC shells under a uniform distributed
load, a comparison is made with the analytical results of Reddy [43]. The material
properties and dimensions of the shell are E;; = 25E,,, G1;, = G153 = 0.5E,,, G,3 =
0.2E;,, Ey = 10°Pa, vy, = 0.25, Ly/h =L,/h =100, R, = R,,h = 0.1m. The
nondimensional linear deflection of the shell center is presented in Table 5.4 for various
values of R, /L, and different layups. Under a uniform loading, the nondimensional
deflection is defined as [43]
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L, L w E,, h3 1000
(2.2)=-22 . @ =p (521

L% po

Table 5.1: Mechanical and geometrical properties of an isotropic plate.

E (GPa) p (kg/m3) v L, (cm) Ly, (ecm) h (mm)

71 2770 0.33 60 60 4

Table 5.2: Comparison of linear center deflection (mm) of simply supported isotropic
square plate under various loading.

UDL SDL CPL
f(x,y) L, L
fooy) ey (2.2)
=100 Pa = 100sin <E) sin <E> Pa — 100 N
Present 0.123932 0.0782735 0.967722
[50] 0.123823 0.0782735 0.981873

Table 5.3: Convergence analysis for linear center deflection (mm) of simply
supported isotropic square plate under various loading.

UDL CPL

f(x,y) =100 Pa f(%,%’) =100 N
Modes' number Present [50] Present [50]
j=1 0.1268923  0.1268923 0.8697058  0.8697058
i,j=12 0.1268923  0.1268923 0.8697058  0.8697058
i,j=123 0.1236825  0.1236825 0.9500194  0.9500194
i,j=1234 0.1236825  0.1236825 0.9500194  0.9500194
i,j=12345 0.1239324  0.1239324 0.9677220  0.9677220
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Table 5.4: Comparison of the nondimensional linear center deflection of simply
supported doubly curved FRC shells under a uniform distributed load.

Layup
[0,90] [0,90,0] [0,90,90,0]

R
L_x Present [43] Present [43] Present [43]

X

1 0.073078 0.0718 0.072604 0.0718 0.072309 0.0715
2 0.287606  0.2855 0.287645 0.2858 0.285679 0.2844
3 0.646385 0.6441 0.624469 0.6224 0.625585 0.6246
4 1.143434 1.1412 1.045579 1.0443 1.055936 1.0559
5 1.755355  1.7535 1.511719 1.5118 1.534433 1.5358

10 5.540495 5.5428 3.634492 3.6445 3.709345 3.7208
o 16.957866 16.980 6.664467 6.6970 6.798859 6.8331

Table 5.5 presents the sensitivity of the linear bending solution against the even
modes retained in the discretization of simply supported doubly curved FRC shells with
layups [0,90]. It can be seen that only the symmetric modes are contributing. Therefore,

the first three odd modes are used in the discretization.

Figure 5.2, presents a comparison between the current model and the analytical
results of Reddy [43] for linear static bending of simply supported composite plates
under a uniform distributed load taking into account the influence of the aspect ratio
and staking sequence. As the figure shows, a good agreement has been reported. The
material properties and dimensions of plate are E;; = 25E,,, Gi, = G35 = 0.5F,,,
Gz = 0.2E3;, v1, =025, Ly/h=L,/h=100. The nondimensional center
deflection of the plate in this figure is based on the following equation [43]:

> (Lx Ly) _WE, R®

05 ) S T (x,y) = 5.22
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Table 5.5: Sensitivity analysis of the nondimensional linear center deflection of
simply supported FRC shell with layup [0,90] under a uniform distributed load.

