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Abstract  

The Travelling Salesman Problem (TSP) is a well-known problem in the 

operations research field. This research focuses on solving variants of the TSP through 

the use of proper transformations, which allows the use of existing solution approaches 

and algorithms. In this thesis, a comprehensive review with graphical illustrations is 

provided for the multiple Travelling Salesmen problem (mTSP) and the Multi Depot 

multiple Travelling Salesmen Problem (MmTSP) transformations that are available in 

the literature. Furthermore, several variants were solved for the MmTSP such as the 

Fixed Destination MmTSP, Non-Fixed Destination MmTSP and the Open Path 

MmTSP through formulated transformations based on duplicated and dummy depots. 

Solving mTSP and MmTSP variants through duplicating the depots is very traditional, 

while the use of dummy nodes is not common. We proved that the proposed 

transformations yield the same optimal solutions for the different variants. Then, 

numerical testing was used to validate the transformations. Also, a new variant of the 

TSP is introduced and the Mixed Integer Linear Programming (MILP) formulation is 

provided. In this variant, salesmen are allowed to start from any city, unlike the 

traditional TSP and its variants where salesmen are bind to start from a predetermined 

node. The proposed solution is done by adding dummy nodes that serve as depots to 

the regular TSP problem. We refer to this model as the Depot-less Travelling Salesmen 

Problem (DTSP). For the validation of the work, the model is used to solve an already 

existing problem from the online TSP library via an optimization software. Later, the 

proposed model is applied to solve supervisors’ allocation problem and a clustering 

problem. Our results confirm that both the transformed and the original graphs yield 

the same answer, which is the main purpose of using transformation.  

Search Terms: Travelling Salesman Problem (TSP); Multi Depot Multiple 

Travelling Salesmen Problem (MmTSP); Depot-less Travelling Salesman Problem 

(DTSP); Duplicated and Dummy Depots; Transformation. 
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Chapter 1: Introduction 

This thesis intends to present a review on an important problem in transportation, 

known as Travelling Salesman Problem (TSP). Furthermore, other important variants 

of the TSP as well as convenient Mixed Integer Linear Programming (MILP) 

formulation for solving them are presented. In addition, we are aiming at providing a 

new variant of the TSP and presenting its usefulness in transportation, allocation and 

clustering applications. Through this chapter, a review of different TSP and clustering 

algorithms are discussed. 

1.1. Travelling Salesman Problem (TSP) 

TSP is a well-known mathematical problem which has a great deal of 

applications in the Operation Management field. The problem can be defined as 

follows: “Given a set of 𝑛 nodes and the distances between every pair of nodes, find a 

route such that each node is visited exactly once and the total distance traveled is 

minimum” [1]. TSP can be modeled using a complete graph 𝐺 =  (𝑉, 𝐴), where 𝑉 is a 

set of 𝑛 nodes, 𝐴 is a set of arcs and 𝐶 = 𝐶𝑖𝑗 is the cost (distance) matrix associated 

with each arc. Figure 1 presents a sample solution of a TSP.  

  

Figure 1: A Solution of a TSP 

Due to the complexity and computational effort required to solve a TSP, it falls 

under Non-Deterministic Polynomial Problems [1]. In 1976, the TSP has been proven 

to be an NP-hard type of problems [1]. Nevertheless, TSP can be formulated as an 

integer linear programming. The following are the parameters and decision variables 

that are used in the mathematical model:  

• Parameters 

𝑪𝒊𝒋: Cost matrix (distance) between node 𝑖 and node 𝑗 

𝒏: Number of nodes 

• Decision Variables 
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𝒙𝒊𝒋 = 
A binary variable that equals 1, if a link exists between node 𝑖 and node 

𝑗 and 0 otherwise. 

𝒖𝒊 = Number of nodes visited from the depot to node 𝑖 

We present the following MILP for the TSP, which is based on subtour 

elimination constraints  that was developed by Desrochers and Laporte [2].  

𝑀𝑖𝑛 =  ∑∑𝐶𝑖𝑗𝑥𝑖𝑗

𝑛

𝑗=1

𝑛

𝑖=1

 (1-1) 

𝑥𝑖𝑗 ∈ {0,1}, ∀𝑖, 𝑗,  (1-2) 

∑𝑥𝑖𝑗

𝑛

𝑖=1 

= 1, ∀𝑗,  (1-3) 

∑𝑥𝑖𝑗

𝑛

𝑗=1 

= 1, ∀𝑖, (1-4) 

𝑢𝑖 − 𝑢𝑗 + (𝑛 − 1)𝑥𝑖𝑗 + (𝑛 − 3)𝑥𝑗𝑖 ≤ 𝑛 − 2, ∀𝑖 < 𝑛, ∀𝑗, 𝑖 ≠ 𝑗. (1-5) 

Equation (1-1) gives the objective function that minimizes the total distance to 

cover all cities. Constraint (1-2) is to define 𝑥𝑖𝑗 as binary variable. Constraints (1-3) 

and (1-4) ensure that every city is visited only once. Constraint (1-5) is a Sub-Tour 

Elimination Constraints (SECs). For later use we refer to this model as, Model 1.  

Another SECs that could be used instead of (1-5) is one which was developed 

by Miller-Tucker-Zemlin [3]. Therefore, constraint (1-5) can be replaced with the 

following constraint: 

𝑢𝑖 − 𝑢𝑗 + 𝑛𝑥𝑖𝑗 ≤ 𝑛 − 1, ∀𝑖 > 1, ∀𝑗, 𝑖 ≠ 𝑗. (1-6) 

Although constraints (1-5) and (1-6) are used for the same purpose. According 

to [4], constraint (1-5) is better as it makes the relation between 𝑢𝑖 and 𝑥𝑖𝑗 variables 

stronger. 

Approaches that are used to solve the TSP problem can be classified into three 

groups: 

a) Exact Solution 
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Although these methods are capable of providing an exact solution, due to their 

computational complexity, getting an exact solution even for modest size problems is 

complex [1]. 

b) Heuristics 

Since TSP requires a lot of computational time, heuristics are developed to get 

a near optimum solution with less time. These methods work on limiting the solution 

space to reduce the computational time [1]. 

c) Meta-heuristics 

Meta-heuristics are considered the most promising and effective method to 

obtain a solution to the TSP or one of its variations. Meta-heuristics works on 

performing an exploration in the most promising areas of the solution space. The 

solution obtained by meta-heuristics is considered superior to the result obtained from 

regular Heuristics due to the sophisticated algorithms used. Yet, the computational time 

remains a problem [1]. 

 

1.2. Multiple Travelling Salesman Problem (mTSP) 

 The mTSP is a well-known generalization of the TSP problem, which consists 

of determining the routes that 𝑚 Salesmen should take to cover all points 𝑛, such that 

each point is visited by one salesman only. All Salesmen should start and end at the 

same point, known as Depot. In some cases, the mTSP is referred to as a single depot 

mTSP. Since mTSP is a generalization of the TSP, it is also considered as an NP-hard 

problem [1]. Similar to the TSP, to formulate an mTSP we consider a complete graph 

G = (V, A), where 𝑉 is a set of n nodes, 𝐴 is a set of arcs and 𝐶 =  (𝑐𝑖𝑗) is the cost 

(distance) matrix associated with each arc (𝑖, 𝑗)  ∈  𝐴. In addition, in the mTSP 

formulation, m salesmen are located at the first node, which is referred to as Depot. 

There are two basic variations of mTSP: 

• Closed Path mTSP: referred to when the Salesman is required to return to the 

depot as shown in Figure 2. 

• Open Path mTSP: Referred to when the Salesman is not required to return to 

the depot as shown in Figure 3. 
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Figure 2: Closed Path mTSP 

 

Figure 3: Open Path 

mTSP 

 

 

 

In order to formulate a mathematical model for the mTSP, we use the following 

parameters and decision variables: 

• Parameters 

𝑪𝒊𝒋: Cost matrix (distance) between node 𝑖 and node 𝑗 

𝒏: Number of nodes 

𝑳: Maximum number of nodes a salesman can visit 

𝑺: Minimum number of nodes a salesman can visit 

𝒎: Number of salesman at the depot 

• Decision Variables 

𝒙𝒊𝒋 = 
1, if a link exists between node 𝑖 and node 𝑗  

0 otherwise. 

𝒖𝒊 = Number of nodes visited from the depot to node 𝑖 

The following MILP for the mTSP was developed by Kara and Bektas [5], 

which uses the Subtour Elimination Constraints (SECs) that was developed by 

Desrochers and Laporte [2]. 

𝑀𝑖𝑛 =  ∑∑𝐶𝑖𝑗𝑥𝑖𝑗

𝑛

𝑗=1

𝑛

𝑖=1

 (1-7) 

𝑥𝑖𝑗 ∈ {0,1}, , ∀𝑖, 𝑗  (1-8) 

∑𝑥1𝑗

𝑛

𝑗=2

= 𝑚,  (1-9) 
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∑𝑥𝑖1

𝑛

𝑖=2

= 𝑚,  (1-10) 

∑𝑥𝑖𝑗

𝑛

𝑗

= 1, ∀𝑖 > 2, (1-11) 

∑𝑥𝑖𝑗

𝑛

𝑖

= 1, ∀𝑗 > 2, (1-12) 

𝑥𝑖𝑖 = 0, ∀𝑖, (1-13) 

𝑢𝑖 + (𝐿 − 2)𝑋1𝑖 − 𝑋𝑖1 ≤ 𝐿 − 1, ∀𝑖 > 2, (1-14) 

𝑢𝑖 + 𝑥1𝑖 + (2 − 𝑆)𝑥𝑖1 ≥ 2, ∀𝑖 > 2, (1-15) 

𝑥1𝑖 + 𝑥𝑖1 ≤ 1, ∀𝑖 > 2, (1-16) 

𝑢𝑖 − 𝑢𝑗 + 𝐿𝑥𝑖𝑗 + (𝐿 − 2)𝑥𝑗𝑖 ≤ 𝐿 − 1, ∀𝑖 > 2, ∀𝑗 > 2, 𝑖 ≠ 𝑗. (1-17) 

          In this formulation, equation (1-7) gives the objective function that minimizes 

the total distance to cover all cities. Constraint (1-8) is to define 𝑥𝑖𝑗 as binary variable. 

Constraints (1-9) and (1-10) make sure that m Salesmen are allowed to leave from the 

depot.  Constraints (1-11) and (1-12) ensures that every node is visited only once. 

Constraint (1-13) is to prevent the salesman to travel to the same city. Constraints (1-

14) and (1-15) are bounding constraints. Constraint (1-16) prevents salesman from 

visiting one node only. Finally, Constraints (1-17) is a Sub-Tour Elimination constraint 

(SECs). For later use, we refer to this model as Model 2. 

 In order to formulate for an Open Path mTSP, we use model 2, but we replace 

equation (1-7), with the following objective function.  

𝑀𝑖𝑛 =  ∑∑𝐶𝑖𝑗𝑥𝑖𝑗

𝑛

𝑗=2

𝑛

𝑖=1

 (1-18) 

In this formulation, equation (1.18) gives the objective function that minimizes 

the total distance to cover all cities, except the distance to go back to the depot. For later 

use we refer to this model as Model 3. 
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In addition to the previously mentioned equations, some of the common 

constraints that are added to the mTSP include: restriction on the number of salesmen, 

fixed charges, variable charges, time window and varying Salesman capacity [1]. 

The mTSP can be also considered as a relaxation of another well-known 

problem called Vehicle routing problem (VPR) if the capacity constraint is removed 

from the latter. Indeed, in the VPR, the Salesmen are replaced by Vehicles and each 

point is given a certain demand and the vehicles have a capacity. Similarly to the mTSP, 

the objective is to determine the optimal routes that 𝑚 vehicles should take to cover all 

𝑛 points.      

1.3. Multi Depot Multiple Travelling Salesman Problem (MmTSP) 

The MmTSP is another generalization of the TSP problem, which consists of 

determining the routes that 𝑚 Salesmen should take to cover all 𝑛 points, such that each 

point is visited by one salesman only. In this scenario, we have multi depot points and 

the salesman could start and end from any depot points. Since, the MmTSP is a 

generalization of the TSP, it is also considered as an NP-hard problem. Similar to the 

cases of the TSP, to formulate an MmTSP we consider a complete graph G = (V, A), 

where 𝑉 is a set of n nodes, 𝐴 is a set of arcs and 𝐶 =  (𝑐𝑖𝑗) is the cost (distance) matrix 

associated with each arc (𝑖, 𝑗)  ∈  𝐴. In addition, in the MmTSP formulation, the first 𝐷 

nodes of 𝑁 are considered to be depots with are 𝑚𝑖 salesmen located at the 𝑖𝑡ℎ depot. 

There are two basic variations of the MmTSP: 

• Open Path MmTSP (OPMmTSP): Referred to when the Salesman is not 

required to return to any depot point, as shown in Figure 4 

 

 

 

Figure 4: Open Path MmTSP 

• Closed Path MmTSP: Referred to when the Salesman is required to return to 

one of the depot points and for this type, there are two variations:  

o Non-Fixed destination MmTSP (NFDMmTSP): Referred to when the 

salesmen are not required to return to their original bases. For example, 
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the salesman might leave from depot 1 and then after visiting demand 

points he might return to any of the depots, as shown in Figure 5. 

o Fixed destination MmTSP (FDMmTSP): Referred to when the salesmen 

are required to return to their original bases. In this case, the salesman 

who leaves from depot “j” must return to depot “j” after he finishes his 

tour, as shown in Figure 6. 

 

 

Figure 5: Non-Fixed 

Destination MmTSP 

 

Figure 6: Fixed destination 

MmTSP 

 

 

 

In order to formulate the NFD- MmTSP, the following are the parameters and 

decision variables that are used in the mathematical model: 

• Parameters 

𝑪𝒊𝒋: Cost matrix (distance) between node 𝑖 and node 𝑗 

𝒏: Number of nodes (including depot nodes) 

𝑫: depot nodes 

𝑳: Maximum number of nodes a salesman can visit 

𝑺: Minimum number of nodes a salesman can visit 

𝒎𝒊: Number of salesman at the depot 𝑖 

• Decision Variables 

𝒙𝒊𝒋 = 
1, if a link exists between node 𝑖 and node 𝑗  

0 otherwise. 

𝒖𝒊 = Number of nodes visited from the depot to node 𝑖 
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The following MILP for the Non-Fixed destination MmTSP was developed by 

Kara and Bektas [5], which is also based on Subtour Elimination Constraints (SECs) 

that was developed by Desrochers and Laporte [2]. 

𝑀𝑖𝑛 =  ∑∑𝐶𝑖𝑗𝑥𝑖𝑗

𝑛

𝑗=1

𝑛

𝑖=1

 (1-19) 

𝑥𝑖𝑗 ∈ {0,1}, ∀𝑖, ∀𝑗 , (1-20) 

∑𝑥𝑖𝑗

𝑛

𝑗>𝐷

= 𝑚𝑖 , ∀𝑖 ≥ 𝐷, (1-21) 

∑𝑥𝑖𝑗

𝑛

𝑖>𝐷

= 𝑚𝑗 , ∀𝑗 ≥ 𝐷, (1-22) 

∑𝑥𝑖𝑗

𝑛

𝑗

= 1, ∀𝑖 ≥ 𝐷, (1-23) 

∑𝑥𝑖𝑗

𝑛

𝑖

= 1, ∀𝑗 ≥ 𝐷, (1-24) 

𝑥𝑖𝑖 = 0, , ∀𝑖, ∀𝑗, (1-25) 

𝑢𝑖 + (𝐿 − 2)∑𝑥𝑘𝑖

𝐷

𝑘

−∑𝑥𝑖𝑘

𝐷

𝑘

≤ 𝐿 − 1, ∀𝑖 ≥ 𝐷, (1-26) 

𝑢𝑖 +∑𝑥𝑘𝑖

𝐷

𝑘

+ (2 − 𝑆)∑𝑥𝑖𝑘

𝐷

𝑘

≥ 2, ∀𝑖 ≥ 𝐷, (1-27) 

𝑥𝑘𝑖 + 𝑥𝑖𝑘 ≤ 1, ∀𝑖 ≥ 𝐷, ∀𝑘, (1-28) 

𝑢𝑖 − 𝑢𝑗 + 𝐿𝑥𝑖𝑗 + (𝐿 − 2)𝑥𝑗𝑖 ≤ 𝐿 − 1, ∀𝑖 > 𝐷, ∀𝑗 > 𝐷, 𝑖 ≠ 𝑗. (1-29) 

In this formulation, equation (1-19) gives the objective function that minimizes 

the total length to cover all cities. Constraint (1-20) is to define 𝑥𝑖𝑗 as binary variable. 

Constraints (1-21) and (1-22) make sure that 𝑚𝑖 Salesmen will leave from the depot 𝑖.  

Constraints (1-23) and (1-24) ensures that every node is visited only once. Constraint 

(1-25) is to prevent the salesman to travel to the same city. Constraints (1-26) and (1-

27) are bounding constraints. Constraint (1-28) prevents the salesman from visiting one 
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node only. Finally, Constraint (1-29) is a Sub-Tour Elimination constraint (SECs). For 

later use we refer to this model as, Model 4. 

In order to formulate the OPMmTSP, we use model 4, but we replace equation 

(1-19) with the following objective function.  

 

𝑀𝑖𝑛 =  ∑∑𝐶𝑖𝑗𝑥𝑖𝑗

𝑛

𝑗=𝐷

𝑛

𝑖=1

 (1-30) 

In this formulation, equation (1-30) gives the objective function that minimizes 

the total length to cover all cities, except the distance to go back to the depot. For later 

use we refer to this model as, Model 5. 

Lastly, to formulate the FDMmTSP, the following are the Parameters and 

Decision Variables that are used in the mathematical model: 

• Parameters 

𝑪𝒊𝒋: Cost matrix (distance) between node 𝑖 and node 𝑗 

𝒏: Number of nodes (including depot nodes) 

𝑫: depot nodes 

𝑳: Maximum number of nodes a salesman can visit 

𝑺: Minimum number of nodes a salesman can visit 

𝒎𝒌: Number of salesmen at the depot 

• Decision Variables 

𝒙𝒌𝒊𝒋: 
A binary variable that equals 1, if a link exists between node 𝑖 and node 

𝑗 that belongs to the 𝑘𝑡ℎ depot and 0 otherwise. 

𝒖𝒊: Number of nodes visited from the depot to node 𝑖 

The following MILP for the FDMmTSP was developed by Kara and Bektas [5], 

which is also based on Subtour Elimination Constraints (SECs) that was developed by 

Desrochers and Laporte [2]. 
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𝑀𝑖𝑛 =∑∑(𝐶𝑘𝑗𝑋𝑘𝑘𝑗 + 𝑐𝑗𝑘𝑋𝑘𝑗𝑘)

𝑛

𝑗>𝐷

+

𝐷

𝑘

∑∑∑𝐶𝑖𝑗 ∗ 𝑋𝑘𝑖𝑗

𝑛

𝑗>𝐷

𝑛

𝑖>𝐷

𝐷

𝑘

 (1-31) 

𝑥𝑘𝑖𝑗 ∈ {0,1}, ∀𝑖, ∀𝑗, ∀𝑘,  (1-32) 

∑𝑋𝑘𝑘𝑗

𝑛

𝑗>𝐷

= 𝑚𝑘, ∀𝑘, (1-33) 

∑𝑋𝑘𝑘𝑗

𝐷

𝑘

+∑∑𝑋𝑘𝑖𝑗

𝑛

𝑖>𝐷

𝐷

𝑘

= 1, ∀𝑗 > 𝐷, (1-34) 

𝑋𝑘𝑘𝑗 +∑𝑋𝑘𝑖𝑗

𝑛

𝑖>𝐷

− 𝑋𝑘𝑗𝑘 −∑𝑋𝑘𝑗𝑖

𝑛

𝑖>𝐷

= 0, ∀𝑘, ∀𝑗 > 𝐷, (1-35) 

∑𝑋𝑘𝑘𝑗

𝑛

𝑗>𝐷

−∑𝑋𝑘𝑗𝑘

𝑛

𝑗>𝐷

= 0, ∀𝑘, (1-36) 

𝑋𝑘𝑖𝑖 = 0, ∀𝑘, ∀𝑖, (1-37) 

𝑈𝑖 + (𝐿 − 2)∑𝑋𝑘𝑘𝑖

𝐷

𝑘

−∑𝑋𝑘𝑖𝑘

𝐷

𝑘

≤ 𝐿 − 1, ∀𝑖 > 𝐷, (1-38) 

𝑈𝑖 +∑𝑋𝑘𝑘𝑖

𝐷

𝑘

+ (2 − 𝑆)∑𝑋𝑘𝑖𝑘

𝐷

𝑘

≥ 2, ∀𝑖 > 𝐷, (1-39) 

∑𝑋𝑘𝑘𝑖

𝐷

𝑘

+∑𝑋𝑘𝑖𝑘

𝐷

𝑘

≤ 1, ∀𝑖 > 𝐷, (1-40) 

𝑢𝑖 − 𝑢𝑗 + 𝐿∑𝑋𝑘𝑖𝑗

𝐷

𝑘

+ (𝐿 − 2)∑𝑋𝑘𝑗𝑖

𝐷

𝑘

≤  𝐿 − 1, 

∀𝑖 > 𝐷 

, ∀𝑗 > 𝐷 

, 𝑖 ≠ 𝑗. 

(1-41) 

 

In this formulation, equation (1-31) gives the objective function that minimizes 

the total length to cover all cities. Constraint (1-32) is to define 𝑥𝑘𝑖𝑗 as binary variable. 

Constraint (1-33) make sure that 𝑚𝑘 Salesmen are allowed to leave from the depot 𝑘.  

Constraint (1-34) ensures that every node is visited only once. Constraints (1-35) and 

(1-36) are route continuity.  Constraint (1-37) to prevent the salesman to travel to the 

same city. Constraints (1-38) and (1-39) are bounding constraints. Constraint (1-40) 
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prevents the salesman from visiting one node only. Finally, Constraint (1-41) is a Sub-

Tour Elimination constraint (SECs). For later use we refer to this model as, Model 6. 

In addition to the previously mentioned equations, some of the common 

constraints that are added to the MmTSP include, number of salesmen, fixed charges, 

variable charges, time window and varying Salesman capacity [1].   

Table 1 summarizes TSP and its variants that were introduced in this chapter as 

well as their corresponding model number and their designated appendix section.  

Table 1: Models summary 

Problem Abbreviation Model No. Appendix  

Travelling Salesman Problem TSP 1 A 

multiple Travelling Salesmen problem mTSP 2 B 

Open Path multiple Travelling Salesmen 

problem 

OPmTSP 3 C 

Non-Fixed Destination Multi Depot 

Multiple Travelling Salesmen problem 

NFDMmTSP 4 D 

Open Path Multi Depot Multiple 

Travelling Salesmen problem 

OPMmTSP 5 E 

Fixed Destination Multi Depot Multiple 

Travelling Salesmen problem 

FDMmTSP 6 F 

 

1.4. Cluster Analysis  

Cluster analysis is a common technique used to search for patterns within a set 

of data, and then group similar observations points into a cluster. This method allows 

the organization of large data sets and eases the understanding of the meaning of these 

sets. Since the data is represented by a small number of clusters, each cluster is given a 

label to describe the pattern of the data.  However, in [6] the author argues that this 

definition does not precisely define clustering, which has caused researchers to develop 

different algorithms. Also, in [6] the author stated that we should be aware of clustering 

methods because “clusters are in the eye of the beholder” since each researcher suggests 

a clustering algorithm depending on the data that is being tested and the application that 

the clustering is used in.  

 Since clustering analysis attempts to classify how close observations are to each 

other or how distant apart they are, many techniques to get quantitative measures of 
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closeness often referred to as similarity, dissimilarity, distance or a more general term 

proximity.  For example, we could describe two observation points to be similar, when 

the distance between them is small. On the other hand, when the distance between two 

points increases they become dissimilar, thus distance could be described as a measure 

of dissimilarity.  

For continuous data, proximities between points are measured by dissimilarity 

or distance measures. According to [7], for distance measure 𝑑𝑖𝑗 to be considered as 

dissimilarity measure, it should fulfil the following conditions: 

a) Metric triangular inequality for an 𝑛×𝑛 distance matrix 

𝑑𝑖𝑗 + 𝑑𝑗𝑘 ≥ 𝑑𝑖𝑘 {
𝑖 = 1,2, . . , 𝑛 
𝑗 = 1,2, . . , 𝑛
𝑘 = 1,2, . . , 𝑛

  

b) 𝑑𝑖𝑖 = 0 for all 𝑖. 

c) Distance between 𝑖 and 𝑗 is same as the distance between 𝑗 and 𝑖,  

𝑑𝑖𝑗 = 𝑑𝑗𝑖 {
𝑖 = 1,2, . . , 𝑛
𝑗 = 1,2, . . , 𝑛

  

This means if observations 𝑖 and 𝑗 are similar, and observations 𝑖 and 𝑘 are 

similar, then observations 𝑗 and 𝑘, are also similar. Table 2 summarizes commonly used 

distance measures for continuous data. 

