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Abstract 

Miniaturization and the need for novel materials with unique properties have driven 

composite materials to the forefront of research in solid mechanics. The response of a 

composite microstructure is dependent on the properties of individual phases, their 

distribution, the volume fractions, and the scale of observation. At finite scales the 

response of a microstructure is realization dependent and statistical in nature. The 

microstructures under investigation are sampled randomly from an infinite two-phase 

linear elastic planar checkerboard with a nominal volume fraction of 50%using a 

binomial distribution. A versatile methodology for investigating the effective response of 

such microstructures at finite scales is based on the Hill-Mandel Macrohomogenity 

condition. In this methodology, rigorous bounds are obtained as solutions to stochastic 

Dirichlet and Neumann boundary value problems from the level of a Statistical Volume 

Element (SVE) to that of a Representative Volume Element (RVE). Within the 

framework of planar elasticity, the concept of a scaling function is introduced which 

unifies the treatment of several microstructures and quantifies the approach to the RVE. It 

is demonstrated that the scaling function depends on the phase contrast and the 

mesoscale. Certain exact properties of the scaling function are derived rigorously and its 

functional form is established using extensive numerical simulations on 163,728 

microstructural realizations at varying contrasts, mesoscale and boundary conditions. The 

statistical nature of the effective response of a microstructure is examined through 

histograms that illustrate the distributions of the effective stiffness and compliance tensor 

components and their dependence on mesoscale and contrast in phase properties. 

Statistical moments (mean, variance, skewness, and kurtosis) are calculated to 

qualitatively and quantitatively describe the distributions of the tensor components. The 

Hellinger distance is used to measure the difference between the actual data distribution 

and a symmetric binomial distribution that is a consequence of the sampling process. 

 

Keywords: Planar composite, linear elasticity, mesoscale, scaling laws, scaling function, 

statistics 
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Chapter 1: Introduction 

1.1. Background and need for research 

Two-dimensional random composites have become increasingly more common in 

engineering applications. With the advent of MEMS and NEMS technology, it has 

become essential to study the homogenization of composites. The notion of 

homogenization arises from the need to determine the size of the Representative Volume 

Element (RVE), and the effective response of a given composite. The effective (or 

macroscopic) moduli of a composite depend on the elastic moduli of the individual 

crystallites, their distribution, orientation and relative concentrations within the 

microstructure. Investigating these relations has been the crux of composite material 

theory and a major challenge to contemporary micromechanics. But, the complex 

geometry and lack of information regarding the microstructure makes this a daunting 

task. As a consequence, the problem has commonly been dealt with through the use of 

statistical techniques and approximations. Results from such studies hold considerable 

practical significance as they facilitate the reliable estimation of effective properties that 

appropriately describe the behavior of random composites.  

 The concept of the RVE plays a fundamental role in continuum mechanics since it 

defines the scale below which determinism breaks down. At finite scales (below the scale 

of the RVE), the material response depends on the realization of the microstructure and 

the nature of the applied boundary conditions (the driving field such as stress, strain, heat 

flux, temperature gradient, etc), and thus is statistical in nature. As the RVE is 

approached, the statistical fluctuations diminish and the microstructure becomes a 

macroscopically homogeneous sample whose effective properties are independent of any 

externally imposed conditions. Owing to the statistical nature of the material response at 

finite scales, the approach to the RVE is examined through the framework of stochastic 

mechanics. 

 Of the widely available methodologies, bounding proves to be advantageous since 

it provides rigor. In general, scale-dependent bounds on the homogenization domain are 

obtained as solutions to stochastic boundary value problems. The convergence of these 
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bounds yields information about the size of the RVE for a particular composite 

microstructure, and the scale at which homogenization is achieved.  

1.2. Literature review 

Estimates for the effective properties of composite structures date back to Voigt [1] and 

Reuss [2] who proposed a weighted average of the stiffness and compliance of the 

individual phases. The Voigt measure corresponds to a constant strain assumption while 

the Reuss measure corresponds to a constant stress assumption [3]. It was later shown by 

Hill [4] that the Voigt and Reuss estimates bound the effective moduli of an aggregate 

from above and below. Subsequent developments led to the Hashin-Shtrikman bounds [5] 

that emerged from new variational principles and constitute the tightest possible bounds 

on composites. 

 Under certain mathematical conditions, exact relations have been obtained for 

random two-phase checkerboard composites to determine the effective properties at the 

RVE scale. Under isotropic symmetry, the stiffness and compliance tensors are 

completely characterized by the bulk and shear moduli. For such composites, an 

analytical result exists for the effective shear modulus when the bulk moduli of the 

individual phases are equal [6]. Similarly, an analytical result exists for the bulk modulus 

when the shear moduli of the individual phases are equal [7].  

The RVE is a fundamental concept of continuum mechanics, and is the starting 

point for most numerical analyses [8, 9]. By definition, the RVE is statistically 

representative of the composite, such that it is large enough to contain a sampling of all 

possible heterogeneities, and sufficiently larger than the scale of fluctuations, but small 

enough to be considered a continuum element [10, 11]. At the scale of the RVE, 

continuum mechanics states that displacement and traction are ‗macroscopically‘ uniform 

over the surface of a RVE [12]. Provided the RVE is sufficiently large, the overall elastic 

moduli become independent of the surface displacement and traction [13]. 

A well established methodology for studying the behavior of composites at finite 

scales and the approach to the RVE is to obtain scale-dependent bounds consistent with 

the Hill-Mandel Macrohomogenity condition [14-18]. These bounds emerge as solutions 

to stochastic Dirichlet and Neumann boundary value problems under the assumptions of 

spatial homogeneity and ergodicity [19]. At finite length scales, the RVE is replaced by a 
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Statistical Volume Element (SVE) [20] whose elastic response depends on the applied 

boundary conditions. Thus, its effective moduli can be approximated by two continuum 

random fields corresponding to essential (Dirichlet) and natural (Neumann) boundary 

conditions that bound the effective response of the SVE from above and below. The SVE 

is the material domain over which homogenization takes place, and this domain is known 

as the mesoscale [19, 20]. The mesoscale separates the microscale (level of 

microheterogeneities) from the macroscale (RVE scale). The concepts of the SVE and 

mesoscale have been applied successfully to homogenization problems in a variety of 

constitutive responses such as elasticity [14, 21-23], plasticity [15, 24], thermal 

conductivity [16, 17], thermodynamics [25, 26], elastoplasticity [27-29], thermoelasticity 

[30], and flow through porous media [31]. The growth of the mesoscale indicates the 

transformation of the SVE into a RVE as the elastic response of the SVE is rendered 

independent of the applied boundary conditions, making it a statistically representative 

sample of a composite microstructure, whose effective moduli are spatially independent. 

Numerically, this phenomenon is illustrated by the convergence of the Dirichlet and 

Neumann bounds, which indicate the approach to the RVE and the domain size required 

for homogenization.  

1.3. Research methodology –scope and limitations 

The convergence of the Dirichlet and Neuman bounds gives rise to the concept of a 

scaling function. It has previously been investigated in three-dimensional anisotropic 

elasticity [14], three-dimensional anisotropic heat conduction [16], and two-dimensional 

heat conduction [17]. By virtue of mathematical formalism, the scaling function unifies 

the behavior of a variety of materials. Furthermore, it enables one to quantify the size of 

the homogenized domain (in terms of the mesoscale) through the development of a 

material scaling diagram. 

Throughout the development of the ideas in this thesis, the assumption of a 

classical continuum is maintained. The only requirement for the proposed methodology is 

that the governing equations be elliptic [19], which is indeed the case since the 

microstructures under investigation are linear elastic. As a consequence, the starting point 

for the first-order homogenization scheme is the Hill-Mandel condition neglecting 

higher-order gradient effects. This formalism has been applied successfully in 2D [17] 
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and 3D [16] heat conduction in microstructures having contrasts as high as 100 (in the 

former) and in elasticity to microstructures with phase contrasts as high as 1000 [21]. The 

formulation of the Hill condition including second-order effects (for higher-order 

homogenization) is discussed extensively in References [32-36]. 

