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ABSTRACT 

 

Nanofluid contains suspended nanoparticles, base fluid and some additives can be used 

for fluid stability like oleic acid and laurate salt. They are promising mediums to heat and 

cool high flux systems. Also, their use can extend to some other applications like photo-

thermal therapy. That is why knowing the thermo-physical properties and especially the 

transport properties of the nanofluids are important to understand and implement their 

usage for many industrial applications and scientific studies.  Molecular dynamics 

simulation (MD) is one of the tools that can be used to calculate these properties. In this 

work, the thermal conductivity of copper-water nanofluid was studied and calculated. The 

thermal conductivity of the nanofluid was found at different nanoparticles loading 

percentage ranging between 2.0-9.1% volume. The thermal conductivity of water was 

calculated and compared with the thermal conductivity value found in previous molecular 

dynamics works. The thermal conductivity of water found to be 0.77 ±0.01 / ∙  at 

300 K and it was firstly calculated in order to obtain the enhancement ratio of the 

nanofluid at different volume percentages. The obtained data for thermal conductivity of 

copper-water nanofluid from the molecular dynamic simulation showed agreement with 

some experimental data. The highest obtained value of the thermal conductivity of 



iv 
 

nanofluid was up to 84% at 300 K for 9.1% copper nanoparticle loading in water. Finally, 

the role of interatomic interaction in enhancing the thermal conductivity was observed.  
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1.                                           1. Introduction 

 

"Molecular simulation is a bridge between experiment and theory" 

Allen & Tildesley                         

1.1 Problem statement 

  The scope of this work is to find the thermal conductivity of copper-water nanofluid 

and compare the result with the available experimental data.  It also draws attention to a 

proposed mechanism which leads to enhancement in thermal conductivity of nanofluids; 

this mechanism appears due to the increase in the interatomic interactions that arise from 

interatomic potentials between nanoparticles and base fluid particles.  During literature 

review, it is found that Sanker [1] et al. performed molecular dynamics simulation to find 

the thermal conductivity of platinum-water nanofluid.  That nanofluid model was rigorous, 

in terms of using interatomic and intramolecular interactions among the constituents in the 

nanofluid. The rigorous models can be employed for studying and explaining the 

enhancement mechanism of thermal conductivity in nanofluids.  On the other hand, Sarker 

and Selvam [2] simulated the copper-argon as copper-water nanofluid; the model wasn’t 

rigorous as Sanker et al. nanofluid model but it showed that the heavy mass of copper 

slows the Brownian movement of nanoparticles through the argon atoms.  Furthermore, 

they concluded that the enhancement in the thermal conductivity of nanofluids can be 

related to a mechanism that was described as "localized convection field in fluids" and it is 

one of six proposed mechanisms that explain the enhancement in the thermal conductivity 

of nanofluids [2, 3, 4].  Finally, both groups applied the equilibrium molecular dynamics 

(EMD) using Green-Kubo relations in evaluating the Navier-Stokes transport coefficients. 

Experimental work was conducted on copper-water nanofluid at different volume 

percentage ranges which has used as comparison data for the result of the molecular 

dynamic simulation [5]. 

 

 



2 
 

1.2   Research significance 

The high development in computing power has enhanced the use of numerical 

computations and simulation tools in understanding complex systems.  There is no doubt 

that molecular dynamic simulation is one of these tools that shows a great effectiveness in 

many disciplines like nanotechnology, biophysics and catalysis.  In general, molecular 

simulation is a bridge between experiment and theory [6]; therefore, molecular simulation 

can test theoretical models and compare the results with the data obtained from 

experiments.  The molecular simulation works on nanoscopic scale instead of macroscopic 

scale, hence it gives us the chance to skip the process of setting up the experiment 

apparatus, bulk sampling and repeating trials; instead it gives us the ability to focus on 

understanding the phenomena by applying classical physics that is used in molecular 

dynamics, stochastic in Monte Carlo simulation or quantum physics in universal quantum 

simulator [7], Figure 1.  

 

Figure 1:  Different molecular simulation methods. 
 

Furthermore, certain experiments are hard, expensive or not feasible to be carried out, 

so molecular simulation can be an affordable alternative to find the results of such 

experiments. 

Sanker et al. [1], Sarker and Selvam [2] groups preformed molecular dynamics 

simulation to calculate the thermal conductivity of nanofluid.  As in the problem 

statement, Sanker et al. group used the platinum-water nanofluid and compared it with 

copper-water nanofluid.  Furthermore, Sarker and Selvam used copper-argon nanofluid 

instead of copper-water nanofluid.  In the present work, the copper-water nanofluid was 

modeled; the extended simple point charge (SPC/E) model was used to represent the water 

monomers and Hamaker's potential function was used to mimic water-copper and copper-

copper nanoparticles interactions.   Moreover, the role of the interatomic interactions of 

nanofluid constituents in enhancing the thermal conductivity was studied.  
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2.                                          2. Literature review   

2.1 What are nanofluids? 

In 1847, Michael Faraday reported that optical properties of gold colloids are different 

from those of corresponding bulk metal.  This observation was considered as "the born of 

nanoscience" [8].    

After Faraday observation, Maxwell presented conductivity effectiveness of 

heterogeneous solid suspensions [9].  Although particle-in-liquid suspensions or slurries 

have high thermal conductivity, they are not used in industries as heat transfer 

applications.  Slurries have severe problems due to their suspended millimeter and 

micrometer particles’ sizes.  Such big particles settle rapidly and cause clogging, erosion, 

sedimentation and high pressure drop [10].  Moreover, water has the highest thermal 

conductivity (0.61W/mK at 300 K) among fluids that we use [11]; while metals like 

copper has one of the highest thermal conductivity (401 W/m K)  among metals and metal 

oxides [12] , as seen in Figure 2.  So, it was found that adding metal nanoparticles in fluids 

like water or ethylene glycol can increase the thermal conductivity up to 40 % (Cu/EG) 

[13] .  Such fluid -which has nano-sized particles less than 100 nanometer – has showed a 

promising usage in heat transfer and other applications.  

The above described fluid is known to be Nanofluid.  In general, nanofluid contains 

suspended nanoparticles, base fluid and some additives used for fluid stability like oleic 

acid and laurate salt [5]; the most used nanoparticles are metals, metal oxides, carbides 

and carbon nanotubes while the most used base fluids are water and ethylene glycol [10].  

nanofluids are promising medium to heat and cool high flux systems like nuclear fission, 

fusion, micro/nanoelectronics and micro chemical reaction. 
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Figure 2:  Thermal conductivity of different materials [3].  

 
In general, it is believed that nanofluids gain its properties from the nanoparticles. 

Moreover, nanoparticles have high surface to volume ratio which makes them in 

nanofluids to be efficient to transfer energy and mass at high rates.  The low mass of 

nanoparticles increases the colloidal stability of the nanofluid.  Also, the low inertia of 

nanoparticles leads to low erosion velocity.  A comparison between micorparticles and 

nanoparticles is shown as in Table.1 

 

Table 1:  Comparison between microparticles and nanoparticles [10]. 

 

 Microparticles  Nanoparticles  

Stability  Settle  Yes ( Faraday's colloid 1857  ) 

Erosion High  No 

Surface/volume ratio Low High ( 1000 time larger than Microparticles)  

Conductivity  Low  High  

Clogging  Yes  No 

Pumping power Large  Small  

 

Furthermore, research in nanofluids has received attention worldwide; many prestigious 

universities such as M.I.T, Stanford University and the University of Leeds have 

established research centers and groups that concentrate on nanofluids [10].  In the past 
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few years, the publications in science citation index (SCI) journals have increased greatly 

as shown in Figure 3. 

 

Figure 3:  Annual SCI publications on nanofluids [14]. 

 
Figure 3 shows rapid growth of nanofluid researches and publications.  It is estimated 

that the potential market for nanofluids will be over 2 billion dollars per year worldwide 

(CEA, 2007) [3]. 

2.2 Nanofluids research concerns 

Studies have concentrated on many aspects of nanofluids; they have focused on 

nanofluids formulation, nanofluids applications, nanofluids physical-thermo properties and 

mechanistic understanding [3, 4].  

Formulation of stable nanofluids is one of the most important issues.  The nanofluid 

stability depends on many factors like the base liquid, particle concentration, particle size 

and the presence of a stabilizer.  There are mainly two methods that can be used to 

formulate nanofluids, namely, the one-step method which is simply producing and 

dispersing the nanoparticles simultaneously in the nanofluid; this method is suitable in 

making nanofluids with stable metallic nanoparticles [15, 16].  Zhu et al. prepared copper-

ethylene glycol nanofluid using the one-step method [15].  The two-step is another method 

where nanoparticles are made firstly and then dispersed in the nanofluid [5, 17].  Xuan and 
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Li prepared copper and copper oxide nanoparticles in water and oil transformer using the 

two-step method; they prepared the copper-water nanofluid to calculate the thermal 

conductivity.  