Table 2: Dissimilarity measures for continuous data 

Distance Formula 

Euclidean distance  𝑑𝑖𝑗 = [(𝑥𝑖 − 𝑥𝑗)
2
]

1

2
 

City Block distance  𝑑𝑖𝑗 = [|𝑥𝑖 − 𝑥𝑗|] 

Minkowski distance  𝑑𝑖𝑗 = [|𝑥𝑖 − 𝑥𝑗|
𝑟
]
1

𝑟                          𝑓𝑜𝑟   (𝑟 ≥ 1) 

Although there are different algorithms to create clusters, the main task in all 

algorithms is the same. Each algorithm has its advantages and they differ on how 

efficient they are in each application. In this section, we will cover the most dominant 

clustering algorithms. 

1.4.1. Hierarchical clustering. Hierarchical clustering is done by creating a 

two-dimensional diagram, known as a dendrogram, shown in Figure 7 and Figure 8. 



26 

 

Figure 7: Illustration of a dendrogram 
 

Figure 8: Cluster created 

using Hierarchical clustering 

 According to [7], Hierarchical clustering techniques may be subdivided into two main 

categories: agglomerative methods and divisive methods.  

a) Agglomerative Method 

This type of clustering is based on the sequential process to group nearby objects 

to form a cluster.  In the agglomerative method, we start with 𝑛 number of clusters, 

where every cluster includes one point only. Then, at each step the two closest clusters 

are merged and therefore create a new cluster. After every step the total number of 

clusters shrink, while the clusters themselves grow larger.  At the end of the process, 

all data sets will be merged into one cluster that includes all 𝑛 observations. 

Agglomerative clustering includes a lot of methods of measuring dissimilarity or 

distance between two clusters. Table 3 presents a graphical representation and the 

equation used to measure the dissimilarity. 

a) Divisive method 

The divisive method is referred to as “Top-down” hierarchical clustering, 

because it works in reverse when compared to agglomerative methods. As noted, the 

divisive method will start with one cluster that includes all 𝑛 observation points. 

Afterward, at each step the clusters will be divided into more groups. The final step will 

create 𝑛 number of clusters, where every cluster includes one observation point only 

[7].  

In hierarchical methods, partitions or merging, once made, are irretrievable. So, 

when agglomerative algorithm joins two observation points they cannot be separated. 

Similarly, in the divisive method, once a split has been made, it cannot be undone. Also, 
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most hierarchical clustering algorithms are not suitable for big data sets because of time 

complexity [8]. 

Table 3: Representation of some proximity 

Methods 
Graphical 

Representation 
Distance function 

Single linkage: 

“Minimum distance 

between pair of objects, 

one in one cluster, one 

in the other” [7] 

`

 

𝑑(𝐴, 𝐵) = Min 𝑑(𝑖, 𝑗) 
 

Complete linkage: 

“Maximum distance 

between pair of objects, 

one in one cluster, one 

in the other” [7]  

𝑑(𝐴, 𝐵) = Max 𝑑(𝑖, 𝑗) 
 

 

 

 

Average linkage: 

“Average distance 

between pair of objects, 

one in one cluster, one 

in the other” [7]  

𝑑(𝐴, 𝐵) =  
∑ 𝑑(𝑖, 𝑗)𝑖∈𝐴,𝑗∈𝐵

|𝐴||𝐵|
 

 

 

 

Centroid: 

“Squared Euclidean 

distance between mean 

vectors (centroids)” [7] 
 

𝑑(𝐴, 𝐵) = 𝑑(𝑚(𝐴),𝑚(𝐵)) 
 

 

 

Ward’s Method: 

“Increase in sum of 

squares within clusters, 

after fusion, summed 

over all variables” [7]  

𝑑(𝐴, 𝐵) = 

𝑆𝐸𝑄(𝐴 + 𝐵) − 𝑆𝐸𝑄(𝐴)
− 𝑆𝐸𝑄(𝐵) 

 

=
|𝐴||𝐵|

|𝐴| + |𝐵|
[𝑑(𝑚(𝐴),𝑚(𝐵))]2 

 

1.4.2. Nonhierarchical methods. This type of clustering is based on central 

vector, which is not necessarily a member of the data set. In this type of clustering, the 

objective is to find “k” central points and assign objects to the cluster in such a way that 

the distance is minimized. This method is often referred to as an optimization method 

[9]. Examples of the partitioning models include: 
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a) K-mean: 

K-mean is the most used clustering algorithm [8]. This method aims to assign 

“n” objects into “k” clusters, where every object is assigned to the cluster with the 

nearest mean. The “k” value is not necessarily part of the data. Finding such values of 

“k” requires the use of an iterative refinement technique. The “k” value must be 

specified based on specific criteria, and then these points are labeled as seeds. After the 

seeds are chosen, the remaining observations are assigned to the nearest cluster. When 

a cluster has more than one observation, the seed is replaced with a centroid which 

represents the new center of the cluster. Once all observations are assigned to a cluster, 

observations may move to another cluster if it is closer to the centroid of another cluster. 

If so, the centroids of the clusters are updated and this process is repeated until no more 

improvement is feasible [9]. Figure 9 shows an example of how K-mean algorithm 

work.   

 

Figure 9: K-mean clustering method 

Moreover, the result of K-mean algorithm breaks the data space into Voronoi 

cells [8]. An example of how K-mean breaks the data into Voronoi cells is shown in 

Figure 10. 

 

Figure 10: Voronoi cells 

The number of ways in which “n” number of points could be assigned to “k” clusters 

could be found by Stirling partition number is  
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𝑆(𝑛, 𝑘) =  
1

𝑘!
∑(−1)𝑘−𝑖 (

𝑘
𝑖
) 𝑖𝑛

𝑘

𝑖=0

 

Which could be approximated by 

𝑆(𝑛, 𝑘) =
𝑘𝑛

𝑘!
 

This means for a large set of data we would have a high number of possibilities 

and examining all possibilities would require a lot of computation. In fact, this problem 

has proven to be NP-hard for “k” greater than or equal to two [8]. Thus, researchers 

have looked into heuristics approaches that could provide an approximate solution.  

b) K-mediods: 

Similar to the “k-mean” algorithm, this method aims to assign “n” objects into 

“k” clusters, where each object is assigned to the cluster with the nearest mean. 

However, in this method, the “k” value is one of the data points.  

c) K-median 

In a variation of the k-mean algorithm, this method calculates the median instead of the 

mean, and the objective is to assign object “n” into cluster “k” based on the nearest 

median.  

• Other methods: 

a) Mixtures of Distributions 

In this method, observation 𝑛 is assigned to the distribution that it most likely 

belongs to. Such approach is more related to classification rather than clustering 

analysis. In this method observation points might be transferred from one distribution 

to another [9]. 

b) Density Estimation 

This method is an attempt to cluster data based on their density. To find such 

clusters, each 𝑛 points within radius 𝑟  that has a 𝑘 number of points in it is called a 

dense. If a point does not have the 𝑘 points in its radius it becomes a cluster on its own. 

If a dense point is within radius 𝑟 of two or more clusters, these clusters are merged 

into one [9]. 

1.5. Problem Statement  

In this thesis, we intend to study one of the most important problem in 

transportation, known as the Travelling Salesman Problem. Furthermore, since 
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generalized cases of the TSP offer more real-world applications compared to the 

standard TSP, we will focus on solving variants of the Multi Depot Multiple Travelling 

Salesmen Problem. The variants that were considered in our study are the Fixed 

Destination MmTSP, Non-Fixed Destination MmTSP and the Open Path MmTSP.  

In this thesis, we solve the Fixed Destination MmTSP, Non-Fixed Destination 

MmTSP and the Open Path MmTSP through formulated transformations based on 

duplicated and dummy depots. We then prove that the proposed transformations yield 

the same optimal solutions for the different variants. Then, numerical testing will be 

used to validate the transformations. 

Moreover, we aim to provide a new variant of the TSP and its Mixed Integer 

Linear Programming formulation. This variant can be defined as follows, given a set of 

𝑛 nodes and the distances between every pair of nodes, find a route such that each node 

is visited exactly once and the total distance traveled is minimum. In addition, salesmen 

are allowed to start from any city, unlike the traditional TSP and its variants where 

salesmen are bind to start from a predetermined node. We refer to this TSP variant as 

Depot-less Travelling Salesmen Problem (DTSP). Our goal is to present its usefulness 

in routing, allocation and clustering applications. For the validation of the work, we aim 

to solve an existing problem from the online TSP library via an optimization software. 

1.6. Research Objective and Significance 

This research focuses on solving different variants of MmTSP through the use 

of duplicated depots and dummy nodes. Originally, solving multiple TSP variant 

through duplicating depots is very traditional and is referred to as transformation, while 

the use of dummy nodes is not common.  

We approach the problem by providing a detailed and comprehensive review 

on mTSP and MmTSP transformations. In addition, we develop graphical illustrations 

for the transformations that is available in the literature. Then, through the use of 

duplicated depots and dummy nodes, we are able to provide new transformations to 

solve the Fixed Destination MmTSP, Non-Fixed Destination MmTSP and the Open 

Path MmTSP through formulated transformations based on duplicated and dummy 

depots. Afterward, through the use of dummy nodes and special constraints that we 

introduced, we provide an MILP model for solving a generalized TSP variant 

introduced as DTSP, where a number of salesmen can start from any city, then travels 
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to a set of cities and complete their routes by returning to the city they started from such 

that each city is visited once.  

The main contributions of this research are the following: 

1. Enhance the literature on TSP. 

2. Provide a detailed and broad review on mTSP and MmTSP transformations. 

3. Provide graphical illustrations for the mTSP and MmTSP transformations that is 

available in the literature 

4. Develop new transformations for Fixed Destination MmTSP, Non-Fixed 

Destination MmTSP and the Open Path MmTSP through formulated 

transformations based on duplicated and dummy depots. 

5. Solve the transformed problem using modified existing MILP model. 

6. Introduce a new TSP variant, the Depot-less TSP. 

7. Provide a MILP formulation for the DTSP.  

8. Present some of application where the DTSP could be utilized in.  

1.7. Methodology 

The following steps will be followed to achieve the outcomes of this research: 

Step 1: Review the literature related to the Travelling Salesman Problem and other 

generalized models. 

Step 2: Review the literature related to Clustering. 

Step 3: Solve variants of the MmTSP such as the Fixed Destination MmTSP, Non-

Fixed Destination MmTSP and the Open Path MmTSP through formulated 

transformations based on duplicated and dummy depots. 

Step 4: Formulate a MILP model for the DTSP.  

Step 5: Code the model using commercial optimization software. 

Step 6: Suggest other applications were the model could perform more realistic real-

world applications, compared to other methods used. 

1.8. Thesis Organization 

Chapter 1 presents an introduction of the TSP and its different variants, the 

MILP formulations, the applications and solution approaches. In addition, different 

clustering methods are introduced. Chapter 2 is dedicated to literature review on TSP 

and Clustering. In addition, it includes a comprehensive review on all of the 

transformation for the Multiple Travelling Salesman Problem and Multi Depot Multiple 
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Travelling Salesman Problem that are available in the literature. Chapter 3 introduces a 

new family of transformations for different Multi Depot multiple Travelling Salesman 

Problem variants and the computational results for the proposed transformation. 

Chapter 4 presents an MILP model for the DTSP, and some of it applications. Chapter 

5 contains the conclusion and future work.  
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Chapter 2: Literature Review 

This chapter contains the literature review for the Travelling Salesman Problem 

solution approaches that was presented in previous work. 

2.1. Travelling Salesman Problem 

As mentioned before, TSP is a well-known mathematical problem which has a 

great deal of application in the operations research field. In the literature, the TSP has 

been exhausted in research and many solutions approaches have been developed to 

solve the problem [10, 11, 12]. Thus, researchers such as Bekats [13] discussed the 

importance to study more generalized cases of the TSP, such as mTSP, since it has more 

appropriate applications compared to the TSP. More effort to present the usefulness of 

more generalized cases of the TSP was discussed by Diaby [14]. Diaby [14] discussed 

certain an application where the TSP has been applied, while realistically more 

generalized cases of the TSP, such as mTSP and MmTSP, are more applicable. That is 

why the literature in this research is concerned with more generalized cases of the TSP 

rather than the basic version. This chapter is divided into two sections. The first section 

summarizes a number solution approaches that were developed to solve the TSP, these 

approaches can be summarized in Figure 11. While the second section consisted of type 

of constraints added to the TSP to make it more realistic. 

 
Figure 11: Solution approaches for TSP and its variation 
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2.1.1. Solution approaches. Solution Approaches for TSP and its variation 

range from simple modeling to more advanced algorithm. Scholars have developed 

models that are capable of providing an exact solution but requires a lot of 

computational time. Thus, researchers found that it is more convenient to use heuristics 

and Meta-Heuristics that could achieve a near-optimal solution in reasonable time.  

 

I. Exact Solution  

Although these methods are capable of providing an exact solution. However, 

due to the computational complexity, getting an exact solution even for modest size 

problem is complex.  Kara and Bektas [5] presented a mixed integer linear 

programming formulation with new sub-tour elimination techniques that is capable of 

providing an exact solution. Also, their formulation could be easily adapted to suit more 

generalized cases of the TSP, such as multi-depot, by adding few constraints. Sarubbi 

et al.  [15] Solved a Multi-commodity TSP using a cut-and-branch algorithm which 

generated an optimal solution faster than Stand-alone codes. Carrabs et al.  [16] 

presented an additive Branch and Bound algorithm (B&B) for two variants of the TSP 

which yields an algorithm that could provide an optimal solution. In a more recent 

papers, Cheong and White [17] studied the potential of dynamically determining a tour 

for the TSP. The solution was compared to benchmark tests which proved that this 

approach successfully obtained an optimal solution. However, Cheong and White [17] 

approach of dynamic TSP requires further development to be able to solve realistically 

sized problems due to the computational complexities.  

II. Heuristics 

Since TSP is considered as an NP-hard problem, it requires a lot of 

computational time. Thus heuristics and Meta- heuristics are developed to get a near 

optimum solution with less time. Liu et al. [18] presented a model that could transform 

original graph to less complicated one by removing redundant edges, then use other 

operation just to link the path to solve open path mTSP. Although this method could 

find a global solution, it does not consider other constraints. Catay [19] proposed an ant 

colony algorithm, which takes advantage of a saving-based visibility function, that has 

provided good results compared to benchmark solution. However, the major drawback 

of this approach is the time needed to obtain a good quality solution. Bolañosa [20] 



35 

presented a modification to the genetic algorithm to solve the mTSP, with the purpose 

to reduce the computational time of the mTSP to make it more applicable in a real-

world Application. Bolañosa et al. [20] examined the quality of the algorithm against 

several benchmarks and the obtained solutions showed promising results. Schwardt and 

Fisher [21] proposed neural network approach based on a self-organizing map for 

solving a Single depot location-routing problem.  

In more recent studies, Wang et al. [22] proposed a hybrid structure that 

integrates Evolutionary Algorithm (EA) with algorithms that benefit from previous 

events to improve the ability to find an optimal solution more rapidly and accurate. 

Chen [23] presented a new algorithm, called Estimation of Distribution Algorithms 

based on Minimum Loading Assignment (𝐸𝐷𝐴𝑀𝐿𝐴 ), which is a form of self-guided 

genetic algorithm.  

Jackson et al. [24] presented a two-phase optimization procedure, Tabu search 

Meta-heuristic to optimize the task assignment and exchange heuristic to find the order 

of routes. Although that Jackson et al.  [24] method is capable of finding a feasible 

solution, due to the fact that the problem is a two-phase optimization, it is considered 

poor in generating an optimal solution. Chan and Baker [25] presented a heuristic that 

takes advantage of both Minimum Spanning Forest (MSF) and a modified Clarke-

Wright (CW) procedure. The proposed solution is broken into two steps. The first Step, 

the model locates the regional depot using MSF. The second step, the model determines 

the shortest routes to cover the demands. This problem was discussed more in Lim and 

Wang [26], the authors discussed that when breaking the problem into a two stage, the 

results of the routing cannot be fed back to the assignment stage, which could lead to a 

poor in guaranteeing accuracy in the solution. Thus, in Lim and Wang [26] presented a 

one-stage approach which combined the assignment and routing to make the 

information flow in both directions. Also, Lim and Wang [26] added a constraint on the 

number of vehicles at each depot to make the problem more realistic and solved it using 

Tabu Search Meta-Heuristics with an algorithm that searches for a various starting 

initial.  

III. Heuristics based on Clustering in TSP  

Researchers have used Clustering analysis in some generalized cases of the TSP 

to reduce the computational complexity.  Barreto et al. [27] have used cluster analysis 
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to reduce the complexity of Capacitated Location Routing Problem (CLRP), their work 

consisted of comparing and testing four grouping techniques and six proximity 

measures to confirm the benefit of using clusters in the CLRP. Nallusamy et al. [28] 

clustered a network to the same number of salesmen available, then used Meta-

heuristics algorithms (Tabu Search and Ant colony) to obtain a good solution for mTSP. 

The result obtained was described as effective in getting a good solution in a short 

computational time.  Marco Lam [29] the author presented a hierarchical clustering 

approach to solve a Multi Depot Location Routing Problem (MDLRP). The result of 

this approach performed better than the heuristics approach, but less efficient than the 

Meta-Heuristics algorithms. Although using clustering in generalized cases of the TSP 

has helped in reducing the computational complexity, Kota [30] argued that using 

clustering to solve generalized cases of the TSP is not suitable to find an optimal 

solution because of the multiple optimization phases caused by using clustering before 

routing.  

IV. Type of constraint added to the TSP 

Xhang et al. [31] discussed the importance of studying a VPR model with 

“Rich” series of constraints and objective function. Xhang et al. [31] work consisted of 

creating a Multi-Depot VPR model with a time window for the vehicles to replenish to 

simulate real-world applications. Escobar et al. [32] presented a heuristic solution to 

solve a Capacitated MmTSP with a constraint on the duration of each route. Yadlapalli 

et al. [33], offered A Lagrangian-based algorithm to solve MmTSP for unmanned 

vehicles. Zhong et al. [34] the author proposed a Multi-Object MmTSP to determine 

the optimal route to distribute hazmat. In this case, the objective is not only to find the 

shortest route, but also minimize the transportation risk and deploying the fewest 

number of trucks. Chávez et al. [35] considered an MmTSP with backhauls, were the 

collection of the goods must be done after backhaul customers have been served. Aras 

et al. [36] discusses a selective city MD-VPR, where the salesman is not required to 

visit a dealer or a city unless it is profitable. 

2.1.2. Applications of TSP. Bektas [13] discussed many applications where 

generalized cases of the TSP have been applied. Some of the reported cases are 

presented in Table 4.  
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Table 4: Applications of the TSP 

Application Example 

Print 

Scheduling 

Carter [37] utilized the use of mTSP to develop a production 

plan for pre-printed insert advertisements for newspapers. In 

this problem, Carter [37] characterized the task of developing a 

production plan as mTSP, where "𝑚" represents Production 

lines. the objective was to find the optimum route to visit all 

production zones 

Transportation 

planning 

More conventional problems that were solved with the aid of 

mTSP included bus transportation planning problem as can be 

seen in Kim [38]. The objective was to find the total minimum 

distance to be covered by all buses, while not overloading the 

capacity and not exceeding the time allowed for the route.  

Mission 

planning 

Mission planning arises in autonomous mobile routing, where 

the mission planner uses TSP or one of its general cases to find 

the optimum route to be covered by the robots. Such application 

was presented by Yazici [39] and Sariel-Talay [40] where they 

assumed that each robot starts from a central location (Depot), 

completes a tour and then returns to the starting point  

Satellite 

Systems 

Saleh [41] addressed a crucial real-world application, which 

deals with the design of Global Navigation System (GNS) 

surveying network. The objective was to find the geographical 

position of receivers to cover all location worldwide to send 

early warnings and prepare for disasters. 

Workforce 

planning 

Wolfler [42] utilized the use of mTSP to security service 

problems. The results showed that integrating TSP into these 

problems reduce the cost and improve the quality standards 

Scheduling Xu [43] used mTSP to solve Tugboat Scheduling Optimization.  

 

2.2. TSP as a Clustering Method  

Kusiak [44] discussed five different integer programming formulation to be 

used for clustering. One of these methods showed that a clustering problem is 

equivalent to TSP with 𝑛 number of cities. Climer and Zhang [45] proposed a clustering 
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formulation based on the TSP, the proposed clustering algorithm is named TSPCluster. 

The algorithm is based on finding k cluster for a given k. Their algorithm is based on 

introducing a dummy city into a mapped TSP, then find the optimal solution to cover 

all cities. Also, Zhang and Climer [46] translates rearrangement clustering to a TSP, to 

take advantage of the wealth of research that has been invested in solving TSP. 

2.3. Clustering Solution  

Literature regarding clustering is huge and multi-layered. Thus, this part of the 

thesis deals with optimization methods that is used for clustering. Köhler et al. [47] 

presented a Mixed-Integer Linear Programming (MILP) formulation which was solved 

using CPLEX software and proven to that it is capable of providing an optimal solution. 

Ren and Shiyuan [48] introduced a similarity measurement that is based on dynamic 

programming and then used a traditional hierarchical clustering algorithm to cluster 

categorical data. Sultan [49] considered Tabu Search algorithm to cluster “n” points 

into “k” clusters. The algorithm was tested and the obtained results were encouraging 

and preferable against other known algorithms such as K-mean. Swagatam et al.  [50] 

presented various approaches that are based on metaheuristics algorithms, which are 

capable of providing a good solution in a good computational time. Craenen et al.  [51] 

introduced a clustering algorithm based on Memetic Algorithm Meta-Heuristics, which 

was tested over several benchmark and then compared to classical k-medoids 

algorithms and the recorded results were superior.    

2.3.1. Applications of clustering. Cluster analysis is widely used in many 

disciplines. In Table 5, we briefly describe a few of the applications that cluster analysis 

has been used.  

Table 5: Applications of clustering 

Application Example 

Machine learning 

 

Clustering is used to improve Extreme Learning 

Machine (ELM) [52]. 

Data mining 

 

Clustering is used to investigate heterogeneity in a large 

amount of data to extract useful information [53]. 

Pattern recognition 

 

Clustering is used to identify and predict user activity in 

a smart environment [54]. 

Market Research Clustering is used to improve price prediction [55]. 
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Astronomy  Clustering is used to discriminate primeval galaxies [56] 

Weather classification 

 

Clustering methods are applied to weather stations in 

order to forecast daily precipitation data [57] 

Archaeology 

 

Clustering is used to study the surrounding environment, 

to be able to study the whole archeological site [58] 

Logistics Logistic Clustering is used to help companies gain 

operational advantages over competitors [59] 

 

2.4. Review for mTSP and MmTSP Transformations 

The TSP has been used to solve some of its variants such as the mTSP and the 

MmTSP through a proper transformation. This is due to the fact that Complexity 

Theory guarantees that any NP-hard problem can be transformed to another NP-hard 

problem, but with an increase of the problem size [60]. Thus, a lot of attention has been 

dedicated to the transformation of TSP variants into TSP, meaning that the solution of 

the transformed problem would lead to the solution of the original problem. The benefit 

of using such approaches is the ability to utilize existing TSP solution approaches and 

algorithms to solve some of its variants. In this section, a comprehensive review for the 

transformations that are available in the literature for mTSP and MmTSP will be 

presented.  

2.4.1. mTSP transformations. To begin with, the notation given for an mTSP 

is recalled to better illustrate the transformation. We consider a complete Graph, G = 

(V, A), where 𝑉 and 𝐴 are defined as follows: 

• We consider 𝑉 to be a set of 𝑛 nodes, where the first node is considered as a 

depot nodes.  

• We consider 𝐴 to be a set of arcs that link any two vertices and 𝐶 = (𝑐𝑖𝑗) is the 

cost matrix associated with those arcs(𝑖, 𝑗) ∈ 𝐴.  

In addition, we consider 𝑚 to be the total number of salesmen located at the first 

node which we referred to as a depot. 