By extension, the possibility arises to investigate the statistics of the realization 

space, and consequently the stiffness and compliance tensors under Dirichlet and 

Neumann boundary conditions respectively. At scales below the RVE scale, the effective 

tensorial material properties are accompanied by statistical fluctuations which are 

proportional to the mesoscale and phase contrast. This gives rise to the possibility of 

conducting statistical analyses on these tensors in order to study parameters such as the 

mean, variance, skewness, and kurtosis of the probability distributions. The probability 

distributions for each independent tensor component are established as histograms, from 

which conclusions are drawn regarding the statistical parameters in the context of a 

mesoscale and phase-contrast. In addition, the Hellinger distance between the resulting 

probability distributions and a binomial distribution is computed in order to quantify the 

difference between an ideal symmetric distribution and the actual one that arises. 

1.4. Thesis organization 

This thesis is organized into six chapters. Chapter 2 explains the mathematical basis for 

the scaling function. The general form of the scaling function is derived for planar linear 

elasticity and some of its properties are derived. 

Chapter 3 describes the research methodology – the computational procedure, 

implemented to homogenize a given microstructure and study the approach to the RVE. 

The details in this section include the microstructures under consideration, the 

methodology for determining the effective moduli at each mesoscale, and the driving 

boundary value problems. 

Chapter 4 presents the main results of this research. The numerical Dirichlet and 

Neumann bounds are obtained for a sample set of microstructures and some assumptions 

of the scaling function are verified. Based on these results, a functional form for the 

scaling function is obtained by a curve-fit. As an extension, a material scaling diagram is 

constructed based on the derived form of the scaling function. 
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Chapter 5 investigates the statistics of the stiffness and compliance tensor 

components under Dirichlet and Neumann boundary conditions respectively. The 

distributions for each component are presented as histograms. Statistical analyses are 

carried out to examine the mean, variance, skewness, and kurtosis of individual 

components and their dependence on the mesoscale and phase contrast. In addition, the 

Hellinger distance for each component is computed in order to study the deviation of the 

probability distributions from the ideal situation.  

Chapter 6 concludes this thesis, summarizes its main results, and presents some 

possible avenues of research for the future. 
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Chapter 2: Mathematical Basis 

2.1. The Hill-Mandel condition in planar elasticity 

A random body (microstructure) is considered as an ensemble {B ω ,ω ∈ Ω} of 

deterministic realizations, each being statically balanced under the influence of some 

prescribed boundary condition, and in the absence of body and inertial forces. In every 

B ω  there are stress and strain fields (𝛔 and𝛆), that can be decomposed into their mean 

(𝛔  and 𝛆 ) and fluctuating (𝛔′ and𝛆′) parts: 

 𝛔 𝐱, ω = 𝛔 ω + 𝛔′ 𝐱,ω , 𝛆 𝐱,ω = 𝛆 ω + 𝛆′ 𝐱,ω  (2.1) 

where  ω ∈ Ω(the sample space) and𝐱reflect the point-to-point dependence of fluctuating 

fields. The area-averaged strain energy density in the planar domain Bδ  is given by, 

 Uδ =
1

2A
 𝛔 𝐱, ω : 𝛆 𝐱, ω 

A

dA =
1

2
𝛔: 𝛆 (2.2) 

where A = |Bδ| is the domain area. The subscript δ is defined as, 

 δ =
L

d
=  NG 

1

2, δ ∈  0, ∞  (2.3) 

which is a non-dimensional parameter that describes the mesoscale of the composite 

comprised of NG  grains, d is the characteristic length scale (for instance the grain size), 

and L is the length scale of observation or domain size. It follows that the limit δ = 0 

signifies the point-wise material description, and δ → ∞ is the RVE limit [20]. The right 

hand side of equation (2.2) can be expressed as, 

 
1

2
𝛔 ω : 𝛆 ω =

1

2
𝛔 ω : 𝛆 ω +

1

2A
 𝛔′ 𝐱,ω : 𝛆′ 𝐱,ω dA

A

 (2.4) 

Henceforth, for simplicity, the factor 1
2  is dropped.  It follows that the average of a 

scalar product of stress and strain fields equals the product of their averages provided the 

integrand in equation (2.4) vanishes, or 
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 𝛔 ω : 𝛆 ω = 𝛔 ω : 𝛆 ω ⇔
1

A
 𝛔′ 𝐱, ω : 𝛆′ 𝐱,ω dA

A

= 0 (2.5) 

This is known as the Hill (or Hill-Mandel macrohomogeneity) condition. 

For simplicity, the explicit dependence on ω will no longer be indicated, but the 

ensuing statements will hold for any specific realization B ω , unless the ensemble 

(statistical) averages indicted by〈. 〉 is taken. From the divergence theorem, equation (2.5) 

can be written as, 

 1

A
 𝛔′ : 𝛆′dA

A

= 0 ⇔  (
∂Bδ

ti − σij nj).  ui − εij xj dS = 0 (2.6) 

For a finite mesoscale, the fluctuations are not negligible, and consequently the necessary 

and sufficient condition for equation (2.6) to hold is, 

 

𝛔: 𝛆 = 𝛔: 𝛆 ⟺  (
∂Bδ

ti − σij nj).  ui − εij xj dS = 0,

∀x ∈ ∂Bδ  
(2.7) 

Equation (2.7) is satisfied by three types of boundary conditions which are as follows: 

1. Uniform Displacement (or Dirichlet) 

 ui = εij
0 xj  (2.8) 

2. Uniform Traction (or Neumann) 

 ti = σij
0 nj  (2.9) 

3. Uniform  Displacement-Traction (or Mixed Orthogonal) 

 (ti − σij
0 nj) ui − εij

0 xj = 0 (2.10) 

The superscript ‗0‘ denotes constant/imposed tensors.  

The microstructure is considered to be described by a random field 𝚯 x, ω  of 

material parameters. 𝚯 x, ω  is assumed to be (i) wide-sense stationary (WSS) 
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 〈Θ x 〉 = constant, 〈Θ x Θ x + h 〉 = RΘ h < ∞ (2.11) 

and (ii) mean-ergodic (the spatial averages for any realization equal the ensemble 

averages at any location) 

 
1

A
 𝚯(x, ω) 

A

dA = 𝚯 ω = 〈Θ x 〉 =  𝚯(x, ω)dΩ
Ω

 (2.12) 

Figure 1 shows the proposed homogenization method. The two-phase 

checkerboard is composed of randomly arranged isotropic single grains. The Dirichlet 

and Neumann boundary value problems are solved using equations (2.8) and (2.9), and, 

upon ensemble averaging, one obtains bounds on the aggregate response.  

 

Fig. 1: The homogenization methodology. 

2.2. Formulation of the scaling function 

The mathematical derivation of the scaling function is based on the premise that for an 

arbitrary realization Bδ(ω) of a random medium Bδ  on some mesoscale δ, there exists a 

random stiffness 𝐌 and compliance 𝐒 tensor such that, 

 𝛔 δ ω = 𝐌δ
d ω : 𝛆0, 𝛆 δ ω = 𝐒δ

d ω :𝛔0 (2.13) 
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Upon ensemble averaging, the response of the composite is isotropic. Subsequently, the 

plane-strain stiffness tensor〈𝐌𝛅
𝐝〉and its plane-stress counterpart 〈𝐂𝛅

𝐝〉can be expressed as 

follows, 

 

〈𝐌𝛅
𝐝〉 = 〈Bδ

d〉δijδkl + 〈μδ
d〉 δikδjl + δilδjk − δijδkl  

〈𝐂𝛅
𝐝〉 = 〈Kδ

d〉δijδkl + 〈μδ
d〉 δikδjl + δilδjk − δijδkl  

〈Kδ
d〉 =

〈μδ
d〉(3〈Bδ

d〉 − 〈μδ
d〉)

〈Bδ
d〉 + 〈μδ

d〉
 

 

(2.14a) 

 

(2.14b) 

 

 

(2.14c) 

where 〈Bδ
d〉 is the ensemble averaged plane-strain bulk modulus and 〈μδ

d〉 is the shear 

modulus (the interpretation of which remains the same under plane-stress, plane-strain, or 

in 3D) obtained under the application of the uniform displacement boundary condition. 