Furthermore, nanofluids can be used in engineering and medical applications. In 

engineering, the trend of miniaturization in electronics and microelectromechanical 

systems (MEMS) have increased in the past 40 years [18]; on the same time such small 

systems generate lot of heat during operation and coolants with mirco-sized solid would 

affect the flow regime in the mirochannels and cause as what has been shown in Table .1.  

Thus, nanofluids as coolant mediums can be the solution for flowing smoothly in the 

microchannels.     

As a biomedical application, magnetic nanoparticles in body fluids can be used as 

delivery vehicles for drugs or radiation providing new cancer treatment techniques [18].   

El-Sayed et al. are one of the pioneers in using nanoparticles to heal tumors.  They [19] 

mentioned in their paper that gold nanoparticles can first be used to absorb and scatter 

light strongly, a property that is used in sensing, imaging, and medical diagnostic then the 

absorbed light is rapidly converted into heat which is useful in photothermal therapy, like 

destroying cancer cells and surrounding them when their localized surface plasmon 

oscillations are excited.  

Furthermore, a lot of research and experimental work on nanofluids focus on finding 

the physical-thermo properties like viscosity, critical heat flux (CHF) and thermal 

conductivity [3, 18].  These physical-thermo properties have important roles while 

studying and implementing nanofluid in improving the heat transfer efficiency and other 

different usages.  Regime flow is one the most important aspect of nanofluid where 

viscosity is a main parameter.  So, many experiments have been done on finding the 

viscosity of nanofluids.  For instance, Putra et al. [20] measured the viscosity of Al2O3-

water and CuO-water nanofluids as function of shear rate and showed the Newtonian 

behavior of these nanofluids ranging between 1-4% [20]. Also, Das et al. [21] showed that 

the viscosity of Al2O3-water nanofluid increases as the volume fraction of nanoparticles 

increase.  

Lot of researches has been done in order to understand the mechanism of enchantment 

in the thermal conductivity of nanofluids.  Keblinski and Eastman [21] proposed four 
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mechanisms explaining the enhancement of thermal conductivity of nanofluids: 1) 

Brownian motion of the particles, 2) molecular-level layering of liquid at the fluid-

nanoparticle interface 3) the nature of heat transport in the nanoparticles, and 4) the effect 

of nanoparticle clustering.  The first proposed mechanism analyzed and found that the 

Brownian diffusion of nanoparticle is 25-500 times slower than the thermal diffusion. 

Therefore, it concluded that the Brownian motion doesn't affect the thermal conductivity 

directly but possibly indirectly by producing nanoparticles clusters.  Moreover, the 

molecular-level layer of liquid at the nanoparticle interface enhance the thermal 

conductivity; the atomic structure of liquid layers is more ordered than the bulk liquid and 

it leads to higher thermal conductivity.   In primary, the heat is transported in metals 

though electrons and which also exhibits diffusion motion at macroscopic level.   

Keblinski and Eastman mentioned that the ballistic phonon between nanoparticles enhance 

the thermal conductivity of nanofluid.   The forth proposed mechanism showed the effect 

of the packing of nanoparticle clusters in enhancing the thermal conductivity of 

nanofluids, see below Figure 4.  

 

 

Figure 4:  Thermal conductivity against volume fraction of nanoparticle at 

different packing clusters [21]. 
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The figure shows that, the highly packed clusters of nanoparticles tend to have lower 

enhancement in thermal conductivity of nanofluid. On the other hand, clusters of 

nanoparticles separated by liquid layers are thin enough to allow for rapid heat flow 

among particles.  Finally, Keblinski and Eastman suggested using modeling and molecular 

simulation in order to complement the experimental work and provide information that 

might be impossible to be obtained experimentally.   

Also, Xuan and Li [5] mentioned other possible justifications for the enhancement of 

thermal conductivity of nanofluids: 1) The suspended nanoparticles increase the surface 

area and the heat capacity of the nanofluid 2) the suspended nanoparticles increase the 

effective (or apparent) thermal conductivity of the nanofluid 3) the interactions and 

collisions between nanoparticles and fluid particles are intensified 4) the mixing 

fluctuation and turbulence of the nanofluids are intensified 5) the dispersion of 

nanoparticles flattens the transverse temperature gradient of the fluid.  

Some researchers used the concept of liquid-solid interfacial layer in order to explain 

the mechanism of heat transfer enhancement.  Choi and Yu [23] suggested that the base 

fluid makes nanolayers around the nanoparticles (see Figure 5).   The nanolayer can work 

as a bridge between the base fluid and the nanoparticles; therefore it enhances the thermal 

conductivity.  It can be observed that Choi and Yu proposed mechanism was closer to the 

one that Keblinski and Eastman [12] mentioned  

 

Figure 5:  Choi and Yu schematic model of nanofluid [23]. 

 
Yet, there are much of controversies toward understanding the mechanism of the 

thermal conductivity enhancement in nanofluids.  Lot of research works have been 
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conducted over this part; and it suggested different mechanisms and models but so far 

there is no absolute agreement on the mechanism. 

2.3 Molecular simulations  

The first use of molecular simulation was during the Manhattan project during Second 

World War; Enrico Fermi was a pioneer in using Monte Carlo (MC) method to study 

neutron transport in various types of nuclear systems [24]; the method was employed 

using FERIMAC which was invented by Fermi to assist in studying the neutron transport. 

After few years and by Wood and Parker, Monte Carlo method was carried out for soft-

spheres where it introduced the Lennard-Jones interaction [25, 26].  The first use of 

molecular dynamic simulation was by Alder and Wainwright who simulated hard spheres 

using molecular dynamics; it was the first time to find dynamic properties without 

approximations [26, 27].  The implementation of Lennard-Jones, which represents kind of 

Van der Waal interactions in molecular dynamic simulation, had been firstly considered 

by Aneesur Rahman.   

Rahman [28] was a pioneer in applying molecular dynamics for soft-spheres system. 

He used Lenard Jones potential function as an interaction potential between 864 Argon 

particles, using CDC 3600 computer machine.  His algorithm was advanced and still in 

use in many codes of molecular dynamic simulation. In addition, Loup Verlet had 

calculated the phase diagram of argon liquid using the same molecular dynamics model of 

Rahman [28, 29].  The main achievements in Verlet’s work are the bookkeeping device 

“Verlet neighbor list” which reduced the computation time of the order 10 and decreased 

computational errors [29].  Currently, this algorithm is used heavily in molecular dynamic 

simulation.  

Molecular dynamics can be defined as one of the molecular simulation that computes 

the phase space trajectories of atoms or molecules.  These phase space trajectories obey 

the classical Newtonian or Hamiltonian equations.   In general, molecular dynamics is 

used in calculating the static and dynamic properties of the many-body systems. 

Moreover, molecular dynamics simulation has been used in equilibrium molecular 

dynamics (EMD) which has been able to predict the phase transition and phase equilibria. 

Also, the molecular dynamics simulation has the techniques to calculate the transport 
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coefficients using non-equilibrium molecular dynamic (NEMD). In addition, Green-Kubo 

relation is an exact mathematical expression that makes the use of equilibrium data 

produced from molecular simulation to predict the non-equilibrium properties using time 

correlation functions [30, 31, 32]. 

Furthermore, molecular dynamic simulation is used in finding transport coefficients for 

water as well as nanofluids.  In literature, thermal conductivity and viscosity of water have 

been studied extensively [1, 2, 33, 34]. 

Several models have been used in modeling water monomers, including the simple 

point charge (SPC) (2-site model), the extended simple point charge (SPC/E) (3-site model 

extending the SPC model), and the n-point transferable intermolecular potential (TIPnP) 

model (n-site model with n ranging from 3 to 6) [33].  The extended simple point charge 

(SPC/E) model was proved in many molecular dynamic simulation works to be a good 

water monomer model [33, 35].  In fact, water is one of the most difficult fluids to model 

and study [25].  In the SPC/E model, monomers can be treated as rigid or flexible 

molecules [36, 37].  Flexible molecules model, which accounts for stretching atomic 

bonds and bending the angle between connected atoms, requires a quantum-mechanical 

treatment and a variable integration time step [36, 37]; therefore this complications were 

not considered in this work with the intramolecular potential discarded and instead rigid 

molecular model was used. 

The thermal conductivity of water was found by reverse non-equilibrium molecular 

dynamic (RNEMD) [38] to be λ=0.81 ±0.01	 / ∙  at 300 K.  Also, it was found by 

equilibrium molecular dynamics (EMD) via Green-Kubo [35] to be 0.67 ±0.04	 / ∙    

at 300 K.   The experimental value of thermal conductivity of water [11] is 0.61 / ∙  

at 300 K.  

In addition, the thermal conductivity of nanofluid was done using EMD by Sanker et al. 

Sarker and Selvam.  Experimentally, Xuan and Li [5] conducted nanofluid experiments to 

find the thermal conductivity of copper-water, copper-transformer oil, copper oxide-water 

and copper oxide-transformer oil.  Sanker et al. preformed MD to find the thermal 

conductivity of platinum-water nanofluid and compared it with copper-water experimental 

data.  Also, Sarker and Selvam carried out MD to find the thermal conductivity of copper-

water and it was compared with the experimental data [5]. 
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2.4 Thermal conductivity models 

The Maxwell's model [39] is one of the first classical models that are used to predict the 

electrical and thermal conductivity of micrometer and large-size particles of liquid-solid 

heterogeneous systems.  For small volume fraction	  and spherical particles, the thermal 

conductivity enhancement of nanofluid using Maxwell's model is represented as follows 

1
φ

φ
                                     (2.1)  

Where kp , kbf and knf  are thermal conductivity of nanoparticles, base fluid and nanofluid, 

respectively. 