Ry
Ly
Modes’ number 5 10 00
i,j=1 1.934504 5.789371 17.242061
i,j=12 1.934504 5.789371 17.242061
i,j=123 1.737121 5.520424 16.937108
i,j=1234 1.737121 5.520424 16.937108
i,j=12345 1.755355 5.540495 16.957866
0.045
0.036
A
=
= 0.027
o
B
&
=
5 0.018
]
0.009
0
0 1 2 3 4 5
Aspectratio (Lx / Ly)
—[0,90,90,0] Present ® [0,90,90,0] Reddy [43]
—[0,90,0,90] Present ¢ [0,90,0,90] Reddy [43]
—[0,90] Present A [0,90] Reddy [43]

Figure 5.2: Comparison of nondimensional linear center deflection of simply
supported composite plate with different layups and aspect ratios under a uniform
distributed load.
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Figure 5.3 presents the nonlinear static bending and snhapthrough of simply
supported FRC shell under a uniform distributed load using the current model and the
FE results reported by Noor and Hartely [24] and Reddy [43]. As it is evident from the
figure, an excellent agreement has been obtained. The shell is made of a nine-layer
cross ply laminate [0,90,0,90,0,90,0,90,0] with material and geometrical properties of
Ei, = 40E,,, E,y = 10° psi, Gy, = Gy3 = 0.6E;,, G,3 = 0.5E,,, v, = 0.25, h =
lin, Ly =L, =100in, R, =R, = R = —1000 in.

12
—Present °
N\
~ 10
Re) ()
% ® Reddy [43]
N 8
- A Noor and Hartely [24]
=
CB: 6
*
T 4
o
—
—/
2
ol
0
0 0.5 1 1.5 2 2.5 3 3.5 4

Deflection / h

Figure 5.3: A comparison of the nonlinear load-deflection curve of simply supported
doubly curved composite shell with layup [0,90,0,90,0,90,0,90,0] under a uniform
distributed load.

Having the model validated, we present the numerical results for the nonlinear
bending and snapthrough behavior of doubly curved shells made up of two types of
materials, Aluminum as an isotropic material with properties E =71 GPa, p =
2770 kg/m3, v = 0.33 [15] and FRC with material properties of E;; = 181 GPa,
E,, = 10.3 GPa, Gy, = 7.17 GPa, p = 1579 kg/m3, vy, = 0.28 [52].
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5.2.  Nonlinear Bending of Shells: The Jump Phenomenon

This section addresses the snapthrough and jump phenomena that may occur
during the nonlinear bending of doubly curved shells. Figure 5.4 illustrates the
nonlinear bending behavior of an isotropic doubly curved shell under a uniform

distributed load. The shell dimensions are h = 4 mm, L, = L, = 60 cm, R, = R, =

—10L,.. In the loading process, the red dashed line, the load deflection curve is
monotonic, from A to C, before the shell jumps, from C to E. After the jump, increasing
the load causes the shell to follow the deflection path from point E to F. Now in the
unloading process, the green dashed line, as the load decreases, the shell follows the
path from point F to point D. Then, decreasing the load further causes the shell to jump
from point D to point B. After this jump, the shell follows the path from point B to point
A as the load decreases. The loads related to points C and D are called the snapthrough
and snapback load, respectively. In the snapthrough/snapback motion, the shell changes

its configuration from concave to convex and vice versa.

In the case that there exist jumps, points C and D are also called the limit points.
The states between points C and D are unstable solutions which are shown by dotted
points. The region between the two vertical lines (CE and DB) which is the region
between the snapthrough and snapback loads is called the bi-stability region. The name
comes from the fact that in this area for each specific load, there exist two stable

equilibrium states.

To define the snapthrough and snapback loads, one will face two different
scenarios, either the jumps occur in the load-deflection curve or the curve is continuous
(without jump). If there are jumps, the snapthrough and snapback loads must be
calculated according to the stability analysis of the solutions and the jump phenomenon.
We notice that due to the three-mode contribution, the Jacobian matrix in this study is
an 18 by 18 matrix. For the load-deflection curves that are continuous and do not
include the jump phenomenon, the snapthrough loads must be found by means of the
first and second derivatives of the load-deflection curve. The first derivative of the load-
deflection curve defines the slope while the second derivative defines the curvature.
When the second derivative changes its sign from positive to negative or vice versa, the

snapthrough or snapback occurs. In the case of a continuous load-deflection curve, the
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snapthrough and snapback loads become identical and the bi-stability region and the

jump phenomenon vanish.