To help the readers understand the meaning of the transformation, we present the 

original transformation of mTSP to TSP that was developed by Jonker and Volgenant 

[61]. The transformation is done by introducing an (𝑚− 1) copies of the depot. Thus 

making the new set of nodes equal to 𝑛 plus (𝑚 − 1). The new cost matrix is defined 

as follows: 
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o The cost between target nodes is same as the cost in the original graph. 

o The cost from depots to target nodes is the same as the cost in the original graph. 

o The cost between depots is infinity. 

Figure 12 shows the stages of the transformation. Part (a) shows a set of 𝑛 nodes 

with one depot located at the center of the graph. In part (b), (𝑚 − 1) duplicates of the 

depot are introduced. In this example since we have 3 salesmen, the depot was 

duplicated twice. Then part (c) shows a solution on the transformed graph, when solved 

as a TSP. In addition, we can see that each node, including the duplicated depots, was 

visited only once. Finally in part (d), if we remove the arcs from the duplicated depots 

and transferred them back into the original depot, we would notice that the solution is 

equivalent to mTSP with 𝑚 = 3. 

  

 
Original 

Depot 

  

 
Duplicated 

Depot 

  

 
Target 

Node 
 

(a) (b) 

  

(c) (d) 

Figure 12: MTSP transformation 

Bellmore and Hong [62] presented the first transformation of the mTSP into an 

asymmetric travelling salesman problem (ATSP) with a size of  𝑛 +𝑚 − 1 cities. In 

their study, they considered the case when all salesmen must be assigned.  

Hong and Padberg [63] presented a transformation for symmetrical mTSP with 

fixed charges to a standard symmetrical TSP involving 𝑛 +𝑚 + 4 cities. Also, they 

included fixed charges meaning that assigning the 𝑖𝑡ℎ salesman to a tour incurs a fixed 

charge 𝑓𝑖, which is independent of the cost of the arcs.  

Rao [64] proved that the transformation presented in [62] could be extended to 

transform symmetric mTSP into asymmetric TSP of size 𝑛 +𝑚 − 1 nodes.  

Discenza [65], showed that the size of the transformed problem in [63] could be 

reduced to 𝑛 +𝑚 + 2 without sacrificing the formulation of the TSP by assigning large 
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negative weights to two of the extra depots. Furthermore, it can be reduced to 𝑛 +𝑚 

by adding two simple constraints. One constraint is added to the original nodes and the 

other constraint is added to the newly introduced nodes. These two constraints ensure 

that the fixed charge  𝑓1 is incurred exactly.  

            Jonker and Volgenant [61] worked on improving the transformation presented 

in [64], which is the case for the symmetrical mTSP variant in which all salesmen must 

be assigned. They presented a transformation into a symmetric TSP consisting of using 

(𝑚 − 1) duplicated depots and introduced sparser edge configuration around the 

duplicated depot. The benefit from such a configuration tends to suppress degeneracy 

of the resulting symmetrical TSP and improves computational time, which was the aim 

of the study in [61].  

           Sarin et al. [66] presented 32 formulations for solving the mTSP, including a 

transformation from the mTSP into a TSP. Their presented transformation was similar 

to one introduced in [62] and [64] since the focus of their research is to compare the 

different methods that were studied by other researchers rather than developing a new 

transformation.  

Table 6 summarizes all the transformations that were presented in this section. 

Table 6: MTSP transformation 

Authors Year # of nodes From To  Note 

Bellmore 

and Hong 

[62] 

1974 𝑛 +𝑚 − 1 Asymmetrica

l mTSP 

ATS

P 

The first 

transformation for 

mTSP recorded in the 

literature  

Hong and 

Padberg [63] 

1977 𝑛 +𝑚 + 4 Symmetrical 

mTSP 

TSP With Fixed Charges 

Rao [64] 1980 𝑛 +𝑚 − 1 Symmetrical 

mTSP 

TSP Builds on the work of 

Bellmore and Hong 

[62] 

Discenza 

[65] 

1982 𝑛 +𝑚 Symmetrical 

mTSP 

TSP Reduced the problem 

size introduced by 

Hong and Padberg [63] 

Jonker and 

Volgenant 

[61] 

1988 𝑛 +𝑚 − 1 Symmetrical 

mTSP 

TSP Includes a special 

configuration that 

improves 

computational time.  

Sarin et al. 

[66] 

2014 𝑛 +𝑚 − 1 Symmetrical 

mTSP 

TSP Similar to the work of 

Bellmore and Hong 

[62] and Rao [64] 
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2.4.2. MmTSP transformations. First, to better illustrate the transformation, 

the notation given for a MmTSP is recalled. We consider a complete Graph, G = (V, 

A), where 𝑉 and 𝐴 are defined as follows: 

• We consider 𝑉 to be a set of 𝑛 nodes, where the first 𝐷 nodes are considered as 

a depots node.  

• We consider 𝐴 to be a set of arcs that join any two vertices and 𝐶 = (𝑐𝑖𝑗) is the 

cost matrix associated with those arcs (𝑖, 𝑗) ∈ 𝐴.  

In addition, we consider 𝑚𝑖 to be the number of salesmen located at the 𝑖𝑡ℎ depot. 

So, the total number of salesmen 𝑚 is given by 𝑚 = ∑ 𝑚𝑖
𝐷
𝑖=1 . 

The first published transformation for the MmTSP in the literature was 

presented by Rao [64] to transfer the FDMmTSP into an ATSP. This transformation is 

only valid when there are two depots and only one salesman assigned to each depot. 

Furthermore, the transformation is done by redefining the cost matrix only and thus, 

the size of the transformed problem would be the same as the original problem. The 

main idea of this transformation is to assign to depot 1 the incoming cost of depot 2, 

and vice versa. The new cost matrix is defined as follows: 

o The cost between target nodes is same as the cost in the original graph. 

o The cost to depart from depot 1 or depot 2 to visit any node would be the same as 

the original cost. However, the cost to move from any node to depot 1 would be 

equal to the original cost to move from any node to depot 2, and vice versa.   

Figure 13 shows the stages of the transformation. In part (a), we have a set of 

𝑛 node with two depots. In part (b), we redefine the cost for both depots in the 

transformed graph, and since the only change was in the cost to visit any depot, the 

number of nodes is still the same as the original graph. Part (c) shows a solution on the 

transformed graph when solved as a TSP. So, if a salesman started his journey from 

depot 1, he is bound to visit depot 2 before returning to depot 1. In part (d), after 

rearranging the graph we can see that the solution is equivalent to FDMmTSP with 𝐷 =

2, 𝑚1 = 1 and 𝑚2 = 1. 

This transformation does not work when 𝑚 > 2, because the TSP formulation 

does not incorporate the order at which the depot node must be visited. Also, the 

transformation does not extend to the symmetrical case.  
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Figure 13: MmTSP transformation 

The second published case for an MmTSP transformation was for GuoXing [67] 

which transforms the NFDMmTSP into an ATSP. The transformation is done by 

creating (𝑚𝑖 − 1) duplicates of the original depot and introducing 𝐷 imaginary depots. 

The new cost matrix is defined as follows: 

o The cost to travel between target nodes is the same as the cost to travel in the 

original graph. 

o The cost from depots to target nodes is the same as the original graph. 

o The cost from duplicated depots to target nodes is the same as the original graph. 

o The cost for a target node to enter an imaginary depot is the same as the cost in the 

original graph. 

o The cost from an imaginary depot, and from an imaginary depot to the next original 

depot is equal to zero. These arcs are referred to as imaginary arcs.   

Figure 14 illustrates the stages of the transformation. In part (a), we have a set 

of 𝑛 node with two depots. In part (b), the duplicated and imaginary depots are 

introduced to the graph. In this example, since we have two depots and one salesman 

assigned to each depot, we would have one duplicate and one imaginary depot for each 

original depot. Part (c) shows a solution on the transformed graph, when solved as a 

TSP. We can see that the salesman will not depart to any target node from the imaginary 

depot and will only depart to another depot. In part (d), we delete all the zero cost edges 

and transfer all arcs from the duplicates and imaginary depots to their corresponding 

original depot. Finally, we can see that the solution is equivalent to NFDMmTSP with 

𝐷 = 2, 𝑚1 = 2 and 𝑚2 = 2.  
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Figure 14: NFDMmTSP transformation into TSP 

The above transformation is not valid for FDMmTSP variant because the TSP 

formulation does not incorporate the order at which the depot node must be visited. 

Also, the transformation does not extend to the symmetrical case [67].  

The last transformation for the MmTSP variant has been studied by Oberlin et 

al. [68] wherein the FDMmTSP is transformed into an ATSP. The first part of their 

approach is similar to the work done by GuoXing [67], where the solution on the 

transformed graph is equivalent to NFDMmTSP. First, they solved the problem using 

Lin-Kernighan heuristic. Then, they added an ingenious way of transforming the 

problem into a FDMmTSP by shortcutting the tour, such that there is only one depot in 

each tour. Despite the similarity between Oberlin et al. [68] work and GuoXing [67], 

the problem was approached differently. They assumed that every depot has one 

salesman and according to their notation, if any depot has more than one salesman 

located, they have to duplicate that depot and treat it as another original depot. The new 

cost matrix is defined as follows: 

o The cost between target nodes is the same as the cost in the original graph. 

o The cost from depots to target nodes is the same as the original graph. 

o The cost from the original depot to its duplicate is equal to zero.  

o The cost from the duplicated depots to the next original depot is equal to zero.  

Figure 15 shows the stages of the transformation. In part (a), we have a set of 𝑛 nodes 

with four depots. In part (b), the duplicated depots are introduced to the graph. In this 

example, each depot has been duplicated once. Part (c) shows which depot has a zero-

cost edge. Then part (d), shows a solution on the transformed graph when solved as a 
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TSP. We can see that each node was visited once and the salesman returned the node 

he started from. In part (e), we remove the zero-cost edge from the graph. In part (f), 

we transfer the arcs from the duplicated depots to their corresponding original depot. 

As seen in the example, the salesman visited depot 1, 2 and 4 in the same tour. This 

means that the solution is still not a transformation for the FDMmTSP. So, up to this 

point the solution is equivalent to the work presented by GuoXing [67], which is a 

transformation for the NFDMmTSP variant. In part (g), they added an ingenious way 

of transforming the problem into a FDMmTSP by shortcutting the tour, such that there 

is only one depot in each tour. In this example, the salesman visited depot 1, 2 and 4 in 

the same tour. So, we have to remove two of these depots to make the problem 

equivalent to the FDMmTSP. In this example, we removed depots 1 and 2 and kept 

depot 4 only. Finally, we can see that the solution is equivalent to FDMmTSP with 𝐷 =

4, 𝑚1 = 1, 𝑚2 = 1, 𝑚3 = 1,and 𝑚4 = 1.  

  

(a) (b) 

 

 

 
(c) (d) 
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Figure 15: FDMmTSP transformation into TSP 

Table 7 summarizes all the transformations that were discussed in this section. 

Table 7: Transformation from MmTSP into a TSP 

Authors Year # of nodes From To  Note 

Rao [64] 1980 𝑛 FDMmTSP ATSP Only valid when 𝐷 = 2 

,𝑚1 = 1 and 𝑚2 = 1 

GuoXing 

[67] 

1995 𝑛 +𝑚 NFDMmTSP ATSP The first transformation 

for the multi-depot 

variant  

Oberlin et al. 

[68] 

2009 (𝑛 − 𝐷)
+ 2𝑚 

FDMmTSP ATSP In order to obtain an 

optimal solution, extra 

steps are needed 
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Chapter 3: New Family of Transformations for the MmTSP 

In this chapter, we present transformations for the Fixed Destination MmTSP, 

Non-Fixed Destination MmTSP and the Open Path MmTSP. First, to better illustrate 

the transformations, the notation given for the MmTSP is recalled here. We consider a 

complete Graph, G = (V, A), where 𝑉 and 𝐴 are defined as follows: 

• We consider 𝑉 to be a set of 𝑛 nodes, where the first 𝐷 nodes are considered as 

depot nodes. 𝑉 is split into depot set 𝐼𝐷 = {𝑉1, … , 𝑉𝐷} and a target set 𝐼𝑡 =

{𝑉𝐷+1, … , 𝑉𝑁}. As a result, 𝑉 = {𝐼𝐷 ∪ 𝐼𝑡}. 

• We consider 𝐴 to be a set of arcs that join any two vertices and 𝐶 = (𝑐𝑖𝑗) is the 

cost matrix associated with those arcs(𝑖, 𝑗) ∈ 𝐴.  

In addition, we consider 𝑚𝑖 to be the number of salesmen located at the 𝑖𝑡ℎ 

depot So, the total number of salesmen 𝑚 is given by 𝑚 = ∑ 𝑚𝑖
𝐷
𝑖=1 . 

For validating the work, we provide both mathematical proofs and 

computational testing. The testing was done on a set of problems listed in Table 8. 

These problems were obtained from an online library dedicated for TSP, which is 

available at http://comopt.ifi.uni-heidelberg.de/software/TSPLIB95/. A more 

comprehensive description of these problems can be found in [69]. We used LINGO 

15.0 on Intel® Xeon® CPU with 3.1 GHz processing power and 3.91 GB RAM.  

Table 8: Problems from TSPLIB 

Name of the Problem Number of nodes Data Type 

Bays29 29 Symmetrical distance matrix 

FTV33 34 Asymmetrical distance matrix 

FTV35 36 Asymmetrical distance matrix 

FTV38 39 Asymmetrical distance matrix 

FTV44 45 Asymmetrical distance matrix 

FTV47 48 Asymmetrical distance matrix 

Gr17 17 Symmetrical distance matrix 

Gr21 21 Symmetrical distance matrix 

Gr24 24 Symmetrical distance matrix 

 

3.1. Problem Notation 

First, the basic terms for graph theory, which are the same as the ones used in 

[71], should be introduced. The following points summarize the basic terms that are 

needed in this chapter.  

• Path: Sequence of alternating vertices and edges, 𝑣0 − 𝑎1 − 𝑣1 −⋯− 𝑎𝑛𝑣𝑛, 

where 𝑎𝑖 = {𝑉𝑖−1, 𝑉𝑖}, 1 ≤ 𝑖 ≤ 𝑛. 
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• Simple Path: All vertices are distinct, endpoints could be the same. 

• Closed Path: All vertices are distinct, except the endpoints. 

• Open Path: All vertices are distinct with no exception. 

Since we are dealing with TSP, we introduce the following notation to fit the structure 

of our work as follows: 

• 𝑅𝑜𝑢𝑡𝑒𝑘
 : Sequence of vertices visited by the 𝑘𝑡ℎ salesman. Endpoint must be 

depots and could be the same. So, 𝑅𝑜𝑢𝑡𝑒𝑘
  is similar to a “Simple Path”. 

• 𝑅𝑜𝑢𝑡𝑒𝑝
𝑖 : Sequence of vertices visited by the 𝑝𝑡ℎ salesman who is located at 

depot 𝑉𝑖. The salesman should start and end his trip at depot 𝑉𝑖, which means 

that all visited vertices are distinct, except the endpoints. So, 𝑅𝑜𝑢𝑡𝑒𝑝
𝑖  is similar 

to a “Closed Path”:  

𝑅𝑜𝑢𝑡𝑒𝑝
𝑖 = {𝑉𝑖, … , 𝑉𝑖}, 𝑉𝑖 ∈ 𝐼𝐷 , 𝑝 ∈ {1,… ,𝑚𝑖}. (3-1) 

• 𝑉𝑅𝑜𝑢𝑡𝑒𝑖: For a depot 𝑉𝑖, 𝑉𝑅𝑜𝑢𝑡𝑒𝑖 is the collection of all routes that start and 

end at the same depot. Given the previous definition of 𝑅𝑜𝑢𝑡𝑒𝑝
𝑖 , in the case of 

a FDMmTSP, we have:  

𝑉𝑅𝑜𝑢𝑡𝑒𝑖 =⋃𝑅𝑜𝑢𝑡𝑒𝑝
𝑖

𝑚𝑖

𝑝=1

,  (3-2) 

 Or, it can be written in a general form as follows,  

𝑉𝑅𝑜𝑢𝑡𝑒𝑖 = {𝑉𝑖, … , 𝑉𝑖, … , 𝑉𝑖}, 𝑖 ∈ {1, … , 𝐷}. (3-3) 

• 𝑂𝑅𝑜𝑢𝑡𝑒𝑝
𝑖 :  Sequence of vertices visited by the 𝑝𝑡ℎ salesman who is located at 

depot  𝑉𝑖. The salesman should start his trip at depot 𝑉𝑖 and end at a target node, 

which means that all visited vertices are distinct, even the endpoints. So, 

𝑂𝑅𝑜𝑢𝑡𝑒𝑝
𝑖  is similar to an “Open Path”:  

𝑂𝑅𝑜𝑢𝑡𝑒𝑝
𝑖 = {𝑉𝑖, … , 𝑉𝑇}, 𝑉𝑖 ∈ 𝐼𝐷 , 𝑉𝑇 ∈ 𝐼𝑡, 𝑝 ∈ {1, … ,𝑚𝑖}. (3-4) 

• 𝑂𝑉𝑅𝑜𝑢𝑡𝑒𝑖: For a depot 𝑉𝑖, 𝑂𝑉𝑅𝑜𝑢𝑡𝑒𝑖 is the collection of all open routes that 

start at the same depot. Given the previous definition of 𝑂𝑅𝑜𝑢𝑡𝑒𝑝
𝑖 , in the case 

of a OPMmTSP, we have:  

𝑂𝑉𝑅𝑜𝑢𝑡𝑒𝑖 =⋃𝑂𝑅𝑜𝑢𝑡𝑒𝑝
𝑖

𝑚𝑖

𝑝=1

 (3-5) 

 Or, it can be written in a general form as follows,  

𝑂𝑉𝑅𝑜𝑢𝑡𝑒𝑖 = {𝑉𝑖, … , 𝑉𝑖, … }, 𝑉𝑖 ∈ 𝐼𝐷 . (3-6) 
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• 𝐶(𝑅𝑜𝑢𝑡𝑒𝑘
 ): The cost of 𝑅𝑜𝑢𝑡𝑒𝑘

 . 

• 𝐶(𝑅𝑜𝑢𝑡𝑒𝑝
𝑖 ): The cost of 𝑅𝑜𝑢𝑡𝑒𝑝

𝑖 . 

• 𝐶(𝑂𝑅𝑜𝑢𝑡𝑒𝑝
𝑖 ): The cost of 𝑂𝑅𝑜𝑢𝑡𝑒𝑝

𝑖 . 

• 𝐶(𝑉𝑅𝑜𝑢𝑡𝑒𝑖): The cost of 𝑉𝑅𝑜𝑢𝑡𝑒𝑖. 

• 𝐶(𝑂𝑉𝑅𝑜𝑢𝑡𝑒𝑖): The cost of 𝑂𝑉𝑅𝑜𝑢𝑡𝑒𝑖. 

In the FDMmTSP, all routes are closed and the salesman returns to the depot he 

started from. Thus, solution can be described in terms of 𝑉𝑅𝑜𝑢𝑡𝑒 as follows.  

(FDMmTSP) = {𝑉𝑅𝑜𝑢𝑡𝑒1, … , 𝑉𝑅𝑜𝑢𝑡𝑒𝑖, … , 𝑉𝑅𝑜𝑢𝑡𝑒𝐷} (3-7) 

Since 𝑉𝑅𝑜𝑢𝑡𝑒𝑖 is the sequence of vertices that is visited by the salesmen who are 

located at depot 𝑉𝑖, 𝑉𝑅𝑜𝑢𝑡𝑒𝑖 consists of depot 𝑉𝑖 and its target nodes. The number of 

times that 𝑉𝑖 is shown in a 𝑉𝑅𝑜𝑢𝑡𝑒𝑖 is represented by (𝑚𝑖 + 1). If the salesmen in depot 

𝑖 do not visit any target node, the 𝑉𝑅𝑜𝑢𝑡𝑒𝑖 would be an empty route that consists of 𝑉𝑖 

vertices only. Also, the starting and ending nodes for any 𝑉𝑅𝑜𝑢𝑡𝑒𝑖 are always the depot 

𝑉𝑖.  Figure 16 shows an example of FDMmTSP with 𝐷 = 2, 𝑚1 = 2 and 𝑚2 = 2. So, 

we can say that the solution consists of two 𝑉𝑅𝑜𝑢𝑡𝑒  and they can be represented as 

follows: 

𝑉𝑅𝑜𝑢𝑡𝑒1: 𝑉1
𝑅𝑜𝑢𝑡𝑒1

 

→    𝑉1, 𝑉1
𝑅𝑜𝑢𝑡𝑒2

 

→    𝑉1 

𝑉𝑅𝑜𝑢𝑡𝑒2: 𝑉2
𝑅𝑜𝑢𝑡𝑒3

 

→    𝑉2, 𝑉2
𝑅𝑜𝑢𝑡𝑒4

 

→    𝑉2 

 
Figure 16: FDMmTSP notations 

In the OPMmTSP, all routes are open and the salesman does not have to return 

to the depot. Thus, solution can be described as a collection of 𝑂𝑉𝑅𝑜𝑢𝑡𝑒 as follows.  

(OPMmTSP) = {𝑂𝑉𝑅𝑜𝑢𝑡𝑒1, … , 𝑂𝑉𝑅𝑜𝑢𝑡𝑒𝑖, … , 𝑂𝑉𝑅𝑜𝑢𝑡𝑒𝐷} (3-8) 

Since 𝑂𝑉𝑅𝑜𝑢𝑡𝑒𝑖 is the sequence of vertices that are visited by the salesmen who are 

located at depot 𝑉𝑖, 𝑂𝑉𝑅𝑜𝑢𝑡𝑒𝑖 consists of depot 𝑉𝑖 and some target nodes. The number 

of times that 𝑉𝑖 is shown in the 𝑂𝑉𝑅𝑜𝑢𝑡𝑒𝑖 is represented by (𝑚𝑖). If a salesman in depot 



50 

𝑖 does not visit any target node, 𝑂𝑉𝑅𝑜𝑢𝑡𝑒𝑖 would be an empty route that consist of 𝑉𝑖 

vertices only. Also, the starting for any 𝑂𝑉𝑅𝑜𝑢𝑡𝑒𝑖 is always depot 𝑉𝑖 and the last node 

is a target node, except in the case of an empty 𝑂𝑉𝑅𝑜𝑢𝑡𝑒𝑖. Figure 17 shows an example 

of OPMmTSP with 𝐷 = 2, 𝑚1 = 2 and 𝑚2 = 2. So, we can say that the solution two 

𝑂𝑉𝑅𝑜𝑢𝑡𝑒 
  and they can be represented as follows: 

𝑂𝑉𝑅𝑜𝑢𝑡𝑒1: 𝑉1
𝑂𝑅𝑜𝑢𝑡𝑒1

 

→     𝑡𝑎𝑟𝑔𝑒𝑡 𝑛𝑜𝑑𝑒, 𝑉1
𝑂𝑅𝑜𝑢𝑡𝑒2

 

→     𝑡𝑎𝑟𝑔𝑒𝑡 𝑛𝑜𝑑𝑒 

𝑂𝑉𝑅𝑜𝑢𝑡𝑒2: 𝑉2
𝑂𝑅𝑜𝑢𝑡𝑒3

 

→     𝑡𝑎𝑟𝑔𝑒𝑡 𝑛𝑜𝑑𝑒, 𝑉2
𝑂𝑅𝑜𝑢𝑡𝑒4

 

→     𝑡𝑎𝑟𝑔𝑒𝑡 𝑛𝑜𝑑𝑒 

 
Figure 17: OPMmTSP notations 

In the NFDMmTSP, all routes are closed and the salesman should start and end 

at a depot. Thus, solution can be described in term of 𝑅𝑜𝑢𝑡𝑒 
 
 
as follows.  