The variable 〈Kδ
d〉 is the plane-stress interpretation of〈Bδ

d〉, and is given by equation 

(2.14c). Further details on the relationships between 3D and 2D (plane-stress and plane-

strain) elastic moduli can be obtained in [19] and [7]. Similarly, the ensemble averaged 

plane-stress compliance tensor takes the form, 

 〈𝐒𝛅
𝐭 〉 =

1

4〈Kδ
t 〉

δijδkl +
1

4〈μδ
t 〉

(δikδjl + δilδjk − δijδkl ) (2.15) 

In the above, 〈Kδ
t 〉 and 〈μδ

t 〉 are the plane-stress bulk and shear moduli obtained under the 

application of uniform traction boundary conditions. By contracting equations (2.14b) 

and (2.15), one obtains the following scalar equation, 

 〈𝐂𝛅
𝐝〉: 〈𝐒𝛅

𝐭 〉 = 2
〈μδ

d〉

〈μδ
t 〉

+
〈Kδ

d〉

〈Kδ
t 〉

 (2.16) 

At the limit δ → ∞, the compliance tensor must be the exact inverse of the stiffness 

tensor, which yields, 

 lim
δ→∞

〈𝐂𝛅
𝐝〉: 〈𝐒𝛅

𝐭 〉 = 3 (2.17) 

Using equations (2.16) and (2.17), the following relationship is proposed 
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 〈𝐂𝛅
𝐝〉: 〈𝐒𝛅

𝐭 〉 = lim
δ→∞

〈𝐂𝛅
𝐝〉: 〈𝐒𝛅

𝐭 〉 + f K1, K2, μ1, μ2, δ , (2.18) 

where K1, K2, μ1 and μ2represent the bulk and shear moduli of the individual phases. The 

variable f K1, K2, μ1, μ2,δ represents a non-dimensional function, henceforth called the 

scaling function. Substituting equation (2.17) and (2.18) in (2.16) yields 

 f K1, K2, μ1, μ2,δ = 2
〈μδ

d〉

〈μδ
t 〉

+
〈Kδ

d〉

〈Kδ
t 〉

− 3 (2.19) 

Alternatively, a similar scaling function can be obtained using a plane-strain 

interpretation as well. However, in this case one would have to obtain the plane-strain 

counterpart of the compliance tensor given in equation (2.15) and contract it with 

equation (2.14a).  

2.3. Properties of the scaling function 

The scaling function introduced in equation (2.19) becomes 0 at infinite mesoscales 

because the Dirichlet and Neumann controlled moduli are identical. At δ = 1, the 

Dirichlet and Neumann controlled moduli are equal to the Voigt and Reuss estimates 

respectively (denoted by the superscripts ‗V‘ and ‗R‘). Therefore, 

 

f K1, K2, μ1, μ2, δ = ∞ = 0, 

f K1, K2, μ1, μ2, δ = 1 = f ∗ = 2
μV

μR
+

KV

KR
− 3 

(2.20) 

where f ∗ is a cumulative measure of phase contrast. Equation (2.20) imposes the 

following bounds on the scaling function, 

 
0 ≤ f K1, K2, μ1, μ2, δ ≤ f K1, K2, μ1, μ2, δ = 1  (2.21) 

As a consequence of equation (2.21), a rescaled function can be introduced such that, 
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 0 ≤  g K1, K2, μ1, μ2, δ =
2

〈μδ
d 〉

〈μδ
t 〉

+
〈Kδ

d 〉

〈Kδ
t 〉

− 3

2
μV

μR +
KV

KR − 3
≤ 1 (2.22) 

2.4. Bounds on the elastic moduli 

Bounds on the elastic response of random composites are scale-dependent and result from 

the ergodicity, WSS assumption of the microstructure, and variational principles of 

continuum elasticity [10], [37], [38]. 

 

〈𝐒1
t 〉−1 ≤ ⋯ ≤ 〈𝐒δ ′

t 〉−1 ≤ 〈𝐒δ
t 〉−1 ≤ ⋯𝐂∞

eff ≤ ⋯ ≤ 〈𝐂δ
d〉 ≤ 〈𝐂δ ′

d 〉 ≤ ⋯ ≤ 〈𝐂1
d〉, 

for ∀δ′ ≤ δ 
(2.23) 

For isotropic stiffness tensors of two-phase composites, the hierarchy of bounds given by 

equation (2.23) can be written in terms of the bounds on the bulk and shear moduli [39]. 

 

μR ≤ ⋯ ≤ 〈μδ′
t 〉−1 ≤ 〈μδ

t 〉−1 ≤ ⋯μ∞
eff ≤ ⋯ ≤ 〈μδ

d〉 ≤ 〈μδ′
d 〉 ≤ ⋯ ≤ μV , 

  for ∀δ′ ≤ δ 

(2.24) 

 

 

KR ≤ ⋯ ≤ 〈Kδ′
t 〉−1 ≤ 〈Kδ

t 〉−1 ≤ ⋯ K∞
eff ≤ ⋯ ≤ 〈Kδ

d〉 ≤ 〈Kδ′
d 〉 ≤ ⋯ ≤ KV , 

  for ∀δ′ ≤ δ 
(2.25) 
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Chapter 3: Computational Procedure 

Numerical experiments are carried out on a sample set of microstructures, shown in Table 

1, for mesoscale domain sizes of δ=2, 4, 10 and 40. Table 1 provides the input parameters 

that include the individual phase Young‘s moduli, Poisson‘s ratio, Voigt and Reuss 

bounds as well as the parameter f*. 

Table 1: Elastic properties of the composite microstructures. 

Microstructure 
𝑬𝟏

𝟑𝑫 

(GPa) 
𝝂𝟏
𝟑𝑫 

𝑬𝟐
𝟑𝑫 

(GPa) 
𝝂𝟐
𝟑𝑫 

𝑲𝑽 

(GPa) 

𝑲𝑹 

(GPa) 

𝝁𝑽 

(GPa) 

𝝁𝑹 

(GPa) 
f* 

Copper-Palladium 117 0.34 121 0.38 93.01 92.74 43.78 43.78 0.003 

Copper-Aluminum 117 0.34 69 0.36 70.73 66.53 34.64 32.21 0.21 

Palladium-Cobalt 121 0.39 209 0.31 125.31 119.86 61.65 56.32 0.23 

Hafnium-Tungsten 78 0.37 411 0.28 173.66 101.74 94.51 48.36 2.62 

Diamond-Zirconium 442 0.06 88 0.34 150.70 103.84 120.81 56.75 2.71 

Gold-Iridium 79 0.44 528 0.26 213.65 117.78 118.48 48.51 3.70 

Magnesium-

Rhenium 

45 0.29 463 0.30 181.20 57.84 97.76 31.77 6.29 

Bismuth-

Molybdenum 

32 0.33 329 0.31 131.14 43.41 68.80 21.96 6.29 

Graphene-Lead 4230 0.40 16 0.44 1760.87 28.46 759.76 11.07 196.14 

The computational process involves solving Dirichlet and Neumann boundary 

value problems in the finite-element software ABAQUS.  The homogenization domain is 

a two-phase random checkerboard composite with a nominal volume fraction of 0.5. 

Forδ > 2 , 500 realizations are randomly sampled from a binomial distribution using the 

nominal volume fraction. At δ = 2, the entire ensemble of 16 realizations is accounted 

for. For every microstructure, 6 tests are run to determine the unknown components of 

the in-plane stiffness and compliance tensors from the strain energy density given in 

equations (3.1) and (3.2). These tests are shown in Figure 2.  

 

Fig. 2: Six tests (1 to 6 from left to right) used to determine the components of the in-plane 

stiffness and compliance tensors [19]. 
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Uδ
d =

A

2
σ ijεij

0 =
A

2
εij

0 Cijkl εkl
0

=
A

2
 C1111  ε11

0  2 + C2222 ε22
0  2 + 4C1212 ε12

0  2

+ 2ε11
0 C1122ε22

0 + 4ε22
0 C2212ε12

0 + 4ε12
0 C1211ε11

0   

(3.1) 

 

Uδ
t =

A

2
σij

0ε ij =
A

2
σij

0 Sijkl σkl
0

=
A

2
 S1111 σ11

0  2 + S2222 σ22
0  2 + 4S1212 σ12

0  2

+ 2σ11
0 S1122σ22

0 + 4σ22
0 S2212σ12

0 + 4σ12
0 S1211σ11

0   

(3.2) 

Each test is driven by the loading conditions shown in Table 2. 