Hamilton-Crosser rewrites the Maxwell above model in order to cover nanofluid with non-

spherical nanoparticles; it becomes as follows  

1                                    (2.2)  

So, n=3 for spherical particles and n=6 for cylindrical particles.  

Although other classical models are used to estimate the thermal conductivity of 

heterogeneous liquid-solid systems like Jeffery [40], Davis [41], and Bruggeman [42]; all 

such models underestimate the enhancement of thermal conductivity of nanofluids [43].   

The thermal conductivity of nanofluids need models that consider the proposed 

mechanism like Brownian motion, interatomic interaction, nanolayer at liquid-solid 

interface.  Choi and Yu are one of the pioneers in modifying the classical models of 

Maxwell and Hamilton-Crossers to count for their proposal mechanism of nanolayers [23], 

as seen in previous Figure 5.  

Furthermore, many researchers have modified the Maxwell model in order to increase 

the accuracy of the thermal conductivity of nanofluids [18].  As mentioned previously, the 

thermal conductivity enhancement of nanofluids is possibly due to 6 proposed 

mechanisms:  

 Brownian motion of nanoparticles in the base fluid that induce heat exchange. 

 Brownian motion of nanoparticles creates a localized convection in fluid.  

 High heat conduction for metallic nanoparticles. 

 Nanoparticles clustering that increase the diameter. 
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 Nanolayers around nanoparticles play role in transferring heat to water molecules     

 Thermal Enhancement transfer due to increased interatomic interactions arising 

from interatomic potential. 

The above have been considered along with Maxwell's model so Koo-Kleinstreuer-Li 

(KKL) correlation [43] is obtained;  

1 	5 10 ,                     (2.3) 

Where kB is Boltzmann constant, T is the ambient temperature,	  density of 

nanoparticles,	  is the heat capacity of nanoparticles and D is the nanoparticles diameter. 

The empirical functions of  and ,   capture the influences of particle diameter, 

temperature and volume fraction of nanoparticles.  In general and as seen in            

equation (2.3), the first part represents the Maxwell model while the second part counts for 

the Brownian motion of the nanoparticles. 

Warrer and Teja have modified a Geometrical Mean Model using Landau Lifshitz 

relation for thermal conductivity of heterogeneous materials [44]. 

k k 1 																							 1 1                         (2.4) 

 
 
Figure 6:   Maxwell model (      ), geometrical mean model (      ) and Xuan-
Li experimental data (    ). 
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For Xuan and Li copper-water experimental data, n is taken be 0.08.  The Maxwell 

model, geometrical mean model and Xuan-Li experimental data are plotted as seen in 

Figure 6.  

In general, the quest for a model that can predict the thermal conductivity of nanofluid 

is still ongoing.  Computationally, molecular simulation may be the best tool to predict 

accurately the thermal conductivity and other transport coefficients of nanofluid.  
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3. 3. Molecular dynamics theory and approach 

    "Make everything as simple as possible, but not simpler" 

Albert Einstein  

 

This chapter illustrates the modeling details and the computational methods that are 

used in performing the molecular dynamics simulation.   It gives details of evaluating the 

temperature, pressure and the interatomic forces during the simulation.  Moreover, 

Lennard-Jones is used to represent water-water interaction while Hamaker formula is used 

to represent copper-water and copper-copper interaction.  

3.1 Newtonian and Hamiltonian mechanics 

Many-body system of N atoms or molecules have 6N degrees of freedom or a 

hyperspace of 6N-dimentions that needs the components of position vectors ri (t) and the 

components of momentum vectors pi (t) for solving the phase space trajectory [46].  Thus, 

the 6N phase space contains two parts: 3N-dimentional configurational space and 3N-

dimentional momentum space.  The positions ri(t) and momentums pi(t) can be found by 

solving the Newton's equation of motion equation (3.1) with initial positions and 

momentums.  

2

2

dt

rd
mamF i

iiii                                       (3.1) 

Where ir  is the position of atom I, im  is the mass of atom I and ai is the acceleration of 

atom I. 

The momentum pi can be defined as:  

iii vmp                                                                     (3.2) 

Where vi  is the velocity of atom i.  

 For the isolated system, the total energy (E), that has the kinetic and potential energy 

of the atoms or molecules, is conserved.  The total Energy (E) can be identified as 

Hamiltonian.  For N spherical molecules of atoms, the Hamiltonian equation has the 

following form  
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Also, the forces on each molecule can be related to the potential function by   

   iiii
i

Famp
dr

dU
                                                                                            (3.5) 

In molecular dynamic simulation, Newton's equation of motion equation (3.1) can be 

solved using velocity-Verlet algorithm; this algorithm is one of the most used algorithms 

and it is simpler than basic Verlet algorithm.  The basic Verlet is derived by writing the 

Taylor expansions of position in forward and backward in time.  

)()(
2

1
)(

2

1
)()()( 422 tOttbttattvtrttr                         (3.6) 

)()(
2

1
)(

2

1
)()()( 422 tOttbttattvtrttr                                  

(3.7)  

Adding equation (3.6) and equation (3.7) gives: 

 

)()()()(2)( 42 tOttattrtrttr                         (3.8) 

 

The positions )(tr and )( ttr  are both needed to solve Newton equations.  Initially    

(t = 0), the prior position )( ttr   is not known; therefore, the following equations are 

used to update the positions and velocities: 

)()(
2

1
)()()( 42 tOttattvtrttr                                                      (3.9) 

)(
2

)()(
)()( 2tOt

ttata
tvttv 


                                                  (3.10) 

As shown in equation (3.9) and equation (3.10), the truncation error of the position 

equation varies as 4t  and it varies for velocity as 2t .  The standard implementation of 

the Velocity-Verlet algorithm is as follows [6]: 

 

 

 



16 
 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

         
Figure 7:  Velocity-Verlet algorithm. 

 

3.2 Temperature  

Simulation starts with initial configurations and velocities of atoms or molecules by 

assigning an average temperature. The average kinetic energy per degree of freedom is 

[45]:  

Tkmv b2

1

2

1 2                         (3.11) 

Calculate the acceleration a(t) from the interaction 

potential at t using equation (3.5).  Then determine the 

position at the next time step using: 

2)(
2

1
)()()( ttattvtrttr   

Find the velocity at one half time-step from: 

ttatv
t

tv 


 )(
2

1
)()

2
(  

Calculate the acceleration )( tta   from the interaction 

potential at tt   using equation (3.5) 

Calculate velocity at tt  : 
 

ttta
t

tvttv 
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2

1
)

2
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Based on equilibration theorem, the kinetic energy of particle motion is equally 

distributed among all active degrees of freedom available for the particles. In this work,   

the flexible water monomer is a non-linear molecule that has 9 degree of freedom; it is 

distributed as 3 for translations, 3 for rotations and 3 for vibrations. The rigidity of water 

monomers in the bonds and angle eliminates the vibration and reduces the total number of 

degrees of freedom to 6fN .  For single atom or pseudo single atom such as copper 

nanoparticle, the number of degrees of freedom is 3fN . The instantaneous temperature 

(3.12) fluctuates as the total kinetic energy does. It is given by: 

                   



N

i sfB

ii

Nk

tvm
tT

1

2 )(
)(            (3.12) 

where sfN  is the number of degrees of freedom of the system.  The relative fluctuation in 

temperature is in the order of sfN/1  with sfN  typically in the order of 102-103; the 

statistical fluctuations in temperature are in order of 5-10%.   To get an accurate estimate 

of temperature, one should average over many fluctuations [45].  

3.3 Pressure  

The pressure can be computed using the Virial equation of state [46] as 

 
ij

ij
ij

ji dr

rdU
r

N
kTP

)(
.

3 


                                                                 (3.13) 

The first term is the contribution of the ideal-gas and  is the number of molecules per 

volume; the second term is the contribution of the interatomic forces.  The interatomic 

forces can be the most used potential functions like Lennard-Jones.   For the soft spheres 

of liquids, the pressure exhibits larger fluctuations than the internal energy.  Figure 8 

shows that the large fluctuations are due to the highly changing of   
dr

rdU
r

)(
 than does 

)(rU [46]: 
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                                                            (3.14) 
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3.4 Interatomic forces (potential forces)   

In this section, all the potential functions that were used to model the copper-water 

nanofluid were mentioned.  Actually, there are three different interatomic forces that are 

applied in the copper-water nanofluid; these are water-water, water-copper and copper-

copper. 