(NFDMmTSP) = {𝑅𝑜𝑢𝑡𝑒1
 
 
, … , 𝑅𝑜𝑢𝑡𝑒𝑘

 
 
, … , 𝑅𝑜𝑢𝑡𝑒𝑚

 
 
} (3-9) 

Since 𝑅𝑜𝑢𝑡𝑒𝑘
 
 
is the sequence of vertices that are visited by a salesman who start his 

trip from a depot and end at a depot. Thus, 𝑅𝑜𝑢𝑡𝑒𝑘
 
 
consists of two depots, one as a 

starting node and the other as an ending node, and target nodes. In some cases, we might 

have the same depot as the starting and ending node, but it is not compulsory. Figure 

18 Shows an example of NFDMmTSP with 𝐷 = 2, 𝑚1 = 2 and 𝑚2 = 2. So, we can 

say that the solution consists of four routes and they can be represented as follows: 

𝑅𝑜𝑢𝑡𝑒1
 : 𝑉1

𝑅𝑜𝑢𝑡𝑒1
 
 

→     𝑉1, 𝑅𝑜𝑢𝑡𝑒2
 : 𝑉1

𝑅𝑜𝑢𝑡𝑒2
 
 

→     𝑉1, 

𝑅𝑜𝑢𝑡𝑒3
 : 𝑉2

𝑅𝑜𝑢𝑡𝑒3
 
 

→     𝑉3, 𝑅𝑜𝑢𝑡𝑒4
 : 𝑉3

𝑅𝑜𝑢𝑡𝑒4
 
 

→     𝑉2, 

 
Figure 18: NFDMmTSP notations 
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The TSP is a Sequence of all vertices. Thus, solution can be described in terms 

of 𝑃𝑎𝑡ℎ as follows.  

(TSP) = {𝑃𝑎𝑡ℎ1, … , 𝑃𝑎𝑡ℎ𝑖 , … , 𝑃𝑎𝑡ℎ𝐷} (3-10) 

 
Figure 19: TSP notations 

3.2. Fixed Destination MmTSP to ATSP 

The FDMmTSP is transformed into an ATSP by creating  𝑚𝑖 duplicate of the 

𝑖𝑡ℎ depot. Let the set of copies be donated by 

{𝑉1
1, … , 𝑉1

𝑚1 , … , 𝑉𝑖
1, … 𝑉𝑖

𝑚𝑖 , … , 𝑉𝐷
1  … , 𝑉𝐷

𝑚𝐷}. Thus, the total number of depots (Original 

and duplicate) is equal (𝐷 +𝑚). The depot set is split into three types: 

• Original depot (e.g. 𝑉𝑖
 ) 

• Last duplicated depot (e.g. 𝑉𝑖
𝑚𝑖 ) 

• Transition depots: Any duplicated depot between 𝑉𝑖
  and 𝑉𝑖

𝑚𝑖  (e.g. 𝑉𝑖
1 )  

The new transformed graph is represented by G =(𝑉𝑇 , 𝐴𝑇), where 𝑉𝑇 and 𝐴𝑇  are defined 

as follows: 

• 𝑉𝑇 is split into depot set 𝐼𝑣 = {𝑉1, 𝑉1
1, … , 𝑉1

𝑚1, … , 𝑉𝐷, 𝑉𝐷
1, … , 𝑉𝐷

𝑚𝐷 } and followed 

by the target nodes set 𝐼𝑡 = {𝑉𝐷+1, … , 𝑉𝑁}. As a result, 𝑉𝑇 = 𝐼𝑣 ∪ 𝐼𝑡.  

• 𝐴𝑇 is a set of arcs that join any two vertices on the transformed graph and the 

associated cost matrix defined as follows: 

𝐶𝑇(𝑉𝑖, 𝑉𝑗) = 𝐶(𝑉𝑖, 𝑉𝑗),  𝑉𝑖 ∈ 𝐼𝑡, 𝑉𝑗 ∈ 𝐼𝑡 ,   

𝐶𝑇(𝑉𝑖, 𝑉𝑗) = 𝐶(𝑉𝑖, 𝑉𝑗) ,  𝑉𝑖  ∈ 𝐼𝑣 − {𝑉𝑖
𝑚𝑖},  𝑉𝑗 ∈ 𝐼𝑡,   

𝐶𝑇(𝑉𝑖, 𝑉𝑗) = 𝐶(𝑉𝑖, 𝑉𝑗),   𝑉𝑖  ∈ 𝐼𝑡, 𝑉𝑗 ∈ 𝐼𝑣,   

𝐶𝑇(𝑉𝑖
𝑚𝑖 , 𝑉𝑗) = M,  𝑉𝑖

𝑚𝑖 ∈ 𝐼𝑣, 𝑉𝑗 ∈ 𝐼𝑡,   

𝐶𝑇(𝑉𝑖
𝑚𝑖 , 𝑉𝑖+1) = 0,  𝑉𝑖 ∈ 𝐼𝑣 − {𝑉𝐷, … , 𝑉𝐷

𝑚𝐷},   

𝐶𝑇(𝑉𝐷
𝑚𝐷 , 𝑉1) = 0,    

𝐶𝑇(𝑉𝑖, 𝑉𝑗) = 𝑀,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  (3-11) 

The following graphical explanation illustrates the proposed transformation. Figure 20 

shows the first stage of the transformation. Initially, we have a set of 𝑛 nodes with 𝐷 
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depots. In this example, we have 𝐷 = 3, 𝑚1 = 1, 𝑚2 = 2 and 𝑚3 = 1. In part (b), we 

duplicate the 𝑖𝑡ℎ depot 𝑚𝑖 number of times. Thus, we have created one duplicate for 

depot 1 and 3 and two duplicates for depot 2. In part (c), we show that a zero-cost edge 

is defined from the last duplicated 𝑉𝑖
𝑚𝑖 to the next original depot 𝑉𝑖+1 except for depot 

𝑉𝐷, where its last duplicate has the zero cost to 𝑉1. 

  

(a) (b) 

 

 (c) 

Figure 20: FDMmTSP transformation 

Table 9 demonstrate the cost matrix for the example presented in Figure 20. 

Table 9: New cost matrix 

  Depot 1 Depot 2 Depot 3 Target Nodes 

  𝑉1 𝑉1
1 𝑉2 𝑉2

1 𝑉2
2 𝑉3 𝑉3

1 𝑉𝐷+1 … 𝑉𝑁 

D
ep

o
t 1

 

𝑉1 M M M M M M M  

𝑉1
1 M M 0 M M M M M … M 

D
ep

o
t 2

 

𝑉2 M M M M M M M 

𝐶𝑇(𝑉𝑖 , 𝑉𝑗) = 𝐶(𝑉𝑖 , 𝑉𝑗) 
𝑉2
1 M M M M M M M 

𝑉2
2 M M M M M 0 M M … M 

D
ep

o
t 3

 

𝑉3 M M M M M M M  

𝑉3
1 0 M M M M M M M … M 

T
a

rg
et N

o
d

es 

𝑉𝐷+1 

𝐶𝑇(𝑉𝑖 , 𝑉𝑗) = 𝐶(𝑉𝑖 , 𝑉𝑗) 𝐶𝑇(𝑉𝑖 , 𝑉𝑗) = 𝐶(𝑉𝑖 , 𝑉𝑗) … 

𝑉𝑁 
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Then, the transformed graph is solved using TSP with a precedence constraint that 

guarantees that the salesman will visit depot 𝑖 and all its duplicates before travelling to 

depot (𝑖 + 1). Therefore, any feasible solution given by the transformed graph will have 

the following sequence: 

𝑉1 → ⋯ → 𝑉𝑖 → ⋯ → 𝑉𝑖
𝑚𝑖 → 𝑉𝑖+1 → ⋯ → 𝑉𝑖+1

𝑚(𝑖+1) → ⋯ → 𝑉𝐷 

Since the transformed graph is a TSP, the solution can be broken into 𝐷 paths 

and it can be represented as follows:  

𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃) = {𝑃𝑎𝑡ℎ1, … , 𝑃𝑎𝑡ℎ𝑖 , … , 𝑃𝑎𝑡ℎ𝐷} (3-12) 

In this scenario, every 𝑃𝑎𝑡ℎ𝑖 consists of depot 𝑉𝑖 and all of its duplicates as well as their 

target nodes. The number of times that 𝑉𝑖 and its duplicates are shown in the path is 

represented by (𝑚𝑖 + 1). If a salesman in depot 𝑖 does not visit any target node, 𝑝𝑎𝑡ℎ𝑖 

would be an empty path that consists of 𝑉𝑖 and its duplicates only. In addition, due to 

precedence constraints, we will have an ordered set where every 𝑃𝑎𝑡ℎ𝑖 will have the 

original depot 𝑉𝑖 as a starting node and the last duplicated depot 𝑉𝑖
𝑚𝑖 as the last node 

visited. So, 𝑃𝑎𝑡ℎ𝑖 can be represented as follow: 

𝑃𝑎𝑡ℎ𝑖 = {𝑉𝑖, … , 𝑉𝑖
1, … , 𝑉𝑖

𝑚𝑖} (3-13) 

Figure 21 shows a solution for the FDMmTSP on the transformed and original graphs: 

 
 

 (a) Transformed Graph (b) Original Graph 

Figure 21: Example of an FDMmTSP solved as a TSP 

3.2.1. Mathematical proof. First, the following notations are considered: 

• In the original graph (𝑉, 𝐴): 

❖ 𝐶(𝐹𝐷𝑀𝑚𝑇𝑆𝑃): The cost of a feasible solution  

❖ 𝐶(𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

: The cost of the optimal solution  

❖ (𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ): Set of routes that give that optimal solution.  

• In the transformed graph (𝑉𝑇 , 𝐴𝑇): 

❖ 𝐶𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃): The cost of a feasible solution 

❖  𝐶𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

 : The cost of the optimal solution 
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❖ 𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ): Set of paths that give the optimal solution. 

Also, 𝑉𝑒𝑖 and 𝑉𝑟𝑖are considered to be the first and last target nodes visited from depot 

𝑉𝑖  respectively. We have the following result: 

Theorem 1. The optimal cost on the transformed graph 𝐺𝑇 = (𝑉𝑇 , 𝐴𝑇) is equal the 

optimal cost on the original graph 𝐺 = (𝑉, 𝐴) that is 𝐶𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃)
𝑜𝑝𝑡 = 𝐶𝐹𝐷𝑀𝑚𝑇𝑆𝑃

𝑜𝑝𝑡
. 

Lemma 1.1 If there is a feasible solution on the original graph (𝑉, 𝐴), then there is a 

feasible solution on the transformed graph (𝑉𝑇 , 𝐴𝑇) and 𝐶𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

≤ 𝐶𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑜𝑝𝑡

. 

Proof: first we assume that 𝐶𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑜𝑝𝑡

< 𝐶
𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
𝑜𝑝𝑡

.  

As shown in (3-7), the (𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) is made of 𝑉𝑅𝑜𝑢𝑡𝑒 and the cost of any 𝑉𝑅𝑜𝑢𝑡𝑒𝑖 

is the sum of the cost on each arc in the 𝑉𝑅𝑜𝑢𝑡𝑒. That is:  

𝐶(𝑉𝑅𝑜𝑢𝑡𝑒𝑖) = 𝐶(𝑉𝑖, 𝑉𝑒𝑖) + ⋯+ 𝐶(𝑉𝑟𝑖 , 𝑉𝑖) 

In addition, since the optimal (𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) is a combination of 𝑉𝑅𝑜𝑢𝑡𝑒, the cost of  

(𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) would be the summation of individual cost on all of these 𝑉𝑅𝑜𝑢𝑡𝑒, and 

it can be represented as follows:  

𝐶(𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) = ∑𝐶(𝑉𝑅𝑜𝑢𝑡𝑒𝑖)

𝐷

𝑖=1

 

The transformation is considered on (𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) and its corresponding TSP tour on 

the transformed graph is a feasible TSP tour and we can represent it as 𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃) 

which can be broken into D paths as shown in (3-12), where the cost of any 𝑃𝑎𝑡ℎ𝑖 is 

the sum of the cost on each arc in the path. That is:  

𝐶(𝑃𝑎𝑡ℎ𝑖) = 𝐶(𝑉𝑖, 𝑉𝑒𝑖) + ⋯+ 𝐶(𝑉𝑟𝑖 , 𝑉𝑖
𝑚𝑖  ) 

Since the TSP is a connected path, there will be a link from 𝑃𝑎𝑡ℎ𝑖 to 𝑃𝑎𝑡ℎ𝑖+1 and a 

link from 𝑃𝑎𝑡ℎ𝐷 to 𝑃𝑎𝑡ℎ1. However, since the cost of these edges is zero as defined in 

(3-11), they will not have any effect on the cost of the new transformed graph. Hence, 

the cost of the transformed graph would be:  

𝐶𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃) = ∑𝐶(𝑃𝑎𝑡ℎ𝑖)

D

i=1

 

Also, according to equation (3-11), the cost to travel between the nodes is the same as 

the original graph. Therefore, 𝐶(𝑃𝑎𝑡ℎ𝑖) can be represented as follows: 

𝐶(𝑃𝑎𝑡ℎ𝑖) = 𝐶(𝑉𝑖, 𝑉𝑒𝑖) + ⋯+ 𝐶(𝑉𝑟𝑖 , 𝑉𝑖) 

Which is the same as the cost of 𝑉𝑅𝑜𝑢𝑡𝑒𝑖. So, 
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𝐶(𝑃𝑎𝑡ℎ𝑖) = 𝐶(𝑉𝑅𝑜𝑢𝑡𝑒𝑖), 𝑖 ∈ {1, … , 𝐷} 

And, the cost of 𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃) in term of routes can be expressed as:  

𝐶𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃) = ∑𝐶(𝑉𝑅𝑜𝑢𝑡𝑒𝑖)

D

i=1

 

Hence, 

𝐶𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃) = 𝐶(𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

 

By definition we know that: 

𝐶
𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
𝑜𝑝𝑡

≤ 𝐶𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃)  

So, by substituting the above derivation in the original assumption, we obtain that: 

𝐶𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃) = 𝐶𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑜𝑝𝑡

< 𝐶
𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
𝑜𝑝𝑡

≤ 𝐶𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃)  

Which means that the cost of the optimal solution on the transformed graph could not 

be greater than the cost of the optimal solution on the original graph.    

Lemma 1.2 If there is a feasible solution on the transformed graph (𝑉𝑇 , 𝐴𝑇), then there 

is a feasible solution on the original graph (𝑉, 𝐴) and 𝐶(𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

≤ 𝐶𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

 

Proof: first we assume that  𝐶𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

< 𝐶(𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

. 

Since precedence constraints is being considered, the tour 𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) will be an 

ordered set and it can be broken into 𝐷 paths as shown in (3-12) where every 𝑃𝑎𝑡ℎ𝑖 

will be represented as shown in (3-13). The cost of any 𝑃𝑎𝑡ℎ𝑖 is the sum of the cost on 

each arc in the path. That is: 

𝐶(𝑃𝑎𝑡ℎ𝑖) = 𝐶(𝑉𝑖, 𝑉𝑒𝑖) + ⋯+ 𝐶(𝑉𝑟𝑖 , 𝑉𝑖
𝑚𝑖  ) 

In addition, the optimal solution will have the following properties  

a) Due to precedence constraints, there will never be a link from depot 𝑉𝑖+1 to 

depot 𝑉𝑖. 

b) The optimal solution will not have any edge whose cost is equal to M.  

c) The link between the last duplicate of depot  𝑉𝑖 and the original depot 𝑉𝑖+1 will 

always be present in the optimal solution {(𝑉1
𝑚1 , 𝑉2), (𝑉2

𝑚2 , 𝑉3), … , (𝑉𝐷
𝑚𝐷 , 𝑉1)} 

So, there will be a link from 𝑃𝑎𝑡ℎ𝑖 to 𝑃𝑎𝑡ℎ𝑖+1 and a link from 𝑃𝑎𝑡ℎ𝐷 to 𝑃𝑎𝑡ℎ1. 

However, since the cost of these nodes is zero as defined in (3-11), they will not affect 

the cost of the graph. Hence, the cost of 𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) will only be a function of the 

paths: 
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𝐶𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) = ∑𝐶(𝑃𝑎𝑡ℎ𝑖)

D

i=1

 

By inversing the transformation and transferring all edges from the duplicate depots to 

the original depot, every 𝑃𝑎𝑡ℎ𝑖 can be represented as 𝑉𝑅𝑜𝑢𝑡𝑒𝑖 and their cost would be 

equal to: 

𝐶(𝑃𝑎𝑡ℎ𝑖) = 𝐶(𝑉𝑅𝑜𝑢𝑡𝑒𝑖), 𝑖 ∈ {1, … , 𝐷} 

Thus, the 𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) tour when reversed would be an (𝐹𝐷𝑀𝑚𝑇𝑆𝑃) which is a 

feasible tour on the original graph with D depots. Therefore, the following expression 

is obtained, 

𝐶(𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) = ∑𝐶(𝑃𝑎𝑡ℎ𝑖)

D

i=1

 

Hence, 

𝐶𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

= 𝐶(𝐹𝐷𝑀𝑚𝑇𝑆𝑃)  

By definition we know that: 

𝐶𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑜𝑝𝑡

≤ 𝐶(𝐹𝐷𝑀𝑚𝑇𝑆𝑃)  

So, by substituting the above derivation in the original assumption, we obtain: 

 𝐶(𝐹𝐷𝑀𝑚𝑇𝑆𝑃) = 𝐶𝑇(𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

< 𝐶(𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

≤  𝐶(𝐹𝐷𝑀𝑚𝑇𝑆𝑃)  

Which means that the cost of the optimal solution on the original graph could not be 

greater than the cost of the optimal solution on the transformed graph.    

Hence, Theorem 1 follows Lemma 1.1 and Lemma 1.2. 

3.2.2. Computational results. To validate our transformation, we solved the 

problems that were introduced in Table 8 on both the original and the transformed 

graph. To solve the problem on the original graph, we made use of model 6, which was 

introduced in Chapter 1. On the other hand, we solved the problem on the transformed 

graph using model 1 that was introduced in Chapter 1, but with the following 

precedence constraint: 

𝑢𝑖 ≤ 𝑢𝑖+1 , 𝑖 < (𝐷 +𝑚) 

Then we recorded the cost when one salesman is assigned to each depot and every 

salesman must be assigned. The result in Table 10 shows that both the original and the 

transformed graph will yield the same answer, which is also the optimal answer. In 

Table 10, rows 1, 4 and 7 represent the problem at hand. Rows 2, 5 and 8 represents the 

number of depots. Rows 3, 6 and 9 represents the cost of the tour.  
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Table 10: FDMmTSP to TSP when one Salesman is assigned 

Problem Gr17 Gr21 Gr24 

Depots 2 3 5 2 3 5 2 3 5 

Tour 

cost 
1947 1848 1850 2716 2794 2647 1281 1203 1191 

Problem Bays29 FTV33 FTV35 

Depots 2 3 5 2 3 5 2 3 5 

Tour 

cost 
2025 2005 1922 1290 1322 1363 1471 1453 1563 

Problem FTV38 FTV44 FTV47 

Depots 2 3 5 2 3 5 2 3 5 

Tour 

cost 
1528 1510 1620 1603 1641 1669 1787 1785 1807 

  Since both the mathematical proof and the computational result confirms 

that the original and the transformed problem yield the same answer, this allows us to 

use any solution approach available, which is the main idea of transformation.  

3.3. Open Path MmTSP to a ATSP 

The OPMmTSP is transformed into an ATSP by duplicating the 𝑖𝑡ℎ depot (𝑚𝑖 −

1) number of times. Let the set of copies be donated as {𝑉𝑖
1, … , 𝑉𝑖

𝑚𝑖−1}. Thus, the total 

number of depots (Original and duplicate) is equal to (𝑚). The depot set is split into 

two types 

• Original depot (e.g. 𝑉𝑖
 ) 

• Transition depots: any duplicate depot (e.g. 𝑉𝑖
1 ) 

The new transformed graph is represented by G = (𝑉𝑇 , 𝐴𝑇), where 𝑉𝑇 and 𝐴𝑇 are 

defined as follows: 

• 𝑉𝑇 is split into depot set 𝐼𝑣 = {𝑉1, 𝑉1
1, … , 𝑉1

𝑚1−1, … , 𝑉𝐷 , 𝑉𝐷
1, … , 𝑉𝐷

𝑚𝐷−1 } and 

followed by the target nodes set 𝐼𝑡 = {𝑉𝐷+1, … , 𝑉𝑁}. As a result, 𝑉𝑇 = 𝐼𝑣 ∪ 𝐼𝑡.  

• 𝐴𝑇 is a set of arcs that join any two vertices on the transformed graph and the 

associated cost matrix is defined as follows: 

𝐶𝑇(𝑉𝑖, 𝑉𝑗) = 𝐶(𝑉𝑖, 𝑉𝑗),  𝑉𝑖 ∈ 𝐼𝑡 , 𝑉𝑗 ∈ 𝐼𝑡 ,   

𝐶𝑇(𝑉𝑖, 𝑉𝑗) = 𝐶(𝑉𝑖, 𝑉𝑗),  𝑉𝑖 ∈ 𝐼𝑣 , 𝑉𝑗 ∈ 𝐼𝑡,   

𝐶𝑇(𝑉𝑖, 𝑉𝑗) = 0,    𝑉𝑖 ∈ 𝐼𝑣 , 𝑉𝑗 ∈ 𝐼𝑣,   
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𝐶𝑇(𝑉𝑖, 𝑉𝑗) = 0,  𝑉𝑖 ∈ 𝐼𝑡 , 𝑉𝑗 ∈ 𝐼𝑣      (3-14) 

The following graphical explanation illustrates the proposed transformation. Figure 22 

shows the first stage of the transformation. Initially, we have a set of 𝑛 nodes with 𝐷 

depots. In this example, we have 𝐷 = 2, 𝑚1 = 1 and 𝑚2 = 2. In part (b), we duplicate 

the 𝑖𝑡ℎ depot (𝑚𝑖 − 1) number of times. Thus, we have duplicated depot 2 once. In part 

(c), we show that a zero-cost edge is defined if a salesman travels from any target node 

to any depot. In part (d), we show that if the salesman departs from any depot, the cost 

will be the same as the original cost. 

  

 
Original 

Depot 

  

 
Duplicated 

Depot 

  

 Target Node 

  

 
Zero Cost 

Edge 

  

 Original cost 
 

(a) (b) 

  

(c) (d) 

Figure 22: OPMmTSP transformation 

Table 11 demonstrate the cost matrix for the example presented in Figure 22. 

Table 11: New cost matrix 

  Depot 1 Depot 2 Target Nodes 

  𝑉1 𝑉2 𝑉2
1 𝑉𝐷+1 … 𝑉𝑁 

D
ep

o
t 1

 

𝑉1 

0 𝐶𝑇(𝑉𝑖 , 𝑉𝑗) = 𝐶(𝑉𝑖 , 𝑉𝑗) D
ep

o
t 2

 

𝑉2 

𝑉2
1 

T
arg

et 

N
o

d
es 

𝑉𝐷+1 

0 𝐶𝑇(𝑉𝑖 , 𝑉𝑗) = 𝐶(𝑉𝑖 , 𝑉𝑗) … 

𝑉𝑁 

Then, the transformed graph is solved using a TSP formulation, which guarantees that 

every node is visited only once.  
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Since the transformed graph is a TSP, the solution can be broken into 𝐷 paths 

and it can be represented as follows:  

𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃) = {𝑃𝑎𝑡ℎ1, … , 𝑃𝑎𝑡ℎ𝑖 , … , 𝑃𝑎𝑡ℎ𝑑} (3-15) 

In this scenario, every 𝑃𝑎𝑡ℎ𝑖 consists of depot 𝑉𝑖 and all of its duplicates as well as their 

target nodes. The number of times that 𝑉𝑖 and its duplicates are shown in the path is 

represented by (𝑚𝑖 − 1). If a salesman in depot 𝑖 does not visit any target node, 𝑝𝑎𝑡ℎ𝑖 

would be an empty path that consists of 𝑉𝑖 and its duplicates only. In this case, the order 

at which paths appear in the solution does not affect the solution, we will represent that 

the paths appear in order for the sake of convenience.  So, 𝑃𝑎𝑡ℎ𝑖 can be represented as 

follow: 

𝑃𝑎𝑡ℎ𝑖 = {𝑉𝑖, … , 𝑉𝑖
1, … , 𝑉𝑖

𝑚𝑖 , … } (3-16) 

Figure 23 shows a solution for the OPMmTSP on the transformed and original graphs.  

  

 Original Depot 

  

 
Duplicated 

Depot 

  

 Target Node 

  

 Zero Cost Edge 

  

 Original cost 
 

(a) Transformed Graph (b) Original Graph 

Figure 23: Example of an OPMmTSP solved as a TSP 

3.3.1. Mathematical proof. First, the following notations are considered: 

• In the original graph (𝑉, 𝐴): 

❖ 𝐶(𝑂𝑃𝑀𝑚𝑇𝑆𝑃): The cost of a feasible solution  

❖ 𝐶(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

: The cost of the optimal solution  

❖ (𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ): Set of routes that give that optimal solution.  

• In the transformed graph (𝑉𝑇 , 𝐴𝑇): 

❖ 𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃): The cost of a feasible solution 

❖  𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

 : The optimal solution 

❖ 𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ): Set of paths that gives the optimal solution. 