Table 2: Loading conditions for the Dirichlet and Neumann stochastic boundary value problems. 

Experiment 
Dirichlet Neumann 

ε11
0  ε22

0  ε12
0  σ11 

0 (GPa) σ22
0  (GPa) σ12

0  (GPa) 

1 0.05 0 0 16 0 0 

2 0 0.05 0 0 16 0 

3 0 0 0.05 0 0 16 

4 0.05 0.05 0 16 16 0 

5 0 0.05 0.05 0 16 16 

6 0.05 0 0.05 16 0 16 

The number of simulations run is 1516 for every microstructure and each stochastic 

boundary value problem. This amounts to a total of 163,728 microstructural realizations 

at varying contrasts (see Table 1), mesoscale (δ = 2, 4, 10 and 40), and boundary 

conditions (see Table 2). 
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Chapter 4: Bounds on the Effective Response of the Microstructures 

4.1. Benchmark results 

Benchmark simulations are performed on microstructures for which the effective 

properties can be determined analytically. These microstructures aid in testing the 

accuracy of the finite element techniques used to solve the stochastic boundary value 

problems.  

For microstructures in which the phases have equal two-dimensional bulk moduli 

(K1 = K2 = K∗) but unequal shear moduli, the effective shear modulus of the composite 

is given by the phase-interchange relation presented in equation (4.1) [6], 

 K∗ = K, μ∗(μ1, μ2, K) =
K

−1 +  (1 + K/μ1) (1 + K/μ2)
 (4.1) 

where K∗ and μ∗ are the effective bulk modulus and shear modulus of the composite 

respectively. The scale-dependence of the shear modulus for such a microstructure is 

depicted in Figure 3. The phase contrast in shear moduli is μV/μR = 70.25, which 

exceeds the largest contrast in Table 1 (that of Graphene-Lead). The Dirichlet and 

Neumann boundary conditions bound the shear modulus from above and below 

respectively. It can be seen that the bounds converge to the effective shear modulus, 

given by equation (4.1), at infinite mesoscales. 

 
 Fig. 3: Shear modulus bounds on the test microstructure.  
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For microstructures that are comprised of phases with equal shear moduli but 

unequal bulk moduli, the effective bulk modulus is given analytically by equation (4.2) 

[7], 

 
μ∗ = μ , K∗ = K1 +

v2

 
1

K2−K1
+

v1

K1+μ
 
 

(4.2) 

where v1and v2 are the area fractions of the individual phases. Equation (4.2) is 

illustrated by the microstructure comprised of Copper and Palladium (Cu-Pa). The shear 

modulus is scale-independent. Consequently, the Voigt and Reuss estimates are equal and 

provide a suitable approximation for the effective shear modulus. In this case, Figure 4 

shows that the Dirichlet and Neumann bounds for the bulk modulus converge to equation 

(4.2). 

 
Fig. 4: Bulk modulus bounds for (a)Copper-Palladium and (b)the Scaling function. 

4.2. Scale-dependent bounds on the effective response 

The functional form of the scaling function is derived from numerical results. For the 

sake of brevity, this study is restricted to the microstructures tabulated in Table 1.The 

discussion is begun by examining the bounds on the Palladium-Cobalt and Copper-

Aluminum microstructures. The scale-dependent bounds for the Copper-Aluminum 

microstructure are shown in Figure 5. The rationale for grouping these aggregates 

together is from the fact that the f ∗ measures are very similar, as seen in Table 1.  

 

 

(a) (b) 



30 

 

From Figure 5, the following conclusions can be drawn: 

1. As f ∗approaches 0, the Voigt and Reuss estimates for the elastic moduli get 

closer. 

2. Increasing the number of grains (or mesoscale domain) tightens the bounds on the 

effective moduli of the composite. 

Observing the scaling functions in Figure 5, it can be seen that the scaling 

functions for Copper-Aluminum and Palladium-Cobalt are quite close to one another and 

follow similar trends. The discrepancy is a result of the finite number of realizations used 

to obtain the ensemble averages and the slight difference in f ∗. 

A similar phenomenon is observed in the microstructures of Diamond-Zirconium 

and Hafnium-Tungsten, shown in Figure 6. However, compared to the aforementioned 

microstructures, the Voigt and Reuss estimate for the shear and bulk moduli are much 

further apart due the f ∗being higher. It can be seen that the scaling functions for the two 

microstructures are almost identical, which validates the conclusions drawn from 

previous observation of the scaling functions for the Copper-Aluminum and Palladium-

Cobalt. 

The scaling function depends on the contrast in elastic moduli of the individual 

phases in a composite microstructure. Since the aim of this thesis is to develop an 

appropriate form for the scaling function, it would be practical to numerically simulate a 

wide spectrum of composites with varying degrees of contrasts. A microstructure 

comprised of Graphene-Lead was particularly chosen because its  f ∗  is very high (see 

Table 1). As a consequence, the Voigt and Reuss estimates are very far apart, as is 

evident from Figure 7. Furthermore, much larger window sizes are required to 

homogenize the aggregate response for this microstructure. The scaling function for the 

Graphene-Lead microstructure is shown in Figure 7.  

The discussion is concluded by obtaining bounds and scaling functions for 

Magnesium-Rhenium, Bismuth-Molybdenum, and Gold-Iridium aggregates, shown in 

Figures 8 and 9 respectively. 
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Fig. 5: Scale-dependent bounds for the (a)Shear modulus of Palladium-Cobalt (b)Bulk modulus 

of Palladium-Cobalt (c)Shear modulus of Copper-Aluminum (d)Bulk Modulus of Copper-
Aluminum and (e)Scaling function for Palladium-Cobalt and Copper-Aluminum. 

 

 

(a) (b) 

(c) (d) 

(e) 
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Fig. 6: Scale-dependent bounds for the (a)Shear modulus of Diamond-Zirconium(b)Bulk modulus 
of Diamond-Zirconium (c)Shear modulus of Hafnium-Tungsten (d)Bulk Modulus of Hafnium-

Tungsten and (e)Scaling function for Diamond-Zirconium and Hafnium-Tungsten. 

 

 

 

(a) 

(c) 

(b) 

(d) 

(e) 
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Fig. 7: Scale-dependent bounds for the elastic moduli of Graphene-Lead (a)Shear modulus 

(b)Bulk Modulus and (c)Scaling function. 

 

 

(a) (b) 

(c) 



34 

 

 
Fig. 8: Scale-dependent bounds for the elastic moduli of (a)Shear modulus of Magnesium-

Rhenium (b)Bulk modulus of Magnesium-Rhenium(c)Shear modulus of Bismuth-Molybdenum 
(d)Bulk modulus of Bismuth-Molybdenum and (e)Scaling function for Magnesium-Rhenium and 

Bismuth-Molybdenum. 

 

 

(a) (b) 

(c) (d) 

(e) 
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Fig. 9: Scale-dependent bounds for the elastic moduli of Gold-Iridium (a)Shear modulus (b)Bulk 

Modulus and (c)Scaling function 

 

 

4.3. Construction of the scaling function 

In Figure 10, a compiled plot consisting of the scaling function for all the microstructures 

tabulated in Table 1 is shown. The functional form for the scaling function is obtained by 

curve-fitting the effective rescaled function (which is the mean of equation (2.22) for all 

the microstructures) by a stretched exponential function. The stretched exponential 

appears to have some universality since such a form has been observed in heat 

conduction [16], [17], [40] and 3D elastic polycrystals [14]. 

 

(a) (b) 

(c) 
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Fig. 10: (a)Compiled plot of scaling functions and (b)effective rescaled function and fit (right). 