3.4.1. Water-water interatomic forces 

The interatomic potential )( NrU is assumed to be a pair additive; so the N atoms 

interaction energy is the sum of two-body contribution 

ji
ij

N rurU


 )()(                                                              (3.15) 

The most important part for modeling a nano-sized system is to pick up the right 

potential functions to mimic the interactions among the nano-system constituents.  In this 

work, copper-water nanofluid is the system that is modeled and simulated using molecular 

dynamics simulation. 

 In 1924, John Lennard Jones [47] proposed the first potential function for soft sphere 

of two bodies and it is known as Lennard potential function; it is expressed as 
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ru
                                                                              (3.16) 

Where   is the energy at minimum )(ru  and   the distance at which the inter-particle 

potential is zero. 

This is the simplest potential function and it is well-known to be a good approximation 

for noble gases; also it's suitable for many neutral atoms and molecules.  Moreover, 

Lennard-Jones potential (LJ) function contains two terms; 12r term represents the Paul 

repulsion at short distances due to the overlapping electron orbits and the 6r term 

describes the Van der Waals attraction forces at long ranges.  The force that is produced 

from the Lennard-Jones potential is 
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Figure 8:  Lennard Jones pair's potential and pair's force. 

 

Computing pair potential that extends over a wide range of pair separation is 

computationally costly; the common choice of truncation is at 5.2cr , at which 

0163.0u and  /039.0F  as seen in Figure 8. 

For modeling the water-water interatomic potential, Lennard-Jones potential function 

with SPC/E (Simple Point Charge /Extended) [33] was used.  The water (H2O) has two 

Hydrogen atoms that are connected with an Oxygen atom through a covalent bond of     

1.0 Å; the HOH angle is o
o 47.109 [33].  

 

Figure 9:  Water molecule model. 

 
There are positive and negative charges on the two hydrogen atoms and oxygen atom, 

respectively.  The coulomb term was added to the Lennard Jones potential in order to 

include the long-range interaction due to the charges contribution in the interatomic forces 



20 
 

[32].  Furthermore, Lennard Jones potential is used for O-O interaction as shown in the 

following equation (3.17) [6, 32], 
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                             (3.17) 

Where aq is the charge on the atom a, bq is the charge on atom b, ek is coulomb constant   

( 229 /1099.8 CmNxke  ) and abr is the distance between two atoms.  The Lennard Jones 

and the coulomb parameters are [33] 5533.3oo Å, molkcaloo /1553.0 , 

eqo 8476.0 and eqH 4238.0 . 

In equation (3.17), the Lennard Jones (1) is the first term decays faster as distance r 

increases while the Coulomb (2) is the second term that decays slower as r distance 

increases because it is a function of
 

r/1 .  So, calculating the long-range interaction 

produces large errors and summation techniques are needed to avoid such errors.  

Long-range interaction is one of the most expensive parts in computation; neglecting it 

gives the rise of serious inaccuracy.  In order to solve this error, Ewald and particle-

particle-particle mesh (PPPM) summations are one of the most used techniques in solving 

the long-rang interaction [45].  Although, Ewald is a preferable technique in molecular 

simulation, it scales as )( 2/3NO .  In the current work, the PPPM algorithm is used to 

overcome the Ewald expenses and calculate the electric potential term. The algorithm 

reduces computational time [48] in comparison with the Ewald summation method.  

PPPM scales as )log( NNO  and it calculates the long-rang interaction in three steps [25]: 

1) the electric charges are assigned to a finely-spaced mesh in the simulation box, 2) the 

fast Fourier transform is used to solve the Poisson equation for electrostatic potential due 

to the charge distribution on the mesh, 3) the potential at each mesh in calculated by 

numerically differentiation the potential and then the force on a particular particle i is 

calculated from the mesh field by interpolation.  A value of 10-4 tolerance was selected 

while using the PPPM method.  
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3.4.2. Water-copper interatomic forces 

Water-copper is the second type of the interatomic forces that exist in the nanofluid. 

Everaers and Ejtehadi [49] proposed, based on Hamaker’s theory, the interaction function 

between colloid-colloid and solvent-colloid to be implemented in molecular simulations of 

mixtures; the colloid-solvent is used to describe the interatomic potential between the 

solvent and the colloidal particles (large particles). 
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Where csA is the Hamaker’s constant of water is taken to be molkcalAcs /2.43  [50, 51], 

"a" is the radius of the copper colloid.  The sigma ( ) was taken as an arithmetic mixing 

between copper nanoparticle sigma and water sigma. 

3.4.3. Copper-copper interatomic forces 

 Also, the Hamaker's formula for colloid-colloid was used to model the interaction 

potential between the copper nanoparticles 
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          RA UUU                          (3.19) 

where ccA is the Hamaker’s constant molkcalAcs /83.107 [52] and " 1a " and " 2a " are 

the radii of the pair of copper nanoparticles.  The sigma ( ) is taken as an arithmetic 

mixing between the pair of copper nanoparticles. 
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3.5 Intramolecular forces  

In polyatomic systems, the angles and bonds between the atoms give some flexibility of 

stretching and bending motions of the molecules.  Although treating flexible molecules 

gives more accurate and precise result, classical molecular simulation shows serious errors 

in computing intramolecular forces of bonds and angles [36, 37]. In general, 

intramolecular bonds and angles are treated in quantum mechanics. Therefore, rigid 

molecules are used in this work to overcome the intramolecular computing complications. 

For water, the velocity-version of SHAKE algorithm has been used to make a rigid SPC/E 

model.  Moreover, the copper nanoparticle is modeled as a Pseudo-single atom or all-atom 

which represents a group of copper atoms [37].  The velocity-version of SHAKE and the 

basic SHAKE have the same algorithms.  Basic SHAKE is based on basic Verlet 

algorithm while the velocity-version of SHAKE is based on velocity-Verlet algorithm. 

There are many beneficial properties of the velocity-version of SHAKE over the basic 

SHAKE where the precision is one these main properties [53].   
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Simulation and analysis 

 

"Everything that living things do can be understood in terms of the jiggling and wiggling 

of atoms" 

Richard Feynman 

 

This chapter introduces LAMMPS software which is used in this work to carry out the 

molecular dynamics simulations. The equilibrium molecular dynamics (EMD) via Green-

Kubo is implemented to evaluate the thermal conductivity of copper-water nanofluid.  

Moreover, visual molecular dynamic (VMD) [54] software is used to get snapshots of the 

simulated samples of the nanofluids during time evolution.   

3.6 Molecular dynamic software 

Large-scale atomic/molecular massively parallel simulator (LAMMPS) [55] is general 

public license software (GNU) that was used to simulate the copper-water nanofluid 

system. LAMMPS has the ability to simulate soft materials (biomolecules, polymers), 

solid-state materials (metals, semiconductors) and coarse-grained or mesoscopic systems.  

Also, it can be used to model atoms or, more generally, as a parallel particle simulator at 

the atomic, meso, or continuum scale.  Moreover, LAMMPS runs on single or on parallel 

processors using message-passing techniques and a spatial-decomposition of the 

simulation domain.  The software contains the syntaxes and codes that are developed by 

many scholars and researchers.  The codes and the algorithm are written in C++ and 

compiled by Cygwin.  

A)  LAMMPS components: 

1)  LAMMPS input file: 

The input file is a simulation box which contains elements that set the unit, boundary 

region, number of atoms and molecules, intra- and inter-molecular forces and 

thermodynamic ensembles (NPT, NVT and NVE).  The detail of the input will be 

discussed later in this paper.  The input file was executed in a MS-DOS.  

  



24 
 

2) LAMMPS output files: 

 LAMMPS generates two different outputs:  the first output is a .XYZ file that contains 

the cartesian coordinates of each atom or molecule with respect to time evolution.  The 

.XYZ file is converted to protein data bank (.PDB) which is useful in visualizing the atoms 

and molecules motion. Moreover, visualization molecular dynamics (VMD) is the 

software that was used to visualize the motion of the atoms and the molecules; it takes the 

.PDB file to show the nanofluid sample animation.  The second output file contains the 

thermodynamic parameters and it was arranged as: step, temperature, pressure, volume, 

thermal conductivity coefficients and Van der Waals interaction; LAMMPS can show 

many other thermodynamic parameters.  The thermodynamic parameters can be monitored 

as a display on MS-DOS screen and it was saved as a .log file.  The log file can be used 

for further analysis of the data. 

 

 

 
Figure 10:  MS-DOS screen snapshot during running simulation. 

 

3.7 Periodic boundary conditions (PBC)  

Molecular simulation is performed on finite number of molecules ranging from hundred 

to thousand.  In order to mimic the infinite system, the simulated N molecules confined in 
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volume V should be bounded with free physical walls that are constructed by periodic 

boundary conditions.  The volume V is the primary cell which is surrounded by its replicas 

called imaginary cells as seen in Figure 11. 

 

 

 

Figure 11:  The interaction between the primary cell and the Imaginary cells. 

 
The periodicity of the confined volume makes the primary cell interactive with the 

imaginary cells; so the molecule or atom that leaves through a particular bounding face 

will reenter the primary cell from the opposite face.  Also, the atoms that are lying within 

distance cr of boundary interact with the atoms of the opposite boundary.         