Also, 𝑉𝑒𝑖 is considered to be the first visited node from depot 𝑉𝑖. In addition, 𝑉𝑟𝑖 and 𝑉𝑞𝑖 

are considered to be the last target nodes visited, respectively. We have the following 

result: 
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Theorem 2. The optimal cost on the transformed graph 𝐺𝑇 = (𝑉𝑇 , 𝐴𝑇) is equal the 

optimal cost on the original graph 𝐺 = (𝑉, 𝐴) that is 𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃)
𝑜𝑝𝑡 = 𝐶𝑂𝑃𝑀𝑚𝑇𝑆𝑃

𝑜𝑝𝑡
. 

Lemma 2.1 If there is a feasible solution on the original graph (𝑉, 𝐴), then there is a 

feasible solution on the transformed graph (𝑉𝑇 , 𝐴𝑇) and 𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

≤ 𝐶𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑜𝑝𝑡

. 

Proof:  first we assume that  𝐶𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑜𝑝𝑡

< 𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

.  

As shown in (3-8), the (𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) is made of 𝑂𝑉𝑅𝑜𝑢𝑡𝑒 and the cost of any 

𝑂𝑉𝑅𝑜𝑢𝑡𝑒𝑖 is the sum of the cost on each arc in the 𝑂𝑉𝑅𝑜𝑢𝑡𝑒. That is: 

𝐶(𝑂𝑉𝑅𝑜𝑢𝑡𝑒𝑖) = 𝐶(𝑉𝑖, 𝑉𝑒𝑖) + ⋯+ 𝐶(𝑉𝑟𝑖 , 𝑉𝑞𝑖) 

In addition, since the optimal (𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) is a combination of all 𝑂𝑉𝑅𝑜𝑢𝑡𝑒, the cost 

of  (𝑂𝑃𝑀𝑚𝑇𝑆𝑃)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  would be the summation of individual costs on all of these routes and 

it can be represented as follows:  

𝐶(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) = ∑𝐶(𝑂𝑉𝑅𝑜𝑢𝑡𝑒𝑖)

D

i=1

 

The transformation is considered on (𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) and its corresponding feasible TSP 

tour on the transformed graph would be represented as 𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃) which can be 

broken into D paths as shown in (3-15), where the cost of any 𝑃𝑎𝑡ℎ𝑖 is the sum of the 

cost on each arc in the path and it would be represented as follows: 

𝐶(𝑃𝑎𝑡ℎ𝑖) = 𝐶(𝑉𝑖, 𝑉𝑒𝑖) + ⋯+ 𝐶(𝑉𝑟𝑖 , 𝑉𝑞𝑖) 

Since the TSP is a connected path, there will be a link between the paths. Since the 

order at which paths appear in the solution does not affect the final answer, we will 

represent them in order for the sake of convenience. So, a link will exist between 𝑃𝑎𝑡ℎ𝑖 

to 𝑃𝑎𝑡ℎ𝑖+1 and another link from 𝑃𝑎𝑡ℎ𝐷 to 𝑃𝑎𝑡ℎ1. However, since the cost of these 

edges is zero as defined in (3-14), they will not affect the cost of the new transformed 

graph. Hence, the cost of the transformed graph would be:  

𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃) = ∑𝐶(𝑃𝑎𝑡ℎ𝑖)

D

i=1

 

Also, according to equation (3-14), the cost to travel between the nodes is the same as 

the original graph. Therefore, 𝐶(𝑃𝑎𝑡ℎ𝑖) can be represented as 

𝐶(𝑃𝑎𝑡ℎ𝑖) = 𝐶(𝑂𝑉𝑅𝑜𝑢𝑡𝑒𝑖), 𝑖 ∈ {1, … , 𝐷} 

And, the cost of 𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃) in term of routes can be expressed as:  
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𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃) = ∑𝐶(𝑂𝑉𝑅𝑜𝑢𝑡𝑒𝑖)

D

i=1

 

Hence,  

𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃) = 𝐶(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

 

By definition we know that: 

𝐶
𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
𝑜𝑝𝑡

≤ 𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃)  

So, by substituting the above derivation in the original assumption, we obtain that: 

𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃) = 𝐶𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑜𝑝𝑡

< 𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

≤ 𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃)  

Which means that the cost of the optimal solution on the transformed graph could not 

be greater than the cost of the optimal solution on the original graph.    

Lemma 2.2 If there is a feasible solution on the transformed graph (𝑉𝑇 , 𝐴𝑇), then there 

is a feasible solution on the original graph (𝑉, 𝐴) and 𝐶(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

≤ 𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

 

Proof: first we assume that  𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

< 𝐶(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

. 

We break 𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) tour into 𝐷 paths as shown in (3-15), and the cost of any path 

is:  

𝐶(𝑃𝑎𝑡ℎ𝑖) = 𝐶(𝑉𝑖, 𝑉𝑒𝑖) + ⋯+ 𝐶(𝑉𝑟𝑖, 𝑉𝑞𝑖) 

In addition, the optimal solution will have the following properties: 

o Since all nodes will be visited once, they will have 𝑚 zero-cost edges. 

These zero-cost edges indicate that a new salesman will start a new trip.  

o The order at which paths appear in the solution does not affect the solution, 

because the zero-cost edges are defined from all nodes to all depots. Thus, 

we will represent it in order for the sake of convenience.   

So, there will be a link from 𝑃𝑎𝑡ℎ𝑖 to 𝑃𝑎𝑡ℎ𝑖+1 and a link from 𝑃𝑎𝑡ℎ𝐷 to 𝑃𝑎𝑡ℎ1. 

However, since the cost of these nodes is zero as defined in (3-14), they will not affect 

the cost of the new transformed graph. Hence, the cost of 𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) will only be 

a function of the paths: 

𝐶 𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) =∑𝐶(𝑃𝑎𝑡ℎ𝑖)

𝐷

𝑖=1

 

By inversing the transformation and transferring all edges from their duplicates to the 

original depot, every 𝑃𝑎𝑡ℎ𝑖 can be represented as 𝑂𝑉𝑅𝑜𝑢𝑡𝑒𝑖 and their cost would be: 

𝐶(𝑃𝑎𝑡ℎ𝑖) = 𝐶(𝑂𝑉𝑅𝑜𝑢𝑡𝑒𝑖), 𝑖 ∈ {1, … , 𝐷} 
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Thus, the 𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) tour when reversed would be an (𝑂𝑃𝑀𝑚𝑇𝑆𝑃) which is a 

feasible tour on the original graph with D depots. Therefore, the following expression 

is obtained, 

𝐶 (𝑂𝑃𝑀𝑚𝑇𝑆𝑃) =∑𝐶(𝑃𝑎𝑡ℎ𝑖)

𝐷

𝑖=1

 

Hence, 

 𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

= 𝐶(𝑂𝑃𝑀𝑚𝑇𝑆𝑃)  

By definition we know that: 

𝐶𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑜𝑝𝑡

≤ 𝐶(𝑂𝑃𝑀𝑚𝑇𝑆𝑃)  

So, by substituting the above derivation in the original assumption, we obtain: 

 𝐶(𝑂𝑃𝑀𝑚𝑇𝑆𝑃) = 𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

< 𝐶(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

≤  𝐶(𝑂𝑃𝑀𝑚𝑇𝑆𝑃)  

Which means that the optimal solution on the original graph could not be greater than 

the optimal solution on the transformed graph.    

Hence, Theorem 2 follows Lemma 2.1 and Lemma 2.2. 

3.3.2. Computational results. To validate our transformation, we solved the 

problems that were introduced in Table 8 on both the original and the transformed 

graph. To solve the problem on the original graph, we made use of model 5, which was 

introduced in Chapter 1. On the other hand, we solved the problem on the transformed 

graph using model 1 that was introduced in Chapter 1. Then we recorded the cost when 

one salesman is assigned to each depot and every salesman must be assigned. The result 

in Table 12 shows that both the original and the transformed graph will yield the same 

answer, which is also the optimal answer.  

Table 12: Open Path MmTSP to TSP when one Salesman is assigned 

Problem Gr17 Gr21 Gr24 

Depots 2 3 5 2 3 5 2 3 5 

Tour 

cost 
1412 1215 967 2141 1864 1614 1109 1011 897 

Problem Bays29 FTV33 FTV35 

Depots 2 3 5 2 3 5 2 3 5 

Tour 

cost 
1762 1630 1474 1141 1073 973 1283 1193 1094 

Problem FTV38 FTV44 FTV47 
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Depots 2 3 5 2 3 5 2 3 5 

Tour 

cost 
1345 1259 1182 1460 1407 1317 1623 1540 1471 

 

 Since both the mathematical proof and the computational result confirms 

that the original and the transformed problem yield the same answer, this allows us to 

use any solution approach available, which is the main idea of transformation.  

3.4. Non-Fixed Destination MmTSP to a mTSP 

The NFDMmTSP is transformed into an mTSP by introducing a dummy depot 𝑉0, 

and duplicating the 𝑖𝑡ℎ depot (2𝑚𝑖 − 1) number of times. Thus, the total number of 

depots (Original and duplicate) depots is equal (2𝑚). Then we break these nodes into 

two types:  

• Departure node: The first node visited after the dummy depot, we denote these 

nodes as 𝐼𝑣, where 𝐼𝑣 = {𝑉1
 , … , 𝑉1

𝑚1 , … , 𝑉𝑖
 , … , 𝑉𝑖

𝑚𝑖 , … , 𝑉𝐷
  , … , 𝑉𝐷

𝑚𝐷}. 

• Arrival node: The last node visited before the dummy depot, we denote these 

nodes as 𝐼𝑣∗, where 𝐼𝑣∗ = {𝑉1
∗, … , 𝑉1

𝑚1∗, … , 𝑉𝑖
∗, … , 𝑉𝑖

𝑚𝑖∗, … , 𝑉𝐷
∗ , … , 𝑉𝐷

𝑚𝐷∗}  

The new transformed graph is represented by G = (𝑉𝑇 , 𝐴𝑇) where 𝑉𝑇 and 𝐴𝑇  are defined 

as follows:  

• 𝑉𝑇 is split into four sets: The first set contains only the new dummy depot {𝑉0}, 

the second set is the departure nodes set 𝐼𝑣 , the third set is the arrival nodes set 

𝐼𝑣∗   and followed by the target nodes set 𝐼𝑡 = {𝑉𝐷+1, … , 𝑉𝑁}. As a result,𝑉𝑇 =

𝑉0 ∪ 𝐼𝑣 ∪ 𝐼𝑣∗ ∪ 𝐼𝑡. 

•  𝐴𝑇 is a set of arcs that join any two vertices on the transformed graph and the 

associated cost matrix defined as follows: 

𝐶𝑇(𝑉𝑖, 𝑉𝑗) = 𝐶(𝑉𝑖, 𝑉𝑗), ∀𝑉𝑖 ∈ 𝐼𝑡 , ∀𝑉𝑗 ∈ 𝐼𝑡,   

𝐶𝑇(𝑉𝑖, 𝑉𝑗) = 𝐶(𝑉𝑖, 𝑉𝑗), ∀𝑉𝑖 ∈ 𝐼𝑣, ∀𝑉𝑗 ∈ 𝐼𝑡,   

𝐶𝑇(𝑉𝑖, 𝑉𝑗) = 𝐶(𝑉𝑖, 𝑉𝑗), ∀𝑉𝑖 ∈ 𝐼𝑡 , ∀𝑉𝑗 ∈ 𝐼𝑣,   

𝐶𝑇(𝑉𝑖
∗, 𝑉𝑗) = 𝐶(𝑉𝑖, 𝑉𝑗), ∀𝑉𝑖 ∈ 𝐼𝑣∗ , ∀𝑉𝑗 ∈ 𝐼𝑡,   

𝐶𝑇(𝑉𝑖, 𝑉𝑗) = 𝐶(𝑉𝑖, 𝑉𝑗
∗), ∀𝑉𝑖 ∈ 𝐼𝑡 , ∀𝑉𝑗 ∈ 𝐼𝑣∗ ,   

𝐶𝑇(𝑉0, 𝑉𝑗) = 0, ∀𝑉𝑗 ∈ 𝐼𝑣,   

𝐶𝑇(𝑉𝑖
∗, 𝑉0) = 0, ∀𝑉𝑖 ∈ 𝐼𝑣∗ ,   
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𝐶𝑇(𝑉𝑖, 𝑉𝑖
∗) = 0, ∀𝑉𝑖 ∈ 𝐼𝑣, ∀ 𝑉𝑖

∗ ∈ 𝐼𝑣∗ ,   

𝐶𝑇(𝑉𝑖, 𝑉𝑗) = 𝑀,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.  (3-17) 

The following graphical explanation illustrates the proposed transformation. Figure 24 

shows the first stage of the transformation. Initially, we have a set of 𝑛 nodes with 𝐷 

depots. In this example, we have 𝐷 = 2, 𝑚1 = 1 and 𝑚2 = 1. In part (b), we duplicate 

the 𝑖𝑡ℎ depot (𝑚𝑖 − 1) number of times and set half of the depots as arrival nodes and 

the second half as departure nodes. Thus, in this example, we have created one arrival 

node and one departure node.  In part (c), we show the cost to travel from any node on 

the graph to the dummy node. In part (d), we show the cost to travel from the dummy 

node to any node on the graph.  

  

 
Original 

Depot 

  

 
Departure 

Depot 

  

 Arrival Depot 

  

 Target Node 

  

 
Zero Cost 

Edge 

  

 ‘M’ Cost edge 
 

(a) (b) 

  

(c) (d) 

Figure 24: NFDMmTSP transformation 

Table 13 demonstrate the cost matrix for the example presented in Figure 24. 

Table 13: New cost matrix 

  
Dummy 

node 
Depot 1 Depot 2 Target Nodes 

  𝑉0 𝑉1
1 𝑉1

1∗ 𝑉2
1 𝑉2

1 ∗ 𝑉𝐷+1 … 𝑉𝑁 

D
u

m
m

y
 

n
o

d
e 

𝑉0 M 0 M 0 M M M M 

D
ep

o
t 1

 

𝑉1
1 M 0 0 M M 

𝐶𝑇(𝑉𝑖 , 𝑉𝑗) = 𝐶(𝑉𝑖 , 𝑉𝑗) 𝑉1
1∗ 0 0 0 M M 

D
e

p
o

t 2
 𝑉2

1 M M M 0 0 
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𝑉2
2∗ 0 M M 0 0 

T
arg

et 

N
o

d
es 

𝑉𝐷+1 M 

𝐶𝑇(𝑉𝑖 , 𝑉𝑗) = 𝐶(𝑉𝑖 , 𝑉𝑗) 𝐶𝑇(𝑉𝑖 , 𝑉𝑗) = 𝐶(𝑉𝑖 , 𝑉𝑗) … M 

𝑉𝑁 M 

Then, the transformed graph is solved using mTSP formulation, which guarantees that 

every node is visited only once, except the dummy depot since it is the only depot in 

the problem. The number of salesmen located at the dummy depot is 𝑚, which is the 

total number of salesmen. Similarly, the following has been considered: 

Since the transformed graph is an mTSP, the solution is a collection of all routes that 

start and end at the dummy depot. To discriminate the routes on the transformed graph, 

we denote the routes in the transformed graph as 𝑅𝑜𝑢𝑡𝑒𝑘
𝑇. The solution in the 

transformed graph is represented as follows:  

𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃) = {𝑅𝑜𝑢𝑡𝑒1
𝑇 , … , 𝑅𝑜𝑢𝑡𝑒𝑘

𝑇 , … , 𝑅𝑜𝑢𝑡𝑒𝑚
𝑇 } (3-18) 

𝑅𝑜𝑢𝑡𝑒𝑘
𝑇 consists of a dummy depot, one departure node, one arrival node and their 

target nodes. If a salesman does not visit any target node, 𝑅𝑜𝑢𝑡𝑒𝑘
𝑇 would be an empty 

route that consist of the dummy nodes, one departure depot and one arrival depot. In 

this case, since the order at which routes appear in the solution does not affect the 

solution, we will represent it in order for the sake of convenience. 𝑅𝑜𝑢𝑡𝑒𝑘
𝑇 can be 

represented as: 

𝑅𝑜𝑢𝑡𝑒𝑘
𝑇 = {𝑉0, 𝑉𝑖, … , 𝑉𝑗∗ , 𝑉0}, 𝑉𝑖 ∈ 𝐼𝑣, 𝑉𝑗

∗ ∈ 𝐼𝑣∗ (3-19) 

Figure 25 shows a solution for the NFDMmTSP on the transformed and original graphs.  

  

 Original Depot 

  

 
Duplicated 

Depot 

  

 Target Node 

  

 
Zero Cost 

Edge 

  

 Original cost 
 

(a) Transformed Graph (b) Original Graph 

Figure 25: Example of NFDMmTSP solved as an mTSP 

3.4.1. Mathematical proof. First, the following notations are considered: 

• In the original graph (𝑉, 𝐴): 

❖ 𝐶(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃): The cost of a feasible solution  
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❖ 𝐶(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

: The cost of the optimal solution  

❖ (𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅): Set of routes that give that optimal solution.  

• In the transformed graph (𝑉𝑇 , 𝐴𝑇): 

❖ 𝐶𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃): The cost of a feasible solution 

❖  𝐶𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

 : The optimal solution 

❖ 𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅): Set of paths that give the optimal solution. 

 

For a depots 𝑉𝑖,  we consider 𝑉𝑒𝑖 and 𝑉𝑟𝑖 to be the first and last target nodes visited, 

respectively. We have the following result: 

Theorem 3. The optimal cost on the transformed graph 𝐺𝑇 = (𝑉𝑇 , 𝐴𝑇) is equal the 

optimal cost on the original graph 𝐺 = (𝑉, 𝐴) that is 𝐶𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃)
𝑜𝑝𝑡 = 𝐶𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃

𝑜𝑝𝑡
. 

Lemma 3.1 If there is a feasible solution on the original graph (𝑉, 𝐴), then there is a 

feasible solution on the transformed graph (𝑉𝑇 , 𝐴𝑇) and 𝐶𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

≤ 𝐶𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑜𝑝𝑡

. 

Proof: first we assume that 𝐶𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑜𝑝𝑡

< 𝐶𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

.  

As shown in (3-9), the (𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) is made of 𝑚 routes and the cost of any 𝑅𝑜𝑢𝑡𝑒𝑘
  

is the cost on each arc. That is: 

𝐶(𝑅𝑜𝑢𝑡𝑒𝑘
 ) = 𝐶(𝑉𝑖, 𝑉𝑒𝑖) + ⋯+ 𝐶(𝑉𝑟𝑖 , 𝑉𝑗), 𝑉𝑖, 𝑉𝑗 ∈ 𝐼𝐷 , 𝑘 ∈ {1,… ,𝑚 } 

In addition, since the optimal (𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) is a combination of all routes, the cost of  

(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) would be the summation of individual cost on all of these routes and it 

can be represented as follows:  

𝐶(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) = ∑𝐶(𝑅𝑜𝑢𝑡𝑒𝑘
 )

m

k=1

 

The transformation is considered on (𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) and its corresponding mTSP 

feasible tour on the transformed graph would be represented as 𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃) which 

can be broken into 𝑚 routes as shown in (3-18), where the cost of any 𝑅𝑜𝑢𝑡𝑒𝑘
𝑇 would 

be represented as follows: 

𝐶(𝑅𝑜𝑢𝑡𝑒𝑘
𝑇) = 𝐶(𝑉0, 𝑉𝑖) + 𝐶(𝑉𝑖, 𝑉𝑒𝑖) +⋯+ 𝐶(𝑉𝑟𝑖 , 𝑉𝑗∗) + 𝐶(𝑉𝑗∗ , 𝑉0)   , 𝑉𝑖 ∈ 𝐼𝑣, 𝑉𝑗

∗ ∈ 𝐼𝑣∗ 

According to (3-17), we know that 𝐶(𝑉0, 𝑉𝑖) = 𝐶(𝑉𝑗∗ , 𝑉0) = 0. So, the cost of any 

𝑅𝑜𝑢𝑡𝑒𝑘
𝑇 would be represented as follows: 

𝐶(𝑅𝑜𝑢𝑡𝑒𝑘
𝑇) = 𝐶(𝑉𝑖, 𝑉𝑒𝑖) + ⋯+ 𝐶(𝑉𝑟𝑖 , 𝑉𝑗∗)    , 𝑉𝑖 ∈ 𝐼𝑣, 𝑉𝑗

∗ ∈ 𝐼𝑣∗ 
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Since 𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃) is a combination of all routes, the cost of  𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃)  

would be the summation of all of these routes and it can be represented as follows: 

𝐶𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃) = ∑𝐶(𝑅𝑜𝑢𝑡𝑒𝑘
𝑇)

m

k=1

 

Also, according to equation (3-17), the cost to travel between the nodes is the same. 

Therefore, 𝐶(𝑅𝑜𝑢𝑡𝑒𝑘
𝑇) can be represented as 

𝐶(𝑅𝑜𝑢𝑡𝑒𝑘
𝑇) = 𝐶(𝑉𝑖, 𝑉𝑒𝑖) + ⋯+ 𝐶(𝑉𝑟𝑖 , 𝑉𝑗), 𝑉𝑖, 𝑉𝑗 ∈ 𝐼𝐷 , 𝑘 ∈ {1,… ,𝑚 } 

Which is the same as the cost of 𝑅𝑜𝑢𝑡𝑒𝑘
 . So, 

𝐶(𝑅𝑜𝑢𝑡𝑒𝑘
𝑇) = 𝐶(𝑅𝑜𝑢𝑡𝑒𝑘

  ), 𝑘 ∈ {1,… ,𝑚} 

And, the cost of 𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃) in term of routes can be expressed as:  

𝐶𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃) = ∑𝐶(𝑅𝑜𝑢𝑡𝑒𝑘
 )

m

k=1

 

Hence,  

𝐶𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃) = 𝐶(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

 

By definition we know that: 

𝐶
𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑜𝑝𝑡

≤ 𝐶𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃)  

So, by substituting the above derivation in the original assumption, we obtain that: 

𝐶𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃) = 𝐶𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑜𝑝𝑡

< 𝐶
𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑜𝑝𝑡

≤ 𝐶𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃)  

Which means that the cost of the optimal solution on the transformed graph could not 

be greater than the cost of the optimal solution on the original graph.    

Lemma 3.2 If there is a feasible solution on the transformed graph (𝑉𝑇 , 𝐴𝑇), then there 

is a feasible solution on the original graph (𝑉, 𝐴) and 𝐶(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

≤ 𝐶𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

 

Proof: first we assume 𝐶𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

< 𝐶(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

. 

Since the dummy node is considered to be the only depot, all trips will start and end at 

𝑉0. In addition, the optimal solution will have the following properties: 

a) 𝑉0 will not be connected to any target node directly because the 

optimal solution will not have any edge whose cost is equal to M. 

b) In any trip, we will always have a unique departure and arrival node, 

because in the TSP every node should be visited only once. 

The 𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) tour can be broken into 𝑚 routes as shown in (4.4 − 2), and the 

cost of any route is:  
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𝐶(𝑅𝑜𝑢𝑡𝑒𝑘
𝑇) = 𝐶(𝑉0, 𝑉𝑖) + 𝐶(𝑉𝑖, 𝑉𝑒𝑖) +⋯+ 𝐶(𝑉𝑟𝑖 , 𝑉𝑗∗) + 𝐶(𝑉𝑗∗ , 𝑉0)   , 𝑉𝑖 ∈ 𝐼𝑣, 𝑉𝑗

∗ ∈ 𝐼𝑣∗ 

Since the cost of 𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) is a combination of all route, the cost of  

𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) would be the summation of all these routes and it can be represented 

as follows:  

𝐶𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) = ∑𝐶(𝑅𝑜𝑢𝑡𝑒𝑘
𝑇)

m

k=1

 

By inversing the transformation and by deleting the dummy node and transferring all 

edges from their duplicate to the original depot, we will have the cost of every 𝑅𝑜𝑢𝑡𝑒𝑘
𝑇 

be represented as follows:   

𝐶(𝑅𝑜𝑢𝑡𝑒𝑘
𝑇) = 𝐶(𝑉𝑖, 𝑉𝑒𝑖) + ⋯+ 𝐶(𝑉𝑟𝑖 , 𝑉𝑗), 𝑖, 𝑗 ∈ {1, … , 𝐷} 

Which is the same as the cost for 𝑅𝑜𝑢𝑡𝑒𝑘 and their cost would be equal: 

𝐶(𝑅𝑜𝑢𝑡𝑒𝑘
𝑇) = 𝐶(𝑅𝑜𝑢𝑡𝑒𝑘

 ), 𝑘 ∈ {1,… ,𝑚} 

Thus, the 𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) tour when reversed would be an (𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃) which is 

equivalent to a feasible tour on the original graph with D depots. Therefore, we get: 

𝐶(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃) = ∑𝐶(𝑅𝑜𝑢𝑡𝑒𝑘
𝑇)

m

k=1

 

Hence,  

𝐶𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

= 𝐶(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃)  

By definition we know that: 

𝐶𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑜𝑝𝑡

≤ 𝐶(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃)  

So, by substituting the above derivation in the original assumption, we obtain: 

 𝐶(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃) = 𝐶𝑇(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

< 𝐶(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

≤  𝐶(𝑁𝐹𝐷𝑀𝑚𝑇𝑆𝑃)  

Which means that the cost of the optimal solution on the original graph could not be 

greater than the cost of the optimal solution on the transformed graph.    