The rescaled function is independent of material properties and only a function of 

the mesoscale. As a consequence, it can be inferred that the scaling function is the 

product of two functions – a material-dependent component and a scale-dependent 

component, which leads to the conclusion that the scaling function is of the form, 

 
f K1, K2, μ1, μ2, δ = f ∗g δ  (4.3) 

where g′(δ) represents the scale-dependent rescaled function. Based on the mean values 

of  g′(δ) shown in Figure 10, the stretched-exponential is of the form, 

 
g δ = exp[−0.58 δ − 1 0.44] (4.4) 

Using equations (4.4) in (4.3) yields, 

 f K1, K2, μ1,μ2, δ =  2
μV

μR
+

KV

KR
− 3 exp[−0.58 δ − 1 0.44] (4.5) 

The form presented in equation (4.5) is used to reconstruct the scaling function for the 

microstructures as shown in Figure 11 (a)-(f). It is evident that this formulation captures 

the scaling function with a sufficient degree of accuracy. 

(a) (b) 
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Fig. 11: Scaling functions and fit by equation (4.5) for the microstructures tabulated in Table 1. 
(a)Copper-Aluminum and Palladium-Cobalt (b)Diamond-Zirconium and Hafnium-Tungsten 

(c)Magnesium-Rhenium and Bismuth-Molybdenum (d)Gold-Iridium (e)Graphene-Lead  
(f)Copper-Palladium  

(a) (b) 

(c) (d) 

(e) (f) 
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4.4. Material Scaling diagram 

Based on equation (4.5), a material scaling diagram similar in concept to that presented in 

[14], [16], and [17] can be constructed. In Figure 12, contours of the scaling function are 

plotted in the (f ∗, δ) space. It can be seen that as the scaling function decreases, the 

curves shift toward higher mesoscales and vice versa. 

The value of the scaling function determines the size of the RVE corresponding to 

a specified degree of deviation from a fully homogenized domain, viz. the mesoscale 

necessary for homogenization based on the overall discrepancy between Dirichlet and 

Neumann controlled effective moduli. Theoretically, the scaling function becomes zero at 

infinite mesoscales or when the contrast in elastic moduli is unity μV μR = 1, KV KR =

1 . For practical purposes, one may choose a finite value of the scaling function and 

determine the mesoscale at which homogenization occurs for a given composite 

microstructure.  

To illustrate this concept, a value of f = 0.1 which implies a 5% discrepancy 

between the Dirichlet and Neumann elastic moduli is chosen. The plot in Figure 13 gives 

an estimate for the mesoscale necessary to homogenize the aggregate response in planar 

linear elasticity. For a low contrast material such as Palladium-Cobalt, the RVE is 

approached at δ ≅ 4 (which corresponds to 16 grains). For a high contrast material such 

as Bismuth-Molybdenum, a mesoscale of δ ≅ 86 (which corresponds to 7396 grains) is 

required for homogenization.  
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Fig. 12: Contours of the scaling function for different tolerance levels. 

 

Fig. 13: Material scaling diagram at f = 0.1. 
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Chapter 5: Mesoscale Statistics of the Effective Stiffness and 

Compliance Tensors 

One of the goals of micromechanics is the derivation of effective properties from 

macroscopic properties, on length scales larger than the typical microscale. It is a well 

known fact that at finite scales, the effective properties of a microstructure are subject to 

statistical fluctuations. As a result, they are described by means of probability 

distributions whose parameters depend on the scale of observation and the contrast in 

individual phase properties. 

 In this chapter, the distribution of the independent stiffness and compliance tensor 

components under Dirichlet and Neumann boundary conditions, respectively, are 

obtained at various mesoscales. These are used to draw conclusions regarding the mean, 

variance, skewness, and kurtosis of the components. In addition, the Hellinger distance is 

computed to study the deviation from an ideal symmetric distribution. 

 Similar studies have been undertaken in planar heat conduction problems to 

investigate the characteristics of the moments of the trace and determinant of the 

conductivity and resistivity tensors [41] and inelasticity for the probability densities of 

the first and second invariants of the stiffness tensor [42].  

5.1. Methodology 

At every finite mesoscale (δ = 1, 2, 4, 10, and 40) the statistics of the realization space, Ω, 

is studied. The possible microstructural realizations at each mesoscale are given by 2δ2
. It 

is worthwhile to mention that the entire realization space is sampled for δ = 1 (which 

amounts to 2 realizations) and δ = 2 (which amounts to 16 realizations). For δ = 4, 10, 

and 40, 500 random samples were obtained using a binomial distribution with a 50% 

volume fraction. Owing to the large size of the realization space, covering it entirely 

would be computationally infeasible and impractical, except for δ = 1 and δ = 2. A 

detailed description of the boundary value problem and the sampling is provided in 

Chapter 3. 

 In this study, statistics are obtained for the stiffness, C, and compliance, S, tensor 

components obtained under Dirichlet and Neumann boundary conditions, respectively. 

The mathematical foundation for this method is provided in detail in Chapter 2. 
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Explicitly, the distributions of the tensor components C1111, C1212, C1122, S1111, S1212, and 

S1122 are obtained as histograms to facilitate statistical analyses. Henceforth, they will be 

referred to as the primary stiffness and compliance tensor components as they are the 

only non-zero components under isotropic symmetry. Additionally, histograms are also 

generated for the components C2212, C1211, S2212, and S1211 (hereafter referred to as 

secondary components) which are non-zero for an anisotropic solid (as is the case for 

individual microstructural realizations), but are zero upon ensemble averaging as isotropy 

is achieved. The composites under study are microstructures comprised of Palladium-

Cobalt, Magnesium-Rhenium, Hafnium-Tungsten, and Graphene-Lead, with properties 

as listed in Table 1. 

 The statistical parameters under study are the mean (X), variance (S2), skewness 

(β1), and kurtosis (β2) which are mathematically given by the expressions, 

 〈X〉 =
1

N
 xi

N

i=1

 (5.1) 

 S2 =
  xi − 〈X〉 2N

i=1

N − 1
 (5.2) 

 β1 =
N

 N − 1 (N − 2)
  

 xi − 〈X〉 

S
 

3N

i=1

 (5.3) 

 β2 =
N(N + 1)

 N − 1  N − 2 (N − 3)
  

 xi − 〈X〉 

S
 

4N

i=1

−
3 N − 1 2

 N − 2 (N − 3)
 (5.4) 

 

where 𝑥𝑖  is a component of the stiffness or compliance tensor for the i
th

 realization, and 

〈X〉 is the ensemble average of that component over the realization space.  

Additionally, the Hellinger distance is used to measure the difference between 

two probability distributions P and Q. In this case, for two discrete probability 

distributions P = (p1,… , pk) and Q = (q1,… , qk), the Hellinger distance between P and 

Q is given by, 

 H P, Q =
1

 2
    pi −  qi 

2
k

i=1

 (5.5) 
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Fig. 14:The Hellinger distance. 

A schematic representation of the Hellinger distance is depicted in Figure 14. 

5.2. Distributions of the random tensor field components 

The histograms for the stiffness and compliance tensor components for each 

microstructure at every mesoscale (Figures 15-38) illustrate that the distributions in all 

cases evolve from a binomial distribution at δ = 1 to a Dirac delta function at δ = ∞. At 

intermediate length scales, the distributions are highly dependent on the contrast in phase 

properties, which governs the symmetry of the distributions.  

 For low contrast microstructures, such as Palladium-Cobalt with f
* 

= 0.23, the 

stiffness component C1111 and the compliance component S1111 follow a generally 

symmetric distribution at every mesoscale. Furthermore, the distributions for C1111 and 

S1111 are almost identical. For C1212 and S1212, at δ = 2, the symmetry in the distribution is 

lost, but they still obey an almost identical distribution. The loss in symmetry is most 

pronounced in the components C1122. Contrastingly, the distribution for S1122 is 

symmetric, unlike the other tensor components.  

 With increasing contrast, it is observed that symmetry in distribution is lost at δ = 

2 for all stiffness tensor components. Interestingly, except for the Lead-Graphene 

microstructure, S1111 is symmetric at δ = 2 for all the other microstructures. 