3.8  Starting up the simulation 

For solving the equation of motion, the initial molecular configuration and the initial 

velocity should be specified to each atom so the phase-space trajectories can be obtained 

during time evolution.       

3.8.1. Initial configuration  

The simplest way to construct the initial positions in the simulated region is to place the 

molecules randomly; but the molecular dynamic may face some difficulties in solving the 

stiff differential equations due to high intermolecular forces.  Thus, each molecule was 
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assigned in the cubical simulation box while avoiding overlapping among the arranged 

atoms.  The spacing between the N molecules in the confined volume indentifies the 

density of the simulated system.  During the simulation, new molecular arrangements 

appear and the initial configurations arrangement is forgotten. 

In this simulation work, 991 water molecules were assigned in the lattice where the 

copper volume percentages were ranged between 2.0-9.1% of the nanofluid.   

3.8.2. Initial velocity 

Initial velocities of the molecules should be specified by choosing an initial temperature 

which was set at 300 K (room temperature).  The initial velocities of the molecules were 

randomly chosen from Gaussian distribution.  Like the initial configurations, the new 

molecular velocities appear where the initial set of the molecular velocities is forgotten 

after long time of running the simulation.  

3.9 Running the simulation  

After preparing the input file which was executed in LAMMPS, different output 

parameters like pressure, temperature, total energy, and density were displayed on MS-

DOS. Tracking these outputs help in identifying the equilibration of the system.  After 

some time, the temperature and the total energy should not show any change in their 

values in order to have an equilibrium system.   

In addition, the canonical ensemble (NVT) has been used to set the simulated system 

and have constant number of molecules N, constant volume V and constant temperature T. 

In general, the system temperature can be set by using one of the thermostat techniques. 

The energy of the simulated system is conserved. Both the energy and temperature are 

related, so the temperature should be kept constant during the simulation.  The use of the 

thermostat avoids temperature drifts because of the accumulation of numerical errors 

during molecular dynamics simulations [56]. 

The Nosé-Hoover thermostat algorithm has been used [57] for thermostatting at 300 K 

while keeping the volume constant.  The algorithm basically adds a friction term to 

Newton’s equation, with the time rate of change of the friction coefficient, given as a 
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product of the relative deviation from the set value of temperature by the square of a 

relaxation rate  
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The expression provides a heat bath for thermostating and represents the extra degree of 

freedom.  The first two terms represent the kinetic and potential energies of the system. 

The “g” term is the number of independent momentum degrees of freedom of the system 

which is 3N+1, N particles + 1 new degree of freedom.  The "s" is the time scale 

parameter.  The temperature “T” is the thermostat temperature.  Furthermore, the “Q” is 

the magnitude of the coupling strength and should be set carefully.  If Q is high, there will 

be a poor temperature control; and when Q is low, there will be an oscillating temperature.  

3.10 Analyzing the output  

Green-Kubo Formula is a mathematical expression that calculates transport coefficients 

like diffusion, viscosity and thermal conductivity.  In this work, it was used to calculate 

the thermal conductivity of the copper-water nanofluid. The form of the formula is as 

follows [30, 31, 32]: 
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where  is the thermal conductivity, V is the confined volume, T is the system 

temperature and J is the instantaneous microscopic heat current vector [2, 57]  
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Equation (4.3) is expressed as follows [58]  
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The above expression of J shows three modes; the first term represents the kinetic 

energy mode (K.E), the second term represents the potential energy mode (P.E), the third 
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term is the collision mode (C).  The last term is the average enthalpy per atom hv; it is 

subtracted from the atomic energy and doesn’t contribute to the heat flux [22].  I is the 

unit tensor; “α”, “β” symbols denote the two different kinds of particles and “N” denotes 

the number of molecules or particles. 

Although, the above expression of heat current vector is ideally for homogenous 

systems, it is used in the current work as other NEMD [2] and EMD [1, 59] studies done 

before; the heat flux expression shows a reasonable variation of 7.6% between NEMD and 

EMD [2].   Moreover, the average enthalpy per atom is excluded from heat current vector 

of this simulation due to its negligible effect in the thermal conductivity and it helps in 

reducing simulation complications [1, 59].   As it was mentioned before, the average 

enthalpy per atom is subtracted only from the K.E mode.  In Figure 12, Eapen and Yip 

showed that the K.E mode is almost zero for nanocolloids systems so neglecting the K.E 

mode and the average enthalpy per atom is applicable [58].   As in equation (4.3), the heat 

current vector is a sum of three modes (K.E, P.E, and C); thus the conductivity can be 

expressed as a sum of nine terms which can be conveniently grouped together into self 

correlations, KK, PP, and CC and cross correlations PC, PK, etc [58].  In addition, 

CC+PC+CP contribute 90% of the overall value of the thermal conductivity and it is 

constant through a range of volume percentage of nanocolloid.   The PP mode shows as 

the volume fraction increases a significant contribution in enhancing in thermal 

conductivity of the nanocolloid system.  In the coming section, the effect of PP mode and 

the role of the interatomic potential in increasing the thermal conductivity was studied and 

discussed.       
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Figure 12:  Thermal conductivity of nanocolloid system [58]:  λ "   ",   
λkk "    ",   λpp "   ", λCC+PC+CP "   "   and λMX"     ". 

 
 

Since LAMMPS output is discrete, the Green-Kubo formula is used in the software: 
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4.                                           Results and discussions  

 
The thermal conductivity of water was calculated at 300 K and it was used to calculate 

the thermal conductivity enchantment ratio for copper-water nanofluid.  The thermal 

conductivity predictions of nanofluid were found at nanoparticle volume percent of 2.0%, 

2.8%, 5.1%, 6.0% and 9.1%.  The predicted values were compared with other obtained 

values taken from literature. Also, the results showed how the increase in the interatomic 

interactions among the nanofluid constituents correlates with the increase in the thermal 

conductivity of the nanofluid.  

4.1 Thermal conductivity of water 

The thermal conductivity can be found using molecular dynamic simulation by two 

methods: reverse non-equilibrium molecular dynamic (RNEMD) [38] and equilibrium 

molecular dynamic (EMD).  In contrast to non-equilibrium molecular dynamics (NEMD), 

the RNEMD imposes a heat flux Jz, in the z-direction for instance (considering an 

isotropic medium) instead of imposing a temperature gradient, and the temperature 

gradient is determined instead of the heat flux.  Accordingly, the thermal conductivity is 

expressed as follow 

                 

 
zT

tJ
k z

tzT 


 /
limlim

0/
                                         (5.1) 

By using RNEMD [38], the thermal conductivity of water was found to be λ=0.81 

±0.01 / ∙   at 300 K.  On the other hand, the value Bertolini and Tani [35] got for the 

thermal conductivity of water to be 0.67 ±0.04 / ∙  at 300 K using EMD simulation; 

it can be observed that the deviation from the experimental value is 16%.  

In this work, the thermal conductivity of pure water has been obtained by performing 

equilibrium molecular dynamics simulation; then this value was used to get the ratio 

between thermal conductivity of nanofluid and base fluid (  ); also the obtained value 

would reduce the computational errors.  The water thermal conductivity has been found to 

be  0.767 ± 0.01	 / ∙   at 300 K.  It can be observed that the latest obtained value 

of thermal conductivity of water is more certain then the Bertolini and Tani got but it gives 
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a percentage difference up to 28 %.  In general, EMD method shows to be closer to the 

experimental value ( 	0.61	 / ∙ 	) than the mentioned RNEMD method value.    

The SPC/E rigid water model had been used to simulate water molecules and perform 

simulation for different volume fractions of nanofluid.  In literature, both SPC/E rigid and 

flexible are used as models for water. In the recent simulation, the SPC/E rigid was used 

since it shows a good thermal conductivity value compared to SPC/E flexible value [36, 

37].  

As it is mentioned before, the initial positions and velocities of molecules should be 

assigned in order to start the molecular dynamic simulation.  In Figure 13, a snapshot was 

taken from VMD software at initial start of the current water molecular dynamic 

simulation.  

 

 

 

Figure 13:  VMD snapshot of initial positions of 991 water monomers. 

  

In order to implement the SPC/E rigid model, the SHAKE algorithm was used with a 

time step of 0.05 fs and up to 4 10  steps.  The timestep was chosen carefully in order 
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to eliminate any round-off or truncation errors; it was performed at 1, 0.05 and 0.025 fs. 

At 0.05 fs, the result showed to have an accurate and stable value as well as at 0.025 fs.  

As it was mentioned in the previous chapter, initial positions and velocities of all water 

monomers are needed to start the runs of molecular dynamic simulations.  Therefore, a 

MATLAB program was built in order to assign x, y and z coordinates of initial positions 

for 991 monomers (Figure 13).  Initially, the water monomers were confined with an 

arbitrary simulation box volume of 60850 Å3 (x=39.0 Å, y=39.5 Å and z=39.5 Å); during 

time evolution of the simulation, the initial volume changed to show the water density, 

seen in Figure 15.   The overlapping of monomers was avoided by placing each monomer 

4 Å away from its neighboring monomers.   

Moreover, the initial temperature distribution represents velocity as per equation (3.9). 