Hence, Theorem 3 follows Lemma 3.1 and Lemma 3.2. 

4.4.2. Computational results. To validate our transformation, we solved the 

problems that were introduced in Table 8 on both the original and the transformed 

graph. To solve the problem on the original graph, we made use of model 4, which was 

introduced in Chapter 1. On the other hand, we solved the problem on the transformed 

graph using model 1 that was introduced in Chapter 1.  

Then we recorded the cost when one salesman is assigned to each depot and 

every salesman must be assigned. The result in Table 14 shows that both the original 
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and the transformed graph will yield the same answer, which is also the optimal answer. 

In Table 10, rows 1, 4 and 7 represent the problem at hand. Rows 2, 5 and 8 represents 

the number of depots. Rows 3, 6 and 9 represents the cost of the tour.  

Table 14: Nonfixed destination MmTSP to mTSP when one Salesman is assigned 

Problem Gr17 Gr21 Gr24 

Depots 2 3 5 2 3 5 2 3 5 

Tour 

cost 
1707 1605 1431 2577 2222 2030 1195 1141 1098 

Problem Bays29 FTV33 FTV35 

Depots 2 3 5 2 3 5 2 3 5 

Tour 

cost 
1986 1838 1751 1231 1231 1188 1417 1415 1327 

Problem FTV38 FTV44 FTV47 

Depots 2 3 5 2 3 5 2 3 5 

Tour 

cost 
1475 1475 1382 1587 1559 1526 1749 1660 1630 

 Since both the mathematical proof and the computational result confirms 

that the original and the transformed problem yield the same answer, this allows us to 

use any solution approach available, which is the main idea of transformation.  

3.5. Open Path MmTSP to a mTSP 

The OPMmTSP is transformed into an mTSP by adding a new dummy depot 𝑉0 and 

duplicating the 𝑖𝑡ℎ depot (𝑚𝑖 − 1) number of times. Let the set of copies be donated as 

{𝑉𝑖
1, … , 𝑉𝑖

𝑚𝑖−1}. Thus, the total number of depots (Original and duplicate) is equal (𝑚). 

The depot set is split into two types 

• Original depot (e.g. 𝑉𝑖
 ) 

• Transition depots: any duplicate depot (e.g. 𝑉𝑖
1 ) 

The new transformed graph is represented by G = (𝑉𝑇 , 𝐴𝑇), where 𝑉𝑇 and 𝐴𝑇 are 

defined as follows: 

• 𝑉𝑇 is split into three sets: The first set contains only the new dummy depot 𝑉0, 

the second set is the depot set 𝐼𝑣 = {𝑉1, 𝑉1
1, … , 𝑉1

𝑚1−1, … , 𝑉𝐷, 𝑉𝐷
1, … , 𝑉𝐷

𝑚𝐷−1 } 

and followed by the target nodes set 𝐼𝑡 = {𝑉𝐷+1, … , 𝑉𝑁} . As a result, 𝑉𝑇 = 𝑉0 ∪

𝐼𝑣 ∪ 𝐼𝑡.  

• 𝐴𝑇 is a set of arcs that join any two vertices on the transformed graph and the 

associated cost matrix defined as follows: 
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𝐶𝑇(𝑉𝑖, 𝑉𝑗) = 𝐶(𝑉𝑖, 𝑉𝑗), ∀𝑉𝑖 ∈ 𝐼𝑡 , ∀𝑉𝑗 ∈ 𝐼𝑡,   

𝐶𝑇(𝑉𝑖, 𝑉𝑗) = 𝐶(𝑉𝑖, 𝑉𝑗), ∀𝑉𝑖 ∈ 𝐼𝑣, ∀𝑉𝑗 ∈ 𝐼𝑡,   

𝐶𝑇(𝑉𝑖, 𝑉𝑗) = 0, ∀𝑉𝑖 ∈ 𝐼𝑡 , ∀𝑉𝑗 ∈ 𝐼𝑣,   

𝐶𝑇(𝑉0, 𝑉𝑗) = 0, ∀𝑉𝑗 ∈ 𝐼𝑣,   

𝐶𝑇(𝑉𝑖
 , 𝑉0) = 0, ∀𝑉𝑖 ∈ 𝐼𝑣  ,   

𝐶𝑇(𝑉𝑖, 𝑉𝑗) = 𝑀,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  (3.20) 

The following graphical explanation illustrates the proposed transformation. Figure 26 

shows the first stages of the transformation. Initially, we have a set of 𝑛 nodes with 𝐷 

depots. In this example, we have 𝐷 = 2, 𝑚1 = 1 and 𝑚2 = 2. In part (b), we add the 

dummy node and we duplicate the 𝑖𝑡ℎ depot (𝑚𝑖 − 1) number of times. Thus, in this 

example, we have created one duplicate for the second depot.  In part (c), we show the 

cost to travel from the dummy node to any depot or duplicated depot is equal to zero. 

In part (d), we show the cost to travel from the dummy node to any target node on the 

graph is equal to 𝑀 value.  

  

 
Original 

Depot 

  

 
Duplicated 

Depot 

  

 
Target 

Node 

  

 
Zero Cost 

Edge 

  

 
Original 

cost 
 

(a) (b) 

  
(c) (d) 

Figure 26: OPMmTSP transformation 

Table 15 demonstrate the cost matrix for the example presented in Figure 26. 

Table 15: New cost matrix 

  
Dummy 

node 
Depot 1 Depot 2 Target Nodes 

  𝑉0 𝑉1 𝑉2 𝑉2
1 𝑉𝐷+1 … 𝑉𝑁 

D
u

m
m

y
 

n
o

d
e 

𝑉0 M 0 0 0 M M M 
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D
ep

o
t 1

 

𝑉1 0 M M M 

𝐶𝑇(𝑉𝑖 , 𝑉𝑗) = 𝐶(𝑉𝑖 , 𝑉𝑗) D
ep

o
t 2

 

𝑉2
1 0 M M M 

𝑉2
1∗ 0 M M M 

T
arg

et 

N
o

d
es 

𝑉𝐷+1 M 

𝐶𝑇(𝑉𝑖, 𝑉𝑗) = 𝐶(𝑉𝑖 , 𝑉𝑗) 𝐶𝑇(𝑉𝑖 , 𝑉𝑗) = 𝐶(𝑉𝑖 , 𝑉𝑗) … M 

𝑉𝑁 M 

Then, the transformed graph is solved using Open Path mTSP formulation, which 

guarantees that every node is visited only once, except the dummy node since it is the 

only depot in the problem. The number of salesmen located at the dummy depot is 𝑚, 

which is the total number of salesmen. Similarly, the following has been considered: 

Since the transformed graph is an Open Path mTSP, the solution is a collection of all 

Open routes that start at the dummy depot but finish the trip at a target node. To 

discriminate the open routes in the transformed problem, we denote the open routes in 

the transformed graph as 𝑂𝑅𝑜𝑢𝑡𝑒𝑘
𝑇. The solution in the transformed graph is 

represented as follows:  

𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃) = {𝑂𝑅𝑜𝑢𝑡𝑒1
𝑇 , … , 𝑂𝑅𝑜𝑢𝑡𝑒𝑘

𝑇 , … , 𝑂𝑅𝑜𝑢𝑡𝑒𝑚
𝑇 } (3-21) 

𝑂𝑅𝑜𝑢𝑡𝑒𝑘
𝑇 consists of a dummy node, one depot and its target nodes. If a salesman does 

not visit any target node, 𝑂𝑅𝑜𝑢𝑡𝑒𝑘
𝑇 would be an empty route that consists of the dummy 

nodes and a depot. In this case, since the order at which paths appear in the solution 

does not affect the solution, we will represent it in order for the sake of convenience. 

𝑅𝑜𝑢𝑡𝑒𝑘
𝑇 can be represented as: 

𝑂𝑅𝑜𝑢𝑡𝑒𝑘
𝑇 = {𝑉0, 𝑉𝑖, … , 𝑉𝑇}, 𝑉𝑖 ∈ 𝐼𝑣, 𝑉𝑇 ∈ 𝐼𝑡 (3-22) 

Figure 27 shows a solution for the OPMmTSP on the transformed and original graphs. 

  

 Original Depot 

  

 
Duplicated 

Depot 

  

 Target Node 

  

 Zero Cost Edge 

  

 Original cost 
 (a) Transformed Graph (b) Original Graph 

Figure 27: Example of OPMmTSP solved as a mTSP 
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3.5.1. Mathematical proof. First, the following notations are considered: 

• In the original graph (𝑉, 𝐴): 

❖ 𝐶(𝑂𝑃𝑀𝑚𝑇𝑆𝑃): The cost of a feasible solution  

❖ 𝐶(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

: The cost of the optimal solution  

❖ (𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ): Set of routes that give that optimal solution.  

• In the transformed graph (𝑉𝑇 , 𝐴𝑇): 

❖ 𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃): The cost of a feasible solution 

❖  𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

 : The optimal solution 

❖ 𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ): Set of paths that give the optimal solution. 

Also, 𝑉𝑒𝑖 is considered to be the first visited node from depot 𝑉𝑖. In addition, 𝑉𝑟𝑖 and 𝑉𝑞𝑖 

are considered to be the last target nodes visited, respectively. We have the following 

result: 

Theorem 4. The optimal cost on the transformed graph 𝐺𝑇 = (𝑉𝑇 , 𝐴𝑇) is equal the 

optimal cost on the original graph 𝐺 = (𝑉, 𝐴) that is 𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃)
𝑜𝑝𝑡 = 𝐶𝑂𝑃𝑀𝑚𝑇𝑆𝑃

𝑜𝑝𝑡
. 

Lemma 4.1 If there is a feasible solution on the original graph (𝑉, 𝐴), then there is a 

feasible solution on the transformed graph (𝑉𝑇 , 𝐴𝑇) and 𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

≤ 𝐶𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑜𝑝𝑡

. 

Proof:  first we assume that 𝐶𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑜𝑝𝑡

< 𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

.  

As shown in (3-8), the (𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) is made of 𝑚 Open 𝑅𝑜𝑢𝑡𝑒 and the cost of any 

𝑂𝑅𝑜𝑢𝑡𝑒𝑘
  is the sum of the cost on each are.That is: 

𝐶(𝑂𝑅𝑜𝑢𝑡𝑒𝑘
 ) = 𝐶(𝑉𝑖, 𝑉𝑒𝑖) + ⋯+ 𝐶(𝑉𝑟𝑖 , 𝑉𝑞𝑖) 

In addition, since the optimal (𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) is a combination of all routes, the cost of  

(𝑂𝑃𝑀𝑚𝑇𝑆𝑃)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  would be the summation of individual cost on all of these routes and it 

can be represented as follows:  

𝐶(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) = ∑𝐶(𝑂𝑅𝑜𝑢𝑡𝑒𝑘
 )

m

k=1

 

The transformation is considered on (𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) and its corresponding mTSP tour on 

the transformed graph would be represented as 𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃) which can be broken 

into 𝑚 routes as shown in (3-21), where the cost of any 𝑂𝑅𝑜𝑢𝑡𝑒𝑘
𝑇 would be represented 

as follows: 

𝐶(𝑂𝑅𝑜𝑢𝑡𝑒𝑘
𝑇) = 𝐶(𝑉0, 𝑉𝑖) + 𝐶(𝑉𝑖, 𝑉𝑒𝑖) + ⋯+ 𝐶(𝑉𝑟𝑖 , 𝑉𝑞𝑖) 
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According to (3-20), we know that 𝐶(𝑉0, 𝑉𝑖) = 0. So, the cost of any 𝑂𝑅𝑜𝑢𝑡𝑒𝑘
𝑇 would 

be represented as follows: 

𝐶(𝑂𝑅𝑜𝑢𝑡𝑒𝑘
𝑇) = 𝐶(𝑉𝑖, 𝑉𝑒𝑖) + ⋯+ 𝐶(𝑉𝑟𝑖 , 𝑉𝑞𝑖) 

Hence, the cost of the transformed graph would be: 

𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃) = ∑𝐶(𝑂𝑅𝑜𝑢𝑡𝑒𝑘
𝑇)

m

k=1

 

According to (3-20), the cost to travel between the nodes is the same as the original 

grpah. Therefore, 𝑂𝑅𝑜𝑢𝑡𝑒𝑘
𝑇 has the same cost as 𝑅𝑜𝑢𝑡𝑒𝑘, so,  

𝐶(𝑂𝑅𝑜𝑢𝑡𝑒𝑘
𝑇) = 𝐶(𝑂𝑅𝑜𝑢𝑡𝑒𝑘

 ), 𝑘 ∈ {1,… ,𝑚} 

And, the cost of 𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃) in term of routes can be expressed as:  

𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃) = ∑𝐶(𝑂𝑅𝑜𝑢𝑡𝑒𝑘
 )

m

k=1

 

Hence,  

𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃) = 𝐶(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

 

By definition we know that: 

𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

≤ 𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃)  

So, by substituting the above derivation in the original assumption, we obtain that: 

𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃) = 𝐶𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑜𝑝𝑡

< 𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

≤ 𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃)  

Which means that the cost of the optimal solution on the transformed graph could not 

be greater than the cost of the optimal solution on the original graph.    

Lemma 4.2 If there is a feasible solution on the transformed graph (𝑉𝑇 , 𝐴𝑇), then there 

is a feasible solution on the original graph (𝑉, 𝐴) and 𝐶(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

≤ 𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

 

Proof: first we assume that 𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

< 𝐶(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

. 

We break 𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) tour into 𝑚 routes as shown in (3-21), and the cost of any 

𝑂𝑅𝑜𝑢𝑡𝑒𝑘
𝑇 is:  

𝐶(𝑂𝑅𝑜𝑢𝑡𝑒𝑘
𝑇) = 𝐶(𝑉𝑖, 𝑉𝑒𝑖) + ⋯+ 𝐶(𝑉𝑟𝑖 , 𝑉𝑞𝑖) 

In addition, we know that the optimal tour will have these properties: 

a) 𝑉0 will not be connected to any target node directly because the optimal 

solution will not have any edge whose cost is equal to M. 

b) In any trip, we will always have either an original or duplicated depots  



74 

c) Depot 𝑉0 can have a direct links only to 𝑉𝑖, 𝑉𝑖 ∈ 𝐼𝑣. 

The cost for 𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) will be represented as follows: 

𝐶 𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) =∑𝐶(𝑂𝑅𝑜𝑢𝑡𝑒𝑘
𝑇)

𝑚

𝑘=1

 

By inversing the transformation and transferring all edges from their duplicates to the 

original depot, every 𝑂𝑅𝑜𝑢𝑡𝑒𝑘
𝑇 can be represented as 𝑂𝑅𝑜𝑢𝑡𝑒𝑘 and their cost would be 

equal: 

𝐶(𝑂𝑅𝑜𝑢𝑡𝑒𝑘
𝑇) = 𝐶(𝑂𝑅𝑜𝑢𝑡𝑒𝑘

 ), 𝑘 ∈ {1,… ,𝑚} 

Thus, the 𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ )  tour when reversed would be an (𝑂𝑃𝑀𝑚𝑇𝑆𝑃) which is a 

feasible tour on the original graph with D depots. Therefore, the following expression 

is obtained, 

𝐶 (𝑂𝑃𝑀𝑚𝑇𝑆𝑃) =∑𝐶(𝑂𝑅𝑜𝑢𝑡𝑒𝑘
𝑇)

𝑚

𝑘=1

 

Hence, 

 𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

= 𝐶(𝑂𝑃𝑀𝑚𝑇𝑆𝑃)  

By definition we know that: 

𝐶𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑜𝑝𝑡

≤ 𝐶(𝑂𝑃𝑀𝑚𝑇𝑆𝑃)  

So, by substituting the above derivation in the original assumption, we obtain that: 

 𝐶(𝑂𝑃𝑀𝑚𝑇𝑆𝑃) = 𝐶𝑇(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

< 𝐶(𝑂𝑃𝑀𝑚𝑇𝑆𝑃̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝑜𝑝𝑡

≤  𝐶(𝑂𝑃𝑀𝑚𝑇𝑆𝑃)  

Which means that the cost of the optimal solution on the original graph could not be 

greater than the cost of the optimal solution on the transformed graph.    

Hence, Theorem 4 follows Lemma 4.1 and Lemma 4.2. 

 

3.5.2. Computational results. To validate our transformation, we solved the 

problems that were introduced in Table 8 on both the original and the transformed 

graph. To solve the problem on the original graph, we made use of model 5, which was 

introduced in Chapter 1. On the other hand, we solved the problem on the transformed 

graph using model 3 that was introduced in Chapter 1.  

Then we recorded the cost when one salesman is assigned to each depot and 

every salesman must be assigned. The result in Table 16 shows that both the original 

and the transformed graph will yield the same answer, which is also the optimal answer. 
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In Table 10, rows 1, 4 and 7 represent the problem at hand. Rows 2, 5 and 8 represents 

the number of depots. Rows 3, 6 and 9 represents the cost of the tour.  

Table 16: Open Path MmTSP to mTSP when one Salesman is assigned 

Problem Gr17 Gr21 Gr24 

Depots 2 3 5 2 3 5 2 3 5 

Tour 

cost 
1412 1215 967 2141 1864 1614 1109 1011 897 

Problem Bays29 FTV33 FTV35 

Depots 2 3 5 2 3 5 2 3 5 

Tour 

cost 
1762 1630 1474 1141 1073 973 1283 1193 1094 

Problem FTV38 FTV44 FTV47 

Depots 2 3 5 2 3 5 2 3 5 

Tour 

cost 
1345 1259 1182 1460 1407 1317 1623 1540 1471 

Since both the mathematical proof and the computational result confirms 

that the original and the transformed problem yield the same answer, this allows us to 

use any solution approach available, which is the main idea of transformation.  

 

3.6. Transformation Summary  

Throughout this thesis, we showcased how the TSP has been used to solve some 

of its variants such as the mTSP and the MmTSP through a proper transformation. To 

cap these transformations, Figure 28 represents a summary of all transformations 

presented either from the literature or developed over the lifespan of the thesis.  



76 

 

Figure 28: Map for different transformations for mTSP and MmTSP into a TSP 

  

[64] and [68] 

[63], [64], [65], [61] and [66] 

[62] [67] 

Section 3.2 

Section 3.3 

Section 3.4 

Section 3.5 
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Chapter 4: Depot-less Travelling Salesmen Problem 

In this Chapter, we present an MILP formulation for a special case of the TSP, 

where each salesman starts from any city then travels to a set of cities to complete its 

route by returning to the city he started from such that each city is visited once. The 

difference to a regular MmTSP is that there is no depot node from where the trips should 

be initiated. Again, the starting node can be any of the target nodes. Figure 29 shows 

an example of the proposed case.  

 
Figure 29: Depot-less TSP 

We developed two methods for solving the proposed problem. The first 

approach is to transform the problem into an FDMmTSP by adding 𝑫 dummy depots, 

while the second approach is based on adding 𝑫 dummy nodes into a TSP. In both 

methods, we add special constraints that restore the distance and forces the salesmen to 

return to the city they started from. For validation of the work, the model is used to 

solve an already existing problem from the TSP online library via optimization 

software.  

4.1. Approach based on FDMmTSP Formulation  

The first approach is to transform the problem into an FDMmTSP by adding 

𝑫 dummy depots that has zero cost edge to all other nodes. In each of these dummy 

depots, we assigned one salesman. Then with the aid of special constraints that we 

developed, we were able to provide the formulation for the proposed problem. 

4.1.1. Problem definition and notation. In graph concept, we consider a 

complete graph 𝐺 =  (𝑉, 𝐴), where 𝑉 and 𝐴 are defined as follows: 

• 𝑉 is a set of 𝑁 nodes, where the first 𝐷 nodes of 𝑉 are dummy depots with zero 

cost edges to any other node. There is one salesman located at each dummy 

depot. Hence, the total number of salesmen is equal to 𝐷. 

• 𝐴 is a set of arcs and 𝐶𝑖𝑗 is the cost (distance) matrix associated with each arc 

(i,j) ∈ 𝐴. 
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In this scenario, since we have dummy depots with zero cost edges, there is no 

starting point at the beginning of the trip. Thus, the first point which is connected to the 

dummy depot can be eventually viewed as a depot; unlike in a traditional MmTSP 

problem where depots are predetermined. Afterward, with our added constrains, we 

force the salesman to return to the city he started from. We have the following 

formulation. 

• Problem parameters 

𝑪𝒊𝒋 Cost matrix (distance) between node i and node j 

𝑵 Number of nodes (including depot nodes) 

𝑫 Number of dummy depots 

• Problem decision variables 

𝒙𝒌𝒊𝒋 
1, if salesman 𝒌 travels from node 𝒊 to node 𝒋  

0, otherwise. 

𝒚𝒌𝒊𝒋 
1, if salesman 𝑘 travels from node 𝑖 to node 𝑗 through the 𝑘𝑡ℎ depot 

0, otherwise.  

𝒖𝒊 
Arbitrary variable that indicates the number of nodes visited from the 

depot to node 𝑖 

We present the following MILP formulation for the DTSP  

𝑀𝑖𝑛 =∑∑∑𝐶𝑖𝑗 ∗ (𝑋𝑘𝑖𝑗 + 𝑌𝑘𝑖𝑗)

𝑛

𝑗

𝑛

𝑖

𝐷

𝑘

 (4-1) 

∑∑𝑋𝑘𝑖𝑗

𝑛

𝑗

𝐷

𝑘

= 1, ∀𝑖 ≤ 𝐷 (4-2) 

∑∑𝑋𝑘𝑗𝑖

𝑛

𝑗

𝐷

𝑘

= 1, ∀𝑖 ≤ 𝐷 (4-3) 

∑𝑋𝑘𝑘𝑗

𝐷

𝑘

+∑∑𝑋𝑘𝑖𝑗

𝑛

𝑖>𝐷

𝐷

𝑘

= 1, ∀𝑗 > 𝐷 (4-4) 

𝑋𝑘𝑘𝑗 +∑𝑋𝑘𝑖𝑗

𝑛

𝑖>𝐷

− 𝑋𝑘𝑗𝑘 −∑𝑋𝑘𝑗𝑖

𝑛

𝑖>𝐷

= 0, 
∀𝑘, 

∀𝑗 > 𝐷 
(4-5) 
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∑𝑋𝑘𝑘𝑗

𝑛

𝑗>𝐷

−∑𝑋𝑘𝑗𝑘

𝑛

𝑗>𝐷

= 0, ∀𝑘 (4-6) 

𝑋𝑘𝑖𝑖 = 0, ∀𝑘, ∀𝑖 (4-7) 

𝑈𝑖 − 𝑈𝑗 + 𝑁∑𝑋𝑘𝑖𝑗

𝐷

𝑘

+ (𝑁 − 2)∑𝑋𝑘𝑗𝑖

𝐷

𝑘

≤  𝑁 − 1, 

∀𝑖 > 𝐷, 

∀𝑗 > 𝐷, 

𝑖 ≠ 𝑗 

(4-8) 

∑𝑌𝑘𝑖𝑗

𝑛

𝑗>𝐷

−∑𝑋𝑘𝑖𝑗

𝐷

𝑗

= 0, 
∀𝑘, 

 ∀𝑖 > 𝐷 
(4-9) 

∑𝑌𝑘𝑗𝑖

𝑛

𝑗>𝐷

−∑𝑋𝑘𝑗𝑖

𝐷

𝑗

= 0, 
∀𝑘,  

∀𝑖 > 𝐷. 
(4-10) 

Equation (4-1) gives the objective function that minimizes the total length to 

cover all cities. Constraints (4-2) and (4-3) ensure that exactly one salesman available 

at the 𝑘𝑡ℎ depot. Constraint (4-4) ensures that every node is visited only once while 

constraints (4-5) to (4-7) are for the road continuity to form a tour. Constraint (4-8) is 

the traditional Sub-tour Elimination Constraint (SEC). Constraints (4-9) and (4-10) 

allow to find 𝑖 and 𝑗 nodes that are connected through the 𝑘𝑡ℎ dummy depot and assign 

their values to the augmented network (𝒚𝒌𝒊𝒋). As a result, for every 𝑘, the augmented 

network (𝒚𝒌𝒊𝒋) will have exactly one link, which is a direct link for the nodes that 

connected to the 𝑘𝑡ℎ dummy depot. In addition, the values of (𝒚𝒌𝒊𝒋) ∈ {0,1} , however, 

there is no need to define (𝒚𝒌𝒊𝒋) as a binary variable, since its value depends on the 

values from the actual network (𝒙𝒌𝒊𝒋), which is defined as binary.  