It is worth mentioning that in this thesis, in all cases it is assumed that the
material behaves elastically through the loading and unloading process and it does not
reach to the plastic deformation. As an evidence, the von Mises stress for a simply
supported isotropic shell under uniformly distributed load is shown in Figure 5.5. The

results of this figure are related to a point with coordinates of (Lx/z Ly/2, 0) and the
shell dimensions are h =4 mm, L, = L, = 60 cm, R, = R, = —10L,. The von

Mises stress is defined as

1
Oy = \/5 [(Uxx - Uyy)z + (Uyy - UZZ)Z + (022 — Uxx)z] + 3(1,%3, Tt T32’Z) (5.23)

In the case of plane stress (0,, = 1., = 7y, = 0), equation (5.23) reduces to

oy = \/ 0% + 0fy + 312, — 0xx0yy (5.24)

The yielding stress for aluminum is reported as 169 MPa, while according to
the Figure 5.5 the maximum von Mises stress that may occur during the snapthrough
motion and beyond the snapthrough motion is around 20 MPa. In other words, the
snapthrough and snapback motions are in the region of elastic deformation.

5.3.  Sensitivity Analysis versus the Number of Modes

In order to assess the significance of the number of modes retained in the
discretization, the results for the nonlinear bending of simply supported symmetric
[0,90]s spherical shell under a uniform distributed load using a single, two, and three
modes are presented in Figure 5.6. The shell dimensions are h = 4 mm, L, = L, =
60 cm, R, =R, =—10L,. It can be seen that a single-mode discretization
underestimates the snapback load and overestimates the deflection afterwards.
Nevertheless, the results are similar in the pre snapthrough region where the deflection
is small. Therefore, all results of our analysis are based on the three-mode discretization.
It is worth mentioning that due to the geometry and type of loading only the symmetric
modes are contributing (i,j = 1,3,5) which resulted in eighteen generalized

coordinates, as outlined earlier.
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Figure 5.4: Nonlinear load-deflection curve of simply supported isotropic spherical
shell under a uniform distributed load and illustration of the snapthrough, snapback,
stable and unstable solutions, bi-stability region and jump phenomena.
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Figure 5.5: Load-stress curve for simply supported aluminum spherical shell under
uniformly distributed load for a point with coordinates of (Lx/z Ly/2, 0).
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Figure 5.6: The nonlinear load-deflection curve of simply supported symmetric
[0,90] spherical shells under a uniform distributed load using one, two and three
modes.

Next, a parametric study of nonlinear static bending of doubly curved FRC
shells is presented. The influence of the curvature-to-length ratio, curvature ratio,
length-to-thickness ratio and stacking sequence of laminate on the nonlinear bending,
snapthrough/snapback loads, bi-stability region and the jumps phenomena will be

examined.

5.4.  Effect of the Curvature-to-Length Ratio R,./L,

The first set of the numerical results is concerned with the nonlinear bending
behavior of composite spherical shells with varying the curvature-to-length ratio
R, /L,. Here the length of the shell is kept constant while the radius of curvature is
varied. For the sake of comparison, the nonlinear static bending behavior of a metallic
shell made up of Aluminum is presented as a baseline. Figure 5.7 illustrates the
nondimensional lateral deflection of the center of a simply supported isotropic spherical
shell under a uniformly distributed load. The shell dimensions are h =4 mm, L, =
L, = 60 cm, R, = R,, that will be kept fixed while the layup and the R, /L, are varied.
The radius of curvature is varied from 10 times the shell’s length to infinity. As it is

evident from the figure, by increasing the radius of curvature, the snapthrough and
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snapback load decreases. One can also note that as the shell’s radius increases, the shell
shows softening behavior (more deflection under the same load) before the snapthrough
while the hardening behavior (less deflection under the same load) is obvious after the
snapthrough. Moreover, as the radius of curvature increases, the magnitude of the jump
decreases and the bi-stability region diminishes. The stable branches are represented by
solid lines while the unstable branches are represented by the dashed lines. At R, /L, =
—20, the load-deflection curve is continuous and there are no jumps. We vary the shell
parameters such as the material properties, the curvature-to-length ratio R, /L,., the
curvature ratio R, /R,, and the thickness and investigate their impact on the nonlinear
bending response and the snapthrough and snapback values. One of the objectives is to
find out a set of parameters that yields a continuous load-deflection curve and minimize

the deflection.