The initial temperature was assigned among the atoms using Gaussian distribution.  

During the simulation, the Nosé−Hoover algorithm was used for thermostatting at     

300 K (see Figure.14). 

 

Figure 14:  Temperature trend during the simulation. 

 
From the above plot, the temperature appeared after 1 10 	to be constant at 

299.75±0.25 K through the molecular simulation and the fluctuations tends to get smaller.   
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Figure 15:  Density of water at 300 K. 

 

Furthermore, the density was obtained at 0.985 g/cm 	by letting the simulation to run 

at constant NPT (isothermal-isobaric ensemble) for 2.97 x105 steps where it showed 

unchanged density; then the simulation was ran at constant NVT for 6x103 steps before 

starting the sampling.  In order to reduce the fluctuations and get accurate results, the 

samplings were produced for 4x106 steps with total running time of 200 ps and the time 

correlation was taken as 2000 steps (0.1 ps). As per Figure 16, it can be concluded that the 

heat current autocorrelation function (HCAF) decays to around zero within 700 steps 

(0.035 ps); therefore, time correlation was adequate for sampling and calculating the 

thermal conductivity at each time step. 
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Figure 16:  Decay of heat autocorrelation function for water. 

 
The accuracy of the result was determined by comparing the experimental value with 

the MD value; the certainty of the value was checked by plotting the three vectors of 

thermal conductivity of water (kxx, kyy and kzz) with their arithmetic averages against time 

evolution.  It showed that the three vectors and their arithmetic average meet at a value 

that had an acceptable tolerance less than 5% (see Figure 17).  
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a) 

 

b)

 

c) 

 

 

Figure 17:  Thermal conductivity of water: a) focused scale, b) full scale,    

c) overall k. blue line for k, red line for kzz, green line for kyy and purple line 

for. kxx. 
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Figure 17 shows clearly that the average thermal conductivity of water is   0.767 

± 0.01	 / ∙   at 300 K and it can be used later in calculating thermal conductivity 

enhancement ratio of nanofluids.  

4.2 Thermal conductivity of nanofluid 

From the previous section, modeling and simulating water monomers to find the 

thermal conductivity was useful in start preparing the nanofluid samples.  Nanofluids were 

modeled and prepared by calculating the required density of nanofluid at different values 

of volume fraction.  The density of nanofluid can be calculated as follows [60]  

             1                                                                      (5.2) 

Where  and  is density of nanoparticles and base fluid, respectively. The density 

taken for copper nanoparticles is	 8.94	g/cm  and for water 	0.985	g/cm  

Six different samples have been modeled and simulated; one of the samples was shown 

as in previous section as pure water and other five samples have been modeled by increase 

the volume percentage of copper nanoparticle to 2.0%, 2.8%, 5.1%, 6.0% and 9.1%.  

Copper nanoparticle was modeled as a spherical single pseudo atom and inserted to the 

991 water monomers (see Figure 18).  The initial positions and velocities have no effect 

on the result after long time evolution.  

 



37 
 

 

 

Figure 18:  VMD snapshot of initial positions of 991 water monomers and 

copper nanoparticle.   

 
The radius of the nanoparitcles were specified as follows:  the first sample as 5.3 Å to 

meet the volume fraction of 2%, the second sample as 5.9 Å to meet the volume fraction 

of 2.8%, the third sample as 7.3 Å to meet the volume fraction of 5.2%, the forth sample 

as 7.6 Å to meet the volume fraction of 6.0% and the fifth sample as 8.8 Å to meet volume 

fraction of 9.1%.  

The timestep for all samples were chosen to be 0.05 fs as same as water; they were run 

for many steps till the plot of the three vectors of thermal conductivity of nanofluid (kxx, 

kyy and kzz) and their arithmetic averages against time evolution shows less fluctuations 

with acceptable tolerance.  Also, the Accuracy was determined by comparing the result of 

MD with the experimental values in the previous section. 
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4.2.1. Nanoparticle loading at . % 

The first sample of nanofluids consists with 2 vol % of copper nanoparticle in water.  A 

single pseudo atom was added as a copper nanoparticle among the 991 water molecules in 

a confined volume of 30559 Å3.  The figure below shows snapshots from VMD during the 

simulation run; the snapshots are the rotations of the cubical simulation box around y-axis 

of nanofluid sample at certain time of simulation 

             a)       b) 

  

           c)  

 

 
Figure 19:  VMD snapshots of 2 vol% nanofluid:  a) y-x direction (z-axis is 

out), b) y-z direction (x-axis is out), c) y-x direction (z-axis is in). 
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During the simulation, the Nosé−Hoover algorithm was used for thermostatting at 300 

K while keeping the volume constant (see Figure 20). 

 

 

Figure 20:  Temperature trend during the simulation. 

 
From the above plot, the temperature appeared after 1 10 	to be constant at 300± 

0.01 K through simulation and the fluctuations become small.   

Before equilibration, the simulation was run at constant NVT for 3x104 in order to set up 

the temperature of the nanofluid.  During the equilibration, the density was held constant 

at 1.144	g/cm . 

The nanofluid density at 2 vol% was calculated using equation (5.3): 

8.940 0.02 1 0.02 0.985 

              1.144 	g/cm                                     (5.3) 

 In order to reduce the fluctuations and improve the accuracy in measuring the thermal 

conductivity of nanofluid, the sampling correlation time and the number of samplings 

were considered carefully while performing the simulation.  The sampling correlation time 

was taken as 2000 steps (0.1 ps) and the sampling were produced for 3.4x106 steps with 

total running time of 190 ps.  As per Figure 21, it can be concluded that the heat current 

autocorrelation function (HCAF) decays to around zero within 900 steps (0.045 ps); 
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therefore, time correlation was adequate for sampling and calculating the thermal 

conductivity at each time step. 

 

 

 

Figure 21:  Decay of heat autocorrelation function of nanofluid. 
 
 

The accuracy of the result was determined by comparing the experimental value with 

the recent MD value; the certainty of the value was checked by plotting the three vectors 

of thermal conductivity of nanofluid (kxx, kyy and kzz) with their arithmetic averages against 

time evolution.  It showed that the three vectors and their arithmetic average meet at a 

value that has an acceptable tolerance less than 5% (see Figure 22). 

 

 



41 
 

a)

 

b)

 

c)

	
 

Figure 22:  Thermal conductivity of the nanofluid against time 

evolution	 . %	:  a) focused scale, b) full scale, c) overall k. blue line 

for k, red line for kzz, green line for kyy and purple line for kxx. 
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As it is shown in the above Figures, the thermal conductivity was found to be 1.02± 

0.02	 / ∙   at 300 K.  Therefore, the thermal conductivity enchantment ratio of 2 vol% 

nanofluid can be expressed as 

             
. 		

.
1.33	                      (5.4) 

4.2.2. Nanoparticle loading at 2.8% 

The second sample of nanofluids consists of 2.8 vol % of copper nanoparticle in water. 

A single pseudo atom was added as a copper nanoparticle among the 991 water molecules 

in a confined volume of 30880 Å3.  The figure below shows snapshots from VMD during 

the simulation run; the snapshots are rotation of the cubical simulation box around y-axis 

of nanofluid sample at certain time of simulation 

a)                                                   b)                      

  

            c) 

	
 

Figure 23:  VMD snapshots of 2.8 vol% nanofluid: a) y-x direction (z-axis 

is out), b) y-z direction (x-axis is in), c) y-x direction (z-axis is in). 
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The Nosé−Hoover algorithm was used for thermostatting at 300 K while keeping the 

volume constant (see Figure 24). 

	
 

Figure 24:  Temperature trend during the simulation. 

 
From the above plot, the temperature appeared after 1.2 10 to be constant at 

300±0.02 K through the molecular simulation and the fluctuations become small.   

Before equilibration, the simulation was run at constant NVT for 3x104 in order to set up 

the temperature of the nanofluid.  During the equilibration, the density was held constant 

at 1.21	g/cm . 

The nanofluid density at 2.8 vol% was calculated using equation (5.3):  

8.940 0.028 1 0.028 0.985 

    1.21g/cm              (5.5) 

In order to reduce the fluctuations and improve the accuracy in measuring the thermal 

conductivity of nanofluid, the sampling correlation time and the number of samplings 

were considered carefully while performing the simulation. The sampling correlation time 

was taken as 2000 steps (0.1 ps) and the samplings were produced for 3.2x106 steps with 

total running time of 190 ps. As per Figure 25, it can be concluded that the heat current 

autocorrelation function (HCAF) decays to around zero within 900 steps (0.045 ps); 
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therefore, time correlation was adequate for sampling and calculating the thermal 

conductivity at each time step. 

 

 

 

 

Figure 25:  Decay of heat autocorrelation function of nanofluid. 
 