Zhang et. al. [31] mentioned the importance of having a TSP model that is rich 

with constraints. Therefore, we made sure that the formulation we provided can be 

easily adjusted to accommodate more constraints. The following parameters and 

constraints can be added in order to create generalized variants of our initial problem. 

• Added Problem parameters 

𝑳 Maximum number of nodes visited by one salesman 

𝑺 Minimum number of nodes visited by one salesman 

𝑴𝒂𝒙𝒌 Maximum distance travelled by salesman 𝑘 

𝑴𝒊𝒏𝒌 Minimum distance travelled by salesman 𝑘 
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𝑸𝒌 Capacity for salesman 𝑘 

𝑷𝒊 Load at each stop 𝑖 

We present the following extra constraints for the DTSP formulation presented above.  

𝑈𝑖 + (𝐿 − 2)∑𝑋𝑘𝑘𝑖

𝐷

𝑘

−∑𝑋𝑘𝑖𝑘

𝐷

𝑘

≤ 𝐿 − 1, ∀𝑖 > 𝐷, (4-11) 

𝑈𝑖 +∑𝑋𝑘𝑘𝑖

𝐷

𝑘

+ (2 − 𝑆)∑𝑋𝑘𝑖𝑘

𝐷

𝑘

≥ 2, ∀𝑖 > 𝐷, (4-12) 

∑𝑋𝑘𝑘𝑖

𝐷

𝑘

+∑𝑋𝑘𝑖𝑘

𝐷

𝑘

≤ 1, ∀𝑖 > 𝐷, (4-13) 

∑∑(𝐶𝑖𝑗 ∗ 𝑋𝑘𝑖𝑗

𝑁

𝑗

𝑁

𝑖

) ≤ 𝑀𝑎𝑥𝑘, ∀𝑘,  (4-14) 

∑∑(𝐶𝑖𝑗 ∗ 𝑋𝑘𝑖𝑗

𝑁

𝑗

𝑁

𝑖

) ≥ 𝑀𝑖𝑛𝑘, ∀𝑘, (4-15) 

∑∑(𝑃𝑖 ∗ 𝑋𝑘𝑖𝑗

𝑁

𝑗

𝑁

𝑖

) ≤ 𝑄𝑘, ∀𝑘. (4-16) 

Constraints (4-11) and (4-12) enforce bounds on the number of nodes a 

salesman visit, theses constraints were developed by Kara and Bektas [10]. Constraint 

(4-13) prohibits the salesman from visiting one node only. Constraints (4-14) and (4-

15) enforce bounds on the distance a salesman can travel. Constraint (4-16) enforces 

bounds on the load a salesman can carry. 

4.1.2. Model illustration. The first thing for solving the proposed problem 

using our approach is to add 𝐷 dummy depot to the graph, so 𝑁 would be equal to the 

set of target nodes plus 𝐷 dummy depots, as shown in Figure 30. Part (a) shows the 

initial graph, while part (b) shows the graph after adding the dummy depots.  

 

 

(a) Set of target nodes 

 

(b) N=Target nodes + D dummy depots 

 Target node 

 Dummy depots 

Figure 30: DTSP transformation 
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Then we solve the problem using the suggested MILP formulation. The solution 

for 𝑥𝑖𝑗𝑘 will identify the route as shown in the first part of Figure 31. The second part 

of Figure 31 shows the solution for 𝑥𝑖𝑗𝑘 and 𝑦𝑖𝑗𝑘 combined. In addition, it shows that 

nodes that are connected to the dummy node have a link from the augmented network 

and this adds the cost for the salesman to return to the first city that he visited. Since 

we are assigning one salesman to each depot, the number of links created from the 

augmented network is always equal to the number of salesmen. Every “k” in the 

augmented network have one link only, which is the link that adds the cost for the 

salesman to return to his starting node. Since both 𝑥𝑖𝑗𝑘 and 𝑦𝑖𝑗𝑘 are part of the 

optimization they are both solved simultaneously.   

 

(a) Solution of 𝑥𝑖𝑗𝑘 

 

(b) Solution of 𝑥𝑖𝑗𝑘 and 𝑦𝑖𝑗𝑘 

 

 Target node 

 Dummy depots 

Zero-cost edge 

 arc from   

augmented network 

Figure 31: Solution approach for the DTSP 

Eventually, we can view the final solution as a special case of MmTSP where 

each salesman starts from a unique city, travels to a set of cities and completes the route 

by returning to the city he started from such that each city is visited once, as shown in 

Figure 32. 

 

 

Target node 

Figure 32: Final solution for the DTSP 

4.2. Approach based on TSP formulation  

The second approach is to transform the problem into a TSP by adding 𝐷 

dummy nodes that have zero cost edge to all other nodes and adjust the special 

constraints that restores the distance to fit the TSP. Since the problem is solved as a 

TSP, we have one salesman only, but the actual solution can be viewed as if we have 

𝐷 salesmen; which is the same number of dummy nodes.  
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4.2.1. Problem definition and notation. In graph concept, we consider a 

complete graph 𝐺 =  (𝑉, 𝐴), where 𝑉 and 𝐴 are defined as follows: 

• 𝑉 is a set of 𝑁 nodes, where the first 𝐷 nodes of 𝑉 are dummy nodes with zero 

cost edges to any other node. 

• 𝐴 is a set of arcs and 𝐶𝑖𝑗 is the cost (distance) matrix associated with each arc 

(i,j) ∈ 𝐴. 

In this scenario, we break the solution for a TSP into 𝐷 paths; which is the same 

number of dummy nodes. Originally, in TSP problem we have one salesman only, but 

in this case, we consider that every path is covered by one salesman. Hence, the total 

number of salesmen is also equal to m ; which is the same number of dummy nodes. In 

every path, the first target nodes that are connected to the dummy node are considered 

as the starting points. Then, with our added constrains, we force each salesman to return 

to the city he started from. We have the following formulation. 

• Problem parameters 

𝑪𝒊𝒋 Cost matrix (distance) between node i and node j 

𝑵 Number of nodes (including depot nodes) 

𝑫 Number of dummy nodes 

• Problem decision variables 

𝒙𝒊𝒋 
1, if the salesman travels from node 𝒊 to node 𝒋  

0, otherwise. 

𝒛𝒌𝒊𝒋 
1, if salesman 𝑘 travels from node 𝑖 to node 𝑗 through the 𝑘𝑡ℎ dummy node 

0, otherwise 

𝒖𝒊 
Arbitrary variable that indicates the number of nodes visited from node 1 

to node 𝑖 

We present the following MILP formulation for the DTSP  

𝑀𝑖𝑛 =∑∑𝐶𝑖𝑗 ∗ 𝑋𝑖𝑗

𝑛

𝑗

𝑛

𝑖

+∑∑∑𝐶𝑖𝑗 ∗ 𝑍𝑘𝑖𝑗

𝑛

𝑗>𝐷

𝑛

𝑖>𝐷

𝐷

𝑘

 (4-17) 

∑𝑋𝑖𝑗

𝑛

𝑗

= 1, ∀𝑖, (4-18) 
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∑𝑋𝑖𝑗

𝑛

𝑖

= 1, ∀𝑗, (4-19) 

𝑈𝑖 − 𝑈𝑗 + (𝑁 + 1)𝑋𝑖𝑗 + (𝑁 − 3)𝑋𝑗𝑖 ≤ 𝑁 − 2, 
∀𝑖 ≥ 2 

, ∀𝑗, 
(4-20) 

𝑈𝑖 ≤ 𝑈𝑖+1, ∀𝑖 > 𝐷, (4-21) 

𝑍𝑘𝑘𝑗 = 𝑋𝑘𝑗, 
∀𝑘 

, ∀𝑗 > 𝐷, 
(4-22) 

𝑍𝑘𝑖𝑘 = 𝑋𝑖(𝐾+1), 
∀𝑘 < 𝐷, 

, ∀𝑖 > 𝐷, 
(4-23) 

𝑍𝐷𝑖𝐷 = 𝑋𝑖1, ∀𝑖 > 𝐷, (4-24) 

∑𝑍𝑘𝑖𝑗

𝐷

𝑗

−∑𝑍𝑘𝑖𝑗

𝑛

𝑗>𝐷

= 0, 
∀𝑘 

 , ∀𝑖 > 𝐷, 
(4-25) 

∑𝑍𝑘𝑖𝑗

𝐷

𝑖

−∑𝑍𝑘𝑖𝑗

𝑛

𝑖>𝐷

= 0, 
∀𝑘 

 , ∀𝑗 > 𝐷. 
(4-26) 

Equation (4-17) gives the objective function that minimizes the total length to 

cover all cities. Constraints (4-18) and (4-19) ensure that every node is visited only 

once. Constraint (4-20) is the traditional Sub-tour Elimination Constraint (SEC). 

Constraint (4-21) is precedence constraint for the dummy node.  Constraints (4-22), to 

(4-24) determine which target nodes are connected to the dummy node. Constraints (4-

25) and (4-26) allow to find 𝑖 and 𝑗 nodes that are connected through the 𝑘𝑡ℎ dummy 

depot and assign their values to the augmented network (𝒛𝒌𝒊𝒋). As a result, for every 𝑘, 

the augmented network (𝒛𝒌𝒊𝒋) will have exactly one link, which is a direct link for the 

nodes that connected to the 𝑘𝑡ℎ dummy depot. In addition, the values of (𝒛𝒌𝒊𝒋) ∈ {0,1} , 

however, there is no need to define (𝒛𝒌𝒊𝒋) as a binary variable, since its value depends 

on the values from the actual network (𝒙𝒊𝒋), which is defined as binary. 

4.2.2. Model illustration. The first thing for solving the proposed problem 

using our approach is to add 𝐷 dummy nodes to the graph, so 𝑁 would be equal to the 

set of target nodes plus 𝐷 dummy nodes, as shown in Figure 33. Part (a) shows the 

initial graph, while the part (b) shows the graph after adding the dummy depots.  



84 

 

 

a- Set of target nodes 

 

        b- N=Target nodes + D dummy nodes 

 Target node 

 Dummy nodes 

Figure 33: DTSP transformation 

Then we solve the problem using the suggested MILP formulation. The solution 

for 𝑥𝑖𝑗𝑘 will identify the route as shown in the first part of Figure 34. The second part 

of Figure 34 shows the solution for 𝑥𝑖𝑗 and 𝑧𝑖𝑗𝑘 combined. In addition, it shows that 

nodes that are connected to the dummy node have a link from the augmented network 

and this adds the cost for the salesman to return to the first city that he visited. It is 

worth mentioning that both 𝑥𝑖𝑗 and 𝑧𝑖𝑗𝑘 are solved simultaneously. Since we are 

considering that every path is covered by one salesman, the number of links created 

from the augmented network is always equal to the number of salesmen. Every “k” in 

the augmented network have one link only, which is the link that adds the cost for the 

salesman to return to his starting node. Similarly, both 𝑥𝑖𝑗𝑘 and 𝑧𝑖𝑗𝑘 are part of the 

optimization and they are both solved simultaneously.   

 

(c) Solution of 𝑥𝑖𝑗𝑘 
 

(d) Solution of 𝑥𝑖𝑗𝑘 and 𝑧𝑖𝑗𝑘 

 Target node 

 Dummy nodes 

Zero-cost edge 

 arc from   

augmented network 

Figure 34: Solution approach for the DTSP 

Eventually, we can view the final solution as a special case of MmTSP where 

each salesman starts from a unique city, travels to a set of cities and completes the route 

by returning to the city he started from such that each city is visited once, as shown in 

Figure 35.  

 

 

Target node 

Figure 35: Final solution for the DTSP 
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4.3. Results 

For testing, LINGO 15.0 was used on Intel® Xeon® CPU with 3.1 GHz 

processing power and 3.91 GB RAM. First, we have used the model to first prove that 

when (𝐷 = 1), the formulation can be used to find the route for to a typical TSP. We 

have tested the model on [Gr17] problem. For this problem, the optimal cost for a 

typical TSP as recorded in the TSP online library is 2085 [70]. Table 17 shows the cost 

matrix for the 17 cities.  

Table 17: Distance Matrix for Gr17 
Cities 

 01 02 03 04 05 06 07 08 09 10 11 12 13 14 15 16 17 

1 0 633 257 91 412 150 80 134 259 505 353 324 70 211 268 246 121 

2 633 0 390 661 227 488 572 530 555 289 282 638 567 466 420 745 518 

3 257 390 0 228 169 112 196 154 372 262 110 437 191 74 53 472 142 

4 91 661 228 0 383 120 77 105 175 476 324 240 27 182 239 237 84 

5 412 227 169 383 0 267 351 309 338 196 61 421 346 243 199 528 297 

6 150 488 112 120 267 0 63 34 264 360 208 329 83 105 123 364 35 

7 80 572 196 77 351 63 0 29 232 444 292 297 47 150 207 332 29 

8 134 530 154 105 309 34 29 0 249 402 250 314 68 108 165 349 36 

9 259 555 372 175 338 264 232 249 0 495 352 95 189 326 383 202 236 

10 505 289 262 476 196 360 444 402 495 0 154 578 439 336 240 685 390 

11 353 282 110 324 61 208 292 250 352 154 0 435 287 184 140 542 238 

12 324 638 437 240 421 329 297 314 95 578 435 0 254 391 448 157 301 

13 70 567 191 27 346 83 47 68 189 439 287 254 0 145 202 289 55 

14 211 466 74 182 243 105 150 108 326 336 184 391 145 0 57 426 96 

15 268 420 53 239 199 123 207 165 383 240 140 448 202 57 0 483 153 

16 246 745 472 237 528 364 332 349 202 685 542 157 289 426 483 0 336 

17 121 518 142 84 297 35 29 36 236 390 238 301 55 96 153 336 0 

The optimal result using our formulation shows the same answer for a typical TSP with 

cost 2085. Table 18 and Table 19 show a breakdown of the solution.  

Table 18: Optimal solution for 𝑥𝑘𝑖𝑗 for one salesman 
 D Cities 
 01 01 02 03 04 05 06 07 08 09 10 11 12 13 14 15 16 17 

1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 

2 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 

3 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 

4 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 

5 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 

6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 

7 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 

8 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 

9 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 

10 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

11 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 

12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 

13 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 

14 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 

15 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

16 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

17 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 

From Table 18, we can see that optimal path for 𝑋𝑘𝑖𝑗 : 
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𝐷𝑢𝑚𝑚𝑦 𝑛𝑜𝑑𝑒 → 16 → 12 → 9 → 5 → 2 → 10 → 11 → 3 → 15 → 14 → 17 → 6

→ 8 → 7 → 13 → 4 → 1 → 𝐷𝑢𝑚𝑚𝑦 𝑛𝑜𝑑𝑒 

 This path gave a cost of 1839.  

Table 19: Optimal solution for 𝑌𝑘𝑖𝑗 for one salesman 
 D Cities 
 01 01 02 03 04 05 06 07 08 09 10 11 12 13 14 15 16 17 

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

11 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

14 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

15 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

16 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

17 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

From Table 19, we can see that optimal path for 𝑌𝑘𝑖𝑗 : 

1 → 16 

This path gave a cost of 246. Therefore, when adding both costs, the solution for both 

𝑋𝑘𝑖𝑗 and 𝑌𝑘𝑖𝑗 will be 2085; which is the same cost for a typical TSP [70].  

Then we tested the problem assuming two salesmen are available. Table 20 and 

Table 21 show a breakdown of the solution. 

Table 20: Optimal solution for 𝑥𝑘𝑖𝑗 for two salesmen 
 D Cities 
 01 02 01 02 03 04 05 06 07 08 09 10 11 12 13 14 15 16 17 

1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

2 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 

1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 

2 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

3 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 

5 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 

6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 

7 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 

8 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 

9 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 

10 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 

11 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 

12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 

13 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 

14 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 

15 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

16 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

17 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 
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From Table 20, we can see that optimal path for 𝑋𝑘𝑖𝑗 is: 

(𝐷𝑢𝑚𝑚𝑦 𝑛𝑜𝑑𝑒 1) → 2 → (𝐷𝑢𝑚𝑚𝑦 𝑛𝑜𝑑𝑒 1) 

(𝐷𝑢𝑚𝑚𝑦 𝑛𝑜𝑑𝑒 2) → 3 → 15 → 14 → 17 → 6 → 8 → 7 → 13 → 4 → 1 → 16 → 12

→ 9 → 5 → 10 → 11 → (𝐷𝑢𝑚𝑚𝑦 𝑛𝑜𝑑𝑒 2) 

These paths gave a cost of 1655.  

Table 21: Optimal solution for 𝑦𝑘𝑖𝑗 for two salesmen 

 D Cities 

n 01 02 01 02 03 04 05 06 07 08 09 10 11 12 13 14 15 16 17 

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

2 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

3 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 

4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

11 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

14 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

15 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

17 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

From Table 21, we can see that optimal paths for 𝑌𝑘𝑖𝑗 is: 2 → 2 and 11 → 3. 

The assignment from 𝑌𝑘𝑖𝑗 gives us an optimal cost of 110. Therefore, when 

adding both costs the solution for both 𝑋𝑘𝑖𝑗 and 𝑌𝑘𝑖𝑗 is 1765.  

We recorded the timing in seconds to solve the problem. The results in Table 

22  shows that this type of problems require a lot of computational time despite the 

small size of the problem.In Table 22, the first column represents the problem and the 

number of dummy depots. (E.g. Gr17-D2: problem Gr17 and number of dummy depots 

is equal to two). 

Table 22: DTSP results 
  MmTSP Approach TSP Approach 

Problem Cost 
Solver 

Steps 

Total Solver 

iteration 
Time (s) Solver Steps 

Total Solver 

iteration 
Time (s) 

Gr17-D1 2085 363086 11446888 1886 725989 66135164 25243 

Gr17-D2 1765 10406478 641850255 144962 7731424 286863726 45518 

Gr17-D3 1476 4352781 185250317 41808 4392093 167453223 23141 
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4.4. Applications  

4.4.1. Supervisor allocation. The original problem was proposed by a service 

company that handles a number of offices located in various locations among the city. 

The company has a number of supervisors whom will be overseeing the work and 

provide necessary support for customers and make sure that everything is running 

smoothly. Each supervisor is capable of handling a number of offices, which means 

that the supervisor will be travelling from one office to another. Thus, the management 

team is trying to find the minimum total travel distance to be covered by their 

supervisors. Table 23 shows the distance matrix.    

Table 23: Distance matrix  
 

1 2 3 4 5 6 7 8 9 10 11 12 13 

1 0 1796 1577 1544 1342 7634 7451 6914 6570 7706 7810 7521 7198 

2 1798 0 257 289 631 7600 6900 7628 7391 7959 7902 6983 6976 

3 1578 258 0 187 526 7991 7706 7501 6872 6745 7964 7283 7092 

4 1549 285 181 0 424 6572 7483 6713 6998 6812 7659 7168 7598 

5 1348 635 530 432 0 7171 7529 7070 7170 7505 6964 7493 7123 

6 7633 7597 7983 6569 7165 0 439 631 768 901 899 824 821 

7 7451 6895 7710 7486 7528 436 0 314 1195 1321 1319 1251 136 

8 6923 7631 7491 6711 7075 632 313 0 1385 1519 1520 1443 1440 

9 6576 7389 6868 6997 7169 771 1192 1390 0 151 143 122 1123 

10 7706 7966 6753 6812 7509 904 1328 1520 152 0 80 173 177 

11 7804 7903 7962 7660 6968 898 1327 1516 142 86 0 124 128 

12 7513 6987 7277 7168 7489 829 1242 1447 129 179 126 0 18 

13 7203 6981 7096 7588 7120 831 144 1446 1127 176 120 11 0 

Assuming that we have two supervisors. The optimal path for 𝑋𝑘𝑖𝑗 is: 

(𝐷𝑢𝑚𝑚𝑦 𝑛𝑜𝑑𝑒 1) → 12 → 11 → 10 → 9 → 6 → 9 → 7 → 13 → (𝐷𝑢𝑚𝑚𝑦 𝑛𝑜𝑑𝑒 1) 

(𝐷𝑢𝑚𝑚𝑦 𝑛𝑜𝑑𝑒 2) → 1 → 5 → 4 → 2 → 3 → (𝐷𝑢𝑚𝑚𝑦 𝑛𝑜𝑑𝑒 2) 

The optimal assignment from the augmented network 𝑦𝑘𝑖𝑗 is: 

13 → 12 

3 → 1 

The solution for both 𝑋𝑘𝑖𝑗 and 𝑌𝑘𝑖𝑗 adds up to 6117. In addition, the solution shows 

which target nodes (offices) are assigned to the supervisor and the route that he should 

take in order to minimize the total distance travelled.  

4.4.2. Clustering algorithm. Since the generalized case of the TSP will allow 

us to partition the data set in such a way that the distance to cover all sets of points is 

the minimum, it can be utilized as a clustering technique. The generated cluster from 
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this case will also include the arrangement of the nodes (as a byproduct). Therefore, we 

can view any route taken by a salesman as a cluster in its own and the total number of 

salesmen indicates the number of clusters that will be generated.  

We have tested our formulation against k-mean algorithm on a specific data set. 

The data points form two circles. The first circle has a radius of (4 m), while the second 

circle has a radius of (1.5 m) as shown in Figure 36. We denote the points obtained 

from the first circle as (r1) and the points obtained from the second circle as (r2). 

 

Figure 36: Clustering Data 

First, we solved the problem using k-mean and assuming two clusters, as shown 

in Figure 37. Every cluster that was generated included points from (r1) and (r2). This 

does not come as a surprise, because k-means finds a central vector, which is not 

necessarily a member of the data set.  

 

Figure 37: K-mean solution 
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On the other hand, if we used the DTSP model that was introduced earlier. We 

will find a solution which is completely different than the one given by the k-means, as 

shown in Figure 38. 

 
Figure 38: DTSP 

The results for 𝑋𝑘𝑖𝑗 and 𝑦𝑘𝑖𝑗: 

• The first salesman will only visits the nodes that form circle (r1) 

• The second salesman will only visits the nodes that form circle (r2) 

As shown in Figure 38, the first cluster includes points from (r1) only. While, 

the second cluster includes points from (r2) only. 

 Of course this does not proof that the suggested method is better than the well-

known k-means. However, it offers a different way of organizing the data. According 

to [6], “clusters are in the eye of the beholder”, and the right clustering algorithim 

depends on the set of data that is being tested and the application that the clustering is 

used in. 
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Chapter 5: Conclusion and Future Research Direction 

5.1. Conclusion 

This research addressed the well-known problem in the operation research field 

which is known as the Travelling Salesman Problem (TSP). The TSP has been exploited 

by organizations to improve their transportation systems, as well as to plan the 

management of materials, services and capital flow.  The main approaches that are used 

to solve the TSP are Mathematical Programming, Heuristic and Meta-Heuristic such as 

Simulated Annealing (SA), Tabu Search (TS), Genetic Algorithm (GA) and Ant 

Colony Optimization (ACO).  In addition to being used in transportation problems, 

generalized variants of the TSP can be utilized in order to solve other important 

applications such as production, scheduling, mission planning, workforce planning and 

surveillance system. Examples of these variants include the multiple Travelling 

Salesmen problem and the Multi Depot multiple Travelling Salesmen Problem. This 

research focuses on solving these variants through the use of a proper transformation, 

meaning that the solution of the transformed problem would lead to the solution of the 

original problem. The benefit of using such approaches is the ability to utilize existing 

TSP solution approaches and algorithms.  