Figures 5.8-5.11 present the nonlinear bending and shapthrough response of a
simply supported composite spherical shell under a uniform distributed load with the
following layups: unidirectional [0, ], symmetric [0,90]g, unsymmetric [0,0,90,90] and
antisymmetric [0,90,0,90], respectively. It is evident from Figure 5.8 that the load-
deflection curves are continuous and there are no jumps, which means that the
snapthrough and snapback loads are identical. The results show that the material
properties represented by the laminate’s layup strongly affect the nonlinear bending
response, the jump phenomenon, and the snapthrough/snapback loads. In all cases, as

the radius of curvature increases, the snapthrough and snapback loads decrease.

Table 5.6 presents the snapthrough and snhapback loads for simply supported
spherical shells with a variety of materials and curvature-to-length ratio R, /L,. The
numerical results for isotropic and composite shells of R, /L, = —10,—12,—15 and
—20 are presented. The lowest snapthrough loads are reported for the unsymmetric
[0,0,90,90] laminates. When the snapthrough and snapback loads are different, the
shell becomes bi-stable, i.e. it exhibits two stable equilibrium positions and the jump

phenomenon exists.
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Figure 5.7: The nonlinear load-deflection curves of simply supported isotropic
spherical shells under a uniformly distributed load with varying R,./L,.
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Figure 5.8: The nonlinear load-deflection curves of simply supported unidirectional
[0,] spherical shells under a uniformly distributed load with varying R,./L,.
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Figure 5.9: The nonlinear load-deflection curves of simply supported symmetric
[0,90] spherical shells under a uniformly distributed load with varying R, /L.
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Figure 5.10: The nonlinear load-deflection curves of simply supported unsymmetric
[0,0,90,90] spherical shells under a uniformly distributed load with varying R, /L,.
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Table 5.6: The snapthrough and snapback loads of simply supported spherical shells
with dimensions of h = 4 mm, L, = L, = 60 cm, R, = R,, under a uniform
distributed load for a variety of materials and curvature-to-length ratio.

I 1)
Aluminum -10 13835 8258
-12 9341 7193
-15 6214 6013
-20 4387 4387
Unidirectional -10 5763 5763
[0,] -12 4791 4791
-15 3909 3909
-20 2993 2993
Symmetric -10 6861 6737
[0,90]s -12 5353 5353
-15 4130 4130
-20 3031 3031
Unsymmetric -10 4881 3230
[0,0,90,90] -12 3290 2733
-15 2188 2174
-20 1520 1520
Antisymmetric -10 6463 5987
[0,90,0,90] -12 4855 4855
-15 3687 3687
-20 2665 2665
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Figure 5.11: The nonlinear load-deflection curves of simply supported antisymmetric
[0,90,0,90] spherical shells under a uniform distributed load with varying R,./L,.

5.5.  Effect of the Curvature Ratio R, /R,

Here, the effect of curvature ratio R, /R, on the nonlinear bending and
snapthrough of simply supported doubly curved shells under a uniformly distributed
load is investigated. The shell has the following geometrical properties: h = 4 mm,
L, =L, =60 cm,R, = —10L,. Figures 5.12-5.16 present the nonlinear bending
behavior of isotropic and composite simply supported shells for R, /R, = 1,1.5, and
2.5. The results show that as the curvature ratio increases, the snapthrough and
snapback loads decrease and the region of bi-stability diminishes. Moreover, in all
cases, as the curvature ratio increases, two effects can be observed: softening behavior
(more deflection under the same load) before the snapthrough and hardening behavior
(less deflection under the same load) after the snapthrough. The laminate’s layup is
found to significantly affect the snapthrough response. The results reveal that the
curvature ratio R, /R, and the laminate’s layup are key parameters that can be

manipulated for a desired response.
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Figure 5.12: The nonlinear load-deflection curves of simply supported isotropic
doubly curved shells under a uniformly distributed load with varying Ry, /R,.
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Figure 5.13: The nonlinear load-deflection curves of simply supported unidirectional
[0,] doubly curved shells under a uniformly distributed load with varying R, /R,.
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Figure 5.14: The nonlinear load-deflection curves of simply supported symmetric
[0,90]s doubly curved shells under uniformly distributed load with varying R,,/R,.