 

The accuracy of the result was determined by comparing the experimental value with 

the recent MD value; the certainty of the value was checked by plotting the three vectors 

of thermal conductivity of nanofluid (kxx, kyy and kzz) with their arithmetic averages against 

time evolution. It showed that the three vectors and their arithmetic average meet at a 

value that had an acceptable tolerance less than 5% (see Figure 26). 
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a)

 

b) 

 
c) 

 

 

Figure 26:  Thermal conductivity of the nanofluid against time 

evolution	 . %	:  a) focused scale, b) full scale, c) overall k. blue line 

for k, red line for kzz, green line for kyy and purple line for kxx.  
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As it is shown in the above Figures, the thermal conductivity was found to be at1.10

0.05	 / ∙ .  Therefore the thermal conductivity enchantment ratio can be expressed as 

             
.

.
1.43                        (5.6) 

4.2.3. Nanoparticle loading at . % 

The third sample of nanofluids consists with 5.2 vol% of copper nanoparticles in water. 

A single pseudo atom was added as a copper nanoparticle among the 991 water molecules 

in a confined volume of 31049 Å3.  The figure below shows snapshots from VMD during 

the simulation run; the snapshots are rotation of the cubical simulation box around y-axis 

of nanofluid sample at certain time of simulation. 

                 a)                                                      b) 

  

            c) 

	
 

Figure 27:  VMD snapshots of 5.2 vol% nanofluid:  a) y-x direction (z-axis 

is out), b) y-z direction (x-axis is out), c) y-x direction (z-axis is in). 
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The Nosé−Hoover algorithm was used for thermostatting at 300 K while keeping the 

volume constant (see Figure.28). 

 

Figure 28: Temperature trend during the simulation. 

 
From the above plot, the temperature appeared after 1 10 		to be constant at 300 

±0.02 K through the molecular simulation and the fluctuations become small.   

Before equilibration, the simulation was run at constant NVT for 3x104 in order to set up 

the temperature of the nanofluid.  During the equilibration, the density was held constant 

at 1.402	g/cm  

The nanofluid density at 5.2 vol% was calculated using equation (5.3):  

8.940 0.052 1 0.052 0.985 

                            				 1.402 g/cm                                                          (5.7) 

 In order to reduce the fluctuations and improve the accuracy in measuring the thermal 

conductivity of nanofluid, the sampling correlation time and the number of samplings 

were considered carefully while performing the simulation.  The sampling correlation time 

was taken as 2000 steps (0.1 ps) and the sampling were produced for 3.8x106 steps with 

total running time of 190 ps.  As per Figure 29, it can be concluded that the heat current 

autocorrelation function (HCAF) decays to around zero within 700 steps (0.035 ps); 
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therefore, time correlation was adequate for sampling and calculating the thermal 

conductivity at each time step. 

 

 

 
Figure 29:  Decay of heat autocorrelation function of nanofluid. 

 
 

The accuracy of the result was determined by comparing the experimental value with 

the recent MD value; the certainty of the value was checked by plotting the three vectors 

of thermal conductivity of nanofluid (kxx, kyy and kzz) with their arithmetic averages against 

time evolution.  It showed that the three vectors and their arithmetic average meet at a 

value that has an acceptable tolerance less than 5% (see Figure 30). 
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a)

 

b) 

 

c) 

 

 

Figure 30:  Thermal conductivity of nanofluids against time evolution 

.2 %: a) focused scale, b) full scale, c) overall k. blue line for k, 

red line for kzz, green line for kyy and purple line for kxx. 
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As it is shown in the above Figures, the thermal conductivity is found to be at 1.215 ± 

0.015	 / ∙ . Therefore the thermal conductivity enchantment ratio can be expressed as 

       
. 	

.
1.584		                                   (5.8) 

4.2.4. Nanoparticle loading at . % 

The fourth sample of nanofluids consists with 6.0 vol % of copper nanoparticle in 

water.  A single pseudo atom was added as a copper nanoparticle among the 991 water 

molecules in a confined volume of 31138 Å3.  The figure below shows snapshots from 

VMD during the simulation run; the snapshots are rotation of the cubical simulation box 

around y-axis of nanofluid sample at certain time of simulation 

                 a)                                                      b)                      

  

               c) 

	
 

Figure 31:  VMD snapshots of 6.0 vol% nanofluid:  a) y-x direction (z-axis 

is out), b) y-z direction (x-axis is in), c) y-x direction (z-axis is in). 
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The Nosé−Hoover algorithm was used for thermostatting at 300 K while keeping the 

volume constant (see Figure.32). 

 

 

 

Figure 32: Temperature trend during the simulation. 

 
From the above plot, the temperature appeared after 1 10 to be constant at 300±0.01 

K through the molecular simulation and the fluctuations become small.   

Before equilibration, the simulation was run at constant NVT for 3x104 in order to set up 

the temperature of the nanofluid.  During the equilibration, the density was held constant 

at 1.46	g/cm . 

The nanofluid density at 6.0 vol% was calculated using equation (5.3):  

8.940 0.06 1 0.06 0.985 

  1.46	g/cm              (5.9) 

In order to reduce the fluctuations and improve the accuracy in measuring the thermal 

conductivity of nanofluid, the sampling correlation time and the number of samplings 

were considered carefully while performing the simulation. The sampling correlation time 

was taken as 2000 steps (0.1 ps) and the samplings were produced for 3.4x106 steps with 

total running time of 170 ps. As per Figure 33, it can be concluded that the heat current 
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autocorrelation function (HCAF) decays to around zero within 900 steps (0.045 ps); 

therefore, time correlation was adequate for sampling and calculating the thermal 

conductivity at each time step. 

 

 

 

Figure 33:  Decay of heat autocorrelation function of nanofluid. 
 
 

The accuracy of the result was determined by comparing the experimental value with 

the recent MD value; the certainty of the value was checked by plotting the three vectors 

of thermal conductivity of nanofluid (kxx, kyy and kzz) with their arithmetic averages against 

time evolution.  It shows that the three vectors and their arithmetic average meet at a value 

that has an acceptable tolerance less than 5% (see Figure 34).   
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a)

 

b) 

 

 
c) 

 

 
Figure 34:  Thermal conductivity of the nanofluid against time 

evolution	 . %:  a) focused Scale, b) full scale, c) overall k. blue line 

for k, red line for kzz, green line for kyy and purple line for kxx. 
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As it is shown in the above Figures, the thermal conductivity was found to be at 1. 24± 

0.04		 / ∙ .Therefore the thermal conductivity enchantment ratio can be expressed as 

                           
. 	

.
1.62	                                                                 (5.10) 

4.2.5. Nanoparticle loading at 9.1% 

The fifth sample of nanofluids consists with 9.1 vol % of copper nanoparticle in water. 

A single pseudo atom was added as a copper nanoparticle among the 991 water molecules 

in a confined volume of 31338 Å3.  The figure below shows snapshots from VMD during 

the simulation run; the snapshots are rotation of the cubical simulation box around y-axis 

of nanofluid sample at certain time of simulation 

a)                                               b)                      

 

                 c) 

	
 

Figure 35:  VMD snapshots of 9.1 vol% nanofluid: a) y-x direction, b) y-z 

direction, c) y-x direction (z-axis is in). 
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The Nosé−Hoover algorithm was used for thermostatting at 300 K while keeping the 

volume constant (see Figure.36). 

 

 

 

Figure 36: Temperature trend during the simulation. 

 

From the above plot, the temperature appeared after 1 10 to be constant at 300±   

0.01 K through the molecular simulation and the fluctuations become small.   

Before equilibration, the simulation was run at constant NVT for 3x104 in order to set up 

the temperature of the nanofluid.  During the equilibration, the density was held constant 

at 1.714	g/cm . 

The nanofluid density at 9.1 vol% was calculated using equation (5.3):  

8.940 0.091 1 0.091 0.985 

                                   1.714                       (5.11) 

 In order to reduce the fluctuations and improve the accuracy in measuring the thermal 

conductivity of nanofluid, the sampling correlation time and the number of samplings 

were considered carefully while performing the simulation.  The sampling correlation time 

was taken as 2000 steps (0.1 ps) and the samplings were produced for 4.6x106 steps with 

total running time of 230 ps.  As per Figure 37, it can be concluded that the heat current 

autocorrelation function (HCAF) decays to around zero within 1500 steps (0.075 ps); 
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therefore, time correlation was adequate for sampling and calculating the thermal 

conductivity at each time step. 

 

 

Figure 37:  Decay of heat autocorrelation function of nanofluid. 
 
 

The accuracy of the result was determined by comparing the experimental value with 

the recent MD value; the certainty of the value was checked by plotting the three vectors 

of thermal conductivity of nanofluid (kxx, kyy and kzz) with their arithmetic averages against 

time evolution.  It showed that the three vectors and their arithmetic average meet at a 

value that has an acceptable tolerance less than 5% (see Figure 38). 
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a) 

 

b) 

 

 
c) 

 

 

Figure 38:   Thermal conductivity of nanofluids against time evolution 

. %	: a) focused sale, b) full scale, c) overall k. blue line for k, red 

line for kzz, green line for kyy and purple line for kxx. 

 



58 
 

As it is shown in the above Figures, the thermal conductivity was found to be at 1.41 ± 

0.031	 / ∙ .  Therefore the thermal conductivity enchantment ratio can be expressed as 

                           
.