The histograms for the secondary tensor components (Figure 39-54) show that 

they are nearly symmetrically distributed about 0. The histograms evolve from a Dirac 

delta function at 0 for δ = 1, which corresponds to either of the constituent isotropic 



43 

 

phases making up the composite microstructure, to another Dirac delta function at 0 for 

δ→∞ at the RVE scale. It can be seen that all the secondary tensor components follow a 

nearly identical distribution. Moreover, the secondary compliance tensor components 

evolve much faster compared to the secondary stiffness tensor components. 

 
 

Fig. 15: Histogram of stiffness tensor component C1111 for Palladium-Cobalt. 

 

 
 

Fig. 16: Histogram of stiffness tensor component C1212 for Palladium-Cobalt. 
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Fig. 17: Histogram of stiffness tensor component C1122 for Palladium-Cobalt. 

 

 

Fig. 18: Histogram of compliance tensor component S1111 for Palladium-Cobalt. 
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Fig. 19: Histogram of compliance tensor component S1212 for Palladium-Cobalt. 

 

 
 

Fig. 20: Histogram of compliance tensor component S1122 for Palladium-Cobalt. 
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Fig. 21: Histogram of stiffness tensor component C1111 for Hafnium-Tungsten. 

 

 

Fig. 22: Histogram of stiffness tensor component C1212 for Hafnium-Tungsten. 
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Fig. 23: Histogram of stiffness tensor component C1122 for Hafnium-Tungsten. 

 

 

Fig. 24: Histogram of compliance tensor component S1111 for Hafnium-Tungsten. 
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Fig. 25: Histogram of compliance tensor component S1212for Hafnium-Tungsten. 

 

 

Fig. 26: Histogram of compliance tensor component S1122 for Hafnium-Tungsten. 
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Fig. 27: Histogram of stiffness tensor component C1111 for Magnesium-Rhenium. 

 

 

Fig. 28: Histogram of stiffness tensor component C1212 for Magnesium-Rhenium. 
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Fig. 29: Histogram of stiffness tensor component C1122 for Magnesium-Rhenium. 

 

 

Fig. 30: Histogram of compliance tensor component S1111 for Magnesium-Rhenium. 
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Fig. 31: Histogram of compliance tensor component S1212 for Magnesium-Rhenium. 

 

 

Fig. 32: Histogram of compliance tensor component S1122 for Magnesium-Rhenium. 

 



52 

 

 

Fig. 33: Histogram of stiffness tensor component C1111 for Lead-Graphene. 

 

Fig. 34: Histogram of stiffness tensor component C1212 for Lead-Graphene. 
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Fig. 35: Histogram of stiffness tensor component C1122 for Lead-Graphene. 

 

 

Fig. 36: Histogram of compliance tensor component S1111 for Lead-Graphene. 
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Fig. 37: Histogram of compliance tensor component S1212 for Lead-Graphene. 

 

 

 

Fig. 38: Histogram of compliance tensor component S1122 for Lead-Graphene. 
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Fig. 39: Histogram of stiffness tensor component C2212 for Palladium-Cobalt. 

 

Fig. 40: Histogram of stiffness tensor component C1211for Palladium-Cobalt. 
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Fig. 41: Histogram of stiffness tensor component S2212 for Palladium-Cobalt. 

 

Fig. 42: Histogram of stiffness tensor component S1211 for Palladium-Cobalt. 
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Fig. 43: Histogram of stiffness tensor component C2212 for Hafnium-Tungsten. 

 

Fig. 44: Histogram of stiffness tensor component C1211 for Hafnium-Tungsten. 
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Fig. 45: Histogram of stiffness tensor component S2212 for Hafnium-Tungsten. 

 

Fig. 46: Histogram of stiffness tensor component S1211 for Hafnium-Tungsten. 
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Fig. 47: Histogram of stiffness tensor component C2212 for Magnesium-Rhenium. 

 

Fig. 48: Histogram of stiffness tensor component C1211 for Magnesium-Rhenium. 
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Fig. 49: Histogram of stiffness tensor component S2212 for Magnesium-Rhenium. 

 

Fig. 50: Histogram of stiffness tensor component S1211 for Magnesium-Rhenium. 
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Fig. 51: Histogram of stiffness tensor component C2212 for Lead-Graphene. 

 

 

Fig. 52: Histogram of stiffness tensor component C1211 for Lead-Graphene. 
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Fig. 53: Histogram of stiffness tensor component S2212 for Lead-Graphene. 

 

 

 

Fig. 54: Histogram of stiffness tensor component S1211 for Lead-Graphene. 

5.3. Effects of contrast and mesoscale on the statistical moments 

The plots for the variation of the mean with the mesoscale (Figure 39) show that the 

sample mean converges to the effective tensor component with increasing mesoscales for 

all contrasts. The contrast in principle material properties influences the speed of 
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convergence and thus, governs the size of the RVE. A similar observation is made in the 

variance of the tensor components (Figure 40). The histograms indicate that as δ→∞, the 

probability distribution approaches a Dirac delta function. As a result, the variance of the 

stiffness and compliance tensor components under study approaches 0 with increasing 

mesoscales since the statistical fluctuations in the measured material properties 

diminishes. 

 The skewness measures the asymmetry in the probability distribution of a data 

set. For a symmetric distribution the skewness is zero. The skewness of the stiffness and 

compliance tensor components is shown in Figure 41. For low contrast materials 

(Palladium-Cobalt withf ∗ = 0.23), the distribution for all the stiffness and compliance 

tensor components is nearly symmetric, resulting in β1 ≅ 0. With increasing contrast, the 

histograms for the all the stiffness tensor components shift to the left resulting in a 

positive skewness, that decreases with increasing mesoscale. A similar trend is present in 

the compliance tensor components S1111 and S1212. Contrastingly, the histograms shift 

right with increasing contrast for S1122, resulting in a negative skewness, which increases 

with increasing mesoscale. 

 Kurtosis is a measure of how peaked a data set is relative to a normal distribution, 

for which β2 = 0. Positive kurtosis indicates a sharp peak while negative kurtosis 

indicates a flat one. Figure 42 shows that the kurtosis for all the stiffness and compliance 

tensor components is always positive irrespective of mesoscale and contrast. 

 For the secondary tensor components (Figures 59-62), in all the considered 

microstructures it can be seen that the mean values are approximately 0 with negligible 

fluctuations and the variance rapidly approaches 0 at the RVE limit of δ→∞. The contrast 

in material properties affects the rate of approach of the variance. One can see that the 

variance for the Lead-Graphene microstructure is much higher and takes longer to 

approach 0 compared to the other material combinations with increasing mesoscale. In 

comparison to the primary tensor components, the skewness values are much smaller, 

with fluctuations about 0 whose magnitude is less than 0.5, indicating that the distribution 

is almost symmetric about 0 at every mesoscale. The kurtosis of the distribution of the 

secondary tensor components is the same order of magnitude as the primary tensor 
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components and is always positive at every mesoscale. The kurtosis C2212 and S2212 

behave nearly identically, while the same is observed between C1211 and S1211. 

 

Fig. 55: Variation of the mean with mesoscale for the stiffness tensor under DBC and compliance 

tensor under NBC. (a) C1111, (b) C1212, (c) C1122, (d) S1111, (e) S1212, and (f) S1122. 
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Fig. 56: Variation of the variance with mesoscale for the stiffness tensor under DBC and 

compliance tensor under NBC. (a) C1111, (b) C1212, (c) C1122, (d) S1111, (e) S1212, and (f) S1122. 
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Fig. 57: Variation of the skewness with mesoscale for the stiffness tensor under DBC and 
compliance tensor under NBC. (a) C1111, (b) C1212, (c) C1122, (d) S1111, (e) S1212, and (f) S1122. 
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Fig. 58: Variation of the kurtosis with mesoscale for the stiffness tensor under DBC and 

compliance tensor under NBC. (a) C1111, (b) C1212, (c) C1122, (d) S1111, (e) S1212, and (f) S1122. 
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Fig. 59: Variation of the mean with mesoscale for the stiffness tensor under DBC and compliance 

tensor under NBC. (a)C2212, (b) C1211, (c) S2212, and (d) S1211. 
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Fig. 60: Variation of the variance with mesoscale for the stiffness tensor under DBC and 

compliance tensor under NBC. (a) C2212, (b) C1211, (c) S2212, and (d) S1211. 
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Fig. 61: Variation of the skewness with mesoscale for the stiffness tensor under DBC and 

compliance tensor under NBC. (a) C2212, (b) C1211, (c) S2212, and (d) S1211. 
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Fig. 62: Variation of the kurtosis with mesoscale for the stiffness tensor under DBC and 

compliance tensor under NBC. (a) C2212, (b) C1211, (c) S2212, and (d) S1211. 
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5.4. Effects of mesoscale and contrast on the Hellinger distance 

The Hellinger distance is a useful parameter to measure the loss in symmetry by 

quantitative comparison to a predefined symmetric distribution, which in this case, is the 

binomial distribution. The Hellinger distance measures the similarity between two 

probability distributions by computing the ‗distance‘ between them given by equation 

(5.5). The Hellinger distance for the different stiffness and compliance tensor 

components is shown in Figure 43. 