As the main achievement of this research, we presented a comprehensive review 

on the transformations used to solve the Multiple Travelling Salesmen problem and the 

Multi Depot multiple Travelling Salesmen Problem. In addition, we developed 

graphical illustrations for the transformations that is available in the literature. Then, 

through the use of duplicated and dummy depots, we were able to provide four 

transformations for variants of the MmTSP. The variants considered in this study are 

the Fixed Destination MmTSP, Non-Fixed Destination MmTSP and the Open Path 

MmTSP. To prove the validity of the formulated transformations, mathematical proofs 

and computational testing were presented. Finally, through the use of dummy nodes 

and special constraints, two Mixed integer Linear Programming models for the DTSP 

variant were provided, where a number of salesmen start from unique cities then travel 

to a set of cities and complete their routes by returning to the city of origin such that 

each city is visited once. All models were coded using Lingo 15.0 and tested to illustrate 

their functionality.  
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Both the mathematical proof and the computational result confirms that the 

original and the transformed problem yield the same answer, this allows us to use any 

solution approach available, which is the main idea of the transformation.  

5.2. Future Research  

The review that was presented in Chapter two could be extended to include all 

transformations for all TSP variants and could be presented as a review paper. 

Moreover, the transformations that were presented in Chapter three were developed for 

the three variants of MmTSP. For future work, different transformations for more 

generalized variants can be developed to be able to utilize existing TSP solution 

approaches and algorithms. Finally, The Mixed integer Linear Programming model that 

was developed for the DTSP variant can be used as a reference for developing a 

heuristic approach that is capable of solving the problem in a reasonable time. In 

addition, this variant of TSP could be utilized in many applications if the right 

constraints are added.  
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Appendix A: TSP Lingo Code 
MODEL: 

SETS: 

! Original Cost Matrix; 

CITY / 1..29/ : U ; 

LINK( CITY , CITY):  C , X;  

ENDSETS 

DATA:    

N=29;  ! Cost Matrix + Dummy node + duplicated depots; 

C = @OLE ( 'C:\Users\ADS\Desktop\Testing Thesis\Test Data.xlsx', 'TSPbays29' );  

ENDDATA 

 

! Model; 

 

MIN = @SUM( LINK(i,j): C(i,j) * X(i,j)); 

 

@FOR ( City (i): 

@SUM ( City (j): 

 X(i,j) ) =1 ; 

@SUM ( City (j): 

 X(j,i) ) =1 ; 

 X(i,i)  =0 ; 

); 

 

@FOR ( City (i) | i #GT# 1: 

@FOR ( City (j) | j #NE# i: 

 U(i) - U(j) + (N-1) * X(i,j) + (N-3) * X(j,i) <= N -2; 

));  

 

@FOR( LINK(i,j): @BIN( X(i,j));); 
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Appendix B: mTSP Lingo Code 
MODEL: 

 

SETS: 

  ! Original Cost MAtrix; 

  CITY / 1..24/ : U; 

  LINK( CITY, CITY):  C, X;  

ENDSETS 

 

DATA:    

N = 24; 

M=5;  ! Number of SALESMAN; 

!N=36; ! Cost matrix + Dummy node + Duplicated depots; 

!m=2;  ! Number of Salesman = Depots + Duplicated depots; 

 

C = @OLE ( 'C:\Users\Assaf\Dropbox\Thesis\New Lingo\Test Data\Test Data.xlsx', 'TSPgr24' );  

 

@text () = @table (oldc); 

@text () = @table (c); 

ENDDATA 

 

! Model; 

MIN = @SUM( City (i) : 

 @SUM( City (j) : 

   C(i,j) * X(i,j) 

 )); 

 

@FOR( LINK(i,j): @BIN( X(i,j));); 

  

 @FOR (City (i)| i #LE# 1: 

 @SUM( City (j): 

  X(i,j) ) <= m; 

 @SUM( City (j): 

  X(j,i) ) <= m; 

 ); 

 

 @FOR( City (i)| i #GT# 1: 

 

 @SUM( City (j): 

  x(i,j)) = 1 ; 

 

 @SUM( City (j): 

  x(j,i)) = 1 ; 

 

  x(i,i) =0   ; 

  

 @FOR( City (j)| j #GT# 1 #AND# i #NE# j: 

  U(i) - U(j) + N * X(i,j) + (N-2) * X(j,i) <= N -1; 

 

 ); 

 

 ); 
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Appendix C: OPmTSP Lingo Code 
MODEL: 

 

SETS: 

  ! Original Cost MAtrix; 

  CITY / 1..24/ : U; 

  LINK( CITY, CITY):  C, X;  

ENDSETS 

 

DATA:    

N = 24; 

M=5;  ! Number of SALESMAN; 

!N=36; ! Cost MAtrix + Dummy node + Duplicated depots; 

!m=2;  ! Number of Salesman = Depots + Duplicated depots; 

 

C = @OLE ( 'C:\Users\Assaf\Dropbox\Thesis\New Lingo\Test Data\Test Data.xlsx', 'TSPgr24' );  

 

@text () = @table (oldc); 

@text () = @table (c); 

ENDDATA 

 

! Model; 

MIN = @SUM( City (i) : 

 @SUM( City (j) | j #GT# 1: 

   C(i,j) * X(i,j) 

 )); 

 

@FOR( LINK(i,j): @BIN( X(i,j));); 

  

 @FOR (City (i)| i #LE# 1: 

 @SUM( City (j): 

  X(i,j) ) <= m; 

 @SUM( City (j): 

  X(j,i) ) <= m; 

 ); 

 

 @FOR( City (i)| i #GT# 1: 

 

 @SUM( City (j): 

  x(i,j)) = 1 ; 

 

 @SUM( City (j): 

  x(j,i)) = 1 ; 

 

  x(i,i) =0   ; 

  

 @FOR( City (j)| j #GT# 1 #AND# i #NE# j: 

  U(i) - U(j) + N * X(i,j) + (N-2) * X(j,i) <= N -1; 

 

 ); 

 

 ); 
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Appendix D: NFDMmTSP Lingo Code 
MODEL: 

 

SETS: 

  ! Original Cost MAtrix; 

  CITY / 1..48/ : U; 

  LINK( CITY, CITY):  C, X;  

 

ENDSETS 

 

 

DATA:    

N=48; ! Cost MAtrix + Dummy node + Duplicated depots; 

D=5;  ! Number of Depots; 

m=1;  ! Number of Salesman = Depots + Duplicated depots; 

 

C = @OLE ( 'C:\Users\ADS\Desktop\Testing Thesis\test data.xlsx', 'TSPftv47' );  

  

@text () = @table (c); 

ENDDATA 

  

! Model; 

MIN = @SUM( City (i) : 

 @SUM( City (j) : 

   C(i,j) * X(i,j) 

 )); 

 

@FOR( LINK(i,j): @BIN( X(i,j));); 

  

 @FOR (City (i)| i #LE# D: 

 @SUM( City (j): 

  X(i,j) ) <= m; 

 @SUM( City (j): 

  X(j,i) ) <= m; 

 ); 

 

 @FOR( City (i)| i #GT# D: 

 

 @SUM( City (j): 

  x(i,j)) = 1 ; 

 

 @SUM( City (j): 

  x(j,i)) = 1 ; 

 

  x(i,i) =0   ; 

 

  

 @FOR( City (j)| j #GT# D #AND# i #NE# j: 

  U(i) - U(j) + N * X(i,j) + (N-2) * X(j,i) <= N -1; 

 

 ); 

 

 ); 
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Appendix E: OPMmTSP Lingo Code 
MODEL: 

 

SETS: 

  ! Original Cost MAtrix; 

  CITY / 1..24/ : U; 

  LINK( CITY, CITY):  C, X;  

 

ENDSETS 

 

 

DATA:    

N=24; ! Cost MAtrix + Dummy node + Duplicated depots; 

D=5;  ! Number of Depots; 

m=1;  ! Number of Salesman = Depots + Duplicated depots; 

 

C = @OLE ( 'C:\Users\Assaf\Dropbox\Thesis\New Lingo\Test Data\Test Data.xlsx', 'TSPgr24' );  

@text () = @table (c); 

ENDDATA 

  

! Model; 

MIN = @SUM( City (i) : 

 @SUM( City (j) | j #GT# D: 

   C(i,j) * X(i,j) 

 )); 

 

@FOR( LINK(i,j): @BIN( X(i,j));); 

  

 @FOR (City (i)| i #LE# D: 

 @SUM( City (j): 

  X(i,j) ) <= m; 

 @SUM( City (j): 

  X(j,i) ) <= m; 

 ); 

 

 @FOR( City (i)| i #GT# D: 

 

 @SUM( City (j): 

  x(i,j)) = 1 ; 

 

 @SUM( City (j): 

  x(j,i)) = 1 ; 

 

  x(i,i) =0   ; 

  

 @FOR( City (j)| j #GT# D #AND# i #NE# j: 

  U(i) - U(j) + N * X(i,j) + (N-2) * X(j,i) <= N -1; 

 ); 

 ); 
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Appendix F: FDMmTSP Lingo Code 
MODEL: 

  

SETs: 

  CITY /1..29/: U; 

  Cluster /1..2/; 

  LINK_3 ( Cluster, CITY, CITY):X; 

  LINK_2 ( City, City) : C; 

 

ENDSETS 

  

DATA: 

 

C = @OLE ( 'C:\Users\ADS\Desktop\Testing Thesis\Test Data.xlsx', 'Tspbays29' );  

 

L= 9999; 

M= 2; 

D=2;  

 

ENDDATA 

 

Min = Soln; 

! Obj Function; 

Soln = @SUM (LINK_3: C * X); 

 

 @FOR (LINK_3 : @BIN (X)); 

! Salesman can't travel from  city i to city i; 

  @FOR(CLUSTER (k): 

  @FOR(City (i): 

   X(k,i,i) = 0 

 )); 

  @SUM(CLUSTER (k): 

  @SUM(City (i)| i #LE# k : 

  @SUM(City (j)| j #LE# k: 

   X(k,i,j)))) = 0 ;   

! Constraints ensure that each customer is visited exactly once; 

  @FOR ( City (j)| J #GT# D: 

  @SUM ( Cluster (k): 

  X(k,k,j)) +  

  @SUM ( Cluster (k): 

  @SUM ( City (i)| i #GT# D: 

  X(k,i,j))) 

  =1); 

  @FOR ( cluster (k): 

  @SUM ( City (j) | j #GT# D: 

   x(k,k,j)) = m 

  ); 

! Route continuy for customer nodes and depot nodes is represented respectively; 

 

  @FOR (Cluster (k): 

  @FOR (CITY (j)| J #GT# D: 

  X(k,k,j) +  

  @SUM (City (i)| i #GT# D: 

  X(k,i,j)) - 

  X(k,j,k) - 

  @SUM (City (i)| i #GT# D: 

  X(k,j,i)) 

  = 0 )); 

 

! New ; 
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  @FOR ( Cluster (k):  

  @SUM ( city (j)| J #GT# D: 

  X(k,k,j)) - 

  @SUM ( City (j)| J #GT# D: 

  X(k,j,k)) 

  =0); 

 

! SECs : Subtour Elimination Constraints 

! 27; 

  @FOR (City (i)| i #GT# D: 

  U(i) + (L-2)* 

  @SUM ( Cluster (k): 

  X(k,k,i)) -  

  @SUM ( cluster (k): 

  X(k,i,k)) 

  <=L-1); 

   

! 30; 

  @FOR ( City(i) | I #GT# D: 

  @FOR ( City (j) | J #GT# D #AND# J #NE# I: 

  U(i) - U(j) + L * 

  @SUM ( Cluster (k): 

  X(k,i,j)) + (L-2)* 

  @SUM ( Cluster ( k): 

  X(k,j,i)) 

  <= L-1 )); 

 

END 
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Appendix G: DTSP Lingo Code 
MODEL: 

  

SETS: 

Cost/1..17/; 

CITY/1..18/: U; 

Cluster/1..1/; 

 

LINK_1 ( Cost,Cost) : OldC; 

LINK_2 ( City,City) : C; 

LINK_3 ( Cluster, CITY, CITY):X,y; 

ENDSETS 

  

DATA: 

 oldC =   

0 633 257 91 412 150 80 134 259 505 353 324 70 211 268 246 121 

633 0 390 661 227 488 572 530 555 289 282 638 567 466 420 745 518 

257 390 0 228 169 112 196 154 372 262 110 437 191 74 53 472 142 

91 661 228 0 383 120 77 105 175 476 324 240 27 182 239 237 84 

412 227 169 383 0 267 351 309 338 196 61 421 346 243 199 528 297 

150 488 112 120 267 0 63 34 264 360 208 329 83 105 123 364 35 

80 572 196 77 351 63 0 29 232 444 292 297 47 150 207 332 29 

134 530 154 105 309 34 29 0 249 402 250 314 68 108 165 349 36 

259 555 372 175 338 264 232 249 0 495 352 95 189 326 383 202 236 

505 289 262 476 196 360 444 402 495 0 154 578 439 336 240 685 390 

353 282 110 324 61 208 292 250 352 154 0 435 287 184 140 542 238 

324 638 437 240 421 329 297 314 95 578 435 0 254 391 448 157 301 

70 567 191 27 346 83 47 68 189 439 287 254 0 145 202 289 55 

211 466 74 182 243 105 150 108 326 336 184 391 145 0 57 426 96 

268 420 53 239 199 123 207 165 383 240 140 448 202 57 0 483 153 

246 745 472 237 528 364 332 349 202 685 542 157 289 426 483 0 336 

121 518 142 84 297 35 29 36 236 390 238 301 55 96 153 336 0; 

 

 

@text() = ' values of C: ' ; 

@text() = @table(C); 

 

@text() = ' values of X: ' ; 

@text() = @table(X); 

@text() = ' values of y: ' ; 

@text() = @table(y); 

 

M= 1; 

ENDDATA 

NProblem=@size(cost); 

NCluster=@size(cluster); 

N=NProblem+NCluster; 

D=NCluster; 

! Obj Function; 

Min = Soln; 

 

@For(city(i)|i#LE# NCluster : 

@For(city(j): 

 C(i,j) = 0; 

 C(j,i) = 0; 

)); 



109 

@For(city(i)|i#GT# NCluster: 

@For(city(j)|j#GT# NCluster: 

 C(i,j) = OldC(i - NCluster, j - NCluster); 

 C(j,i) = OldC(j - NCluster, i - NCluster); 

 

)); 

!Objective Function; 

Soln = 

  @SUM(City (i)| i #GT# D: 

  @SUM(City (j)| j #GT# D: 

  @SUM(Cluster (K): 

   (X(k,i,j)+Y(k,i,j))*C(i,j) 

 ))); 

! Binary Constraints; 

 @FOR (LINK_3 : @BIN (X)); 

 

!!! Make sure each city visited once; 

  @FOR ( city (i): 

  @SUM ( Cluster (k): 

  @SUM ( City (j): 

   X(k,i,j)))= 1 ; 

  @SUM ( Cluster (k): 

  @SUM (City (j): 

   X(k,j,i)))= 1 ; 

  ); 

! Constraints ensure that each customer is visited exactly once; 

  @FOR ( City (j)| J #GT# D: 

  @SUM ( Cluster (k): 

  X(k,k,j)) +  

  @SUM ( Cluster (k): 

  @SUM ( City (i)| i #GT# D: 

  X(k,i,j))) 

  =1); 

! Route continuity for customer nodes and depot nodes is represented respectively; 

 

  @FOR (Cluster (k): 

  @FOR (CITY (j)| J #GT# D: 

  X(k,k,j) +  

  @SUM (City (i)| i #GT# D: 

  X(k,i,j)) - 

  X(k,j,k) - 

  @SUM (City (i)| i #GT# D: 

  X(k,j,i)) 

  = 0 ); 

  

! New ; 

 ! @FOR ( Cluster (k): ; 

  @SUM ( city (j)| J #GT# D: 

  X(k,k,j)) - 

  @SUM ( City (j)| J #GT# D: 

  X(k,j,k)) 

  =0; 

! MY Constraints - Salesman can't travel from  city i to city i; 

 

 ! @FOR(CLUSTER (k):; 

  @FOR(City (i): 

   X(k,i,i) = 0 

 ); 

); 
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! SECs : Subtour Elimination Constraints; 

  @FOR (City (i)| i #GT# D: 

 

! 30 - SEC; 

 

  @FOR ( City (j) | J #GT# D #AND# J #NE# I: 

  U(i) - U(j) + N * 

  @SUM ( Cluster (k): 

  X(k,i,j)) + (N-2)* 

  @SUM ( Cluster ( k): 

  X(k,j,i)) 

  <= N-1 ); 

); 

 

!!!! Find  the missing distance; 

 @for ( Cluster (k):  

 @SUM ( City (i)| i #GT# D: 

 @SUM ( City (j)| j #GT# D: 

  y(k,i,j)))=1 ; 

 !@for ( Cluster (k): ; 

 @FOR ( City (i)| i #GT# D: 

 @SUM ( City (j)| j #GT# D: 

  y(k,i,j))= 

 @SUM ( City (j)| j #LE# D: 

 X(k,i,j)) ; 

 !@for ( Cluster (k): ; 

 !@FOR ( City (i)| i #GT# D:; 

 @SUM ( City (j)| j #GT# D: 

  y(k,j,i))= 

 @SUM ( City (j)| j #LE# D: 

 X(k,j,i)); 

 

 ); 

 ); 

 

 

 @FOR ( Cluster(K) : 

 @FOR ( City (i) | i #LE# D: 

 @FOR ( City (j) : 

    y (k,i,j) = 0; 

    y (k,j,i) = 0; 

    U (i) = 0; 

 

))); 

 

END 
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Appendix H: DTSP Lingo Code II 
 

MODEL: 

 

  

SETS: 

Cost/1..17/; 

CITY/1..19/: U; 

Cluster/1..2/; 

 

LINK_1 ( Cost,Cost) : OldC; 

LINK_2 ( City,City) : C,X; 

LINK_3 ( Cluster, CITY, CITY):z; 

ENDSETS 

  

DATA: 

 

 oldC =   

0 633 257 91 412 150 80 134 259 505 353 324 70 211 268 246 121 

633 0 390 661 227 488 572 530 555 289 282 638 567 466 420 745 518 

257 390 0 228 169 112 196 154 372 262 110 437 191 74 53 472 142 

91 661 228 0 383 120 77 105 175 476 324 240 27 182 239 237 84 

412 227 169 383 0 267 351 309 338 196 61 421 346 243 199 528 297 

150 488 112 120 267 0 63 34 264 360 208 329 83 105 123 364 35 

80 572 196 77 351 63 0 29 232 444 292 297 47 150 207 332 29 

134 530 154 105 309 34 29 0 249 402 250 314 68 108 165 349 36 

259 555 372 175 338 264 232 249 0 495 352 95 189 326 383 202 236 

505 289 262 476 196 360 444 402 495 0 154 578 439 336 240 685 390 

353 282 110 324 61 208 292 250 352 154 0 435 287 184 140 542 238 

324 638 437 240 421 329 297 314 95 578 435 0 254 391 448 157 301 

70 567 191 27 346 83 47 68 189 439 287 254 0 145 202 289 55 

211 466 74 182 243 105 150 108 326 336 184 391 145 0 57 426 96 

268 420 53 239 199 123 207 165 383 240 140 448 202 57 0 483 153 

246 745 472 237 528 364 332 349 202 685 542 157 289 426 483 0 336 

121 518 142 84 297 35 29 36 236 390 238 301 55 96 153 336 0; 

   

 

@text() = ' values of X: ' ; 

 

@text() = @table( X ); 

 

@text() = ' values of Z: ' ; 

 

@text() = @table(Z); 

@text() = ' values of y: ' ; 

! 

@text() = @table(y); 

 

ENDDATA 

 

NProblem=@size(city); 

NCluster=@size(cluster); 

N=NProblem+NCluster; 

D=2*NCluster; 

@For(city(i)|i#LE# NCluster : 

@For(city(j): 
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 C(i,j) = 0; 

 C(j,i) = 0; 

)); 

@For(city(i)|i#GT# NCluster: 

@For(city(j)|j#GT# NCluster: 

 C(i,j) = OldC(i - NCluster, j - NCluster); 

 C(j,i) = OldC(j - NCluster, i - NCluster); 

 

)); 

 

! Obj Function; 

MIN = @SUM( LINK_2: C * X) 

 + @SUM( Cluster (k): 

   @SUM( City(i)| i #GT# NCluster: 

   @SUM( City(j)| j #GT# NCluster: 

  C(i,j)* Z(k,i,j) 

  ))); 

 

@FOR ( City (i): 

@SUM ( City (j): 

 X(i,j) ) =1 ; 

@SUM ( City (j): 

 X(j,i) ) =1 ; 

 X(i,i)  =0 ; 

); 

 

 

@FOR ( City (i) | i # GT # 1: 

@FOR ( City (j): 

 U(i) - U(j) + N * X (i,j) <= (N-1); 

));  

@FOR ( City (i) | i # GT # 1 #AND# i #LT# NCluster: 

 U(i) <= U(i+1) 

); 

 

 

@FOR( LINK_2(i,j):  

 

@BIN( X(i,j)); 

!@BIN( Y(i,j)); 

); 

 

 

 

!!!! Find  the missing distance; 

 

 

 @For(cluster(k): 

 @For(City(j)|j #GT# NCluster : 

  Z(k,K,j) = X(k,j) 

 )); 

 

 

 @For(cluster(k)|k #LT# NCluster : 

 @For(City(j)|j #GT# NCluster : 

  Z(k,j,k) = X(j,k+1) 

 )); 
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 @For(cluster(k)|K #EQ# NCluster : 

 @For(City(j)|j #GT# NCluster : 

  Z(k,j,k) = X(j,1) 

 )); 

 

 @For(cluster(k): 

 @For(City(i)|i #GT# NCluster : 

 @SUM(city(j)|j #LE# NCluster : 

  Z(k,i,j)) 

  = 

 @SUM(city(j)|j #GT# NCluster : 

  Z(k,i,j)) 

 )); 

 

 

 @For(cluster(k): 

 @For(City(i)|i #GT# NCluster : 

 @SUM(city(j)|j #LE# NCluster : 

  Z(k,j,i)) 

  = 

 @SUM(city(j)|j #GT# NCluster : 

  Z(k,j,i)) 

 )); 

 

 @for(Cluster(k): 

 @SUM(city(i)|i #GT# NCluster : 

 @SUM(city(j)|j #GT# NCluster : 

  Z(k,i,j)))=1 

 ); 
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Appendix I: K-Mean using MATLAB 
 

rng default; % For reproducibility 

X = [4  0 

-3.038751651    2.601151361 

0.6170058   -3.952126496 

2.101287955 3.403614098 

-3.809651922    -1.219242484 

3.687005079 -1.551126542 

-1.792294465    3.575986654 

-0.963836197    -3.882141134 

3.256723882 2.322444737 

-3.984351341    0.353474744 

2.797003226 -2.859505719 

-0.265347745    3.991189118 

-2.393840276    -3.204610543 

3.902490792 0.877818672 

-3.535509893    1.870874073 

1.469277471 -3.720379512 

1.303125222 3.78178062 

-3.449214431    -2.02556654 

3.937527803 -0.704183786 

-2.533370125    3.095486361 

-0.088386477    -3.99902336 

2.667662402 2.980533058 

-3.964795287    -0.529526517 

3.356351711 -2.175983269 

-1.134764366    3.835662894 

1.5 0 

-1.139531869    0.97543176 

0.231377175 -1.482047436 

0.787982983 1.276355287 

-1.428619471    -0.457215932 

1.382626905 -0.581672453 

-0.672110424    1.340994995 

-0.361438574    -1.455802925 

1.221271456 0.870916776 

-1.494131753    0.132553029 

1.04887621  -1.072314644 

-0.099505405    1.496695919 

-0.897690104    -1.201728954 

1.463434047 0.329182002 

-1.32581621 0.701577778 

0.550979052 -1.395142317 

0.488671958 1.418167732 

-1.293455412    -0.759587452 

1.476572926 -0.26406892 

-0.950013797    1.160807385 

-0.033144929    -1.49963376 

1.000373401 1.117699897 
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-1.486798233    -0.198572444 

1.258631892 -0.815993726 

-0.425536637    1.438373585 

]; 

  

     figure; 

plot(X(:,1),X(:,2),'.'); 

title 'Randomly Generated Data'; 

opts = statset('Display','final'); 

[idx,C] = kmeans(X,2,'Distance','cityblock',... 

    'Replicates',6,'Options',opts); 

  

figure; 

plot(X(idx==1,1),X(idx==1,2),'r.','MarkerSize',12) 

hold on 

plot(X(idx==2,1),X(idx==2,2),'b.','MarkerSize',12) 

plot(C(:,1),C(:,2),'kx',... 

     'MarkerSize',15,'LineWidth',3) 

legend('Cluster 1','Cluster 2','Centroids',... 

       'Location','NW') 

title 'Cluster Assignments and Centroids' 

hold off 
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