.
1.838                               (5.12) 

4.3 Experimental data with MD results 

Xuan and Li experimentally obtained the thermal conductivity of copper and copper-

oxide in water and transformer oil.  For the copper-water nanofluid, 9% of the laurate salt 

was added to enhance the stability of nanoparticles suspensions.  Xuan and Li discussed 

the effects of some factors such as the volume fraction, dimensions, shape, and properties 

of the nanoparticles in improving the heat transfer of the nanofluids.  The hot-wire, which 

is a measurement apparatus, was used by Xuan and Li to measure the thermal conductivity 

of the nanofluid [5, 61].  Xuan and Li results were consistent with many previous 

experiments that had shown that increasing the volume fraction of nanoparticles in the 

base fluid can enhance the thermal conductivity of nanofluids [3, 61, 63].  

In this work, the molecular dynamic simulation was preformed to show the relation 

between the thermal conductivity of nanofluids and volume fraction of nanoparticles.  In 

addition, the role of the interatomic interaction in enhancing the thermal conductivity of 

nanofluid was checked.  As seen in Figure 39, the molecular simulation results were 

compared with the experimental data that Xuan and Li [5, 61] obtained using two different 

sets of experiments; the first set [5] was obtained for copper nanoparticles volume 

percentages of 2.5%, 5.2% and 7.5% while the second set [61] was attained for copper 

nanoparticles volume percentages of 0.3%, 0.5%, 0.8%, 1%, 1.2%, 1.5% and 2%.  The 

Figure also shows an experimental set for Xuan et al [62], and low volume percentages of 

copper nanoparticles by Zhua et al [63].       

The thermal conductivity was found for the present molecular dynamic simulation at 

five different volume percentages: 2.0 %, 2.8 %, 5.2 %, 6.0 % and 9.1 %.  
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Figure 39: Thermal conductivity enhancement ratio of copper-water 

nanofluid. The present MD work"    ", Xuan et al [61] (r=10nm)"    ",   Xuan 

et al [62] (r=50nm) "×", Xuan and Li (2000) "   ", Xuan and Li (2003) "+", 

Zhu et al [63] and Sanker et al. MD result"  ". 

 

It was observed that the present MD work showed an increasing trend as volume 

percentages of copper nanoparticles increased; this observation agreed with some other 

viable experimental data and earlier molecular dynamic simulations.  By comparing with 

different experimental data, it was found that there were differences in values of the 

enhancement ratios of copper-water nanofluid at very low volume percentages, see above 

Figure.  

Zhu et al. conducted an experiment on copper-water nanofluids to find the thermal 

conductivity at very low volume percentages between [63] 0.005-0.08%.  The nanofluid of 

volume percentage 0.08 % showed a thermal conductivity enhancement of up to 17% 

which did not agree with Xuan and Li's results that show 17% enhancement for volume 

percentage of 2.5%.  

From Figure 39, the present MD slightly overestimated Xuan and Li's experimental 

data for different copper nanoparticle diameters of d=10, 50 and 100 nm; the percentage 

difference was around 12.5 %.  The overestimation especially for low volume percentage 
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of nanoparticle (< 4%) can be due to the diameter size of the modeled copper nanoparticle; 

the copper nanoparticle diameters for the present MD were between 5.3 Å to 8.8 Å.  On 

the other hand, the present MD results underestimated the low volume percentage of Zhu's 

et al. experimental data (up to  =0.8%); the percentage difference was up to 13 %.   

The Sanker et al. MD simulation concurred with the present simulation at a higher 

volume percentage (>5%).  In conclusion, thermal conductivity at low volume fraction of 

nanoparticles is still a topic for further study in order to check for mechanisms or factors 

that might play an important role in enhancing thermal conductivity using molecular size 

nanoparticles. The present MD model agreed that very low volume fraction of 

nanoparticles would significantly enhance the thermal conductivity of nanofluids.            

4.4 Role of interatomic potential 

In this simulation, the interatomic forces occur mainly due to Van der Waal and 

Coulombic forces, see section 3.4.  The influence of the interatomic forces in enhancing 

the thermal conductivity of the nanofluid was observed clearly by calculating the Van der 

Waals and Coulombic potentials.  In LAMMPS, the syntax of evdwl and ecoul were used 

to calculate the energies of the pure water and the five nanofluid samples that were studied 

earlier.  The kinetic energy was additionally calculated in order to check the Brownian 

motion of the nanoparticles; ke is syntax used for measuring kinetic energy using 

LAMMPS.  As shown in Figure 40, the Kinetic Energy, Van der Waals and Coulombic 

potentials values of the basic fluid (water) were changed when the copper nanoparticle 

was added; however, their rates of change as a function of volume percentage of copper 

nanoparticle were different. 

The kinetic energy and Coulombic potential changed as fixed values up to 4% and 

49%, respectively.  Their values were unvarying in terms of the increase in the volume 

fraction of the copper nanoparticle.  The kinetic energy trend showed and justified that the 

Brownian motion is very slow and doesn't contribute directly in enhancing the thermal 

conductivity of nanofluids [2, 21].  The Coulombic potential relates directly to the 

properties of constituents; since the added nanoparticle was assumed to be neutrally 

charged, it could be expected that the Coulombic potential would not change as the 

volume percentage of nanoparticle increased; still, its contribution was remarkable. 
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Finally, the Van der Waals potential showed to be a function of nanoparticle volume 

percentage; the change was varying up to 31%. 

This study confirmed that the increase in the interatomic interaction, especially Van der 

Waals and Coulombic interactions enhance the thermal conductivity of nanofluids. 

    

 

Figure 40:  The present MD study showing: kinetic energy "  ", Van- der 

Waals"   ", Coulombic potentials "    ". 
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5. Conclusion and recommendations 

 
In this work, the molecular dynamic simulation proved to be one of the practical 

techniques in predicting transport coefficients of nano-systems.  Molecular dynamic 

simulations have proven to be a good source of finding different thermodynamic and 

transport properties of nanofluids, such as viscosity, critical heat flux and thermal 

conductivity.  Such properties can be difficult to obtain by experiments or models.  In 

addition, the difficulty in understanding the mechanisms of nano-sized systems through 

experiments, has given molecular dynamic simulation the chance to be used extensively in 

modeling and simulating nano-systems for the past 20 years.   

In the present work, the obtained thermal conductivity of water reduced the 

computational errors for calculating the enhancement ratio of the thermal conductivity of 

nanofluids.  The thermal conductivity values of water were found using different 

molecular dynamic methods like RNEMD and EMD via Green-Kubo; the hydrodynamic 

generalized method that Bertolini used to find the thermal conductivity of water seemed to 

be the most accurate technique; it gave a percentage difference of up to 10% with 

experimental values.  The present value showed a percentage difference of 26%; yet it was 

used since the hydrodynamic generalized method would be difficult to simulate the 

copper-water nanofluids and since the certainty value was higher.  The thermal 

conductivity of water was found to be 0.767	 	0.01	 / ∙  at 300 K.  

In addition, Lennard-Jones and Hamaker's formula proved to be appropriate potential 

models that could be used to mimic the nanofluid particles' interactions. Furthermore, the 

surface chemistry of nanoparticles should be studied in order to form potential models that 

can be used in modeling and simulating systems with nano-sized particles. From the 

available experimental data, it was clear that the increase in the volume fraction of 

nanoparticles enhances the thermal conductivity of nanofluids.  The molecular dynamic 

simulation results showed an overall agreement with reasonable deviation from available 

experimental data [5, 61, 62].  The deviation for the low volume percentage (1-4%) could 
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be due to the small diameter size of the modeled copper nanoparticles, which were 

relativity close to the size of water monomers.  

The available experimental data obtained for the thermal conductivity of copper-water 

nanofluid showed disagreement [5, 62, 63]. Therefore, experiments for measuring the 

thermal conductivity of copper-water nanofluid are needed especially at low volume 

percentages of copper nanoparticle loading.     

Furthermore, the present molecular dynamic simulation was able to highlight the role of 

interatomic potential to enhance the thermal conductivity of nanofluids.  Thus, molecular 

dynamics simulations can be a good tool to understand the mechanisms which illustrate 

the increases in the thermal conductivity of nanofluids.  

During the simulation, it was observed that the Brownian motion of the copper 

nanoparticles was far too slow to transport heat; consequently, the Brownian motion had a 

minor effect in enhancing the thermal conductivity of nanofluids.  On the other hand, the 

thermal conductivity of nanofluids increases with the increase in the interatomic 

interactions.  Such interactions depend heavily on the nanofluid's constituent's properties. 

Therefore, nanoparticles and base fluid types have an important role in determining the 

enhancement rate of the thermal conductivity of nanofluids.  In other words, the type of 

interaction such as Van der Waals, Coulombs or atomic bonds plays a role in determining 

the interactomic interactions, which in turn enhance the thermal conductivity of 

nanofluids. 

The present work could be extended to investigate some other enhancement 

mechanisms such as the role of ordered layering of water monomers around the 

nanoparticles in increasing the thermal conductivity. Other interaction potentials could be 

considered and the effect of nanoparticles size and clustering could be studied.  
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