In general, it is observed that the Hellinger distance increases with increase in 

phase contrast and decreases with increasing mesoscale, except for the compliance tensor 

component S1212 in relatively low contrast microstructures. For low contrast 

microstructures (Palladium-Cobalt), as the histograms are symmetric and follow a 

binomial distribution, the Hellinger distance is computed to be 0 for stiffness tensor 

components C1111 and all the compliance tensor components. It appears that contrast has a 

stronger effect on the symmetry of stiffness components rather than on compliance tensor 

components. In the latter, it has the least influence on S1111 as seen from Figure 43(d).It is 

expected that the Hellinger distance at the scale of the RVE (δ→∞) would be zero for all 

the stiffness and compliance tensor components as they would obey a Dirac delta 

distribution. 

For a given mesoscale, the Hellinger distance of the secondary components is 

much less that the primary components due to the greater symmetry in the distributions of 

the former. The magnitude of the Hellinger distance is consistently less that 0.3 and 

reaches 0.1 at δ = 40. The behavior of the Helllinger distance with increasing mesoscale 

is nearly identical for C2212 and S2212, while the same is true for C1211 and S1211. 
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Fig. 63: Variation of the Hellinger distance with mesoscale for the stiffness tensor under DBC and 

compliance tensor under NBC. (a) C1111, (b) C1212, (c) C1122, (d) S1111, (e) S1212, and (f) S1122. 
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Fig. 64: Variation of the Hellinger distance with mesoscale for the stiffness tensor under DBC and 

compliance tensor under NBC. (a) C2212, (b) C1211, (c) S2212, and (d) S1211. 

5.5. The Hellinger distance for a random tensor field 

The Hellinger distance for a random tensor field of material parameters is motivated from 

the half-vectorization of a random symmetric positive-definite tensor. As an example, 

consider the random stiffness tensor field [44] 

 
A   = vech 𝐂 

=  C1,1,… , Cn,1, C2,2, … , Cn,2,… , Cn−1,n−1, … , Cn,n−1, Cnn  
T
 

(5.6) 

For the random [n(n + 1)/2 × 1] vector A    , the covariance matrix is calculated to be  

 𝚺 =
1

N − 1
   Ai − 〈Ai〉  Aj − 〈Aj〉 

N

j=1

N

i=1

 (5.7) 
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In order to measure the symmetry in the random tensor field, the Hellinger distance is 

measured between 𝚺and a reference matrix𝐐.The most suitable choice for 𝐐would be the 

covariance matrix calculated from the stiffness tensor for a homogeneous and isotropic 

microstructure. This could possibly be the Voigt average stiffness tensor obtained 

at 𝛿 = 1 or the effective stiffness tensor obtained at a predefined mesoscale. In this case 

the Hellinger distance is given by [45] 

 H 𝚺,𝐐 =  1 − 2
p

2
 𝚺 

1

4 𝐐 
1

4

 𝚺 + 𝐐 
1

2

 (5.8) 

where  𝚺  indicates the determinant of  𝚺  and p = n(n + 1)/2. Alternatively, adopting 

the formalism from [46] and [47] yields  

 H 𝚺, 𝐐 =  trace  𝚺 + 𝐐 − 2  𝐐
1

2𝚺𝐐
1

2 

1

2
  

1

2

 (5.9) 

where 𝐐
1

2 is the square-root of the matrix 𝐐, that can easily be calculated for real 

symmetric matrices (via diagonalization).Using equation (5.8), the Hellinger distance is 

calculated using the Voigt average stiffness tensor obtained at  𝛿 = 1 or the effective 

stiffness tensor obtained at δ = 40 as shown in Figure 65. 

 

Fig. 65: Variation of the tensor Hellinger distance with mesoscale for the stiffness tensor under 
DBC.The reference tensors are the (a)Voigt stiffness tensor and (b)the effective stiffness tensor 

at δ = 40. 

(a) (b) 



76 

 

Chapter 6: Conclusion and Future Work 

6.1. Summary 

This thesis focused on developing a scale-dependent homogenization methodology for 

two-dimensional composite microstructures in linear elasticity in order to study their 

effective responses and the size of the RVE [48]. 

 The mathematical basis for the homogenization process arises from the Hill-

Mandel Macrohomogenity condition which results in three types of admissible boundary-

value problems; Dirichlet or Displacement  controlled, Neumann or Traction controlled, 

and a Mixed-Orthogonal setup as seen in §2.1. Scale-dependent bounds on the effective 

linear elastic response of a microstructure were successfully obtained as solutions to  

Displacement and Traction controlled boundary-value problems consistent with the Hill 

condition. Observation of the behavior of these scale-dependent bounds gave rise to the 

concept of a scaling function that provided insight into the size of the RVE. The scaling 

function was formulated in §2.2 and some of its properties were derived. Based on 

extensive numerical simulation, a functional form for the scaling function, dependent 

only on the contrast in material properties and the mesoscale, was obtained by a 

stretched-exponential curve-fit (§4.3). The larger the contrast in material properties (f ∗), 

the larger the mesoscale (more number of grains as δ = NG
1/2 

) required to homogenize 

the microstructure and reach the RVE.  It was found that by choosing a value for the 

scaling function, one may completely define the mesoscale that separates the microscale 

from the macroscale, and consequently obtain the appropriate size of the RVE for any 

microstructure. This lead to the development of a material scaling diagram consisting of 

contours of the scaling function for different values. 

 In Chapter 5, the statistics of the stiffness and compliance tensor components 

under Displacement and Traction boundary conditions were investigated. The histograms 

at each mesoscale were generated based on the results of the computational simulations. 

It was found that at δ = 1, the effective stiffness and compliance terms obeyed a binomial 

distribution corresponding to the Voigt and Reuss measures. At higher mesoscales, the 

contrast in material properties governed the symmetry of the distribution. At the scale of 

the RVE, δ→∞, the distribution of all the tensor components tended to a Dirac delta 



77 

 

function due to the decrease in statistical fluctuations.   From these hisotgrams, the mean, 

variance, skewness, and kurtosis of the tensor components were calculated. These 

statistical moments were strongly dependent on material contrast and mesoscale. 

Additionally, the Hellinger distance for each tensor component was computed to quantify 

the symmetry of their distribution by comparison to a perfectly symmetric binomial 

dsitribution at a given mesoscale. 

6.2. Future research directions 

The research presented in this thesis may serve as a reference and a foundation for future 

research in micromechanics. For instance, only two of the three boundary conditions that 

emerge as a result of the Hill condition are used in the proposed homogenization scheme. 

Therefore, one may also consider using Mixed-Orthogonal boundary conditions to 

homogenize a composite microstructure and study its effects on the scaling function. 

Furthermore, the methodology proposed in Chapter 2 may be extended to other tensor 

fields (eg. diffusion and electrical conductivity) and coupled fields (eg. piezoelectricity). 

In addition, the effects of arbitrary volume fractions may be included in the scaling 

function. 

 With regard to the statistics of the tensor components, one can study suitable 

distribution fits for the histograms and subsequently find methods to approximate the 

necessary statistical moments. In addition, the stiffness and compliance tensors can be 

modeled as matrix-value random variables instead of their compoents being 

approximated as independent random variables.Furthermore, a model could be developed 

to study the evolution of the probability distributions as the RVE scale is approached.  