6
4.8
=
~
= 36
(@]
v=
O
= 2.4
(D]
= — Ry /Rx=15
1.2
—Ry/Rx=25
0
0 2 4 6 8 10

Load (kPa)

Figure 5.15: The nonlinear load-deflection curves of simply supported unsymmetric
[0,0,90,90] doubly curved shells under a uniformly distributed load with varying

Ry/Ry.
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Figure 5.16: The nonlinear load-deflection curves of simply supported antisymmetric
[0,90,0,90] doubly curved shells under a uniformly distributed load with varying

Ry /Ry.

Table 5.7 presents the snapthrough and snapback loads for simply supported
shells under a uniformly distributed load with various curvature ratio and material
properties. The lowest snapthrough load is reported for the unsymmetric laminates
while the symmetric laminate shows the highest snapthrough load of all composites

considered in this study.

Next, the influence of the thickness on the snapthrough response of doubly
curved composite shells will be examined taking into account the limits of the length-

to-thickness ratio for the validity of the model used in this study.
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Table 5.7: The snapthrough and snapback loads of simply supported doubly curved
shells with dimensions of h = 4 mm, L, = L, = 60 cm, R,/L, = —10 under a

uniformly distributed load for various materials and curvature ratio Ry, /R,.

. Snapthrough Shapback

Material Ry/Rx load (Pa) load (Pa)
Aluminum 1 13835 8258
1.5 9343 7183
2.5 6737 6266
Unidirectional 1 5763 5763
[04] 1.5 4781 4781
2.5 4056 4056
Symmetric 1 6861 6737
[0,90]s 1.5 5334 5334
2.5 4342 4342
Unsymmetric 1 4881 3230
[0,0,90,90] 1.5 3291 2724
2.5 2370 2287
Antisymmetric 1 6463 5987
[0,90,0,90] 1.5 4854 4854
2.5 3907 3907

5.6.  Effect of the Shell Thickness

The significance of the shell thickness on the nonlinear bending and
snapthrough response of simply supported spherical shell is investigated. Figures 5.17-
5.21 demonstrate the nonlinear bending, snapthrough and snapback of simply supported
spherical shells under a uniformly distributed load while the thickness of the shell is

varied. The geometrical properties of the shell are L, =L, = 60cm, R, =R, =
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—10L,. For the metallic shell, the jump has been reported for the thicknesses
considered in this study, as shown in Figure 5.17. On the other hand, the shells with
unidirectional layup exhibit a continuous load-deflection curve where there are no
jumps, as shown in Figure 5.18. The nonlinear bending, snapthrough and snapback for
the symmetric, unsymmetric, and antisymmetric are shown in Figures 5.19-5.21. In all
of these figures, before and after the snapthrough, the stiffening behavior is witnessed
as the shell becomes thicker. As it is evident from the figures, the shell thickness plays

an important role on the nonlinear bending of composite shells.

Table 5.8 presents the snapthrough and shapback uniform loads for spherical
isotropic, unidirectional, symmetric, unsymmetric, and antisymmetric shells with
various thickness. For continuous load-deflection curves, the snapthrough and the
snapback loads are identical. When jumps are involved, the shell exhibits the bi-
stability property under loads that lie between the snapthrough and snapback loads. The
unsymmetric laminates exhibit the lowest snapthrough and snapback loads while the

highest snapthrough and snapback loads are reported for symmetric laminates.