 In addition, the Hellinger distance proposed in equation (5.8) can be improved 

upon to investigate scaling laws in random composites and as a measure of anisotropy 

since it takes into account the tensorial nature of the properties of a microstructure. It is 

evident that in some ways it captures the scaling bahavior in random composite 

microstructures. 
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Appendix A: Two and Three Dimensional Elasticity 

Inherently, problems in two-dimensional elasticity are more difficult to solve compared 

to their three-dimensional counterparts because of the additional mathematical rigor 

present in the former. This appears to be counter-intuitive as two-dimensional problems 

are generally thought of as being idealizations or approximations to more complex three-

dimensional settings. However, in two-dimensional elasticity the difficulties are primarily 

due to the emergence of plane-strain and plane-stress conditions, and the transformations 

between them, that make correctly interpreting results from numerical simulations more 

ambiguous. Thus, a thorough understanding of the mathematical nature of two-

dimensional elasticity is a prerequisite to solving such problems. 

A.1. Elasticity in two-dimensions 

In two-dimensions, the stress-strain relation under plane-strain (ε33 = ε23 = ε31 = 0) is 

expressed as [43], 

  

σ11

σ22

σ12

 =  
M1111 M1122 M1112

M1122 M2222 M2212

M1112 M2212 M1212

  

ε11

ε22

ε12

  
(A1.1) 

Under isotropic symmetry, the stiffness tensor is given by, 

  
M1111 M1122 M1112

M1122 M2222 M2212

M1112 M2212 M1212

 =   
K + μ K − μ 0
K − μ K + μ 0

0 0 μ
  

(A1.2) 

which is mathematically represented in indical notation as, 

 𝐌(2D) = Kδijδkl + μ δikδjl + δilδjk − δijδkl  (A1.3) 

In contrast, the three-dimensional stiffness tensor is represented as, 

 𝐂(3D) = 3Kδijδkl + 2μ δikδjl + δilδjk − δijδkl  (A1.4) 

The compliance tensor under plane-stress (σ33 = σ23 = σ31 = 0) is obtained in a similar 

manner as, 
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(A1.5) 

which is represented in indical notation in two-dimensions as, 

 𝐒(2D) =
1

4K
δijδkl +

1

4μ
(δikδjl + δilδjk − δijδkl ) (A1.6) 

and in three-dimensions as, 

 𝐒(3D) =
1

3K
δijδkl +

1

2μ
(δikδjl + δilδjk − δijδkl ) (A1.7) 

In three-dimensions, the stiffness and compliance tensors are related by, 

 
[𝐒(3D)] =  𝐂(3D) 

−1
 (A1.8) 

In two-dimensions, this relationship is not valid. Thus,   

 
[𝐒(2D)]  ≠ [𝐌(2D)]  (A1.9) 

A.2. Plane-strain and plane-stress transformations for elastic moduli 

Table 3 lists the transformations between three-dimensional elastic moduli and their 

plane-strain and plane-stress analogs. 

Table 3: Elastic constants in plane-strain and plane-stress expressed in terms of conventional 3D 
moduli [19]. 

Compliance Plane-strain Plane-stress 2D relations 

Bulk modulus K2D = K3D +
μ3D

3
 𝐾2𝐷 =

9𝐾3𝐷𝜇3𝐷

3𝐾3𝐷 + 4𝜇3𝐷
 𝐾2𝐷 =

𝐸2𝐷

2 1 − 𝜈2𝐷 
 

Shear modulus μ2D = μ3D  μ2D = μ3D  𝜇2𝐷 =
𝐸2𝐷

2 1 + 𝜈2𝐷 
 

Young‘s 

modulus 
E2D =

E3D

1 − ν3D
2  E2D = E3D  E2D  

Poisson‘s ratio ν2D =
ν3D

1 − ν3D
 ν2D = ν3D  ν2D  
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Appendix B: General Properties of Two-Dimensional Elasticity Tensors 

The response of a particular realization of a two-dimensional random composite 

microstructure is, in general, anisotropic with six independent stiffness or compliance 

tensor components. However, upon ensemble averaging, the response is considered to be 

isotropic, and the number of independent components in the stiffness and compliance 

tensors is reduced to four. 

B.1. A discussion on apparent two-dimensional elasticitytensorsand inversions 

The apparent two-dimensional anisotropic stiffness tensor is obtained under plane-strain 

conditions using equation (A1.1). Similarly, the apparent anisotropic compliance tensor is 

obtained under plane-stress conditions. However, if information regarding the anisotropic 

tensor components under plane-strain conditions is required, one would have to proceed 

with three-dimensional analysis. The rationale for this statement is as follows from 

investigating the plane-strain assumption on the stress-strain relationship [42], 

  

ε11

ε22

0
ε12

 =  

S11 S12 S13 S16

S12

S13

S22

S23

S23

S33

S26

S36

S16 S26 S36 S66

  

σ11

σ22
σ33

σ12

  (B1.1) 

It is evident from equation (B1.1) that plane-strain does not imply that 𝜎33 = 0 

(i.e. plane-stress).  Thus, the two-dimensional compliance tensor for plane-stress is not 

equal to that for plane-strain. As a result, one has to proceed with three-dimensional 

analysis as 𝜎33  is required to determine the terms of the compliance tensor in equation 

(B1.1), since two-dimensional analysis will not suffice. A similar argument is made for 

the stiffness tensor under plane-stress conditions. 

B.2. Approximation of the two-dimensional compliance tensor under plane-strain 

Based on equation (B1.1), for orthotropic materials with square symmetry [42], the 

apparent two-dimensional compliance tensor components are determined by assuming, 

 S13 = S23 = −
ν3

E3
S33 =

1

E3
 (B2.1) 
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where ν3 and E3 are the out-of-plane Poisson‘s ratio and  Young‘s modulus, respectively. 

For a material with square symmetry,  

  

ε11

ε22

0
ε12

 =

 
 
 
 
 
 
 
 S11 S12 −

ν3

E3
0

S12 S11 −
ν3

E3
0

−
ν3

E3

0

−
ν3

E3

0

1

E3
0

  0  S66 
 
 
 
 
 
 
 

 

σ11

σ22
σ33

σ12

  (B2.2) 

Inverting the compliance tensor in equation (B2.2) yields, 

 
 

σ11

σ22
σ33

σ12

 =  

C11 C12 C13 0

C12 C11 C23 0

C13

0
C23

0

C33 0
  0  C66

  

ε11

ε22

0
ε12

  (B2.3) 

which yields the following relationships for the non-zero stiffness components as, 

 
C11 =

E3S11 − ν3
2

E3S11
2 − 2ν3

2S11 − E3S12
2 + 2ν3

2S12

 (B2.4) 

 
C12 =

−E3S12 + ν3
2

E3S11
2 − 2ν3

2S11 − E3S12
2 + 2ν3

2S12

 (B2.5) 

Rearranging equations (B2.4) and (B2.5) into a quadratic form yields, 

 
E3S11

2 −  
E3

C11
+ 2ν3

2 S11 −  E3S12
2 − 2ν3

2S12 −
ν3

2

C11
 = 0 (B2.6) 

 
E3S12

2 −  
E3

C12
+ 2ν3

2 S12 −  E3S11
2 − 2ν3

2S11 +
ν3

2

C12
 = 0 (B2.7) 

Equations (B2.6) and (B2.7) can be solved iteratively along with equations (B2.4) and 

(B2.5) to determine 𝑆11 and 𝑆12. 
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B.3. Determining the out-of-plane elastic parameters E3 and ν3 

The out-of-plane Young‘s modulus and Poisson‘s ratio can be approximated by the ‗rule 

of mixtures‘ in the out-of -plane direction, according to which, 

 
E3

(eff )
= v1E(1) + v2E(2) (B3.1) 

 
ν3

(eff )
= v1ν

(1) + v2ν
(2) (B3.2) 

where vi is the volume fraction of the i
th

 phase, E(i) and ν(i) are the Young‘s modulus and 

Poisson‘s ratio of the ith phase, and the superscript ‗eff‘ denotes the effective property of 

the composite microstructure. 

 A detailed treatment of two-dimensional elasticity is available in [19] and [42]. 
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