0.05
0.04
>
—
: 0.03
2
EES)
O —1Lx/h=150
(«D]
< 0.02
[«B)
a —1Lx/h=120
0.01
—1Lx/h =100
0
0 10 20 30 40 50

Load (kPa)

Figure 5.17: The nonlinear load-deflection curves of simply supported isotropic
spherical shells under a uniformly distributed load for various L, /h.
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Figure 5.18: The nonlinear load-deflection curves of simply supported unidirectional
[0,] spherical shells under a uniformly distributed load for various L,./h.
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Figure 5.19: The nonlinear load-deflection curves of simply supported symmetric
[0,90] spherical shells under a uniformly distributed load for various L, /h.
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Figure 5.20: The nonlinear load-deflection curves of simply supported unsymmetric
[0,0,90,90] spherical shells under a uniformly distributed load for various L, /h.
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Figure 5.21: The nonlinear load-deflection curves of simply supported antisymmetric
[0,90,0,90] spherical shells under a uniformly distributed load for various L, /h.
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Table 5.8: The effect of thickness and material on the snapthrough and snapback loads
of simply supported spherical shells with dimensions of L, = L, = 60 cm, R, =

R, = —10L, under a uniformly distributed load.

. Snapthrough Snapback

Material Lx/h Load (Pa) Load (Pa)
Aluminum 150 13835 8258
120 21022 17028
100 31461 30440
Unidirectional 150 5763 5763
[0,] 120 11259 11259
100 19782 19782
Symmetric 150 6861 6737
[0,90] 120 12436 12436
100 20904 20904
Unsymmetric 150 4881 3230
[0,0,90,90] 120 7401 6416
100 11078 11002
Antisymmetric 150 6463 5987
[0,90,0,90] 120 11244 11244
100 18659 18659
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Chapter 6. Conclusion and Future Work

In this thesis, the nonlinear static bending and shapthrough response of doubly
curved laminated shells is investigated. The proposed model is based on the classical
lamination shell theory with the von Karman geometric nonlinearity. The equations of
motion and the associated boundary conditions are obtained using the Hamilton’s
principle. By utilizing the nonlinear compatibility equation along with the Airy stress
function, the axial displacements are eliminated from equations of motion. Therefore,
the three governing equations are reduced to two equations: the compatibility equation
and the equation governing the lateral deflection. Afterwards, the two equations of
motion are discretized using the Galerkin’s approach. The discretized equations are
general and apply on different boundary conditions provided that appropriate trial
functions are used for the stress function and lateral deflection. The model is validated
against the results available in the literature and a good agreement has been obtained.
The numerical results for simply supported composite shells under uniformly
distributed loads are presented. Namely, unidirectional [0,], symmetric [0,90]s,
unsymmetric [0,0,90,90] and antisymmetric [0,90,0,90] layups were considered. For
the sake of comparison, the nonlinear static bending behavior of an isotropic metallic
shell made up of Aluminum as a baseline is also presented. A parametric study is
performed to examine the influence of three key parameters on the nonlinear bending
response of doubly curved composite shells: the radius of curvature-to-length ratio
R, /Ly, the ratio of the principal radii of curvature R,, /R, and the thickness. The results
show that as the ratio R, /L, increases, the snapthrough load decreases. As the ratio of

the radii of curvature R, /R, increases, the snapthrough load decreases. As the

thickness increases, the snapthrough load increases and the jump phenomenon gets
narrowed or disappears. The unsymmetric laminate [0,0,90,90] exhibits the least

snapthrough load under different variables considered in this study.
This study could be extended to investigate

e The snapthrough response of FRC doubly curved shells under harmonic
loadings.

e The nonlinear dynamics of bi-stable shells.
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e The buckling and postbuckling of doubly curved FRC shells.

e The effect of nanoparticles such as carbon nanotubes, graphene
nanoplatelets, graphene powder oxide and nanoclays as reinforcement
parts for functionally graded reinforced composites on the nonlinear

bending behavior.
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Appendix. The Galerkin’s Discretization

The Galerkin’s discretization of terms appear in the equations of motion is outlined in

this appendix.
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